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ABSTRACT

In the three-phase, single-way inverters considered, the stepped-wave
approach offers the great advantage of an output waveform that approaches
that of a sinusoid. The single-way type inverter is advantageous where the
input dc voltage is low, since in this type of inverter the voltage drop in only
one switch need be considered.

Fourier analysis of a stepped-wave output shows that if the center of
each step lies on a sinusoid, the lowest harmonic present is one less than the
number of steps in the waveform.

Various circuit configurations using single-phase and three-phase cores,
which involve interconnection of multiple primary transformer windings, are
considered for producing stepped waves with minimum harmonic content.
These types of circuit configurations result in poor switch and copper utili-
zation, and have limited power capability.

Circuit configurations where interconnection of multiple secondary trans-
former windings are used result in good copper and switch utilization, and
the power capability increases as the number of steps (or switches) is in-
creased.

If in a multiswitch three-phase inverter one half the total number of
switches are considered as one input system and the other half as a second
input system, voltage regulation may be obtained by varying the phase rela-
tion between the two input systems.

For three-phase power applications where the input dc voltage is low,
inverter- circuit configurations using interconnection of multiple secondary
transformer windings appears attractive. The limiting factor is the current-
carrying capacity of the solid-state switches, but where greater power capa-
bility is required more switches may be added, with a resultant improvement
in output waveform and therefore lower filtering requirements. Some savings
in transformer magnetic material can be achieved by the use of a multiple-
windowed transformer core, in contrast to the use of separate cores for each
pair of power switches used. There is, then, the difficulty in the fabrication
of the multiple-windowed core in addition to winding problems over and above
that encountered in using the readily available single cores.

PROBLEM STATUS

This is an interim report on one phase of the problem; work is continu-
ing on the problem.

AUTHORIZATION

NRL Problem EO1-05
Project RR 008-03-46-5675

Manuscript submitted October 11, 1966.
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POWER CIRCUITS FOR OPTIMUM STEPPED-WAVE OUTPUT
IN THREE-PHASE SINGLE-WAY STATIC INVERTERS

INTRODUCTION

The stepped-wave approach in the design of multiphase static inverters offers the
great advantage of an output waveform that approaches that of a sinusoid. This waveform
results in a considerable reduction in filtering requirements. It should be understood
that static solid-state devices handle maximum power with minimum losses when oper-
ating as switches. Operation in this mode from a dc power source results in a square-
wave or quasi square-wave output. On the other hand, most ac loads require a sinusoidal
input for optimum performance. The stepped-wave inverter is an attempt to resolve
these conflicting requirements by permitting the static devices to operate in the switch-
ing mode and by furnishing a stepped output waveform which approaches a sinusoid as
the number of steps is increased.

Methods to achieve optimum-output stepped waveforms (waveforms with minimum
harmonic content) by interconnection of the secondary windings on transformers have
been described in the literature for both single-way (1-4) and double-way (5) inverter
circuits. In this study, consideration is also given to interconnections of primary trans-
former windings to produce optimization of the output waveform. It is shown that for all
types of stepped waveforms the waveform is optimum when the center of each step of the
output voltage waveform lies on a sinusoid.

In general, the number of steps in the optimum waveform for three-phase inverters
is limited to multiples of six, or more generally two steps per phase. In multiphase in-
verters the number of steps in the optimum-output waveform is equal to the number of
switches in the input.

In inverters where harmonic cancellation is achieved by interconnection of the sec-
ondary transformer windings, 180-degree conduction in the switches results in maximum
switch and copper utilization. In inverters (6-8) where harmonic cancellation is achieved
by interconnection of primary transformer windings or by multiple primary transformer
windings, conduction in the switches is limited to 60 degrees or 120 degrees, which re-
sults in decreased switch utilization. However, by the use of an interphase transformer
(9,10) it is possible to obtain 180-degree conduction in the switches and thus improve
switch utilization. The rule for the generation of stepped waves in three-phase inverters
requires that the algebraic sum of the induced voltages in the secondary windings be zero
at each step. If the waveform is to be optimum, then it is a further requirement that the
center of each step lie on a sinusoid.

The method of commutation and provision for handling reactive loads is perhaps the
most difficult problem in the design of an inverter, but here for the sake of simplicity all
commutating circuits have been omitted. For the same reason, discussion and diagrams
of equipment for operation of the switches in proper sequence and for phase displace-
ment where voltage regulation is required have also been omitted. These essential func-
tions and various methods of achieving them have been described in the literature and in
the references cited, and if presented here might unnecessarily lead to confusion.

A common objection directed at solid-state static inverters is the use of a multiplic-
ity of components and the resulting complexity of circuits. In this report the emphasis
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is intended to show the relative simplicity of the power circuits and the few basic com-
ponents required. The essential need for commutation and switching operation adds
components and additional circuits. Where the input dc voltage varies over a wide range
and precision power output is required, the complexity and multiplicity of components
must increase over that of the basic power circuits. Short-circuit protection and opera-
tion over a wide range of loading conditions at varying power factors will add further to
the number of components and complexity. In brief, inverters can be expected to vary in
size, cost, weight, and complexity, depending on the power source and the requirements
of the load. In any particular application, adequate specifications must consider the dc
supply source and the load requirements, and the specifications in turn determine to a
great extent the complexity or simplicity of the inverter for that particular application.
In this respect the rotary inverter appears to have greater versatility, in that a given de-
sign can be more easily adapted to different requirements. However, because of poten-
tial lighter weight, negligible maintenance, long life, and a continuing decrease in cost
and improvement in performance of static switching devices, inverters based on these
devices are assured of a dominant position in the field.

OPTIMUM OUTPUT WAVEFORMS USING MULTIPLE OR
INTERCONNECTED PRIMARY TRANSFORMER CONNECTIONS

In Fig. 1, a and b are two representations of three single-phase transformers with
associated switches. This circuit, with suitable filtering, constitutes a three-phase
static inverter. If silicon-controlled rectifiers (SCRs) are used as switches, three suit-
able capacitors, one connected across each primary winding, or the three capacitors
connected in delta across the secondary windings, would serve the dual purpose of

S, S4  S5 S2 S3 S
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Fig. 1 - Two representations of the power circuit
for a six-step, single-way, three-phase inverter
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filtering and commutation. In addition, a choke in the dc input is normally required. Al-
though commutation (the reduction of current to zero during switching) is of equal im-
portance as the power circuits in an inverter, it will simplify presentation if circuits for
commutation and filtering, in addition to that for sequential operation of the switches,
are omitted.

In a single-way circuit, the input current travels in one direction in each half of a
center-tapped winding, as in Fig. 1. This action is in contrast to a double-way winding,
where the current travels through the entire winding, first in one direction, then in the
opposite direction, as in a bridge circuit. The circuit shown in Fig. 1 can be used as a
double-way circuit by doubling the number of switches and using the switching arrange-
ment shown in Fig. 2. It will be noted that the input current must go through two switches
at each step. The double-way circuit gives better copper utilization and is most suitable
for high-input dc voltage. Here the emphasis is restricted to single-way, three-phase
circuits, suitable for low-input dc voltage.

0\6  1~ Kji K3  '\4 K5

NEUTRAL 
V,

Fig. 2 - Power circuit for a six-step,
double-way, three-phase inverter

In Fig. 1, subscript numbers on switches indicate the order in which they are turned
on. In all switching arrangements considered, it will be assumed that each switch is on
for the same time interval. One "cycle" is the required time from the turning on of one
switch (say S$) until that switch is again turned on. On the output waveform this cycle is
the equivalent of 27T radians (360 degrees), or one electrical cycle. It is convenient to
express the on time of each switch or conduction period also in degrees. Hence the on
time in degrees, divided by 360 degrees (one cycle), represents the fraction of one cycle
that a switch is on. If in Fig. 1 all switches are turned on in sequence and only one switch
is on at a time, then each switch has a conduction period of 60 degrees.

When using transistors or SCRs, a ring counter or similar electronic device pro-
vides a relatively simple method of insuring the turning on of each switch at equal time
intervals. With SCRs, the on time interval is determined by the commutation and with
transistors is controlled by the forward "biasing" time intervals.

In Fig. 1 it is assumed that only one switch is on at any time (66`'t egree conduction).
Arrows indicate the direction of induced voltage in the primary and secondary windings
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when the odd-numbered switches are in the on position. It can be seen that the direction
of induced voltage reverses when an even-numbered switch is on. Hence, if the output
voltage is considered positive in the secondary winding associated with S1, it will be
equal and opposite when switch S4 is on.

Figure 3 shows the induced voltages when the switches are turned on in sequence,
for a 60-degree conduction period. That is, each switch is on for one-sixth of a cycle
(360 degrees), or 60 degrees, and therefore only one switch is on at a time. All three
wave shapes are similar, as they must be if the ratio of the number of turns on primary
and secondary windings of each phase (or transformer) is the same. The positive and
negative loops in each wave must be identical if the center tap is indeed a center tap.
The rectangular waveshape assumes ideal switching, and for solid-state devices this is
reasonable if the switching time (time from fully off to on) is relatively short compared
to the on interval. The sw'itching time of solid-state devices is of the order of 10 to 20
microseconds, so that for most practical inverters considered here, where the maximum
frequency would be 400 cps, the turn-on and turn-off times are short enough that instan-
taneous switching can be assumed. Hence the wave shapes in Fig. 3 are assumed to be
rectangular and to have equal positive and negative loops. For rectangular waveshapes
of equal negative and positive loops, it can be shown that all even harmonics are zero.
This is also true for symmetrical stepped waveforms.
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V111  I summation; (a) phase voltages for
0 .6 JPHASE M circuit of Fig. 1, 60-degree conduc-

tion in switches, (b) voltage when
secondary windings are connected
in delta
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If the secondary windings (Fig. 1) are connected in delta, a circulating current of
triple frequency will flow. This can be confirmed by adding the phase voltages of Fig. 3a,
resulting in a square waveform of triple frequency, as shown in Fig. 3b. It can be shown
that the voltage causing the alternating-current flow in the delta is caused by the sum of
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the third-harmonic voltages and all odd multiples of this voltage that are found in the
phase voltages. It can be concluded that when the algebraic sum of the phase voltages is
at all times equal to zero, no circulating current.will flow in a delta connection, and con-
versely, if there is to be no circulating current in a delta connection the phase voltages
must have no third harmonic or odd multiple of this harmonic. Even if the output wind-
ings are of a three-phase system not connected in delta that contains third harmonics
in the phase voltages, then the third-harmonic voltage will cause a circulating current in
a delta-connected load. If the load is a motor, no power output is obtained from the
third-harmonic voltages, which just dissipate their power as added heat losses in the
motor windings and thus cause the motor to overheat. For this and other reasons, the
quality of ac voltage is enhanced as the harmonic content is decreased.

In a three-phase transformer using a three-phase core with sinusoidal three-phase
voltage excitation, and assuming that operation is on the linear part of the saturation
curve, it is found that the algebraic sum of the primary voltages is equal to zero; also,
the algebraic sum of the flux and flux change in the core is equal to zero. Therefore the
algebraic sum of the induced voltages of the secondary windings (assumed to have an
equal number of turns) is also zero. Hence, in the inverter, where a three-phase core is
used, if the algebraic sum of the fluxes (or flux change) in the three legs can be main-
tained equal to zero, then the sum of the induced voltages in the secondary windings will
be equal to zero.

It will be seen that if any one leg of a three-phase transformer is energized by a dc
voltage for a time short enough to prevent the core reaching saturation, the sum of the
fluxes and flux change is equal to zero, since the flux and flux change in the excited leg
is equal and opposite to the sum of the fluxes (and flux change) in the other two legs. It
will also be seen that if any two, legs are excited in opposite directions (that is, so that
the fluxes are in opposite directions), then the sum of the fluxes and the flux change in
the three legs are equal to zero, the flux in the unexcited leg remaining zero because of
the equal and opposite mmfs. Hence we conclude that if a three-phase core is used with
the circuit shown in Fig. 1, phase voltages will be produced in the output winding free of
third harmonics for the conditions of one or two switches on at a time, that is for 60-
degree conduction, or 120-degree conduction. Three switches on at a time, or 180-
degree conduction, is not possible with a three-phase core. It is possible to excite si-
multaneously all three legs of a three-phase transformer core from a common voltage
and maintain the total flux and flux change equal to zero if the applied excitation on any
leg is equal and opposite to the sum of the excitations on the other two legs. This may
be accomplished in several ways, when only a single source of dc is available. In any
case the sum of the mmfs on two legs must be equal and opposite to the mmf on a third
leg. One method is to connect the windings of all three legs in series with an appropri-
ate number of turns per leg, and a second method is to parallel the sum of the turns on
two legs with that of the turns on the third, so that the ampere turns in each parallel
circuit are equal and opposite.

The circuit required using a three-phase core to produce a three-phase output, hav-
ing no third harmonic and conforming to the necessary flux relations (for 60-degree con-
duction), discussed above, is shown in Fig. 1, and the output phase voltages are shown in
Fig. 4. It will be observed that the instantaneous sum of all three-phase voltages is
equal to zero; hence the phase voltage, as can be shown by Fourier analysis, contains no
third harmonic or odd multiple of this harmonic, and since from symmetry considera-
tions there are no even harmonics, the first harmonic to occur is the fifth.

As we have seen, the circuit of Fig. 1 produces an optimum (without third harmonic)
output waveform when used with a three-phase core, but not when using three single-
phase cores. That this would happen could be predicted from the criterion that the sum
of the fluxes must equal zero if the output voltages are to be optimum. So far, only 60-
degree conduction has been considered; if now the flux criterion is used for the circuit
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Fig. 4 - Phase voltages for circuit of
Fig. 1 or Fig. 2, when a three-phase
core is used; 60-degree conduction in
each switch

of Fig. 1 for 120-degree conduction (with either a three-phase core or with three single-
phase cores), it can be predicted that the output voltage waveforms should be optimum in
either case. The output phase voltages for 120-degree conduction are shown in Fig. 5.
If the circuit shown in Fig. 6 is used with either a three-phase core or three single-
phase cores with 60-degree conduction in the switches, then the output voltage will be as
shown in Fig. 4.

Figure 7a and b shows a delta-connected winding on a three-phase core. When S1
is closed, currents i1 and i 2 flow in the directions indicated in Fig. 7a. Figure 7b shows
the flux in each leg when the effect of i1 only is considered. The mmf on leg I is Ni 1

(where N is the number of turns on leg I), and this gives rise to a flux ¢,, which is as-
sumed to be directed upward in this leg. One-half this flux, 0/2, returns through each of
the other two legs and is directed downward. Leakage flux is neglected, and the reluc-
tance of each return path is assumed to be the same. Normally in the conventional split
three-phase core the reluctance is mainly in the air gaps, and the leakage flux is negli-
gible. If R9 is the reluctance of the air gap in each leg, then the total reluctance to 01 is
the reluctance of the air gap in leg I plus the reluctances of the air gaps of legs II and III
in parallel, so that the total reluctance, Rt = 1. 5 Rg. The equation

Nli 1  (1)

relates the flux to the mmf and the reluctance. Since R. and N are constant in a given
transformer, the rate of change of flux is proportional to the rate of change of current, if
operation is maintained on the linear part of the saturation curve. In power transform-
ers, because of a decrease in efficiency and an increase in harmonic content it is not
feasible to operate on the nonlinear part of the saturation curve. Hence, here as in nor-
mal transformer operation, linearity is assumed, and the principle of superposition can
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Fig. 5 - Phase voltages for circuit of
Fig. 1, using a three-phase core or
three single-phase cores; 120-degree
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Fig. 6 - Circuit producing the output waveform
shown in Fig. 4, using three-phase or three
single-phase cores; 60-degree conduction in
switches
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(a) Three-phase core (b) Three-phase core, showing
flux when ii, only, is flowing

Fig. 7 - Delta-connected winding

be applied. Taking the derivative of
rate of change of flux is obtained:

each side of Eq. (1), the following equation for the

d•l C dil (2)
dt dt

where C now represents N1 1/R.

If superposition is applied, and the mmf on each leg and the flux it produces are
considered separately as for leg I (see Fig. 7b), it will be seen that the total flux and
total rate of change of flux when both i 1 and i 2 are flowing must equal zero. To illus-
trate for the condition when Sl is closed, the flux produced in each leg by each of the
three mmf's (one on each leg) is shown in tabular form below. Note that the mmf applied
to each leg can be arbitrary, yet the sum of the resultant fluxes (and flux changes) will
always equal zero (Table 1).

Table 1
Component and Resultant Fluxes in a Three Phase Core

Component Fluxes
MMF

Leg I Leg II' Leg III

Leg I: Nli1 01 -01/2 -¢1/2

Leg II: -N 2i22  222 2/2

Leg III: -N3i 3  03 3/2 -03

Resultant Fluxes: 01 +2 2/2 +3 3/2 -32 -01/2 + (3/2 -- 3 -01/2 +02/2

If €1, 01 , and 0, 1 1 represent the resultant flux in each leg, it will be observed that the
flux in each leg is composed of three components; each component results from and is
proportional to the applied mmf, account being taken of the direction or sign of the mmf.
Here negative signs indicate a flux directed downward. It will be noted that there is some

i | | • " |

8
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"flux cancellation" in legs II and III. The resultant fluxes in legs II and III are actually
the return paths of the resultant flux in leg I. Returning to Fig. 7a, and assuming S1
closed, a current (i 2) will then flow in the windings of legs II and III which is in parallel
with the winding on leg I. If the applied voltage is v, two voltage equations (one for each
parallel path) may be formulated:

V = iI N1 r1  + N1  d-- (3)dt

V = i2N2r2 + i 3 N3r3 ll + Nd3 (4)
2 dt dt

where i I. NJ, r', and q6 are the current, number of turns, resistance per turn, and flux
for leg I and the same symbols with subscripts 2 and 3 represent the same parameters
for legs II and III, respectively. However, since winding II is in series with winding III,
i2 = i., and since the number of turns on each leg and the wire size are the same, the two
voltage equations can be written as follows:

V= N IV i r + -- (3a)

V = 2N 2 + --- I) .(4a)

From the flux tabulation, Table 1, it will be observed that 01, = 01 i when NA2 i 2 = N3 i 3 , and
that k, = 20, 1; hence, making these substitutions in the above equations, it is found that
ii = 2i 2 . This result indicates that the current in each parallel path varies inversely as
the resistance of the paths or inversely as the number of turns. The ratio of the fluxes
in legs I and II is the same as the ratio of the currents in each of the windings on these
legs. That this is true for any arbitrary tapped position of Sl on the winding of leg III
will now be shown.

In Fig. 7a, assume that switch S1 is tapped an arbitrary number of turns, 8N, to the
right of its initial position. Call the new position of S1, S . Assuming that Si is closed,
currents i1 and i 2 will flow. Current i 1 now flows through 83N turns of winding III in ad-
dition to all of winding I, and current i 2 now flows through (1 -/3) N turns of winding III in
addition to all of winding II. Using the principle of superposition, the resultant flux in
each leg can be found in terms of mmf (Eq. (1)), also if the ratio i 2 / i1 is made equal to a.
Table 2 shows the resultant fluxes. Actually the resultant fluxes found in the three legs
are not independent. There is just one flux, represented by the expression for the re-
sultant flux in leg I; the other two resultant fluxes in legs II and III represent the two
components of the return flux. The negative signs indicate that the direction of the flux
is opposite to that in leg I.

Substituting the ratio i 2 /i 1 for a in the expression for the resultant flux in leg I, the
expression for o, is as follows:

= (2-/3) 2 . (5)

The expressions for the two return components of this flux in legs I and II, respectively,
are:

N (6)
S(/+ 1) -i
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Component and Resultant
Table 2

Fluxes for Circuit Shown in Fig. 7a (S' Closed)

Component Fluxes
MMF

Leg I T Leg I1 Leg III

Leg I: Ni Ni1  Ni 1  Ni 1
R 2R- 2Rt

aNi 1  aNi 1  aNi 1

Leg II: -[a(1-,8) -/3] Ni [a(.1-83) -/8 t [a(l-/3) -/3] ' - [an1-3) -3 N1
2 t 2 t Rt

Ni Ni Ni
Resultant Fluxes (2 -83) (a+ 1) 1---1 -1 -(I - 2,8) (a + 1)

01ll = (1-2,3) N i. (7)
21?

In the above expressions i = i 1 + i 2. The ratio of the flux and flux change in leg II to that
in leg I is:

( 8II - 3+1 (8)

01 2-/3

It will now be shown that this ratio is equal to a, or the ratio of the currents in the
windings of these legs.

The voltage equations for each parallel path are:

V= (l+/3)Nri1 + NL- -8N II d0-,11- (9)1 dt - 3 dt

d¢II dq5III ___Il 10
V = (2-/8) Nri 2 + N-I + N d- -/3N d, (10)

By subtracting Eq. (10) from Eq. (9) the following relation is obtained:

- + N -'-tI d- lI d-Il 0. (11)
(1 +Fid2f N dt dt

Since the sum of the flux changes in legs II and III equals that in leg I, Eq. (11) above now
becomes:

i 2  /3+1 _ 1, dq511Ii 1 2 -8 + 1 -II dqI (12)1 -2-/ - •I -i

This equation means that the currents in the two parallel paths are inversely proportional
to the resistance of each path and that the ratio of fluxes in legs I and II is the same as
the ratio of i 1 to i 2 . Hence the ratio of the rate of change of flux and the induced voltage

10
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in these legs, is also as i 1 to i 2 . These ratios are important in determining the tap 8
when the ratio of the induced voltages is specified.

Let E2/E1 be the specified ratio of the induced voltages for the circuitry shown in
Fig. 7a, where El and E2 are the induced voltages in legs I and II respectively. Then by
solving the equation:

/3+1 E2
28- / - (13)

for 8, it is found that:

E2- 1
8 = (14)

E 21+

In this expression it 'is assumed that El is larger than E2 and that E2 is larger than
E3, which is in agreement with the induced voltages for the circuit of Fig. 7a when switch
S1 is closed.

This analysis has related the values of the induced voltages to the tap /3. It will be
seen from Eq. (13) that if 8 is made equal to one-half, then El is equal to E2. This sug-
gests that if six delta-connected windings are used instead of three, as shown in Fig. 6,
then the waveshape shown in Fig. 5 can be produced with six switches, each having 60-
degree conduction angle. Some savings in the number of windings can be realized if in-
stead of six delta windings, the winding configuration of Fig. 8 is used. (The six switches
would, of course, be connected to center taps of the peripheral windings.) For values of
/8 between zero and one-half, a twelve-step wave can be produced with 30-degree conduc-
tion in each switch. The circuit and taps would then be as shown in Fig. 8. If the magni-
tudes of the voltages are taken as proportional to the sines of their angular positions
from zero, as shown in Fig. 9, the tap 8 from Eq. (14) is found to be:

E2
2-' - 1/8 = - 0. 266

£2
-+1

where the values of E£ and E2 are as shown in Fig. 9. If for Fig. 8 8 is taken equal to
zero, then El equals 2E2, and a six-step waveform similar to that in Fig. 4 is produced
with six switches, each having 60-degree conduction.

The circuit of Fig. 7 can be used with either a three-phase core or three single-
phase cores. With 60-degree conduction in switches, output waveforms shown in Figs. 4
and 5 can be obtained with the tap / equal to zero and one-half, respectively. With tap /
equal to one-half and 120-degree conduction in the switches, the output waveform shown
in Fig. 5 is obtained. Finally, with twelve switches and 8 = (2- ý/3 N, this circuit will
produce the twelve-step waveform shown -in Fig. 9. In this case, the conduction period in
each switch is 30 degrees.

For greater economy in magnetic material, the three-phase core is to be preferred
over three single-phase cores. For copper utilization and versatility, the circuit of
Fig. 8 has an advantage over that of circuits shown in Figs. 1 and 6 and other circuits
illustrated in the literature (7).
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Fig. 8 - Circuit producing the twelve-step
waveform shown in Fig. 9; 30-degree con-
duction in each switch, /3= (2 - V3) N (N equals
number of turns in each primary winding)

WAVEFORM

27r

0

E, = E SIN 12

E2 = E SIN -w
57rE3 :E SIN •

Fig. 9 - Phase voltage output waveform
produced by circuit of Fig. 8

Where stepped output waveforms are produced by interconnection of primary trans-
former windings or multiple windings in series, the power capacity of the inverter is
limited to that of the number of switches that can be on at any one time. Hence, this type
of circuit has poor switch utilization and limited power capacity, since at best not more
than two switches (120-degree conduction) may be on at a time.

FOURIER ANALYSIS OF STEPPED WAVEFORMS

Any periodic function that contains no even harmonics, such as the step waveforms
considered here, may be represented by the series:

(15)F(wt) = A1 sin wt + A3 sin 3owt + A sin 5cot ... + A. sin n)t.

The constants A, A3 ' ... A, are determined by the following integrals:

V,

0
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2 7 T

277
A2 =

0277

A f

F(wt) sin 0

F(wt) sin 30

(16)

(17)

(18)F(cot) sin nO.

It can be shown that for Type I waveforms (Fig. 10a), where there is no "zero dwell,"
and for Type II waveforms (Fig. 10b), which have a "zero dwell," if the magnitude of the
steps (measured from the zero voltage line) are proportional to the sine of the angle
(measured from zero degrees to the midpoint of the step), then the step wave is an opti-
mum one. By optimum it is meant that the only harmonics present in the expansion se-
ries for the step waveform, E(w t), are given by the expression:

N = ms +± (19)

where N is the order of harmonic present
number of steps.

in the waveform m = 1, 2, 3.... co, and s is the

SINUSOID = E SIN wT

MT = T .I7r '-I 7
S S 5 S

Ek =E SIN ( 2k -I )

(a) Type I

N
SINUSOID = E SIN wT

(b) Type II

Fig. 10 - Typical waveforms
of six steps (s = 6)

27r

a 2w 3w. 4v 5y
S S S S TE

E, = ESIN (2k) '

2V
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This equation can most readily be illustrated by an application of the Fourier expan-
sion to the Type I and Type II waveforms shown in Figs. 4 and 5, respectively. These
waveforms are reproduced in Fig. 10a and Fig. 10b, showing a sinusoid passing through
the midpoint of each step and indicating angular distances from zero.

The angular distance of each step is 0, = 217/s. The angular distance to the midpoint
of the first step of Type I waveform is 7I/s, and its magnitude is:

(20)E 1 = E sin -7
8

where E is the maximum amplitude of the superimposed sinusoid. For Type II waveforms
the angular distance to the midpoint of the first step is 27r/s, and its magnitude is:

(21)E = E sin2
8

In general:

Type I:

Ek = E sin (2k-1) 7,
S

Ek = E sin (2k) -8

k l ,2,3,...s

k=1,2,3, ... s.

For the six-step waveform of Fig. 10a:

El = E sin---• -E46

377

E2 = E sin -- E -E 5

E3 = E sin -ý-= E = -E6
6 1

Performing the integrations, Eq. (17), to obtain the general expressions for the coeffi-
cients of Type I and Type II waveforms, the following expressions are obtained:

Type I:

AL- l7
An =nr"-E -7

A;=s

An 2

sin (2k -1) 2 x sin (2k-1) E x sin '

ssin (2k) 7 x sin (2k) x sin

where n is odd, and the magnitude of the fundamental for both types of waveform is:

Type II:

(22a)

(22b)

Type II:

(23)

(24)
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Type I:

k=3

A1 = E- 8sin I-
kT S

Type II:

lc S

A, = E- sin
7T

- [sin (2k-i) = E(S sin

7 s(
2 [sin (270 2 = E Ssin7Tr

From Eqs. (25) and (26), it is seen that the maximum value of the fundamental is less
than the maximum value of the assumed sinusoid that passes through the midpoint of
each step in the step waveform. -However, it will also be noted that the peak value of the
fundamental approaches that of the sinusoid as the number of steps is increased and that
in the limit (i.e., as the numbered steps, s, approaches infinity) both values are identical
and there are no harmonics.

It will now be shown that the rms value of the optimum step wave (which is con-
structed from a theoretical sine wave passing through or tangent to the middle point of
each step) is equal in magnitude to the rms value of the superimposed sinusoid (Fig. 10).

Let E be the maximum value of the sinusoid; then its mean square value is:

(27)f (E sin )2 =-
0

The mean square values for Type I and Type II waveforms, respectively, are:

k=s

Emsl = 7- E 2 = 2 S

k=iEm • I Ek2 2
E2 2 8 l :

ssin (2k - 1)

[sin (k)

To show that the mean square values in the above equations are equal to E2 /2, it is nec-
essary to show that the summation terms in Eqs. (28) and (29) are equal to unity. The
following expressions for the summation terms in Eqs. (28) and (29) can be written:

Z -[sin (2k-i) = -

k=s

k=1

[s
T7

-sin 2 _7cos 27T]
2 sin- I

sin 27r cos 27T]

27n
2 sin- I

It will be noted that for all values of s the expressions on the left are equal to unity, ex-
cept s equals 2.

(25)

(26)

(28)

(29)

(30)

(31)
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It is concluded that the rms value of any optimum step waveform (either Type I or
Type II) is equal to the rms value, E/-/-, of the superimposed sinusoid, and the fundamen-
tal, A1 , of the optimum step waveform is (s/r s in 7r/s) E. In every case E is the maximum
value of the superimposed sinusoid intersecting the midpoint of each step and s, the num-
ber of steps, is an even number greater than two.

The total harmonic content of the optimum stepped wave expressed in percent of the
fundamental is:

percent harmonic content = 100-1

y 8sin

The Fourier expansion for any optimum stepped waveform, corresponding to the more
general form of Eq. (15), is:

F(ct) =A, bin cot + sin N1 cot + -I- sin N2 Wt (32)

L... NN 2 co2 (2

where

A 1 = (s/ir sin 7ir/s) E

co t = 27rft

f = fundamental frequency

N1 = ms + 1

N 2 = ms- 1

m = 1,2,3,....c

s = number of steps in waveform.

OPTIMUM-OUTPUT WAVEFORM USING INTERCONNECTION
OF MULTIPLE SECONDARY WINDINGS

In the generation of stepped waves, there is a relation between the minimum number
of switches required and the number of steps in the waveform. For single-phase gener-
ation, at least two switches are required (as is the case in the parallel inverter), and the
resulting wave is a two-step waveform with 180-degree conduction in each switch. It is
possible in this case to generate a "four-step" waveform if the conduction period of each
switch is reduced to 90 degrees. During the zero dwell, neither the switches nor the
magnetic material is being utilized, and the resulting waveform has no advantage over
that for the 180-degree conduction period, which resulted in a two-step waveform. In
addition, the proper switching for 90-degree conduction would be more difficult than that
for 180-degree conduction.

In general the number of steps in a waveform is equal to the number of switches,
and the minimum number of switches is equal to two per phase. It also appears that the
maximum utilization of the switches will occur for conduction periods of 180 degrees.

In the inverter circuitry already discussed, it will be noted that 180-degree conduc-
tion is not possible when a three-phase core is used; hence the switches cannot be fully
utilized. If three single-phase cores are used, 180-degree conduction is possible, and

16
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the switches are fully utilized, but then the sum of the fluxes and flux change is not equal
to zero. It is assumed that each switch should carry the same load current and that the
ratio of the primary and secondary windings is the same. If, however, the secondary
windings are distributed as shown in Fig. 11, the sum of the voltages induced in the three
phases of the secondary windings is at each step equal to zero. Since the rate of change
of flux in any transformer, say transformer I, is common to the secondary windings of
all three phases (cl, A2, and c3 on transformer I) connected on that transformer, then if
the sum of the secondary turns (c1 + A2 + C3), taking account of direction, is equal to zero,
and if this condition is satisfied for the other two transformers, the sum of the induced
voltages in the three phases will at all times be equal to zero. To satisfy this condition
the algebraic sum of the turns on the secondary of each transformer must equal zero. If
the waveforms of each phase are to be the same, the number of turns of the A components
(Fig. 11) of each phase must be the same, as must also the turns on the C components.
In brief, the following conditions must be satisfied:

As 2 C I + C 3

A 1 2+C 3A 1 0 2+03

A3 C1 + C2

The waveform of the output voltages under these conditions would be the same as that
shown in Fig. 4, which is a Type I waveform. The Type II waveform (Fig. 5) is obtained
if the A's are made equal to zero. If two sets of transformers similar to the single set
of three transformers shown in Fig. 11 are connected with secondary windings, as shown
in Fig. 12, where the primes represent the added set of transformers, it is expected that
a twelve-step wave can be produced. The condition that the sum of the induced voltages
will at each step be equal to zero is satisfied when the turns on the A components are
equal and opposite in sign to the sum of the turns on the B and c components, wound on
each transformer. The sequence of the component windings in the three phases are ar-
ranged to produce similar waveforms 120 degrees apart. To insure optimum output
phase voltages requires the selection of the proper ratio of turns in the component wind-
ings A, B, and C.

+

S, S4  S2 S S3 1 S6

PHASE I

PHASEJI
A2  2C

NEUTRAL PHASEII
C3  C3  A3

C1 = C 2 = C 3

A, = A2 -- A3

2C =A

Fig. 11 - Circuit to produce an optimum six-step,
Type I waveform (Fig. 10a); 180-degree conduc-
tion in switches

17
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Fig 12 -C an oop twl -s Type PHASE II
Cl BI A, A/ B I C/

• 0000000"" 0000000 •-•0000000• O000000r--PHASE ]a
A2 A/ a ?

A2 2 BC3C3 3

I • • • • • PHASE MI

B3 'c/ C• 3B A 3 A/

Fig. 12 -Circuit to produce an optimum twelve-step, Type II

waveform (Fig. 14b); 180-degree conduction in switches

As 180-degree conduction is assumed for each switch, six switches are on at each
step. When switches Sl to S61 inclusive, are on, the voltage induced in all component
windings 6f phase I are in the same direction (Fig. 12). The induced voltage is directly
proportional to the number of turns, so that for this condition the following equation can
be written:

g 3 = K(2A+2B+2C) = E sin-.67 (33)
12

At the next step SI is turned off and S7 is turned on, giving another value of induced volt-
age in phase I:

E2 = K(2A+2B) = E sin 1 7T (34)
12

At the next step, S2 is turned off and S. is turned on giving:

E, = K(2A) = E sin 2-T (35)
1-2

Continuing in this fashion:

E4 = 0 (36)

E5 = - K(2A) (37)

E6 = -K(2A+2B) (38)

Since E4 = 0, the wave is type II. By use of Eqs. (33), (34), and (35), the ratio of the turns
on the component winding elements can be determined so that an optimum waveform may
be obtained.

If 2A in Eqs. (33) through (38) is replaced by A, the following expression for E at
each step is obtained:

E1 = K(A+2B+2C)

E2 = K(A+ 2B)

18
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E3 = K(A)

E4 =-K(A)

E5 = -K(A + 2B)

E6 = -K(A+ 2B+2C)

and a Type I waveform (Fig. 9) is obtained. The secondary wiring configuration for this
waveform is shown in Fig. 13. The primary windings, transformers, and switching se-
quence are the same as in Fig. 12.

_ I _ _ 7JI[,L 2 QJ _ T r
OO - 0- 00000000 - PHASE Ic1 BI A B, IC'

PHASE IE

-- •QQQ--•0000000000Qr- PHASE M:
B3 C• C• B3 A /

C3  B3 A3

Fig. 13 - Circuit to produce an optimum twelve-step, Type I
waveform, switches and transformer primary connections
same as Fig. 12; 180-degree conduction in switches

It should be noted that if each set of transformers (Fig. 13) were operated separately
so as to produce six-step waveforms, one set (not primed) would give a Type II waveform
and the other set (primed) would give a Type I waveform.

In the circuitry shown in Fig. 12, each switch is turned on at 30-degree intervals,
and remains on for 180 degrees. If the odd-numbered switches are operated by one sys-
tem and the even-numbered switches by a second system, there are then two equal-input
power channels operating in parallel. The switches in each system operate at 60-degree
intervals, and the phase angle between the two systems is 30 degrees. If, however, the
output voltages in corresponding elements of the two sets of transformers are examined
(Fig. 14), it will be observed that the angle between the A's, B's, and c's are 30, 90, and
150 degrees, respectively. If the composite output waveform is examined, which is the.
sum of the voltages of all six elements, it will be seen to consist of the sum of three
pulse-width-modulated waveforms. Each pulse-modulated wave is the sum of the volt-
ages of two similar elements, and the modulating angle is one-half the angle between
these elements. The Fourier expansion for a pulse-modulated rectangular wave is:

4V [ cos 3em sin 3cot cos 50m sin 5cot cos no, sin cotl
F(V) - cos 0 sin o-t + + +

where V is peak of the pulsewidth-modulated wave and Om is the modulating angle. In the
output stepped wave, when each switch is operated in sequence at equal intervals, this in-
terval is:

272a8 -
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C,

El,

Al

A:

(a) Angular displacement of voltages in
winding elements of Fig. 12, phase 1

(b) Resultant voltage, phase 1, Fig. 12

Fig. 14 - Voltages induced
in secondary windings

where O, is the angular length of each step and s is the number of steps in the waveform.
In the two input systems shown in Fig. 12, the phase angle between the systems is 0, (30
degrees). If the angle between the two systems is increased by OR, the angle between
similar voltage elements in the output voltage will be increased a like amount, as shown
in Fig. 15. It will be observed that the modulating angle for the three pulse-modulated
waves is equal to one-half the angle between the voltages from which they are formed.
For example, the angle between A1 and A, is (e, + OR), and the modulating angle for the
pulse-modulated wave formed by the sum of (A1 + A,) is (es + 0R)/2.

In Fig. 14 the riser heights vP, v 2 , and V 3 can be related to the voltages E1, B2 , and
E3. In general, for Type II waveforms:

20
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Vk = Ek - Ek 1

Substituting the value of Ek from Eq. (22):

VK= 2E cos (2k-I)--x sin 77
8 8

f e., the phase-displacement angle between two similar input power channels, is consid-
ered variable,, the general equation of the output waveform is:

k=s8E / 47

F(E) - sin - cos (2k - 1) - cos n (2k -1) 7 + -_ sin nwt

k=1

This equation shows that the regulation varies as one-half the cosine of the regulation
angle. For the twelve-step waveform, the summation represents three equations for

8s 2es 38s 48s 58s 68s
00 300 600 900 120 1500 1800 V3

c, o F-"

38+

13, 0 - -t -- 2

2 V2

8._1Bs + 0R
B -0 - t

58- s + OR ._5

A, + A'

Fig. 15 - Effect of regulation angle, OR)
on pulse-width-modulated waveform



NAVAL RESEARCH LABORATORY

three pulse-modulated waves shown in Fig. 15. In the diagram it is assumed that the an-
gle of retard on one input system is made equal to the angle of advance on the second
system, so as to produce equal leading-edge delay and trailing-edge advance on the
pulse-width-modulated square waves. If regulation is obtained by varying the phase an-
gle of only one input system, there will be a change in phase of the output waveform equal
to half the change in the regulation angle.

CONCLUSIONS

It has been shown that a stepped-wave output voltage waveform in a three-phase in-
verter may be produced by two basic circuit arrangements. In the first type of circuit,
illustrated in Fig. 8 (for a 12-step optimum output waveform), either a three-phase core
or three single-phase cores may be used. This circuit has the advantage that the mag-
netic structure is simple and that both magnetic material and copper are well utilized.
The switches, however, are poorly utilized, since only one switch may be on at a time.
Switch utilization and power-handling capacity decrease as the number of steps in the
output waveform is increased.

In the second type of circuit, shown in Fig. 12 (for a 12-step optimum output wave-
form), either six single-phase cores must be used or a multiple-windowed transformer
core. In this case the magnetic structure is more complex. However, in addition to
good utilization of copper and magnetic material, the switches are well utilized, since
six switches are on at each step. The power-handling capacity increases as the number
of steps in the output waveform increases. This type circuit also lends itself to voltage
regulation within the inverter.

In both types of circuits it is assumed that all switches are turned on for equal time
intervals. It is also apparent that for both types of circuits the number of steps in the
output waveform is equal to the number of switches and that for three-phase systems the
number of switches is a multiple of six. Optimum output waveform in both circuits can
be assured by proper selection of the number of turns or tap position, as has been indi-
cated.
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