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ABSTRACT

In order to understand better the behavior of superconductors in
electrical circuitry, a detailed study is presented of .a circuit composed
of two superconducting inductances connected in parallel. This circuit
forms a closed superconducting path through which the magnetic flux
will remain constant only if the resistance of the superconductor is zero.
Inthis regard, anupper limit for the d.c. resistivity of a superconductor
is found by two methods. The first method appears in the literature
several times and consists of an attempt to detect the decay of a per-
sistent current. The second method has not been reported previously
and consists of an attempt to observe between thetwobranchesacurrent
distribution different from that which conserves the fluxlinkage. These
methods differ in that, in the first method, the persistent current exists
entirely within the superconductor; whereas, in the second method, the
externally supplied current must both enter and leave the superconductor.

The transient response of the circuit is investigated also. The flux
linkage is verified to remain constant to within an experimental error
of - 1% for current changes as short as - 1 microsecond.

A particularly interesting transient is that which occurs when an
attempt is made to induce a persistent current suddenly. It is discovered
that the more basic "steady state" solution, in this case, is an oscillatory
current rather than a persistent current; since the oscillatory current
solution conserves the energy stored in the circuit as well as the flux
linkage of the circuit. These current oscillations are observed, and it
is found that their frequency is greater than the expected frequency
which is calculated using bridge measurements. A simple model of a
superconducting coil is proposed to explain the data.
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ELECTRODYNAMICS OF A SUPERCONDUCTING
PARALLEL PATH CIRCUIT

CHAPTER I

INTRODUCTION

There is, at present, considerable interest in the use of super-

conductors in electrical circuitry. In order to use superconductors

effectively, however, their behavior should be predictable in a given

circuit and under specified operating conditions. In order to provide

information toward this end, the behavior of a simple but nontrivial

superconducting circuit is investigated in detail.

The circuit chosen for study, the parallel path circuit, is com-

posed of two inductances connected in parallel, Fig. 1. Any informa-

tion obtained from this circuit should be applicable directly to the

design of such devices as superconducting transformers and supercon-

ducting energy storage coils, It is of primary concern to measure any

resistance appearing in the superconducting coils, since it is

specifically the low power loss property of superconductors which

makes them attractive for circuit application.

Note: This report is based on a thesis submitted to the Faculty of the
Graduate School of the University of Maryland in partial fulfill-
ment of the requirements for the degree of Master of Science -
1965.
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CHAPTER II

DISCUSSION

A. Current Division Between the Parallel Paths. Perhaps the first

question that might be asked concerning the behavior of the parallel

path circuit is how a steady current will divide between the two branches.

According to Kirchoff's laws, the current will divide so that the ratio

of the branch currents is equal to the ratio of the reciprocals of the

branch resistances,

II R2i- Ro (1)

12 R1

In the case of a superconducting circuit, however, the branch resistances

become infinitesimal and, thus, the current ratio becomes indeterminate.

M. vonLaueI succeeded in deriving expressions for the current

division between parallel branches by means of an energy argument. He

reasoned that the current would divide between the two branches in such

a way as to minimize the energy stored in the magnetic fields associated

with the inductances of the circuit. For a circuit with branch induc-

tances L, and L2 having a mutual inductance M, this current division is

found to be

L2 -M

LI+L2 -2M I (
(2)

LI -M

12 LI+L 2 -2M

IM. vonLaue, Superconductivity, Academic Press, 1952, p. 8 ff.

2
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Of course, a minimum energy argument also is applicable for deriving

the current distribution when the branches are resistive, In this case,

however, it is the steady state energy output due to the branch resist-

ances which must be minimized. In general, this steady state energy

output per unit time, the power, is

P = 11
2 R1 + 12

2 R 2

where RI and R2 are the resistances of the two branches. The current

division for minimum energy output is found by setting the derivative of

P with respect to either I, or 12 equal to zero, subject to the condition

that I = 11+12 is a constant. The resulting current. division is

I R2
II - I+R2

(3)
RI

12 -R+ I.

It is apparent frQm a comparison of (2) and (3) that observation of

the steady state current division, in a suitable circuit, would allow a

definite conclusion to be reached concerning the value of the d.c. resis-

tivity of a superconductor. Unfortunately, there is no way to determine

when the steady state current distribution described by (2) has been

reached; therefore, only an upper limit can be placed upon the resis-

tivity if the current division (2) is observed. Upper limits on the

resistivity of Pb have been found previously by observation of a

persistent current 2' 3, 4; however, as Blatt 5 has pointed out, there

2S. C. Collins (unpub) quoted by J. W. Crowe, IBM J. Research Develop.,

1, 1957, p. 295.
3R. F. Broom, Nature, 190, 1961, p. 992.
4 D. J. Quinn, III, and W. B. Ittner, III, J. Appl. Phys., 33, 1962,

p. 748.
5 J. M. Blatt, Theory of Superconductivity, Academic Press, 1964, p. 309.
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is a theoretical difference between a current in the superconductor

which originates external to the superconductor and a persistent current

which exists entirely within the superconductor. For this reason, it is

important to investigate the resistance of the superconductors in the

parallel path circuit by means of the current division.

The vonLaue current division equations have been verified to within

about 1% by Justi and Zickner 6 for the special case LI < M < L2. This

inequality produces the strange situation of having a current run "uphill"

in branch two. In discussing their experiment, Justi and Zickner assumed

the property of zero resistivity for their superconductors. However, it

should be recognized that, even if the branch resistances had not been

zero but only sufficiently small, the same current divisions would have

been observed. In the present experiment, the vonLaue equations will be

verified for a different inductance situation and a particular current

division will be observed as a function of time, so that a statement can

be made about the resistivity of the superconductors which were used.

B. Flux Conservation. The current division derived by vonLaue is

just that division necessary to conserve the magnetic flux within the

air space of the superconducting loop, the flux of induction. By defin-

ition, the flux of induction, ý, is given by LI; therefore, for the

parallel path circuit

S= (LI-M)II - (L 2 -M)I2

where account has been taken of the fact that the currents are defined

in opposite directions with respect to the sense of the loop. If the

current division is given by (2), the flux of induction is

r (LI-M)(L 2 -M) (L 2-M)(L 1 -M)--S= L J•-•i-- 1=0O.

L L6+L2-2M Lu+L-h-2M 1 S.
6Von E. Justi and G. Zickner, Physik. Z. 42, 15 Sept 1941, p. 257 ff,



5

Thus, the current divides in a manner which will keep the flux of

induction constant.

The fact that flux is conserved within the closed superconducting

path is not coincidental but could have been predicted from Faraday's

law of electromagnetic induction,

MB a s =-c~c r •

S

Since assuming perfect conductivity is equivalent to setting E = 0,

at • d-S = 0 o

S

This equation states that J oB dS, the flux of induction, is a
7 S

constant.

The fact should not be overlooked that Faraday's induction law

applies to all circuits. That is, if an attempt is made to change the

magnetic flux passing through any circuit, a current is induced which

tends to maintain the initial flux situation. Of course, only in a

circuit having no resistance can this induced current persist.

C. Induction of a Persistent Current. An experiment for inducing

a persistent current is described frequently. 8 In this experiment, one

path of the parallel path circuit is driven normal, which results in the

total current, I, flowing down the superconducting path. Returning the

normal path to the superconducting state "traps" the current, I, in the

branch which has remained in the superconducting state. In order to

understand the effect of this normal-to-superconducting transition, the

transition can be divided into two parts, one part in which the branch

7The presence of a penetration depth has been neglected in this deriva-
tion since, for bulk superconductors, its effect on flux conservation
is negligible. For a more complete discussion, see F. London, Super-
fluids, Vol. I, Dover, 1961, p. 47 ff.

8vonLaue, op. cit., p. 10.
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is resistive, and a second part in which the branch has no resistance.

During the first part, no current will shift from the zero-resistance

path to the resistive path. The instant the second part applies, the

principle of flux conservation can be used. The initial flux of induc-

tion is

ýi = (Ll-M)Ili

and, in general, the final flux of induction is

ýf = (LI-M)Ilf - (L 2 -M)1 2 f •

Requiring that flux be conserved, 1i = ýf, and that the sum of the branch

currents always equals the total current, I = Ili = llf + 1 2f2 it is

verified easily that 1 2f = 0 and thus Ili = 1lf.9

If, under the conditions II = I and 12 = 0, the current, I, is

interrupted, a current which conserves the flux of induction must be

induced in the loop. This current always is assumed to be the persistent

current; however, when the current source is disconnected suddenly, two

questions arise: (1) In view of the fact that current cannot change

infinitely fast in an inductance, what is the transient behavior 9

9 The problem may be slightly more complicated since an inductance change
due to the Meissner effect, as well as the resistance change, occurs at
the transition. Suppose, for example, that the resistance change takes
place before the inductance change. In that case, there is an induc-
tance change after both branches have become superconducting. The
initial flux of induction is then

ýi = (LI-M')Ili

where M' is the mutual inductance between the two branches before the
inductance of branch two has assumed its superconducting value. The
final flux of induction remains

ýf = (Li-M)Ilf - (L 2 -M)1 2 f

Now, in order that the flux of induction be conserved, 1 2f cannot
remain zero but must become

M1 -M *
1 2f = LI+L2 _2M
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(2) What accounts for the energy difference between the initial and the

final current distributions? That energy is "lost" in the general case

is verified by the following calculation:

For the circuit of Fig. 1i the stored magnetic energy is

e.= ½LII2 + tL 2 12
2 + M1112

and the flux linkage is

S= (LI-M)II - (L 2 -M)1 2

Initially, one path carries the total current, Ili = I and 12i =0, so

that

Pi = 2LI

i= (LI-M)I

In the final state, that of a persistent current, t lf = - 1 2f, and

ef = (Ll+L2 -2M)llf 2

f= (LI+L 2 -2M)If

The constant flux linkage requirement is satisfied by setting ýi =f,

in which case

I LI-M

lf = LI+L 2-2M

The final energy can then be written

= 12 (LI-M) 2

L1 +L2-2M

Finally, the energy difference between the initial and the final states,

that is, the energy that must be accounted for, is given-by

Ae elf = 1 I 2 [LIL2 -M2 1 (5)

The energy difference is zero only for the special case of perfect

coupling, M = fLIL2 .



CHAPTER III

THE CIRCUIT EQUATIONS

Derivations of circuit behavior based directly upon fundamental

principles, such as vonLaue's current division derivation based upon a

minimum energy principle, can be very instructive; however, such deri-

vations usually lend themselves only to the simplest of problems. In

general, a circuit's behavior is found much more readily by means of

ordinary circuit theory. Although it might appear at first that the

solution of superconducting circuit problems by circuit theory would be

complicated by the fact that the resistances approach zero (c.f. the

current division result based upon Kirchoff's laws, that the current

ratio is indeterminate), the solutions can be obtained by going through

the transient.

A. Current Division Between the Parallel Paths. The vonLaue

current division equations can be obtained by solving the circuit equa-

tions. Fig. 2 represents the zero-resistance parallel path circuit

connected to a power source. When the switch is closed, the following

equations are applicable:

E iR + V, (a)

diI di2 di2 diI

V LL 1+M-L- -- + M-+ (b)
dt dt 2dt dt (6)

ii( = i 2  0 (c)

i(0) M il1(0) = i 2(0) =0 o(d)

8
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Combining terms in (6b),
diI i

(LI-M)d-i- = (L2-M)d .

A relationship between the branch currents at any time, t, then can be

found by integration,

Jo(L-M) -dt = di2  (7)

0 dt 0o

(Li-M)il(t) = (L2 -M)i 2 (t)

Eliminating i(t) and i 2 (t) in (6a) by means of (6c) and (7) respectively,

-E L+L2- 2Mi {LIL2 -Mm2 -di1

LL 2 -MJ L2-M I-dt

This equation can be rewritten in the form

dt = di 1E (L2-M) •LI+L 2- 2m-.R

LiL 2-_M
2 ~- 1L 2-M

2  
R

which is readily integrated to obtain

il L2-M E -ý-exp[-t]j}

L1 +L2 -2M R

where

S= LIL2-M 2

(LI+L 2 -2M)R

A similar expression for i 2 can be written immediately by symmetry

i LI-M E { lexp[Ft]}
=L1+L 2- 2M R L ll

The steady state branch currents are those obtained by vonLaue, since

EE = I; and, in addition, it is seen that the transient occurs exponen-

tially with the time constant 0. Notice that the flux of induction

is conserved at any time, t.

In order to make a statement concerning any resistances in the
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paths, it must be known how these resistances would affect the current

division. Fig. 3 represents the resistive branch case of the parallel

path circuit; and the applicable equations upon closing the switch are

E iR + V

Ldil+ i
V = ilRI + +id- +4dt!

jLdi2 +MdilI
V =i2R2 + L2d-• -+ , (8dt dt

i =i + i 2 ,

i(O) il(O) = i 2 (0) = 0

To solve these more complicated equations, it is convenient to

use the Laplace transformationsol 0 Denoting the transformed functions

by bars, equations (8) become

E -+
-=iR +V

s

V = ilRI + LlsiI + Msi 2 , (9)

V = i 2 R2 + L2 si 2 + Msi1 ,

I = +2

These equations may be combined to give

E

g=' i(R±RI+LIS) + 1
2 (R + M~s),

E =1(R + Ms) + ½2(R+R2+L 2 s)

The determinant method for solving simultaneous equations can be used

to find il,

-- Nl(s)
= D(s)

10See e.g. Gardner and Barnes, Transients in Linear Systems, Vol. 1,
Wiley, 1947.
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where E R + Ms

N1 (s) = s
E R+R2+Lis

and D(s) = R+R 1+LIs R + Ms

R + Ms R+R2 +L2 s

Thus, iI can be written

-- = E[R2 +(LI-M)s]

1 sFLIL2 -M2 ]s 2 + r LI(R+R 2)+L2 (R+RI)-2RM]s-+RIR 2.+ RFRI+R 2 ]}

The Laplace transform of this function is

il = yR2) {I + L _ sinh~t - cosh it-le-t (10)
R(RI+R2)+RIR2 L2(LIL2 -M2 )ll J

where LIR2 +L2 RI+R(LI+L 2 -2M)
= 2(LIL2 -M 2 )

{ [L2 (R +R1) -El(R+R2) ]2 +4 LIL2R2 -4MR [El(R+R 2)+L2 (R+Rli) ]+4M2 (R+R I) (R+R2)}

2(LiL2 -M
2 )

and 2RIRL2 2 R+R 2 1
a = (R+RI)L 2 -(R+R 2 )LI+ 2R2- '"MRl Ri--2  •

R2 R2

Notice that the steady state current is I, since E is I.
R i +R2 R RiR 2

Rl+R R2

It might appear from a superficial look at the time constant, lI/,

that the steady state current is reached quickly in the resistive case

even though RI and R2 are very small. Actually, the situation is more

complicated and the time constant 1/f must be considered as well.

Expressing the hyperbolic functions in their exponential form .and

collecting terms, (10) becomes

il = R(RI+R 2 )+RIR 2 L 2 e --- e

where L (R-R1)L,-(R+R2)L RRL2MR R+R2 ]
B=2(+R)I R2 -RI R•2

B= .[L2 (R+RI)-LI (R+R2) ] 2+4LI L2R2-4MR [LI (R +R2) +L2 (R'+RI)]+4M2 (R+R i)(R +R2 )r}
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If R1 and R2 are allowed to approach zero, ý = T, and the steady state

solution is no longer ER 2  but is, in fact, L2-M E
R(RI+R2)+RIR 2  LI+L 2 -2M R

The important point is that, if R1 and R2 are very small, (f - t)t is

nearly zero for a considerable time; therefore, since (T + •) is ordin-

arily large, a quasi-steady state, which depends only upon the inductances,

is reached quickly. One then must wait until (1 - )t becomes large

before the effect-s of the branch resistances can be detected. However,

even if no current division change is observed, one can place only an

upper limit on the branch resistances.

B. Induction of a Persistent Current. In order to induce a

persistent current in the parallel path circuit, the flux linkage must

be made different from zero. This can be accomplished by driving one

path normal momentarily, as explained previously. A qualitative repre-

sentation of this operation can be imagined as opening and closing a

switch which short circuits a resistance in one of the branches, Fig. 4.

This idealized model will be sufficient for the present work since only

the final current states are of importance.

Only the special case of L1 = L2 = L and M = 0 will be considered

since the arbitrary inductance case is more complex and provides no

important additional information. For the circuit of Fig. 4, after

switch sI has been closed and the steady state current distribution

has been reached, s2 is opened. At this point the following equations

apply,

E = iR+V

_di 1  di
V = L-ý = L-! + i 2 R , (11)

dt dt

iiIt is interesting to note that the vonLaue current division equations

can be obtained fran the resistive branch solution by a limiting proc-
ess; that is, by allowing the branch resistances to approach zero.
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i = 1l+i 2 )

iI( 0) = i 2 (0) - E

Combining these equations and performing the Laplace transformations,

E = (il+i 2 )R+Ls2 - !it-L

Es = (•I+i2)R+Ls'2 +Rm im-'RL

Solving these simultaneous equations for i1 and i2,

S 2R+R2
1 E 2 - 2L

2R= S 2R+R 21
2 4R2+R2

2

L 2L[J 4L2

2R-R 2

2L

r• ±2R+R2-]2 4R 2+R2
2

2L - 4L 2

2R+R 2

2L

L 2R+R2]2 4R2+R22
s2L - 4L2
s+2R+R2 I
S+L2L

+ [ 2R+R 2 -'2 4R 2 +R 2S+2L 6:- 4L22

The currents are, therefore,

J
I

1 -•2R+R2•4 2 2 )2 . 2 2 ~ / "TL

Er 2R4 R 2  (4R2+R 2 2 (4R +R2  . _2Lil = E-2LR 2-1(4R2+R22)Wsinh 2L -t+cosh 2 t-e 2L,

2-2R+R

S E= r 2R-R2 inh (4R 2+R22 t+cosh (4R 2+R22)t e

2R(4R2+R 2T)! 2L 2

As expected, the current in the resistive branch switches to the zero

resistance path.

The normal path may be made "superconducting" again by closing the

switch, s2 , Under these conditions-,

E = iR+V, (a)

(b)dil dt(
dt dt

- E12 2R

(12)
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i = il±i 2 , (c)

i l (O) K E i 2 (0) = 0 . (d)
R

Integrating (12b),

il- E = i2
R

Combining this expression with (12c),

i = 2 i 2 +E
R

and substituting into (12a),

E =.2i2RE di2

dt

This equation can be integrated from t = 0 to t to obtain

t = -!-(In i 2 + co)
2R

The only way in which this equation can be satisfied for arbitrary

values of t is for i 2 (t) to remain zero. This, of course, means that

il(t) must remain constant, il(t) = K . This result is reasonable,
R

since-shorting out the resistance R2 does not produce a voltage change

in the circuit.

Now, a flux conserving current must be induced in the supercon-

ducting loop if switch sl is opened. Since it must be that V = di1

Ldi2  d(il-i 2 ) or i
dt , it is obvious that 0, (i 1 -i 2 ) is a constant. If,
dt dt

initially, a current I exists in path #1 and no current exists in

path #2, il-i 2 = I. The only possible d.c. steady state current dis-

tribution after sl has been opened, consistent with il+i 2 = 0, is iI =
2

and i 2 = _I the flux conserving persistent current. This may be a
2

satisfactory solution to the problem when the external current is

reduced very slowly to zero; but for the case where the switch, Sl, is

opened suddenly, it would appear that the current must change
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discontinuously in the branches. Since a current cannot change discon-

tinuously in an inductance, the initial condition that sI is opened

quickly must be non-physical. In the real circuit, arcing would occur

across this switch to insure that it was not opened too quickly. This

provides a mechanism for dissipating the "lost" energy, since the

prolonged connection with the external circuitry allows energy to be

dissipated in the external resistances.

In any real circuit there will be distributed capacitances

associated with each branch, and these capacitances should be included in

the circuit analysis. Adding this distributed capacitance to the circuit

in the form of a lumped capacitor shunting the inductances, Fig. 5, the

following equations are appropriate when switch sl is opened,

V = LjdkI+Md22 = Liz+Mdil
dt dt dt dt

V = ificdt
C1

i+il+ic = 0 for t>O

il(0) = I, i 2 (0) = 0, V(0) 0

The solutions of these equations are

il = I[ L2 M L+cos wtLLI+L 2- 2L L2' -M I

i2 I Ll-M ]
S-ILL2_-2M][ i-cos Wt] ,

ic -I Cos Wt,

where LI+L 2 -2M '2

( 2 •

This solution conserves the flux within the loop,
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f= (L 1 -M)i 1 -(L 2 -M)i 2

-(Li-M)(L2-M [LiN tl-o w]
Ll+L 2- 2M L2-M

= (LI-M)I = 3i ,

and, in addition, no energy is "lost." The initial energy stored in

2
the circuit is Fi = IL1i . After switching, the energy stored by the

eL=L. 2-1 . 2 .iwihi
inductances is 2= Llil +tL2i2 +Mi1 i 2 which is

12 22 2

L= 2(L= L2 2M) (LI-M)2+(LIL 2 -M2)cos2wt •

The energy stored in the capacitance is Pc = -CV2" Since

V =L d i lMd-i2
dt dt

F-c = 2[LIL2 -M 2  sinmwt
2 LL+L 2 -2Ms

The total final energy is then

_ 2•LIM2 LIL2-M2

f = PL+c •= 1 2(Ll-M) 22LILmM(sin 2Wt+cos 2wt)]

or 8f = LII 2

Thus, it has been found that the persistent current solution is not the

only solution to the switching problem which conserves flux; in fact,

some type of dissipation mechanism is required before the persistent

current can appear.

Although, as mentioned previously, resistances in the external

circuitry can provide a damping resistance, one easily can imagine

situations in which the external circuitry is disconnected from the

superconducting circuit before the oscillations can be damped. Any

further damping of the oscillations, then, would have to arise from
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resistive effects connected directly with the superconducting circuit.

It is possible, therefore, that a switching experiment of this kind

could provide a very sensitive method for measuring a.c. resistance

effects in superconductors.

It is important at this point to distinguish between the results

of an effective parallel and an effective series damping resistance.

If a resistance appeared in series with the superconducting loop, as

could be the case for some type of a.c. resistance effect in the super-

conductor, the flux of induction would no longer have to remain constant;

and the final loop current, after the oscillations have been damped out,

would have to be less than the flux-conserving persistent current. If,

on the other hand, a damping resistance acted in parallel with the

parallel path circuit, the flux of induction would have to remain con-

stant; and a flux-conserving persistent current would have to remain

after the damping of the oscillations.

Two measurements are important here, then, if the switching experi-

ment can be performed: (1) the value of the persistent current present

after the oscillations have been damped, to determine the value of any

series resistance; (2) the damping rate of the oscillations, so that

the parallel components of resistance can be calculated.



CHAPTER IV

APPARATUS

A. Superconducting Coils. Each superconducting path consisted of

wire wound in the form of a flat spiral. The wire was laid into grooves

machined in teflon to assure reproducible and identical paths. This

groove was 0.025" wide and 0.025" deep; spacing between grooves was 0°050"

center to center. The teflon form had an outside diameter of 3 inches

and an inside diameter of 1 inchý which allowed 19 turns of wire. A space

was left between turns in order to reduce magnetic and thermal interaction

between adjacent turns.

Coils were wound with wire of different sizes and of different

materials so that branch resistances, if present, would not be equal

necessarily. In particular, coils were wound with 20 mil three-9's Pb

wire, 5 mil Pb wire (made from the 20 mil wire so that impurity content

would be equivalent), and 15 mil 99.5% Sn wire. The self-inductances of

the coils were measured on a General Radio Type 1632A inductance bridge

in both their superconducting and normal states. The absolute accuracy of

the bridge was atated to be 0.1%, but errors involved in correcting for

measurement leads, as well as variations in making the coil connections,

reduced this accuracy to perhaps 0.75%. A small inductance change was

observed between the normal and the superconducting states due to current

redistribution. In the normal state, the current is distributed almost

uniformly throughout the wire's crqss-section; whereas, in the supercon-

ducting state, the current is confined to the surface. Since the degree

of current redistribution is greater the larger the wire size, the

18
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inductance change also should be greater the larger the wire size.

Shoenberg gives a formula for the inductance of a ring for both volume

and surface currents 1 2 from which an approximate inductance change for

the spiral coil can be calculated. The difference between the inductance

in the normal and the superconducting states for a ring is

AL = -7rrb+8Trb = Trb

where b is the mean radius of the ring and the assumption made is that

the radius of the wire.'s cross-section is small compared to b. Approxi-

mating the spiral coil by 19 concentric rings, the total inductance change

is found to be 0.148 ph; that is, the inductance decreases by about 0.148

ph when changing from the normal to the superconducting state. This result

cannot be expected to be accurate since it predicts the same inductance

change regardless of conductor size. Calculations of the normal induct-

ances of the coils wound with the various wire sizes were made using NBS

equations 1 3 which were stated to be accurate to about one percent. Of

course, these calculations do not include the coil leads which, for the

small inductance coils, are a significant factor. Measured values

include the coil connections; however, corrections have been made for

the measurement leads. Table I contains both the calculated and the

measured inductance values.

The coils were mounted one above the other and-placed at right

angles. This positioning reduced the mutual inductance to an immeasur-

ably small value, less than 0.005 ph, or less than 0.03% of the self-

inductance.

1 2 D. Shoenberg, Superconductivity, Cambridge, 1962, p. 30.
1 3 Radio Instruments and Measurements, Circular of the Natl. Bureau of

Stds C74, 1937, p. 260 ff.
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In order to complete a superconducting loop, the leads from each

coil were cleaned mechanically, twisted together, and soldered into small

copper cups containing 50-50 Pb-Sn alloy solder. In order to verify that

the junctions were superconducting, a persistent current always was

observed for an hour. No measurable current decay at the end of that

time was assumed to indicate a superconducting circuit.

A thermal switch was used in the 20 mil Pb wire path to drive part of

this path normal. The switch consisted of a short section of the 20 mil

Pb wire non-inductively wound with 5 mil molybdenum wire and sealed in a

small (5/16" diameter) glass dewar with silicone grease. A very small

amount of power, about 40 milliwatts, applied to the molybdenum wire was

sufficient to drive the Pb normal.

B. Measuring Equipment. A Radio-Frequency Lab gaussmeter, Model

1890, having a maximum sensitivity of one gauss full-scale and using an

InAs Hall-effect probe, was used to monitor the magnetic field from one

coil. This probe was placed at the center of either the 5 mil Pb or 15

mil Sn coils. Since the Hall-effect probe responds only to the perpen-

dicular component of a magnetic field, there was no measurable pickup of

field from the coil not being measured. Steady state field measurements

reproducible to -1% could be made with this instrument.

In order to observe the transient behavior of the circuit, 250-turn

(#28 copper wire) search coils having inductances of -1.2 mh could be

mounted within the one-inch-diameter center openings of the coils. The

voltages across these coils were monitored on a multi-channel Tektronix

oscilloscope. In addition, the voltage across a 0.25n , 30 watt resist-

ance in series with one lead to the parallel path circuit also was

monitored in order to observe the current in the external circuitry.
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C. Dewar System. A closed dewar system was used so that the

temperature of the helium bath could be lowered by pumping. This was

necessary in order to reach temperatures below the transition tempera-

ture of Sn. Pressure above the He bath was measured by a USG vacuum

gauge. No attempt was made to determine the temperature accurately

since it was necessary only to have the Sn below its transition temper-

ature.

D, Current Supply. Storage batteries were used to supply the

current. Current was varied by the use of a transistor "rheostat."

A dpdt switch was used for the switching in order that the supercon-

ducting circuit could be isolated completely from the external zircuitry.



CHAPTER V

EXPERIMENT

A. Current Division Between *the Parallel Paths, and Persistent

Currents. Current division experiments were performed with circuits com-

posed of the 20 mil Pb wire coil, coil A, and either the 5 mil Pb wire or

the 15mil Sn wire coil, coils BI and B2 respectively. In each experi-

ment, the magnetic field from coil B was measured and then was related to

an equivalent current in coil B, IB, by means of a calibration constant.

This calibration constant was determined by plotting the magnetic field

versus the input current, I, with coil A partially normal.14 Knowledge

of the input current, I, and the current in coil B allowed the current

in coil A, IA, to be deduced.

It will be convenient to discuss the data in terms of the dimension-
TB

less branch current ratio, C = I= , since this ratio should be a constant

for any given parallel path circuit having zero branch resistances. The

current division data obtained when no persistent current flows provides

IB IB
one determination of e; 6 = IA I-IB Even if the current and field

measurements are accurate to within 1%, the error in this calculated value

of e could be as large as 3%; however, if averages are taken from a large

number of data in the actual calculation of e. this error should be reduced

to something less than 3%.

When a persistent current, IPC' is present, a current, I, should

divide in such a way that, if the flux of induction is to be conserved,

1 4 1n an early experiment, the magnetic field of the 20 mil wire path was

monitored also. It was verified that no measurable current flowed down
this path when the thermal switch was on.

22
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IB-IPC
e is given by 'IIB+IPC. In this expression, Ipc is taken as positive if

its flow is positive in coil B.

A value of G also can be calculated from persistent current induction

data. If initially the total input current, I, flows through coil B, then

reducing I to zero should induce a persistent current IpC = if flux is
1+E:

to be conserved. Since it is the initial and final currents in coil B

which are measured, IBi = I and IBf = IpC respectively, e is given by

Bi- IBf
IBf

The values of e found from the current measurements are to be com-

pared with the values of e given by the inductance ratios, .A. Since the
LB

measured coil inductances are expected to be accurate to within 0.75%, the

calculated inductance ratios should be accurate to within about 1.75%.

Thus, for the current measurements to be consistent with constant flux

linkage, the values of e calculated from the inductance measurements and

from the individual current measurements should agree to within at least

4.75%; and the values of e calculated from the averaged current data

should agree to within perhaps 2.75% of the inductance ratios.

The current measurements were obtained after both slow and fast

current changes had been made. The slow current changes were made by

slowly adjusting the rheostat, and the fast current changes were made by

pre-adjusting the rheostat and then closing the dpdt knife switch to

connect the circuit. For the slow current changes, there is no reason

to believe that the flux linkage would not be conserved unless the

superconductor's d.c. resistivity is not zero. However, since super-

conductors do exhibit a.c. resistance effects, it is conceivable that the

flux linkage might not be conserved during a fast transient. Such an

effect, if present, could be observed in the data as a difference in e
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between fast and slow current changes.

1. 20 mil Pb and 5 mil Pb circuit. From the measured induct-

ance values in Table I, eL is found to be 0.995 - 0.017. Since both

branches of this 20 mil Pb and 5 mil Pb circuit are composed of the same

Pb, any d.c. resistivity present should be common to both branches; and,

therefore, a resistance ratio, CR, can be calculated. Since R = P1, where
A

f is the conductor's length (which is about the same for both branches)

and A the conductor's cross-sectional area,

RA _A~l O 2
e R _R _ABI_ = 1_ 0.00-25.

RB1 AA 16

Thus, if the resistivity were not zero, the current division would change

from an initial -50-50 split to a final -6-94 split. This significant

difference in eL and CR increases the probability of detecting the

resistivity of Pb if it is not zero.

In order to verify that the parallel path circuit was superconducting,

a i-amp persistent current was observed for one hour. No current decay

was observed during this time. Since a change in the persistent current

of 2 ma (a field change of about 0.01 gauss) should have been detectable

easily, the d.c. resistivity of Pb for a persistent current had to be at

least less than 2.3 x 10-17-cm.

A one-amp current was introduced into the parallel path circuit,

and the division was noted. With the external current constant, the

gaussmeter reading was observed for two hours. Again, no current change

was observed, and it could be stated that no current change larger than

2*ma occurred in the 5 miil wire branch. This requires that the d.c.

resistivity of Pb for current division be less than 2.6 x 10- 1 7 J-cm.

The calibration curve of field versus current for the 5 mil wire coil

is shown in Fig. 6. All points lie on a straight line having a slope
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of 4.766 to within an error of 1%, except for currents of 0.2A and less,

which were only within 3% due to inability to obtain more than two signifi-

cant figures in the meter readings. No attempt was made to determine the

calibration in terms of absolute field units; however, since a one-ampere

coil current was found to produce a field of about 5.4 gauss at the center

of the coil, a reasonably accurate idea of the magnitude of the magnetic

field strengths can be determined.

With both coils superconducting and the current being increased

slowly, the field strength again was recorded as a function of the current.

This data also is plotted in Fig. 6. The average slope of this curve is

2.368, and the same 1% accuracy obtains for the current values greater

than 0.2A. From this data, the measured value of the current division

ratio for the slow current changes is found to be 0.987. This value of

e is within 1% of the calculated value of EL.

The current division then was measured after the current had been

introduced to the circuit suddenly by closing a switch. The rise time

was not excessively fast, however, being about I p sec. This data,

plotted in Fig. 7, has an average slope of 2.349, from which the current

ratio is found to be 0.972. This value is about 1.5% smaller than the

value which was measured previously and about 2.4% smaller than the

inductance ratio,

Next, persistent currents were induced by disconnecting suddenly

the parallel pathcircuit from the external circuit under the initial

condition that all of the current, I, was flowing through the 5 mil

wire branch. The results are presented in tabular form in Table 2,

The scatter in the E-values calculated from this data is about 4%, and

the trend is for C to be slightly low. This trend, if valid, would
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indicate an increase in the flux linkage, assuming that the correct value

of c is 0.987. It is more likely, however, that the current increases

slightly during the time in which the normal-to-superconducting transition

of the 20 mil wire coil takes place and, thus, the initial current reading

(before switching) is actually too low. Since the trend was observed for

e to be slightly low, even for the slow induction of persistent currents

in a different experiment, it appears that this trend is not peculiar to

the speed of induction. All of these values of e are within the 4+% error

for individual data discussed earlier.

The current division for slow current changes again was measured

after having induced a persistent current of about -A. This data is

shown plotted in Fig. 6. The average slope of this line is 2.360, and

the corresponding e is 0.981. This value is within 1% of the previously

measured value.

Current division was measured again with a persistent current of

opposite sense in the loop; however, in this case, the current changes

were made quickly. This data is shown in Fig. 7; the slope is 2.355,

and the current ratio, E, is 0.977.

The results indicate the following:

(1) All measured L's were slightly lower than the value of e

calculated from the inductance measurements; but all values were within

the expected range of error.

(2) In general, the values of e for fast current changes are

slightly lower than the e's for slow changes. In other experiments with

these coils, the values of e for fast changes were found always to be

either slightly less than the e for slow current changes or, in some

cases, there was no difference at all. These differences in c are
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within the expected experimental error, however, and are not necessarily

significant. It is possible that this situation is due to a systematic

error in performing the experiment; and, in order to test this possibility,

current was switched on suddenly and reduced to zero slowly several times.

If the fast switching did not conserve flux while the slow current change

did, one would expect to observe a shift in the meter's "zero" due to the

build-up of a persistent current. No such shift was observed.

2. 20 mil Pb and 15 mil Sn circuit. Experimental work using

a 20 mil Pb and 15 mil Sn circuit was performed at a temperature of -3.5 0 K.

A persistent current was observed again for about one hour to test the

superconducting property of the loop. No loss was observed, thus insuring

that the loop was superconducting and that the resistivity of the Sn was

less than 2.1 x 10- 160-cm. A current division for an I of 0.5A was then

observed for about two hours. No change in current division was observed;

thus, the resistivity of Sn for a current division was found to be less

than 2.25 x 10-11-'cm. (The upper limits which were found previously for

the resistance of Pb were used to calculate the resistance limits for Sn.)

The calibration curve for this circuit and also the current division

data obtained for slow current changes with and without a persistent

current flow are shown in Fig. 8. The values of e calculated from this

data are 1.009 with no persistent current and 1.013 with a persistent

current.

The data obtained with fast current changes are shown in Fig. 9.

The values of e are 1.004 and 1.006 without and with the persistent

current respectively.

Table 3 shows some data obtained for both fast and slow induction

of persistent currents. The variation in c is about 3% with no significant
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differences between the fast and slow induction data.

The results indicate the following:

(1) The values of c measured by means of the current division all

are within 1% of the inductance ratio of 1.010 ± .018.

(2) Again it was found that the C's for fast current changes

generally were lower than the c's for slow current changes. However,

since all e values are within- the experimental error, and since no per-

sistent current could be induced by the technique previously mentioned,

this difference in e supposedly is not produced by the superconductors.

In conclusion, it can be stated that, under the conditions of the

present experiment, all measurements are consistent with the conservation

of the flux of induction and, equivalently, the zero resistance of the

superconductors.

3. Currents in excess of the critical current. Before the

current division experiments were performed, questions were raised con-

cerning what would happen when the current in One of the superconducting

branches reached its critical value, that is, the value of that current

which would drive the branch into the normal state. Would all current

switch to the branch that remained in the superconducting state; or

would the current drop to a value just small enough to allow the normal

branch to return to the superconducting state? For both circuits con-

sidered in this paper, the B coils had critical currents which were

considerably less than the critical current of coil A. It always was

found that, upon increasing the current, I, past the point where the

flux-conserving current division required a current equal to the critical

current in coil B, the current in coil B would begin to increase but then

would drop back to its critical current value. Then, upon reducing I, a
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persistent current would be induced.

This same type of experiment was performed by switching on a current

which would cause IB to become greater than the critical current. The

current in the B coil increased exponentially with the time constant of I

to a value near the flux-conserving current value-but then immediately

decreased exponentially, with a much larger time constant, until it

became steady at the critical current level. Of course, as the current

in coil B decreased, the current in coil A increased, so that the total

current, I, remained constant.

The current in coil B always was able to return to its original

critical value. This probably was due to the close thermal contact

existing between the coil and the helium bath. If the energy produced

by the current flowing in the resistive coil could not have been dissi-

pated, the coil's increased temperature would have lowered its critical

current; and thus, the coil could not have returned to the superconducting

state until its current had dropped to some value less than the original

critical current value.

B. Induction of Persistent Currents. The transient of primary

interest for the parallel path circuit is that transient which occurs when

a persistent current is induced suddenly by disconnecting the current

source. It is of initial interest to discover if the parallel path circuit

oscillates upon switching, as was predicted by the circuit theory. We know

from the previous data that• if oscillations do occur, they must be damped

out rather quickly or the steady state fields, measured after the sudden

inductions, would not have been observed. In addition, the steady state

persistent current data indicate that the flux-conserving persistent

current is induced and, therefore, that, under the given experimental
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conditions, no measurable effective series component of resistance is

present during the transient.

A typical persistent current induction transient for the Pb-Sn

circuit is shown in Fig. 10. The upper trace, the voltage across one of

the branch's search coils, ,indicates oscillations at a frequency of

4 x 106 cps. The lower trace shows the current variation in the coil

leads as measured across the small resistance in series with the parallel

path circuit. Since the circuit external to the parallel path circuit

still is connected to the parallel path circuit during the damping of the

oscillations, its resistance undoubtedly plays some part in the damping

rate. Since this external resistance is unknown, it is impossible to

determine the presence of any resistance contributed by the supercon-

ductors. An approximate value for the distributed capacitance of the

parallel path circuit can be calculated if the frequency is assumed to

be given by w -4LCj) This capacitance value is 160 ppf.

A large capacitor was placed in parallel with the coils in order to

reduce the resonant frequency of the parallel path circuit. Then it was

possible to disconnect the current source in a time which was very short

compargd to the period of oscillation. Therefore, the only sources of

resistance which could damp the oscillations were the added capacitor and

the superconducting coils.15 Experiments were performed with the 20 mil

Pb-15 mil Sn wire circuit and with an all 20 mil Pb wire circuit. Damped

oscillations were observed, see Fig. 11, and in all cases the remaining

15 The coupling of the measuring coil with the superconducting coil also
could provide a dissipative mechanism; however, this effect is negli-
gible compared to the actual resistances measured. For perfect coupling
it is estimated that this coupling would introduce a little less than 1%
decrease in voltage amplitude in two milliseconds at a frequency of
20 kcps.
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persistent current conserved flux to well within the expected experi-

mental error of -4%.

Measurements were made on the capacitors at liquid helium temperatures

to determine their d.c. leakage resistances and their a.c. series resist-

ances and capacitances. The leakage resistances were measured with a

ballistic galvanometer16 and were found to be larger than 10100; therefore,

this parameter was neglected. A General Radio Capacitance Bridge Type

716-BS3 was used to measure the series capacitances and dissipation

factors, D. From the dissipation factors, the series resistances of the

capacitors can be determined, Rs •D

The important result obtained from these experiments was that, in all

cases, the circuit's natural frequency of oscillation, as calculated from

the measured values of the inductances and capacitance, was less than the

observed frequency. This frequency difference was larger than could be

explained by the errors in measurement, being typically 4%. In addition,

this difference between calculation and experiment is made even larger by

any attempt to include in-the frequency calculation the effects of

resistance or inductance associated with the added capacitance, or any

stray capacitances in the circuit. The coupling of the superconducting

inductances with the measuring coils does provide a way in which the

calculated frequency can be increased, since this coupling decreases the

effective inductance of the superconducting coils. However, even for

the most ideal coupling conditions, calculation reveals that the effective

changes in the superconducting inductances can be only about one part in

108 Therefore, it appears that this shift in frequency is a valid phe-

nomenon produced by the superconducting coils.

16See e.g. Page and Adams, Principles of Electricity, D. VanNostrand Co.,

Inc., 1949, p. 476.
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A very reasonable, physically plausible, explanation for this

frequency shift can be found by considering a two-fluid model of super-

conductivity. In such a model, at any finite temperature less than the

critical temperature, there exist in the superconductor both supercon-

ducting and normally conducting electrons. The superconducting current

is expected to flow primarily on the surface of the wire; whereas, any

normal current is expected to be able to flow throughout the cross-section

of the wire. Thus, in the present situation, a superconducting coil should

be represented by a superconducting current path having an inductance Ls

and no resistance, and a normal current path having an inductance Ln and

a resistance Rn. These two paths are magnetically coupled by a mutual

inductance, M, Fig. 12.

The analysis of the data utilizing the two-fluid model equivalent

circuit for the superconducting inductances is presented in the appendix.

It is shown that a consistent set of circuit parameters, which explain

the data, can be found.



CHAPTER VI

CONCLUSIONS

It has been shown that the d~c. resistivities of superconducting

Pb and Sn, both for a persistent current flow and for a current flow

originating external to the superconductor, are at least less than

-2.5 x 10-17-cm and -2.3 x 10-1'6Gcm respectively. It also was veri-

fied that the current division between the two branches of a parallel

path circuit and the persistent-currents induced in this circuit

satisfied the constant flux linkage condition to within the experimental

error, which was better than 5% in all cases and better than 1% in many

cases. Therefore, all steady state current measurements occurring after

either slow or sudden (4I p sec) current changes were consistent with

the assumption that superconductors have zero resistance.

The prediction was verified that the parallel path circuit would

oscillate in such a way as to conserve both flux and energy upon

suddenly disconnecting the current source under the initial condition

that all current flowed down one path. The energy loss between the

initial state (oscillating current) and final state (persistent current)

then could be explained by a Joule heat energy loss in the circuit. For

the unmodified circuit, this resistance could be associated with the

circuit external to the parallel path circuit, since it was not possible

to disconnect the current source before the oscillations had damped out.

The parallel path circuit next was modified by adding a shunting

capacitor. Accurate bridge measurements at -1000 cps of the values of

inductance, capacitance, and resistance in the circuit failed to explain

33
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the frequency of oscillation which was observed experimentally. An

equivalent circuit, based upon a two-fluid model, was proposed which could

explain the data, and calculated values of the unknown parameters in this

equivalent circuit were found to be reasonable. In addition, the cal-

culated value of the a.c. resistivity for Pb at 50 cps using these cal-

culated values agreed with published data on Pb obtained calorimetrically

to within an order of magnitude.

In conclusion, it appears that a complete description of a supercon-

ductor in an electrical circuit can be obtained by replacing the super-

conductor with the equivalent circuit shown in Fig. 13. The important

consequences of this circuit are the following: (1) The d.c. resistance

is zero and thus the constant flux linkage condition is valid. (2) Under

any transient or a.c. conditions, an effective a.c. resistance is present.

This a.c. resistance produces a power loss and, therefore, local heating

of the superconductor. If this local heating were great enough, the

critical current and critical field of the superconductor would be

decreased noticeably and, perhaps, the superconductor could be driven

normal. (This effect may be an important factor in explaining the

superconducting-to-normal transitions of Type II superconductors which

are experienced under either fast current or magnetic field changes even

though these currents and fields are far less than critical.) (3) The

distributed capacitance in conjunction with the superconductor's

inductance forms an LC circuit. This situation can produce oscillations

at a resonant frequency and also can affect the frequency response of

the circuit.



APPENDIX

ANALYSIS OF THE RESONANT-FREQUENCY OSCILLATION DATA

The addition of a shunting capacitor to the parallel path circuit

forms an LC circuit having a resonant frequency of approximately

17T .This circuit can be excited into a freely oscillating

mode of operation at. its resonant frequency by suddenly switching off the

external current, under the initial condition that this external current

passes through only one of the two inductances. It was discovered experi-

mentally that the observed resonant frequency of the circuit was greater

than that frequency predicted by the low-frequency measurements of L1 , L2 ,

and C. Furthermore, this discrepancy is made worse by attempting to

include the effects upon the frequency of the resistances and the induct-

ance of the capacitor. The coupling of the circuit with the measuring

coil does produce a frequency change in the right direction, but, even

assuming ideal coupling, this change (about one part in 108) is too small

to be detectable.

In the following section, an equivalent circuit for a superconducting

coil, which is based upon a two-fluid model of a superconductor, is pre-

sented as an explanation of the data. Calculations are performed using

the experimental data in order to obtain the unknown values of quantities

used in the equivalent circuit. A complete set of quantities, which

appears to explain the data, is found to appear physically plausible.

In addition, comparison of an a.c. resistivity calculated from these

quantities with a value of a.c. resistivity obtained from data published

concerning a different type of experiment on Pb indicated agreement to

35
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within an order of magnitude.

A. Equivalent Circuit for a Superconducting Coil. According to

presently accepted theories of the superconducting state, at any finite

temperature less than the transition temperature, a superconductor con-

tains both superconducting and normally conducting electrons. Since a

voltage drop occurs across a superconducting coil when there is a current

change, the normal electrons should be accelerated. Since this normal

current experiences a resistance, an energy loss occurs in the coil.

Therefore, it appears reasonable that, in order to describe a supercon-

ducting coil experiencing current changes, a circuit of the form shown

in-Fig. 12 is required. In this equivalent circuit, there is a complete

superconducting path through the coil as well as a resistive path, and

these two paths are coupled magnetically by a mutual inductance.

At any given frequency, an effective a.c. inductance and an effective

a.c. resistance can be found for the coil by comparing the real and

imaginary parts of the admittances of the circuits in Fig. 12 and Fig. 14.

For the circuit-of Fig. 12,

i = L(Ls+ L,-I M) -L5L - M91)]

1%1

and for the circuit in Fig. 14,

& - " . (2)

Comparison of (1) and (2) gives

R&
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Fig. 15 can be found by equating the real and imaginary parts of the

impedance of each circuit. For the circuit of Fig. 15,

= Re + J-0R, Ra Rj , C - tj Le-to' C,2Lc1?
V _ u+CLR_ + $CL-R (5)

and for the circuit of Fig. 16,

T- = Rs -- -- " (6)

Equating the real and imaginary parts of (5) and (6)

R, +C -- RZ (7)

CIS - , %(8)
R ~?-C -W"Ls -(a C.1L5 RP

Since Ls is expected to be small, its effect on Cs at 1000 cps should

be negligible compared to the accuracy of the measurement and, therefore,

will be neglected. Thus, Cs is given by

C C + 1 0 (9)

C. The Complete Transient Solution. The solution to the transient

problem, with the equivalent circuit shown in Fig. 12 replacing each of

the superconducting coils, is extremely difficult. Since the frequency

of oscillation is constant and since the change in the voltage amplitude

across the coils changes slowly in comparison with the period of oscilla-

tion, the a.c. equivalent circuit shown in Fig. 14 can replace the actual

equivalent circuit to a very good approximation.

The complete superconducting parallel path circuit with added

capacitance is shown in Fig. 17, where the effective resistances of

each coil have been lumped together for convenience. The equations



which must be solved are

LIC4 , R Zb

C

il+ ill

t

0
Ita t

+ is. + 1

;.f)= I ) ;.,.(o) = i•(o) = i*(o)= -o)=,6 )=o

The solution for iI is

_I,- I F e+
where

R Liefi. Le*4

A l -R •. LC + . e _ 21

1L,4V LL4W (ai *R9. tR) - R RI RIC
lo tLioC

R+ )z.
SI L,~ :e.

L34=. Lte,-+ Lie++
Llet+ Lie++ C

{* L ie + +jL lte ý ý ( R R .+ R -R , t

9z ta Le~f~ C. R;L(R4)

LtIef * Lie f ; (R, +Rz +R) +A.1 rR, R.2.,C

LIC44 + LLz &f -t/

T
The voltage amplitude is proportional to e- t/, and the ratio of the

voltage amplitudes measured at times tI and t 2 is

IV.Ie
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I ~ I v, I
or _ = ________

-I-= - -+1

It is the frequency and T which can be measured.

D. Calculations. We now have the following set of equations:

2. OC=. W2, t 2(c

C i r C I K 2 (a)

. x

S• Lleq- .0- +x4 IL 14f

(10)

CS nC + 0 .C7(d)

[IL~e~f +Lzef. LIM fIef~LLC(~tj+R
L~LL~df L1e.&4C. 4 -R 1 R fi/..Ls -ew) jet (e)

L1,M2 LLxoL. ciRI
L" (f)0

Only the quantities w1 , W2 , Rss Cs, and I are measured directly;

therefore, there are several more unknowns than equations. The

situation is not hopeless, however, since certain choices for some

of the quantities, such as R < 0 and a, or 0 < 0 or > 1 are forbidden,

and reasonable estimates can be made about the values of some of the

unknowns.

The inductances of the coils were measured in the superconducting

state at -103 cps. According.to (10b), it is actually Leff which is
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measured, but at low frequencies Leff = Ls. This, in fact, was veri-

fied by the current division experiments. (By using the values of a,

0, and Rn, which we will calculate, it can be shown that Leff at 1000

cps is equal to Ls to within about 0.2%, a substantially smaller per-

centage error than is claimed for the measurement in the first place.)

Therefore, the measured inductance at -103 cps will be used for the

superconducting path inductance, Ls.

The normal electrons are not confined to the surface; therefore, with

regard to the normal path, the wire will be treated as an ordinary con-

ductor. Thus, the measured value of the normal inductance will be used

for the inductance of the normal path, Ln. Using Ln and Ls, a can be

calculated.

In order to simplify the calculations further, "average" values of

Ls and Ln will be used in the equations rather than separate values for

each coil. This simplification is not especially restrictive, since

the coil inductances are approximately equal and it is the term LILL

Li + Li.
which enters into the equations.

From equations (10c) and (10d), a minimum value of R2 can be found

by setting R, = 0. It can be shown then that, to within the experimental

error claimed for the capacitance bridge measurements, Cs is equal to C

at 1000 cps.

If a, Ln, and C are assumed to be known, there are only six unknowns

remaining. There are, however, only five useful equations, since equa-

tion (10d) has been used to its fullest extent. The value of Leff can

be found to a good approximation simply by setting u• . This comes

about because the correction to the frequency due to the resistances is

relatively small. We are now left with five unknowns and four equations.
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The remaining unknown about which we can make the best estimate is

Rn. The normal resistances of the coils were measured below their tran-

sition temperatures (4.2 0 K for Pb and -3.5 0 K for Sn) while in magnetic

fields greater than their critical fields. This provides at least a

reasonable order of magnitude value for Rn with which to make some cal-

culations. (The quantity $ is nearly insensitive to the choice of Rn;

however, Reff is quite dependent upon Rn.)

With the value of Rn, assumed known, there are left four unknowns

and four equations. The procedure to calculate the remaining unknowns

will be to obtain 0 from equation (10b), use this value of ý in (10a) to

find Reff, eliminate R1 in equation (10f) by equation (10c) and, with

Reff available, solve for R2 . Then, (10c) will be used to obtain R1 .

1. Pb - Pb circuit at -20 kcps. First, consider the capaci-

tor's parameters. The bridge measurements were made at 1007.5 cps

(w = 6.3303 x 103), and, for the capacitor used in this circuit, Rs

0.17760 and Cs = 6.594 .f A minimum value of R2 can be found by

setting RI = 0 in equation (lOc) and using this equation in conjunction

with (10d). The value of R2 min thus found is 3231.60.,. A minimum value

for C can be found also, Cmin 6.5936 pf; therefore, from here on, C

will be taken as 6.594 4f. (It may be of interest to note that a minimum

value of R occurs for R, = 0 and R2 = R2 min. This value can be calcu-

lated from equation (lOf), Rmin = 109.20 .)

The measured. values of inductance for the two Pb coils used in this

circuit were Lnl = 19.79 ph, Lsl = 19.52 ph, Ln2.= 19.63 ph, and Ls2 =

19.28 ph. Thus, average inductance values for this circuit are Ln =

.L•L•. = 19.71 ph and Ls = -L$1A-s!L= 19.40 ph. The quantity a' is
4.% P-L Lit'+ Liz.

then given by a = L.-L, = 1.573 x 10-2.
Lft
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The average value of the inductance necessary to produce the

measured frequency is given by Leff - . Since w was observed

to be 1.2763 x 105 radians per second, Leff = 18.62 ph.

Now, assuming Rn equal to the measured value of the coil resistance

in the normal state, Rn = 0.7168 x 10-30 , all quantities are available

to calculate •. Rearranging equation (10b) into an equation in •, one

obtains

'3 Ld ,3 +

Using the values given above to calculate the coefficients,

-0P 2.10603 + 0.2378W8 2 - 3.4795 x 10-3l + 1.3757 x 10-5 0.

The appropriate solution to this equation is • = 0.849 x 10-2; or, in

terms of the coupling constant, k, where M = k477, k = 0.999402.

Using this value of ý in equation (10a), the effective resistance

of one coil can be calculated, Reff = 246.940 . Eliminating RI in

equation (10f),

, Le,+(R,+Rx.÷R)i-2.RjRPRC

7' ,Li RLC (R,+f)

by means of equation (10c),

i
R t Rs -

one obtains the equation for R2,

L e:
"Olt 0
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Using the values previously given, the coefficient can be calculated,
2.86012 x 10-4 R2

2 - .943482 R2 - 1.06865 x 10-2 = 0. The appropriate

solution to this equation is R2 = 3298.7C . This requires that RI be

0.0036G.

2. Pb - Pb circuit at --60 kcps. The capacitor used in this

experiment was measured at a frequency of 1007.5 cps also and had the

values Rs = 0.80230 , Cs = 0.7366 pf. Again, C5 ' C to within the

experimental error of the measurement (Cmin = 0.73659 pf) and R2 min is

found to be 28,8980 . (The value of Rmin is 472.8D .)

The average value of the inductance necessary to produce the

measured frequency, w = 3.7699 x 105 rad/sec, is 19.10 ph. If the same

values of Ls and Ln are used for this calculation as were used in section
1, the ý equation becomes, ý4 - 2.061900 + 3 .1400132 - 1.94731 x1

+ 0.765902 x 10-5 = 0. The appropriate solution to this equation is

= 0.924 x 10-2.

This value of 0 produces a value of Reff of 13,0010.

The equation for R2 is 0.743499 x 10-2 R2
2 - 4.40306 x 102 R2

- 0.878457 = 0 and has the solution R2 = 59,221M . Therefore, Rl is

0.0257n.

3. Pb - Sn circuit at -20 kcps. The measurements on the

capacitor again were made at 1007.5 cps and it was found that Rs = 0.0884C

and Cs = 6.555 pf. The minimum value that R 2 can have is 6570Q and the

minimum value for C is 6.5549 pf. Once again, Cs will be used for C in

the calculations. (The minimum value for R is 102.6G .)

The measured values of inductance for the coils used in this

experiment were 19.63 ph and 19.41 ph for the Sn coil in the normal and

superconducting states respectively and 19.63 ph and 19.28 ph for the Pb
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coil in the normal and superconducting states respectively. The

calculated value of a for the Sn coil is 1.12073 x 10-2.

The observed frequency was 2.0188 x 104 cps or 1.2685 x 105 rad/

sec. Using &)= 2. the value of L must be 18.96 ph. Since the

effective inductance of the Pb coil at this frequency is 18.54 ph (using

the values of a and 6 calculated for Pb at -20 kcps), the effective

inductance of the Sn coil must be 19.40 ph. Thus, for the Sn coil, the
6 equation becomes ý4 - 2.0234303 + 5.82066 x 10282 - 5.25261 x

+ 1.484934 x 10-6 = 0, where the measured value of the normal resistance

for the Sn coil, 1.276 x 10-20, is used for Rn. There are two possible

physical solutions to this equation, 0 = 0.585 x 10-2 and 0 = 0.889 x 10-2,

which correspond to values of the coupling constant of 0.999759 and

0.996685 respectively. One intuitively would suspect that the larger

coupling constant is the actual value, since k should approach I as the

wire size becomes smaller, and the value of k for the Pb wire at 20 kcps

was .999402.

Using 0.585 x 10-2 for the value of ý, the value of Reff for the Sn

coil is 438.20. (For • = 0.889 x 10-2 Reff = 6139.1Q .) Since the

value of Reff for the Pb coil is 242.20 , R = 155.982. (For Reff =

6139.1C, R = 233.01C o) This means that RI = 0.00500 and R 2 = 696,7310.

(For R = 233.01C), RI = 0.00790 and R 2 = 7215.5,2 .)

E. Discussion of the Results. In addition to the fact that the

data could be explained by fitting a set of numbers to the parameters of

the proposed model of the superconducting coils (these circuit values

are presented in tabular form in Table 4), there are several facts about

these calculated numbers that agree with our intuitive ideas about the

model: (1) The calculated values of 0 are quite small (or k is very
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close to 1), and a value of • was found for the 15 mil Sn wire which

was less than the values of • calculated for the 20 mil Pb wire. (2)

Thq calculated values of Reff were always larger than the minimum per-

missible values but were small enough that R, had to be only a small

portion of Rs. This is as one might suspect, since the leads of the

capacitors were not only short, but they were tinned, so that they were

very likely superconducting. In this regard, notice that the smaller

capacitor has the greater value of RI corresponding to a smaller surface

area for the capacitor plates, and values of RI for the two similar

capacitors (having C -6.6 pf) were nearly identical. (3) The values

of Ln, Ls, M and Rn are consistent with the bridge measurements at 1i03

cps; that is, Leff is Ls to within experimental error, and Reff is too

small to have been detected with the bridge measurements. (4) The a.co

loss in a 0.0625" Pb wire coil was measured calorimetrically at 50 cps

by Rhodes, Rogers, and Seebold. 1 7 Their published data indicate a

resistivity for Pb at 50 cps of 3.o0 x 10-11C -cm. Using the present

data for Pb obtained at 20 kcps, a calculated value of the resistivity

for Pb at 50 cps is found to be 6.7 x 10ll10 -cm. These resistivities

agree to within an order of magnitude, and the discrepancy present might

be explained by the fact that the Pb used by Rhodes, et al., was of

greater purity than the wire used in this experiment, 99.997% as com-

pared to 99.9%. In addition, there are probably corrections to be

made for the different wire sizes and the different coil geometries

used in the two experiments.

One could attempt to refine the calculations by including such

effects as an increase in Rn due to the loss of normal conducting

electrons to the superconducting state, and a further increase in Rn,
1 7R. G. Rhodes, E. C. Rogers and R. J. A. Seebold, Cryogenics, 4, #4,

p. 206.
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as well as a decrease in Ln, due to the skin effect. Deciding how to

make such refinements, however, is little more than guesswork. Also,

the available data does not warrant such refinements. For example, even

though the inductance measurements are accurate to better than 1%, a

inductance measurement error could allow a variation of a as large as

± 64%.
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Fig. 1. Basic schematic of the parallel path circuit.
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Fig. 2. Parallel path circuit connected to a power source.
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Fig. 3. Parallel path circuit with resistive branches.
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Fig. 4. Parallel path circuit with provision for making one path
resistive.

52



53

crib0

Big. 5. Paral-lut path circuit with distributed capacitance included
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Fig. 7. 20 mil Pb - 5 mil Pb circuit: Current division data for
fast current changes.
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Fig. 8. 20 mil Pb - 15 mil Sn circuit: Current division data for
slow current changes.
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Fig. 9. 20 mil 'Pb - 15 mil Sn circuit: Current division data for
fast current changes.
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Fig. 10. Persistent current induction transient of the Pb - Sn
circuit. (Each major division is 0.5 p second.)
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0 2 4 6 8 10 12 14 16 18 20

TIME X 104 sec

Fig. 11. Persistent current induction transient of the Pb - Sn
circuit with added capacitance.
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Fig. 12. Equivalent circuit for the superconducting coil.



61

Fig. 13. Complete equivalent circuit for a superconductor.



Leff Reff

Fig. 14. A.C. equivalent circuit for the superconducting coil.
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R,

Fig. 15. Equivalent circuit for a capacitor.
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Fig. 16. A.C. equivalent circuit for a capacitor.
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Lieff

Fig. 17. Superconducting parallel path circuit with added capacitance.
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Table I

Measured and Calculated Values of Coil Inductances

Wire Size Normal Normal Superconducting
(mils) Inductance, Inductance, Inductance,

Calculated (ýph) Measured (ph) Measured (Ah)

20 18.88 19.63 19.28

15 18.71 19.27 19.08

5 18.05 19.40 19.37



Table 2

Fast Induction of Persistent

in the 20 mil Pb - 5 mil Pb

Initial IBl

(amp)

-. 1987

-. 3995

- .5961

-. 8012

-. 9978

.2029

.4038

.6046

.8054

.9978

Final IBI

(amp)

-. 1015

-. 2008

-. 3002

- .4059

- .5074

.1036

.2072

.3108

.4059

.5116

Difference of

IBI initial
and IBI final

.0972

.1987

.2959

.3953

.4904

.0993

.1966

.2938

.3995

.4862

67

Currents

Circuit

e

.9576

.9895

.9857

.9739

.9665

.9585

.9488

.9453

.9842

.9504

% diff.
from FL

-3.76
-0.55

-0.93

-2.12

-2.86

-3.67

-4.64

-4.99

-1.09

-4.48
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Table 3

Slow (a) and Fast (b) Induction of Persistent Currents

in the 20 mil Pb - 15 Sn Circuit

Difference of
Initial IBI Final IBI IBI initial % diff.

(amp) (amp) and IBI final from CL

-. 0964

-. 1986

+.0973

.1982

-. 0973

-. 1991

-. 3054

+.0982

.2000

.3063

-. 0477

-. 0982

.0477

.1000

- .0486

-. 0991

-. 1541

.0486

.1009

.1541

-. 0487

-. 1004

.0496

.0982

-. 0487

-. 1000

-. 1513

.0496

.0991

.1522

1.0210

1o0224

1.0398

.9820

1.0021

1.0091

o•818

1.0206

.9822

.9877

1.09

1.23

2.95

-2.77

-0.78

-0.09

-2.79

1.05

-2.75

-2.21

(a)

(b)
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Table 4

Values of the Circuit Parameters

for the Resonant Frequency Oscillation Data

Pb 20 kcps Pb 60 kcps Sn 20 kcps

Ln 19.71 ph 19.71 ph 19.63 ph

Ls 19.40 ph 19.40 uh 19.41 uh

a 1.573 x 10-2 1.573 x 10-2 1.12073 x 10-2

Leff 18.62 ph 19.10 ph 19.40 ph

Rn 0.7168 x 10-30 0.7168 x 1 0-3J-4 1.276 x 10-20

0.849 x 10-2 0.924 x 10-2 0.585 x 10-2

k 0.999402 0.998665 0.999759

Reff 246.94p 13,001) 438.20

R2 3298.7n 59,221n 696,731M

RI 0.00360 0.0257M 0.00500

C(s) 6.594 Lif 0.7366 pf 6.555 pf

Rs (1000 cps) .1776G .8023r .088441
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