NRL Report 6018

'Analytic Formulas for the Acoustic Pressure
Distribution Between a Spherical Transducer and
a Concentric Spherical Baffle

S. HaNisH

Transducer Branch
Sound Division

January 17, 1964

U.S. NAVAL RESEARCH LABORATORY
Washington, D.C.




CONTENTS

ADSETACE «eviuiniinieienerneeneeneeerrenseastnetoranerrnnrasttseresesssrsrassssasasstsstsessssesses
ProbIEIm STALUS «..vvverreernirinienereueenrtittirerieerirsisreeraaratieriasaneenarsnsrnssssiserssres
AULNOTIZALON .. .v v eveiiiiivieieeireier ittt st e e tsteasranraastisasaesasstasatstnetanes
INTRODUCGTION ..ottt sttt arisssasusieretseseasstserestaeiseseneass
BOUNDARY VALUE PROBLEM AND ITS SOLUTION.......cceciieiiniinnnnnns
PARTICULAR CASES ..ttt it iirresesstatietososaensisicisacrsaeoss
ALTERNATIVE BOUNDARY CONDITIONS ....cciiiiiiiiimiiniiiiiennennicinnas
BAFFLES WITH FINITE ACOUSTIC IMPEDANCE........coiiiiiiiiiininiienn,
NOTES ON THE NUMERICAL COMPUTATION OF EQ. (15a)...............

28 00 D0 28 09 1 Y g T TR




Analytic Formulas for the Acoustic Pressure
Distribution Between a Spherical Transducer
and a Concentric Spherical Baffle

S. HaNisH

Transducer Branch
Sound Division

A sphere having arbitrary distribution of normal velocity over its surface and surrounded (partially)
by a spherical baffle board radiates sound into infinite space. In the region between the radiating
sphere and the baffle board the resultant sound field consists of a set of incoming and outgoing waves
described by an appropriate set of spherical wave functions. These functions are adjusted to yield
a normal component of particle velocity distribution which matches the velocity distribution at the
surface of the sphere. In the region outside the baffle the sound field corresponds to outgoing waves
only. At the junction of the inner and outer regions over those portions of arc where no baffle exists
the condition of continuity requires that pressures and particle velocities agree as the boundary is
crossed. This requirement of continuity equates the infinite series of spherical wave functions in the
outer region to an infinite series of different spherical wave functions in the inner region. The result
is an infinite set of simultaneous equations in an infinite set of unknown expansion constants. Further
treatment of these constants varies with the acoustic properties of the baffle. Baffles are considered
which have surfaces of either zero pressure or zero normal components of particle velocity and the
corresponding sets of equations are derived. A brief discussion is also made of the case where the

baffle has an acoustic impedance which is neither zero nor infinite.

INTRODUCTION

When practical generators of sound are in-
stalled on ships, some portion of their surfaces
look directly into the adjacent ship hull. The prox-
imity of the hull alters the conditions of radiation
in complex ways. In this report the transducer-
hull system is idealized to the state of a radiating
sphere inside a concentric spherical baffle having
a shape that may be described by tesseral har-
monics (1). The problem is thus reduced to a
simple boundary value problem in three dimen-
sions, and the solution sought for is the distribu-
tion of pressure in the region between the trans-
ducer and the baffle, and in the region outside the
entire system. A similar problem of finding the
acoustic pressure distribution between a radiating
cylinder and a concentric baffle has been studied
in Ref. 2.

BOUNDARY VALUE PROBLEM
AND ITS SOLUTION

In the region outside the entire system (calied
region II) thc pressure distribution due to the

NRL Problem $02-07; Project RF 001-03-45-4052. This is an interim
report on one phase of the problem; work is continuing. Manuscript
submitted October 1, 1963.

generation of sound by the transducer may be
written in the form of a series of spherical wave
functions which satisfy the condition for outgoing
waves. If the time variable is expressed in com-
plex form by e~i%!, the amplitude and phase of
acoustic pressure is given in spherical coordinates
(r, 8, ¢) by the real part of

Pi(r,8,0,00 =3 [AnnhalV (kr) V¢ ,a(0, ¢)

+ Bunnhn® (kr)Ygun(0, ¢p)Je-iot (1)

in which A,0® (kr) = j,(kr) % in, (kr) = the
spherical Hankel function of the first and second
kind,

Yemn (60, @) = cos mpP,™(cos 6),
Y onn (8, &) = sin m¢pP,™(cos ),
Awn, Bumn are arbitrary constants to be deter-

mined by conditions at the inner boundary
of region I1, ie.,at r= 5.

At r = b, (ie, at r slightly greater than &) the
amplitude of acoustic pressure is made discon-
tinuous by the presence of the baffle. Initially the
hull baffle will be considered acoustically soft,
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acoustically hard, or alternately soft and hard as
in layers. Baffles having mechanical (complex)
impedances with phase angles that are neither 0
nor 90 degrees will not be studied in the first part
of this report. At r = b, then we suppose that

0, <6<86,,etc.,

b1 < < s, etc.,

pll(b+7 67 d)) :0,

# 0 elsewhere on “surface r=>5.." (2)

This 1s the condition of a pressure release
baffle over portions of the surface r==>5,. We now
desire to expand the function expressed by Eq.
(2) into a Fourier-type spherical harmonic series,
continuous everywhere, given by

pr(by, 6, d’) = Lmn(kb+)chn(0’ (b)

0

m,

>

m,

Mon (kb ) Ygmn (8, ).
° (3a)

Multiplying the amplitudes of both sides of Eq.
(3a) by Ypq sin 0 and integrating over 6 from 0
to 7 and over ¢ from 0 to 27 we find that all
terms Ly, vanish unless p = m and ¢ = n. For
particular mn, therefore, we have

Lun =—2 {i Awh.,“)(kb+)ch[“’m]

Ncnm L334 v, n

a,T T,

+3 Bg,h,(1>(kb+)Tsc[0’ :H (3b)

with

2w T
Nanm'—_f f (Yamn)?sinu dudv, a=cors
0 0

(30)
and

Top [g’ :’] = f f H[l]Y,,%YB(,, sin z dudy
(3d)

where H [1] is the unit function on the surface
r=ro, te.,

H[l]=0, u, <u < usetc., v <v <, etc.,

=1, elsewhere on the surface r = r.

Note that u, v correspond to 8, ¢ respectively.
By application of similar methods to the odd
spherical harmonics we find

1 0
= (1) m, m
Mopn Nsnm {u.v Auvhs (kar)Tsc[V, n ]

+y Bmh,<1)(kb+)Tss[;f, :}n” (3¢)

o,T

The pressure in region II which meets a pressure
discontinuity requirement at r = b, thus becomes

pi(bi, 0,¢,t)= i e-iot

m,n

chn(o» ¢)
Nc"m

0 , m
[2 Awhw(km)nc[f’ n]

o,T ,» It

T

n,v >

YS””!(07 ¢) *
P | S Bk o [ 4]

o0 O_,
Y

This formula is valid for all 8 and all ¢ at r=1b,..
The normal component of particle velocity in
region II (= V1) is deduced directly to be

1 o
Vis(r, 0, ¢) == (5a)
== L [2 Amnhn(i),(kr)ycm"
ikpcl &,

+ anhn(l)'(kr)ysmn] (5b)
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where the prime mark indicates the ordinary
derivative with respect to r.

In region I between the baffle and the trans-
ducer the acoustic pressure satisfies the conditions
of standing waves. We can write

pi(r, 8, b, 1) = et 3 [Conho (kr)
+ Dmnhn(z)(kr)]ycmn(o, ¢)

+ et S [Emnh, ) (kr)

m,n

+ anh"(Z)(kr)]Ysmn(G’ ¢)'
(62)

The normal component of particle velocity in
region I thus becomes

—iwt
V1(‘l), 0, d), l) = fkpc E [Cmnhn(l),(kr)

+ Dmnhn(z)’(kr)]ycmn(o’ d’)

e—iwt

S [Emuha® (kr)

m,n

tkpc
+ Funh o (kr)1Ysmn(6, ). (6b)

At the surface of the transducer (ie., at r = a)
we specify a complex velocity such that

Vi(a, 8, ¢, t) =U(9, p)eict, (7a)

The velocity U(6, ¢) can be discontinuous. Using
the orthogonality conditions of Ygmn and Yemn
once more we see that

Ucnm

Ncnm

Dmnhn(z)'(ka) :_Cmnhn(l),(ka) + lkpc (7b)

where
27 T

Upnm:f f Ulu, v)Ypmn(u, v) sin u dudv,
0 0

P = COS s. (7¢)

The pressure and particle velocity in region [
therefore reduce to the following formulas:

[
pi(r,0, ¢, 8) = ST Connhat® ()
Upn™
NC m lch" Cmnhn(l)'(ka)
+— 7o (ka) ) Chr)
X Yemn (6, Pp)e—iot
+ S Epunha® (k)
Usn™ .
N ikpe— Emnhn™ (ka)
> ha? (ka) (k)
X Y mn (0, @) et (8a)
and o
_ 1 9p
Vi(v, 8, ¢) = ihp o o (8b)

When r = b_ (ie, at r slightly less than b) we re-
quire that the velocity V1(b_, 6, ¢) have a discon-
tinuity such that

vV, (b_, 0, ¢) :0, 6, << 6, etc., ¢1 < ¢) < d)p_, etc.,

# 0, elsewhere on the surface r==5_.
(9a)

Note that the pressure discontinuity at r = b, and
the velocity discontinuity at r = b_ coincide in
angular distribution.

As in the earlier case of pressure p;(bs, 8, ¢)
we desire to expand the function expressed by Eq.
(9a) into a Fourier-type spherical harmonic series
which is continuous everywhere. We write

V1(b_, 0, ¢) = 5: Rmn(kb—)ycmn(e, (b)

mn

-+ i S,,m(kb—)Ysmn(ev d))




4 S. HANISH

Application of the procedures utilized above
finally lead up to the equation

1 Yomn
VI(b_, 0, ¢) =g i Cu.uhv(l)y(kb*
lkpc Ncnm )

m,n wy

Ut .
[Nc,ulkp — CphV (ka)
* B (ka)

]hﬁ”(kb)]ch[':” "]

+ {2 EqrhV (kb-)

Ugo
+[N_& kp o Eg:h: Y (ka)J
ST ’
7 (ka) he (kb-) }

o,m
X TSC[T n]])
S LS G k)
Lkpc n,n Ns"m v

U Mikp
o~ Cuh (ka)
+|—=< hﬁ)'(kb,)}

h,? (ka)

x TSC[’L ’ m]

v, n

+ {2 Eoch Y (kb_)

Us:oikp,

=
o))

We now let b, — b_ — b; i.e., the baffle is consid-
ered a mathematical surface. At the boundary

— Eqgh Y (ka)
R (kb_)
b2 (ka)

(9b)

r = b between regions I and II therc must be
continuity of acoustic pressure and particle veloc-
ity in the unbaffled region. We require therefore
that the following boundary conditions be satisfied:

pi(b,0,¢)=pu (b,0,0) in the (10a)
unbaffled
Vi(b,0,6)=Vu(b,0,¢) region. (10b)

It is convenient at this point to define the fol-
lowing entities:

MY (ka)

La(kr) = RV (kr) —thm(lir)
Ly’ (kr) = dLy\(kr)
dr

Cir(kr) = CiaLx(kr)
CKX’(kr) = CK)\L)\’(kr)
Ean(kr) = ELx(kr)

EK)\'(/CT) =E,(>‘L)\'(kr)

« — U . A (kr)
Uf)\ (kr) Ng)\x (Lkpc) h}fz)'(ka)
“(k
Ve (kr) = B )

AK}‘(kr) :AK}\h)\(l)(kr) ) BK)\(kr) =BK)\h)\(l)(kr)

dAK)\
dr

dBK)‘

AK)\'(kr) = dr .

, B (kr) =

The pressure requirement may be fulfilled by
extracting from Eqs. (4) and (8a) all entities
corresponding to particular ¥emn and Ysmn. We

thus obtain for the coeflicients of ¥emn

Cunn(kb) =

1 H,m
N " {E A‘“’TCC[V’ n]

ct |

+3 BWTSC[Z’ ’:]} —Ugm(kb).  (11a)

o.7
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For the coefficients of Ygmn we obtain

1
— m,m
E”m(kb) ’Wsnm{ E B;.LVTSS[V n]
o >

o,
+3 AUTTSCL, Z’” —Ugm(kb).  (11b)

The particle velocity requirement may be ful-
filled by extracting from Egs. (5b) and (9b) all
similar corresponding entities. We thus obtain,
for the coefficients of Yomn,

M, m]
A (kb) =3 [Cw%kb) + Ucy“’(kb)] \Tj\‘;[ﬁ; n

oy cn

[0', m]
T
+ 3 [Ertn) + Uy () | 2mnd,

Nea™
(12a)
For the coefficients of Y¢mn we obtain
[M, m]
T
B (k8) = 3 (Cu (kD) + U (k) |92
Lald sn
[0, m]
T
+3 (Em’(kb) + UST’"(kb)) %ﬂ_
o,T sn
(12b)

The set of four equations (11a), (11b), (12a), and
(12b) are simultaneous in the four unknowns 4z,
Bun, Cwn, and En,. In any physical application
this set has a unique solution. Hence the pressure
distribution in regions I and II can be obtained.

PARTICULAR CASES

A general solution of Eqs. (11a), (11b), (12a),
and (12b) seems impractical. The first simplifica-
tion that may be made in these equations is to
set m = 0. The baffle will then be rotationally sym-
metrical. Figures la and 1b shows sketches of
types of baflles in which m # 0 and m = 0 respec-

B=BAFFLE
T=TRANSDUCER

Fig. 1b—Baffles for which m =0

tively. We will consider in this report only those
cases for which m = 0. A first consequence of this
selection is that Bpy = Eypn = T g¢= T g¢= Ygmn = 0.
Hence the set of equations that require solution
reduces to

Tee 0,0
Con(kb) =S A0 [’]—Unokb 13
on (kD) goNcnol/,n cn®(kb) (13a)
and
[0,0
. . , Teelv,n
Ay (kb) = 2 [Co., (kb) + U, °(kb)] —-NCT—.(I?)b)
Substituting Eq. (13b) into (13a) we obtain
hO (kb ,
Con(kb) :{EW%Z[CWL‘I (kb)
v Y q
[0, 0 0,0
. Teelq, viTeclv, n
+Ueq O(kb)] NN on?
—Ucn"(kb)]/L,,(kb). (14)
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Further manipulation yields

The phase (2 of the pressure field will be given by

Con— 3 Concn=Bny 1=0,1,2,....0 (152) 2fmiXcon
i=o tan Q=t—— 1
. ) ERenYCOn ( 6b)
in which n
0,0 0,0
i bV (ka) = h,0(kb) Teclv, niTeclq, v
1) _Ng " \RQ) 4 (o) L > 9,
3 l:hq (kb) hq(z)'(ka) hll (kb) ] ~ hv(l)’(kb) NcnoNcyo
o™ [h m(kb)—wh @ (kb) (1o
" R (ka) ™"
0,0 0,0
= Ucrhr® (kb)ikp, 2 BV (kb) Teclv, n Teelr, v Uen®hn® (kb)ikpc
. _20 Noh® (ka) 24 kO (kb) Nen®Nes® " Nen®ha®' (ka) (15¢)
n= BV (ka) )
) — s h (2
[ h) R o i) |

Equations (15) in the unknowns Co, are infinite
in number and complex. A practical procedure
for evaluating these unknowns is to consider
finite number of equations ranging from sub-
script n = a to subscript n = b, these limits de-
pending in turn upon the values of g which make
the largest contributions to the coefhcients ogn.
To obtain the first n coefficients (= Co,) it is clear
that some number of coefficients N greater than
n must be solved for. By increasing N in steps
one can determine the successive values of the
first n coefficients and test these for convergence.

The real and imaginary parts of the first n
coeflicients (Coy) of Eq. (15a) are solved separately.
From these are obtained the complex coefhcients
Aon by means of Eq. (13b). When these coeflicients
are obtained they are substituted into the infinite
series given by Eqs. (5) and (8a) to vield the pres-
sure distribution in regions II and [ respectively.
For either regions I or II let Re, be the real part
of the nth term in the series, and Im, be the
imaginary part. Then the magnitude of pressurc

Ip| is

lpl= [(;Renchl)ﬁ + (;Im,,ycon)2 ]1/2 . (16a)

The complex pressure P at any point will then be
P: Ipl ei(ﬂ—mt)‘
In region II when the field point is in the far field
we may write
Ao,,: ’AOnIeiaOn

h,,(” (kr) —> eilkr —m(n + 1)/2]

| Aon|Y oneMre it
kr

piu— 2
n

(17a)

Ae=kr—a(n+1)/2+ aon. (17b)

The far field pressure distribution P(¢, 6) thus
reduces to

AOnYc()n cos MY ,A()nYC()n sin Ay
P(e.0)= \| (2 kr ) +<§4 kr )

(17¢)
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ALTERNATIVE BOUNDARY CONDITIONS T ¢c [O, 0

Con'(kb) =3 Ao’ 55 ]— U (kb). (19b)
" cn

For the case of a spherical baffle which is acous- v
tically hard on the outer boundary the boundary
requirements that the acoustic pressure and
particle velocity be continuous across that portion
of the boundary where there is no baffle lead to

the following four simultaneous equations:

Iy
Zcciv, nd

Upon substituting Eq. (19a) in Eq. (19b) we obtain
a formula for the constants Cyp,:

Y (kb
Con(kb) = [2 }L,,T((kb))%:[COQLQ(kb)

T,
Asin(kb) = S [C, (kb) + Ugyr 0.01 10,0
(kb) g[ wr (kb) + U] Nea™ ]ch[q V]TCC[V n
, + U (kb) . 2
O NeON
o,m
2 LBt Us? s (18a) —UC,IO’(kb)} L. (kb). (20)
4
Tselv, n This formula should be compared to the solution
Bonn (kb) _,;, [Cuv(kb) + U] N given by Eq. (14) in which the roles of pressure
’ and particle velocity are interchanged.
[0', m
Tssir, n BAFFLES WITH FINITE
+ Y [Eor (k) + U (kb)) ——(18b
g[ (kb) + Uge (kb)] Nga™ (18b) ACOUSTIC IMPEDANCE

Baffles with finite acoustic impedances were

Con (kD) :ZAMV' Ec_ [,u, m] excluded from the first part of this report. Bound-
~ Ned™ (v, n ary value problems involving these baffles are
computable, in principle, by the same methods

[O.’ m] which were applied in detail above (2). For ex-

Tl + ample we may suppose that a specific pressure
+EBW’SNCﬁ;mn_ Uen™ (kb) (18¢) distll)fibuti()n PIyis ﬁ}))(gd over the b;)fﬂe in rigion I,

o and a specific velocity distribution ¥, is fixed over

o, m the baffle in region /1. In place of Egs. (10a) and

TCS[T n] (10b) we may write the following boundary con-

Eun' (kb) :EA""'W ditions for the inside and outside of the mathe-

matical surface r = b:

]
+ 3B, (kb) TssNV,mn U (kD). pi(b, 6, &) =pu(b, 0, ¢) + P.(b, 6, $) (21a)
v s (18d)
Vi(b,0,¢) =Vi(b, 0, ¢) +V(b,9,9). (21b)

For pressure fields which have no variation of
magnitude or phase in the coordinate ¢ (i, 1, (hege equations we have applied the principle
rotationally symmetric fields) we can set m = 0, of superposition. The pressure pu(b, 6, ¢) cor-
and reduce the above set of four equations to the responds to a finite pressure in region II at r= b
following two equations: for the boundary where no baffle exists. Elsewhere
on the surface r = b the value of py is zero. Now
T [0’ 0] we can specify P.(b, 6, ¢) to have a value zero in
Ay, (kb) =2[C0m(kb) + Uc,,"(kb)]%v—y’o—”— (192) region I at r= b for the boundary where no baffle

cn exists (ze., just at the boundary where py is not
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zero) and to have a fixed distribution elsewhere,
i.e.,over the baffle.

The analytic representation of P, which is con-
formable to the problem may be derived by ex-
panding P in a Fourier-type series of tesseral
harmonics over the sphere r = b. Now the pres-
sure P, may be expressed as the product of the
velocity Vi(b, 8, ¢) and the specific acoustic im-
pedance pc. In this event the expansion of P,
will involve the same expansion constants as V.
If however P.(b, 6, ¢) is known and fixed, the
expansion constants can be computed, and the
total expression P.(b, 8, ¢) will enter Eq. (21a)
as a constant. Similar remarks can be deduced for

V.(b, 8, ) in Eq. (21b).

NOTES ON THE NUMERICAL
COMPUTATION OF EQ, (15a)

From the experience of other authors 3) it
seems likely that the inversion of a 100 by 100
matrix will be required to achieve reasonable con-
vergence for the solutions of Eq. (15a). Using
moderate-speed electronic digital computers we

estimate that approximately 6 hours will be re-
quired to find a reasonably complete pressure
distribution in the region between the spherical
transducer and the rotationally symmetric con-
centric baffle. For the case of unsymmetric baf-
fles (i.e, m =+ 0) the time required for solution of
n modes will increase at least (2n + 1)-fold. It thus
appears that the calculation of all but the simplest
sphere-and—bafﬂe combination is not feasible at
the present time.
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