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ABSTRACT

Coherent signal processing in an airborne radar is highly de-
pendent upon methods used to compensate for platform (e.g., air-
plane) motion. Platform motion causes returns to have doppler
shifts which vary with the angle between the velocity vector of the
platform and that of the target or scatterer. Because of the finite
antenna beamwidth and the finite transmitted pulse length, radar
returns from many scatterers are received simultaneously from dif-
ferent angles. Therefore, these returns combine to give a spectrum of
doppler frequencies which must be corrected.

Displaced Phase Center Antenna (DPCA) is a technique which
compensates for the component of motion which is perpendicular
to the axis of the beam. This report evaluates DPCA in terms of its
improvement to airborne moving target indicator (MTI) performance.
It is shown that MTI performance is improved significantly with
DPCA. However, since DPCA does not completely compensate for
this motion, MTI performance can be limited by this technique under
certain conditions.
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AIRBORNE RADAR MOTION COMPENSATION TECHNIQUES-
EVALUATION OF DPCA

INTRODUCTION

Motion compensation is a fundamental need for a search radar system operated from
a moving platform. The application of digital processing techniques to radar signals has
made it practical to coherently process many radar returns using moving target indicators
(MTI) with multiple-stage cancellers and coherent integration (narrow-band doppler filter-
ing). The resulting theoretical clutter rejection capability increases the detection of moving
targets in clutter to such a point that other system limitations become the dominant con-
cern.

The full capability of this coherent processing can be realized only through the use
of motion compensation to remove the doppler contributions caused by platform motion.
With existing motion compensation techniques, the radar system may then be limited by
other factors, such as system stability or on-aircraft antenna sidelobes. As these other sys-
tem limitations are improved, it becomes necessary to reconsider the motion compensation
techniques to determine at what level the system is again limited by these techniques.

It is in this context that Displaced Phase Center Antenna (DPCA) is considered. Time
Averaged Clutter Coherent Airborne Radar (TACCAR), which corrects for the platform
velocity component parallel to the axis of the antenna beam pattern, and DPCA, which
corrects for the perpendicular component of platform velocity, make up the motion com-
pensation techniques which are being applied to present early-warning radar systems. An
evaluation of TACCAR is presented in Ref. 1.

The success of a motion compensation technique must be evaluated in terms of its
improvement to the signal processing in the radar receiver. Since many airborne radar sys-
tems now (and in the foreseeable future) involve MTI processing, the improvement in MTI
gain will be used to measure the performance of DPCA.

EFFECT OF PLATFORM MOTION ON MTI PERFORMANCE

The objective of most coherent radar processors is to discriminate between the returns
from moving and fixed targets. For some radar applications, the returns from fixed ob-
jects are of interest. However, for the MTI radar, these returns are considered as "clutter"
and should be rejected. The rejection decision (or filtering) is based on the doppler shift
of the frequency of the returns. If the radar itself is on a moving platform, the returns
from fixed objects will also have doppler shifts. This doppler shift of the returns from
fixed objects must be corrected to provide good MTI perforvmance.

In Ref. 1, the doppler shift fd of the return from a scatterer caused by platform mo-
tion is given by
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f = -2-VP coso, cos0sfd=

where

vp = aircraft (platform) velocity vector,
X = transmitted wavelength
Os = vertical angle between vp and the direction vector to the scatterer, and
Os = horizontal angle between vp and the direction vector to the scatterer.

When the axis of the antenna pattern is pointing in a direction given by the direction
angles 0a,, 0a relative to vp, and the scatterer is in the direction 0, ¢ with respect to the
axis of the antenna pattern, then

O, = Oa + 0

So

fd =-2!V coso, cos(Oa + 0)

= -VP cOS~s(cosOa cosO - sinOa sinO) .

Averaging fd over a symmetrical antenna pattern gives

id = --2! cosO, cosOa• (2)

From Ref. 1, the purpose of TACCAR is to estimate fd and remove this component
of doppler shift. When this component is removed, the remaining doppler shift is

fd' = -2 P cos~s[cosOa (cosO - 1) - sinO0 sin]. (3)

By assuming a highly directive antenna pattern so that the range of interest for 0 is
small, the small-angle approximation for Eq. (3) leads to

fd -- 2-v 0

where

Vy= vp cosos sinOa .

This relation shows that after the TACCAR correction, there remains a doppler shift
that is approximately proportional to the angle 0 of the scatterer with respect to the axis
of the antenna pattern. Therefore, for homogeneous clutter, a platform-motion clutter
spectrum results which is weighted by the two-way pattern of the antenna. In Ref. 2, it
is shown that this spectrum can be approximated by a Gaussian spectrum with a zero mean
and a standard deviation given by

2
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0pM 0y
a

where a is the aperture length of the antenna.

In App. A of Ref. 1 it was shown that the MTI improvement factor for a zero-mean
Gaussian clutter spectrum is given by

n 2 (fr \ 2n

n! \2ira,

where

fr = pulse repetition frequency,
ac = standard deviation of the clutter spectrum, and
n = number of delay lines in MTI processor.

Using Eq. 4, the limitation to the MTI improvement factor caused by platform motion is

(In)PM = n 1 a 2n

n 1.27r vyT)

where T = 1/fr is the pulse repetition period. This equation is plotted in Fig. 1 with n as
a parameter. The expression vyTIa represents the fraction of the antenna aperture that
the antenna is displaced during an interpulse period. Figure 1 illustrates the limitation to
the MTI improvement factor caused by platform motion.
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Fig. 1-Limitation of the platform motion x on the MTI improvement factor
In for several values of the parameter n (the number of delay lines in the MTI
processor)

3
Zr--

(4)

IT•



G. A. ANDREWS

Combining the standard deviation of the clutter spectrum due to internal clutter mo-

tion with that due to platform motion, the total standard deviation of the spectrum is

a2 2+ 2
T c OPM

and the total MTI improvement factor is

2n 2f( O 2 1 2 n
(In)total 2 2 )1/2]

This equation gives the combined effect of internal motion and platform motion. It is

plotted in Fig. 2 for a single-delay (single-canceller) MTI, in Fig. 3 for a double-delay

(double-canceller) MTI, and in Fig. 4 for a triple-delay (triple-canceller) MTI. The top

curves in these figures represent no platform motion. The other curves represent various

degrees of platform motion. Therefore, the difference between these curves indicates the

loss of MTI improvement factor due to platform motion. This loss can be appreciable for

most applications when the clutter bandwidth ac is small.

DESCRIPTION OF DPCA

Detailed descriptions of DPCA are found in Refs. 2-4. DPCA corrects for the com-

ponent of platform motion parallel to the plane of the antenna aperture by physically or

electronically displacing the phase center of the antenna in the opposite direction. To see
how this is accomplished, it is convenient to consider the effect of the doppler shift on the

interpulse phase advance of returns. The doppler shift given by Eq. (3) can be integrated

over one interpulse period to get this phase advance. Integrating f•, the phase advance
17 is

f= 2fT fd dt.

0
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W 40- X=0
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0x0.01 0.1

RATIO OF CLUTTER SPECTRAL WIDTH TO

PULSE REPETITION FREQUENCY (°c/Fr)

Fig. 2--Effect of platform motion of the single-canceller (n = 1) MTI improve-

ment factor I1. x is the fraction of the antenna aperture that the antenna is dis-
played per interpulse period. The x = 0 curve represents no platform motion.
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Fig. 3-Effect of platform motion on the double-canceller (n = 2) MTI improve-
ment factor 12. x is the fraction of the antenna aperture that the antenna is dis-
placed per interpulse period. The x = 0 curve represents no platform motion.

0.01
RATIO OF CLUTTER SPECTRAL WIDTH TO

PULSE REPETITION FREQUENCY (Os/Fr)

Fig. 4-Effect of platform motion on the triple-canceller (n = 3) MTI improve-
ment factor 13. x is the fraction of the antenna aperture that the antenna is dis-
placed per interpulse period. The x = 0 curve represents no platform motion.

As shown in App. A, if the product of the scan rate 0 and the interpulse period T is

small, q7 can be approximated by

17 27frT.

Also, within the main beam of a highly directive antenna pattern, Eq. (3) reduces to
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[ 2 'y0

Therefore

17 • 41 vYT 0.x

A point scatterer situated at an angle 0 with respect to the axis of the antenna pat-
tern has a pulse-to-pulse phase advance given by 71. A vector diagram of this effect is
shown in Fig. 5(a). This phase advance could be compensated with the addition of the
quadrature vectors shown in Fig. 5(b). The correction vectors are given by

el =jx1 tan-
2

and

e2 -x 2 tan 71
= 2

+IV.

(a) (b)

Fig. 5-Vectorial representation of (a) pulse-to-pulse advance 17 and
(b) platform motion compensation

If the antenna pattern is G(0), then the amplitudes x, and X2 of the returns from a
point source at an angle 0 are modulated by the two-way pattern G2 (0). This leads to the
correction vectors

el= jG2(O)tan•
2

and

e2 = -jG2(0) tan?.
e2 = 2

These vectors can be realized by transmitting the pattern G(O) and by receiving pat-
tern G(O) and an additional pattern A(0) given by

(5)
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A(O) = jG(O) tan2. (6)

The returns received through the A(0) pattern are subtracted from the returns from the ri-
first pulse received through pattern G(O) and added to the returns from the second pulse.
Figure 6 is a block diagram illustrating this technique. In Ref. 2 it is shown that the pat-
tern given by Eq. (6) can be approximated by the difference pattern of a monopulse
antenna.

- 1st CANCELLERI

Fig. 6-Displaced Phase Center Antenna (DPCA) correction applied to the first canceller of an
n-stage MTI

EFFECT OF DPCA ON MTI PERFORMANCE

Since the antenna pattern defined by Eq. (6) generally must be approximated, the
error in this pattern results in an imperfect DPCA correction and, in turn, in degraded MTI
performance. This effect has been considered in Ref. 4. For the present report, it is
assumed that this pattern is realized perfectly and the effect of a perfect DPCA correction
on a multiple-stage MTI is evaluated.

The transfer function of an n-stage MTI with DPCA is derived in App. B. Using this
result the power gain is

IHr(f)I2 = (1 +tan Ž-) [2 sin (wf~rf)] 
2 [2 sin (r-f)] 2n-2

Since 17 and fý are functions of 0, this power gain is implicitly a function of 0. The
above equation shows that the null of one canceller is shifted by an amount fd. The
other cancellers are not affected by this DPCA correction.

The MTI improvement factor associated with this transfer function is derived in App.
C and given by Eq. (C5) for an n-stage MTI. Equation (C5) is evaluated further for n = 1,
2, and 3. These results are given by Eq. (C9)-(C11). An antenna pattern must be speci-
fied to use these integral equations.

These equations are evaluated in App. D using a (sin x)/x antenna pattern and inte-
grating to the first zero crossing (main lobe). The results are plotted in Fig. D1 for a
single canceller, Fig. D2 for a double canceller, and Fig. D3 for a triple canceller.

ANTENNA
ARRAY



Comparing Fig. 2 with Fig. D1 it is seen that if the fraction of antenna aperture dis-

placed per interpulse period is less than one-tenth, the MTI improvement factor for a single

canceller with DPCA (Fig. D1) is essentially equal to the MTI improvement factor with

zero velocity (Fig. 2). This corresponds to perfect motion compensation. For higher order

cancellers this compensation is not perfect-however, there is appreciable improvement,
particularly for narrow clutter spectral widths (i.e., overland). To illustrate this point, Fig.

3 and Fig. D2 are superimposed in Fig. 7, and Fig. 4 and Fig. D3 are superimposed in

Fig. 8. In Fig. 7 and 8, the top curve represents the MTI improvement factor for zero

velocity (or perfect compensation). The lower solid curves represent the MTI improvement

factor with platform motion. The dashed curves represent the MTI improvement factor

with platform motion compensated by DPCA.

CONCLUSIONS

Platform motion limits the capability of advanced airborne MTI systems attempting to

obtain high cancellation ratios, as illustrated in Fig. 1. DPCA corrects only one canceller

of a multiple-stage MTI. However this correction leads to significant improvement in the

MTI improvement factor, especially for narrow-bandwidth clutter (i.e., overland).

Figures 7 and 8 illustrate the improvement that is achieved by DPCA. The parameter

x represents the fraction of the aperture that the antenna is displaced during an interpulse

period. By comparing a solid curve and a dashed curve for the same value for x, the im-

provement in MTI improvement factor can be determined.

Figures 7 and 8 also illustrate the additional improvement that could be achieved by

a more complete compensation. The MTI improvement factor with perfect motion com-

pensation corresponds to the MTI improvement factor with zero platform velocity. This

case is represented by the curves labeled x = 0 (both) in Figs. 7 and 8. By comparing

these curves with the dashed curves (which represent the MTI improvement factor with

DPCA correction), the additional improvement that an "ideal" motion compensation

I-u~u IOC•H

•z

I10

-- ('--

0 40

0. 60 0,1.O

PULSE REENTC XRUN /Fr
-jJr

20

03

0.001 0.01 0.1
RATIO OF CLUTTER SPECTRAL WIDTH TO

PULSE REPETITION FREQUENGY (aC/Fr)

Fig. 7-Comparison of MTI improvement factor for a double-canceller (n = 2)

with DPCA (I", dashed curves) and without DPCA (V2, solid curves). x is the
fraction of the antenna aperture that the antenna is displaced per interpulse
period. The x = 0 curve represents'no platform motion. (This figure is a super-
imposition of Figs. 4 and D3.)
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RATIO OF CLUTTER SPECTRAL WIDTH TO
PULSE REPETITION FREQUENCY (Oc/Fr)

Fig. 8-Comparison of MTI improvement factor for a triple-canceller (n = 3)
with DPCA (I, dashed curves) and without DPCA (V3, solid curves). x is the
fraction of the antenna aperture that the antenna is displaced per interpulse
period. The x = 0 curve represents no platform motion. (This figure is a super-
imposition of Figs. 4 and D3.)

techniques could achieve can be determined. It is seen that for narrow-band clutter
(i.e., ac/fr small), this additional improvement may be worth the additional complication.
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APPENDIX A
DERIVATION OF PHASE ADVANCE DUE TO PLATFORM MOTION

Instead of using Eq.
ing Eq. (2) from Eq. (1):

(3) from the text for fý, an alternate form results from subtract-

f = fd - fd

= -2-2(cos0s - cosOa)
X

where

With a constant scan rate 0,

vz= vp cosos .

0, -, + Ot

so that

f- = -2 [cos0a - cos(Oa + bt)]'X
and

T
77 = f0 27r fýdt

4rvz T
X Fosa.s - T2 jCos 0a +

2/)

(Al)

The product &T represents the angular scan of the antenna during the interpulse period

T. For many radar applications this is very small. Therefore,

6T-+ 0

which implies that q7 can be approximated by

10
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- 4lrvzT( - cosoT)

- , (cos(0a + 0) - cosea)

- 41rvzT (cos0a (cos0 - 1) - sin0a sin0)
x

Using Eq. (3)

17' = 27rfA T = 21r .

This is the result that would have been obtained by assuming fý to be constant with
respect to time in Eq. (Al) and integrating immediately.

11
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APPENDIX B

DERIVATION OF THE TRANSFER FUNCTION OF AN MTI WITH DPCA

An n-stage MTI with DPCA applied to the first stage is shown in Fig. B1(a). From

Eq. (5),

•(0) = jG(O) tan-
2

Therefore, Fig. B1(a) can be redrawn as shown in Fig. Bl(b). The transfer function is

given by the Fourier transform of the impulse response, i.e., by

Hn(M) = f 0hn(t)e-J(0tdt

where hn(t) is the impulse response of the system.

Considering the first stage first and then the remaining n-1 stages,

Hn(CW) = Hj(w)Hn-j(w)

as shown in Fig. Bl(c). Hl(wo) is the transfer function of the first stage and Hn-l(Wo) is

the transfer function of the last n-1 stages.

The impulse response of the first stage is

hl(t)= (1 - jtan~i8t -j M (2Jtn)8(-

The transfer function of the first stage is

H 1 (co) =fhj(t)e-iwctdt

j (1-tan) - ( + j tan 2)e-i-CT.

Letting z = eiwT gives

(1 jtan)( ) 
1tan(r1/2))

12
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F-

But

1 +j tan- 1 +j tan a-
2 2/

1 -j tan 1 + tan 2
2 2

1-tan21 + j(2tan2)

I + tan2 '
2

cos2+ - sin2 - +j (2sinicos•)
2 2 \2 2

COS2 L + sin2
2 2

= cos0? + j sinre = eJA7

Therefore

H1 (z) = 1-j tanj) (z 7 i17 )77
A similar derivation for the last n-i stages leads to

Hn-I(Z) = 1)n-l

assuming binomial weights for the last n-1 stages. Combining these results gives

Hn(z) = (1 -j tan -) (zei7) (_7 Z )n-1 .

The above equation shows that the zero of the first stage is rotated by an angle 17 in the
z plane.

Returning to the frequency domain by letting z = eiwT leads to

HI(wv) = (1-jtan ý) e-j[(wT-m?-7r)/2l [2 sin w -17)]

and

Hn-i(co) = e-j(n-1)[(cwT-•)/2] [2 sin T]n-1

Therefore an n-stage MTI with DPCA has a transfer function given by
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Hn (W) = jn (-j tan 2)e-j[(nWT-?Q)/2] [2 sin(IcoT -)] [2 sin-W]n-1

Letting

177=216
1

and T=-
fr'

then

Hn(f) = j(-j tan2I)e-J[WI(f/fr)-(?12)] [2 sin(ff 'f)] [2 sin (ff)]n-1

This equation shows that the zero of the first cancellor is shifted to a frequency fdj. This
corresponds to rotation of the zero in the z plane by an angle 17.

I

G ( 0) T

A (8) T

(a)

G(8)

(b)

(c)

Fig. B--An n-stage MTI with DPCA correction applied to the first stage (a). Replacing A(O) byjG(O)
tan (77/2) allows sketch (a) to be redrawn (b). The transfer function Hn(wO) is also illustrated (c).

14
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APPENDIX C
DERIVATION OF THE MTI IMPROVEMENT FACTOR WITH DPCA

Assume a Gaussian clutter spectrum given by

w(f = Woe c

The clutter power received at an angle 0 with respect to the axis of the antenna pat-
tern has a mean doppler given by Eq. (3) of the text and is amplitude modulated by the
antenna power pattern, G4 (0). Therefore, this clutter is described by

W(f,O) = WoG4(6)e-' 2 [(ffd)/%C1 . (Cl)

The total input clutter power from the mainbeam is

Pic f0 0  W(f, 0) df dO

-00 -oo

where 00 corresponds to integration over the mainbeam.

Using Eq. (Cl) and integrating with respect to frequency yields

Pic = WoN 2-i fO o G4(0) dO . (C2)

From App. B the power gain of the n-stage MTI with DPCA is

IHn(f)12 = (1 + tan 2 7r]f) [2 sin (7r fd')] 2 [2 sin (wr f)] 2 n 2

The output clutter power is given by

POc = f60f00 W(f, 0)IHn (f)12 df dO

= WOJ G4(0) + tan2 1r- Hn(O) dO (C3)

where

15
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Hn(O) = 00 [2 sin (\ 7 - 'f- ) 2 2sin (7r-)] 2n-2
f00 I f

exp 2[ of / df.

From App. A of Ref. 1, the average target gain G is

2n
-. [ 1.3.5."(2n-1)].

The MTI improvement factor, then, is

n' Poc

2n[1.3.5...(2n - 1)] V/• _acf-0-G4(0) dO

n! 0 G4(6)(1+tan2 1rf-r)Hn(0) dO
f -0 o

(C5)

Further evaluation of the MTI improvement factor requires that the antenna pattern
G(O) be specified and Hn(O) be derived.

For a Single Canceller (n= 1)

Hi(O) = f__ [2sin (7rfjd)] 2
exp I 2(fof )2 df.

For successful MTI action it is necessary that the inequality

0c << fr

holds true. Using this fact, and letting

f - fc = X

and

df = dx

gives

Hi(0) 27r
\fr )2f.o

Evaluating this integral* leads to

*Peirce, B.O., "A Short Table of Integrals," Boston: Ginn, 1929; 4th Ed., revised by R.M. Foster, 1956.

16
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HI(0) = r2 ( 21rac 2
=\ f N/ 'r a I

which is not a function of f6, and therefore not a function of 0.

Double Canceller (n = 2)

For a double canceller

H2 (6) =f [2 sin ( fd'1)]2 [2 sin (7r!)]
--00 )f

Again letting x = f - fj yields

0 =J 2 s ( )][2 sinH2(0) f 0[ sin (ir [2 sin ( fr X +

= 24 sin 2r ( )r [ in

e0000 f) .

X exp[ X2~ dx.

ex 1 2 xexp 1E- I dx

+ cos (7r- d) sin w -2i

\fr, \7 fr/J)

[sin2 (7r -) -f( sin 2 (7r.L) cos 2 (7r#) expS fr E( - (fr

+ cos 2 (ir 0-f sin 4 7r ý0 exp 2 a

+ 2sin(IT)fr Cos ( )f sin 3
cos \ J_

Since the integrand of the third integral in the above equation is an odd function,
therefore the value of that integral is zero. Using the trigonometric identity sin 2A =

2 sinA cosA in the first integral gives

H2(0) = sin 2 ( Ld [2 sin (27r r] exp (-2) dx

1 c0[0 s ( )] e ( )+ cOs2 \-•r]ý '[ sin (vý]'exp dx.

17

(C6)

F--

rr,t=

So

H 2 (0) = 24 2 u dx

( iT- Cos 7 -) expkfrI
( x2 dx]

(7 -ý) Co ( xr )f, cfs

r 2
elxp r 11f - fý df.

L 2(ý-Cýrc) I



G. A. ANDREWS

And, as before, letting oc << fr leads to

H2 (0) = 4V/2iaC (2wrc 
2

sin 2 (ir ) + / (fr2 ) cs 2 fr (c7)

Triple Canceller (n = 3)

For a triple canceller,

2] .Jdf.

Letting x = f - fdj yields

00

[2 sin (wr 12 [sin (-r cos rwx + cos tw-ti sin (w-'f1l4

J00oLfrit fcr f) fri \7fr)J

X exp dx.
aC

Expanding this integrand and eliminating all odd powers of sin[wr(x/fr)], whose integral is
zero, leads to

H3(0) = sin4 (r )f26co•

+ 6 sin 2 (w9 crs 2

00

*+cos4 w-r Q) 26
\ fr~f

S4 (7r\sin2 (7r ) exp(- dx

w)fd') 26 cos2 (7 ) sin4 (IT)
ac'J__ x fr f fd

sin6 (7rX) exp (2)2 dx.
fr C)

Letting Oc << fr, these integrals can be evaluated as before:

H3(0) = 2427r 2
sin 4 (wr 6d) •• x 2

fr/ _ exp -X 2
2 ) dx

exp(-2 2 ) dx

+ ( cos 4

+ \fr) (w9)f6 xexp X2~--- dx.
2a 2)~

exp(- ~c2dxCý

+ 6(22) (r) 4 sin 2  ( cr 1 00

(fr s •f

18

exPL [ W-9H3(0) =f. [2sin(rf-fý)] 2 [2 sin (7r 4
co

fr fr)

00

( 
f

IT fýj 
0.fr
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Evaluating these integrals yields

3(fr ( )sin4( wrQ

+ 6(22)(3) V2Tac ( 2- 4 sin2 (T) cos2 (7r\fr/ i

+ 15/ N C(2c) cos 4 7 (C8)

Using Eqs. (C5)-(C8), the MTI improvement factors for a single, double, and triple
canceller with DPCA can be obtained. For a single canceller,

00

(' fr j2 fo G 4 (0) dO

(1 = + tan 2  G4(0) dO

f ou .11 fr/

J0o0 G4(0) dO

f- [ + tan 2 G4 (0) dO
(C9)

where I, [= 2(fr/27rac)2] is the MTI improvement factor for an MTI without platform mo-
tion or with perfect motion compensation. Therefore the remaining part of Eq. (C9) can
be considered as a loss due to the imperfect compensation of DPCA. For a double can-
celler,

"2 = 2 ( 2fr)2 \2rc

= 12

3f 0 0 G4 (0) dO

f0 G4(0)[1+tan2 (wr1)] [3 cos2 (7rf') + 4(-a-) sin2 (7rf) dO00 f. fr 2--d fr)

-0 0G4(O) dO

+ -ý- Ii sin2(wtd)J dO3 fr/

where

12 =2 fr 4

Ii = 2( fr )2
\27rac/

--

F-"

f0 G4(0)[ +tan2( (rr)] [cos2(wr.)

and
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Using the trigonometric identity

1 + tan2 A = 1 +
sin 2A cos 2 A + sin 2 A 1
cos2 A cos 2A cos 2 A

yields

f• G4(0) dO
I2 = 12

f 40 () 1+ Il tan 2 ( fr]J dO

As before, a loss term is identified in Eq. (C10). Finally, for a triple canceller,

15 f0G 4(O) dO

1'3 = - rac

= 13 POn

(fO0 G4(O)[1 + tan2 (Iw i)] [15 cos4 (wr Lfd)

72( sin2 C) ( ) cos 2 (w) - 6 ( 2 fr sin 4 ( -9r] dO0)

(Cll)

-0 0 G 4 (0) dO

4(0) [OS2 (76) + ý--I1 sin2 (7r 6) + fI2 sin2 (.f4 tan2 (ir f9)]dO15 fr/ ) frJ

13 4( f) 6I3= ý Y\r--•-ac )

1 \2 Ufrr _C

:2 2(fr)

I - 2(ra) 2

Therefore, the MTI improvement factor with DPCA is given by Eq. (C9) for a single can-
celler, by Eq. (C10) for a double canceller, by Eq. (Cl) for a triple canceller, and can be
calculated from Eq. (C5) for an n-stage canceller.

(C10)

J-0G

where

and
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APPENDIX D
EVALUATION OF DPCA WITH A sinx/x ANTENNA PATTERN

For a (sinx)/x antenna pattern,

-s i n a s n )

G 4 ( O ) ( I x__ _ _ _

L r aj sinO

where a is the aperture length of the antenna and X is the transmitted wavelength.

Integrating over the main lobe implies that

a

-wr < r awsinO•< • w.

For a single canceller with DPCA, Eq. (C9) can be rewritten as

= Go (D1)
Go + G1

where

Go -- G4 (0) dO (D2)

and

f.Oo /i"\s
G1 G4 (0) tan2  dO. (D3)-0o \ 7r

00

For a double canceller, Eq. (C10) can be rewritten as

12 Go (D4)
3GO+ -• I 1G1

For a triple canceller, Eq. (Cl) can be rewritten as

Go (D5)13 = 13 368(5
G2 + 15 I1G3 + 15 12G4

21



G. A. ANDREWS

where

G2 G4 (O)
0

G2 f-O0 G4(0)

00

cos 2 (fwfd dO

sin 2 (rr,) dO

and

G4 =- G4 (0) sin 2 (r fi tan2ff-0"0 \-r f rd.

The problem is reduced to the evaluation of Go, G1, G2 , G3 , and G4 . Letting

a

x = 7r-a sinO

implies that sinO = (X/wra)x. Thus

cosO M (1- sin2o)12 X [(-ra 2  2]1/27ua Lx )

and for aA >> 1

dx = - • -
x cosO dO = -(r )2 - 2] 1/2

wra S--dO

and

"--W < x < 7.

Using the above relationships yields

Go f [(\2 - ] 1/2(sinx)4 d

71"a f-7

sinx' 4 d

(D6)

(D7)

(D8)

dO
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and for f4 - -2(vy/X) sinO = -2(vy/lra)x and T = 1/fr,

G 1 = f _ L / --

tan 2 (Cx)
7ra 7fi

tan2 (2-•-Tx)
1(i) 4dx

(_sin)4 dx

where C = 2uv Tia. In the same way,

71*

G 2~ Icos2 (CX)(sin)
Ta f 'x

dx,

G3 ' aXf
7ra -7

G 
•z •fr

sin2(Cx) -i--) "dx,

and

sin 2 (Cx)tan 2 (Cx)(sin4dx.

Using these results, Eqs. (Dl), D4), and (D5) can be rewritten as

Gb

I'2 =I2

12'12 Go'
2G' + - I1 G1

A = 13
G 36 ,G2 + - I1G3

Go

+ 8- I2G415

G'O -f ( _- dx,

G C (= tan 2 (Cx) dx,
- x

rr.

and

(D1O)

where

(Dl1)

(D12)

(D13)
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(D14)G2sinx ) cos 2 (Cx) dx,

7r f sinX)4 sin 2 (Cx) dx,

fi (sinx) 4 sin2 (Cx) tan 2 (Cx) dx4 - it"

(D15)

(D16)

with C = 2vyT/a.

Equations (D12) through(D16) are in a form that can be solved on a computer by
any standard integration routine. The evaluation of these integrals is given in Table D1.
Equations (D9)-(Dll) are plotted in Figs. D1-D3 using Table D1.

Table D1
Calculated Values of the Integrals G; Used in Evaluating MTI Improvement Factors

(with DPCA), as a Function of the Motion Parameter x

Calculated Values for
Integral

x = 0.001 x = 0.01 x = 0.1

Gb 1.04 1.04 1.04

G• 2.6883 X 10-6 2.6895 X 10-4 2.8221 X 10-2

G 1.04 1.04 1.02

Gz 2.68828 X 10-6 2.68766 X 10-4 2.62634 X 10-2

G4 1.88496 X 10-11 1.88563 X 10-7 1.9579 X 10-3

and
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Fig. D1-Effect of platform motion on the single-canceller (n = 1) MTI improve-
ment factor I, with DPCA. x is the fraction of the antenna aperture that the
antenna is displaced per interpulse period. (See Fig. 2.)
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Fig. D2-Effect of platform motion on the double-canceller (n = 2) MTI improve-

ment factor 121 with DPCA. x is the fraction of the antenna aperture that the
antenna is displaced per interpulse period. (See Figs. 3 and 7.)
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Fig. D3-Effect of platform motion on the triple-canceller (n = 3) MTI improve-
ment factor 13 with DPCA. x is the fraction of the antenna aperture that the
antenna is displaced per interpulse period. (See Figs. 4 and 8.)
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