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ABSTRACT

Convective mass transfer occurs during solidification because of the dif-

ference in mass density between the participating solid and liquid phases. The

relationship between interphase mass transfer and the mechanical behavior

of a bounded system undergoing rapid solidification is developed from an

analysis of the kinematics and dynamics of dendritic freezing. The kinematic

analysis yields theoretical expressions for the displacement, velocity, and

acceleration imparted to the center of mass of a c o n s t r ai n e d melt by the

solidification-induced mass transfer, whereas the dynamical analysis relates

the changes in external force and internal pressure with the accelerations of

the solidifying body's mass center. These analyses reveal that a critical

degree of supercooling exists, above which the dendrite velocity can increase

without a concomitant increase in the acceleration of the center of mass, and

that this condition coincides with the onset of cavitation in the specimen.

Next, some new experiments which provide quantitative information on

the m e c han i c a 1 behavior of rapidly freezing bismuth melts are discussed.

The results obtained from these experiments justify the major assumptions

employed in the theory and substantiate several of the theoretical predictions.

Finally, a unified approach to solidification dynamics is presented in a

discussion of the following effects: (a) the emission of acoustical disturbances

during solidification, (b) the occurrence of an ano m a lou s refinement in the

as-cast grain size of nickel and cobalt specimens frozen from highly super-

cooled melts, (c) the development of cavitation pits on the constrained sur-

faces of rapidly frozen transition metal specimens, and (d) the presence of

pressure pulses both during and after rapid dendritic growth.

PROBLEM STATUS

This is a final report on one phase of the problem; work on other phases

is continuing.

AUTHORIZATION

NRL Problem M01-10
Project RR 007-01-46-5408
and ARPA Order No. 418
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DYNAMIC EFFECTS ARISING FROM
HIGH- SPEED SOLIDIFICATION

INTRODUCTION IZ:

Most theories of crystal growth have dealt more or less directly with fundamental
considerations such as atomic rearrangement, energy transfer, and defect structure at
a solid-vapor or solid-liquid interface. Whereas this local (i.e., microscopic) viewpoint
has led to considerable success in interpreting the kinetics and morphology of crystal
growth, other aspects of crystallization exist which are less amenable to interpretations
based on a strictly local approach and, therefore, have resisted even qualitative prediction
and analysis.

Anomalous nucleation processes, cavitation, acoustical noise generation, and other
dynamic effects associated with rapid crystal growth are subjects of current interest which,
at present, have not been satisfactorily treated by theory. The intent of this paper is to
account for the origin of these effects using an analysis of the macroscopic mechanics of
a finite, metallic system undergoing rapid solidification. Some new experiments will be
discussed which support critical areas of the theoretical analysis; in addition, an attempt
will be made at reinterpreting some published data in the area of high-speed solidification
utilizing the theoretical results developed here.

Almost without exception, conjugate solid-liquid phases differ in mass density by a
small but significant amount. The viewpoint to be evolved here is that, during crystal
growth, the active portions of the solid/liquid interface may be considered as a traveling
front across which exist steep gradients in the mass density. Studies of the dynamical
implications of mass-density gradients in motion during a phase change have been made
by Chambr6 (1) and, more recently, by Horvay (2). Both Chambr6's analysis and the more
rigorous, comprehensive analysis by Horvay treated the cases of finite and semi-infinite
solid-phase bodies growing in an infinite system. However, as will be subsequently shown,
certain of the dynamical effects observed during crystal growth can be most easily inter-
preted from an analysis of a finite, or bounded, system undergoing a rapid phase change
involving convective mass transfer.

THEORY

Approach

The aim of the following analysis is to obtain a description of the extrinsic mechanical
behavior of a solidifying system in terms of intrinsic parameters which are related to the
phase transformation occurring. Specifically, a model of dendritic crystallization will be
analyzed using nonrigid-body mechanics to arrive at the equations of motion for the mass
center of a finite, solidifying system. First, the position, velocity, and acceleration of
the center of mass will be determined for a reasonable, yet tractable, growth morphology.
This formulation will be largely kinematical in nature, and the equations which result will
be expressed in terms of the intrinsic properties of the crystallizing body, i.e., the tem-
perature, mass density, thermal constants, and dendrite velocity. In the second portion of
the analysis, purely external considerations, such as ambient pressure, crucible wall effects,
system constraints, etc., will be evoked in the application of Newton's laws, from which the
required dynamical predictions will be made.
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Model

Figure 1 illustrates a simple, bounded system composed of a thermally isolated mass

(M. ) of molten metal which initially is uniformly supercooled an amount AT and is constrained

by "ingot" walls and gravity to the shape of a right-circular cylinder of radius R and height

h 0 . At time t = 0, growth of the solid phase is initiated, on the z axis, starting at the plane

z = 0; moreover, the rapidly forming mass of dendritic crystals grows, on the average,

with a constant tip speed (v) in the form of an expanding, spherically capped zone. The

average position of the tips of the expanding dendritic mass at a later time (t) is given by

the coordinate surface r = r (t). This surface will be referred to as the recalescence zone

boundary and, while spatially coincident with the dendrite tips, it should not be confused

with the topologically complex, true, solid/liquid interface. The region 0 < r < r (t), termed

the recalescence zone, is composed of a two-phase mixture containing fine, branched den-

dritic crystals of mass density p., and recalesced, interdendritic liquid of mass density p,.

The region above the spherically capped recalescence zone is occupied by the remaining,
untransformed, supercooled melt, also of density p,,.*

Z

R

Fig. 1 - Model of a
bounded, base-
nucleated s y s t e m
undergoing rapid
dendritic solidifi-
cation. The base
plane (z=O) is fixed
relative to inertial
axes, while the free
surface [z =h(t)] is
permitted to move
parallel to the z
axis.

In order to calculate the average mass density through-
out this two-phase region, consider first the thermal energy

balance within the recalescence zone. Assume that heat

transfer from the zone to the confining walls can be neglected

over the short time intervals required for recalescence of

the entire system (usually 10 -3 to 1 sec) and that the heat

flowing to the supercooled liquid is, in essence, "captured"

by the expanding zone which follows-indeed, is driven by-

this heat diffusion. Assume further that the recalescence

is complete, i.e., the equilibrium temperature has been

restored throughout the zone by the release of the latent

heat of solidification. This last assumption will cause a

slight overestimation of the amount of solid phase in the

zone because it neglects the temperature gradients which

must exist near the zone boundary; fortunately, in metal

systems these gradients are steep, short-ranged, and con-

fined to the region near r = r (t).

The mass-fraction f of solid phase that must solidify

(dendritically) to liberate just enough latent heat X to restore

the zone temperature to the equilibrium value Te is approxi-
mately given (3) by

cp (Te - TE)
fs k (1)

where c and T{ are the specific heat and original (super-
cooled) temperature of the melt, respectively. We now define

f , in terms of the individual phase densities (p,,p,ý) and
phase volumes (Vs,Vt) coexisting within the zone, namely,

vSps
f VsPs + (2)

which, when combined with Eq. (1) and the continuity state-
ment Vs + V t = (2/3)wr(t) 3 for 0_<r(t)_<R, yields an expression

for the solid-phase volume given by

*The lack of distinction between the mass densities of the supercooled liquid phase

and the recalesced, hotter, liquid phase is not significant here.

h
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s T -Lfs(Ps- (t) 3 . (3

The average zone density p is defined here as
VýPs; + Vp,
(- (2/3)7r (t)3 (4)

Finally, when Eqs. (3) and (4) are combined with the continuity statement, given above,
they yield the desired expression for the average zone density, namely,

P + 0, Pt (5)

where ,3 is a solidification parameter defined by

/3- f (PS - Pt) (6)

Kinematics of the Model

The location, along the z axis, of the center of mass for an n-body, heterogeneous
system is specified by the center-of-mass coordinate z cm defined by

cm 
(7)

piv..

where pi, V', -i are the mass density, volume, and z centroid of the individual constituent
bodies of the system, respectively. For the system shown in Fig. 1, we conveniently choose
the untransformed, supercooled liquid and the solid/liquid zone for the two constituent,
nonrigid bodies and obtain for the centroid coordinate the relationship

Pt- VPt

Zcm - PtV I + St S (8)

Expressions for the volumes and locations of the centroids can be written in terms of the
spatial variables indicated in Fig. 1, keeping in mind that the free surface z = h(t) can move
to accommodate the volume changes which occur during freezing, and that the system's
lower boundary is inertially fixed to the base plane z = 0. Also, note that any second-order
effects arising from capillarity, viscosity, and compressibility have been entirely neglected.

After some algebra, we thus find that the instantaneous position of the center of mass is
given by

o h(t)2 - rt 4  Pk - ,)], for 0 < r(t) < R, (9a)2 2R2 fit•-

2cm =

(t2 r(t)2 -R
2 /2.J - 1)]. for R < r(t) <-h . (9b)±L\t2 _ - -__
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The explicit dependences of h (t) on r (t) can be obtained by combining Eq. (5) with the
following conservation-of-mass conditions:

7TR
2 h. pt = 7R 2 h(t)pt + (2/3)7Tr(t) 3 (P for 0 < r(t) < R, (10a)

and

7TR0h,)p, - mR2h(t)pt + (213)7T (r(t)3 (r(t) 2- R2)32)(P (1 (Ob)

for R < r(t) < ho;

this then yields

h(t) - h. R2 , for 0 < r(t) < R, (lla)

and

(r (t) 3 (,(t) 2 ~R2) 3 /2 g
h(t) = ho -R for R < r(t)< h-h. (llb)

Equations (5) and (11), when substituted into Eq. (9), yield expressions for z cm in terms
of a single, dimensionless space variable k = r( t)/R. The required formulae for the velocity
and acceleration of the system's center of mass can then be found by taking first and second
time derivatives of z cm' to which are applied the auxiliary conditions

dk v

-- R (where v is the dendrite tip velocity)

and
d2kd-- - 0 (during steady-state dendrite growth)
dt 2

This procedure yields for the velocity

R k 2h ok'2 + •/ 1(_ 7

Lk3 h 4(- 8 )ks] (8 v, for 0<k<1, (12a)

dcm
dt

kL1 2hR (k -fk2- 1) +( g(k)] v, (12b)

for 1 < k < l-- - (12b)
R P

4
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where

g(k) (4/3) 2k 4 -2k 3 ]k 2 - 1- 2k 2 +k/k2 - 1 + 1),

and, for the acceleration

o(3k2 4hok + 2(- k4) v2 for 0 < k < 1, (13a)0 R 3p ý'

d 2
zcm

dt
2

hokk d /31 - 2 - k - k g (k) + k kg (k 2

h 0 R 62 dk 0

for 1 < k < 0 1 - , (13b)

Equations (12) and (13) show that the system is subjected to accelerations even during
steady-state dendrite growth (v constant), and that the directions of both the velocity and
the acceleration of the center of mass depend upon the sign of /3, i.e., whether the solid or
liquid is the more dense phase.

It is also interesting to point out that if v be expressed by the usual empirical
representation

v = AATn (n - 2 )

(where AT is the degree of supercooling in the melt and A is a constant which depends on
the material that is crystallizing), and be substituted into Eq. (13) along with the approx-
imation*

,8 c (1-P 'AT,
p; -/3 X

we obtain the semiempirical equation

d2zcm A 2  
Cp 2n1t_2 -h U(k) - 1-•s AT 2n+ 1  

(14)
d t 2  h0  PsXi

where U (k) is a function depending primarily upon the geometrical details of the crystal
growth, e.g., crucible shape and recalescence boundary shape. Equation (14) clearly
indicates that the magnitude of the accelerations induced by solidification is extremely
sensitive to the initial supercooling of the melt and to the difference from unity of the
solid-to-liquid density ratio.

*This equation can be derived by substituting Eqs. (6) and (1) into the expression
/3/(ps - /3), and then applying the approximation ps >> (cp/X)AT(P5 - Pt) 0.
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Figure 2(a), derived from Eqs. (12a) and (12b), shows the variation of the (dimension-

less) center-of-mass velocity withk, for several values of the aspect ratio ho/R of the

system. Figure 2(b) is also a plot of the dimensionless center-of-mass velocity derived

from a model similar in all respects to the one discussed above, except that solidification

has been nucleated on the free surface z = h. instead of on the base plane z = 0. The two

models form an interesting comparison because, in the case of the base-nucleated solidi-

fication, the center-of-mass velocity exhibits a peak atk = 1-with the velocity approaching

zero at the completion of recalescence (k ý ho/R)-while the free-surface-nucleated model

displays a monotonic increase in velocity.

Figure 3 shows the variation of dimensionless center-of-mass acceleration with k,

for various aspect ratios, derived from Eqs. (13a) and (13b) for the base-nucleated model.

This solidification mode is characterized by accelerations that build up rapidly in the

early stages of recalescence (k < 1) then, after reversing direction and building up again

to large magnitudes, rapidly decay to an almost constant value for the remainder of the

rapid crystal growth. It will be shown that these growth-induced accelerations can be

measured, and that the measurements provide the most direct experimental support of

the kinematic analysis just given.

ha 23 4

Fig. 2 - Theoretical variation of (dimensionless)
center-of-mass velocity with (dimensionless)

recalescence zone radius k for (a) base-nucleated

solidification, and (b) free-surface--nucleated
solidification

6
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Dynamical Analysis

Thus far, consideration has been limited to the question of what velocity and accelera-
tion of the center of mass result from the specified configurational changes which accom-
pany rapid, dendritic solidification when the participating phases differ in mass density.
Inquiry is now made as to whether the kinematical accelerations can, in fact, be produced
by the available forces which act on the system; furthermore, what limitations or modifi-
cations must be applied to the model to insure that the dynamical equations are satisfied?

Figure 4 is the free-body, z-axis force diagram for both the free-sulface- and the
base-nucleated models of recalescence. The three external forces whichý are shown are
the weight M° g, where g is the acceleration due to gravity; the external (ambient) pressure
times the exposed area of the system, 7TR 2 Pa ; and the reaction force f. against the base of
the system.

The net external force acting along the z axis, which is expressed by the vector sum

Z Fz = 7TR
2

Pa + M.g + fz'
ext

(15)

is related to the center-of-mass acceleration by Newton's dynamical law

T
ext

d 2 z
Fz = Mo 2 (16)

dt

Cr.

r-
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Fig. 4 - Free-body, z axis, force
diagram indicating the forces for

typical constraints, viz., gravity
(M•g), ambient pressure (7TR2 Pa), and
contact support (f.)

Since the weight and the force due to ambient pressure are constants, it is clear that,

during solidification, the equality specified by Eq. (16) can be maintained only by an appro-

priate variation of f in the force sum given by Eq. (15). An alternative description of the

variation of f. is that recalescence produces a change in the net hydrostatic pressure

within the freezing melt. Note, for instance, that fz /77R2 is the hydrostatic pressure across

the plane z = 0.

The curves in Fig. 5 show the variation with k of the dynamic pressure reduction cal-

culated from Eq. (16) for free-surface-nucleated growth in supercooled nickel. The accel-

eration values (d2 z cm/dt
2

) in Eq. (16) were calculated from Eq. (13) for various degrees

of supercooling using the constants for nickel listed in Table 1. The dashed horizontal

line drawn through the pressure-reduction curves in Fig. 5 represents the maximum

dynamic reduction in pressure that the system can support. This pressure cutoff is based

on the fact that metallic melts generally will not wet an inert container and, therefore,

will support only limited hydrostatic tension before fracture of the melt/container bond

(cavitation) results. Indeed, the portions of the curves above the cutoff shown in Fig. 5

indicate that beyond about 175 0 C supercooling in nickel, the dynamic pressure reduction

exceeds the total static pressure, and that significant levels of hydrostatic tension would

result if no cutoff were imposed. Thus, the cutoff is a direct consequence of the limited

forces which are available for producing accelerations of the center of mass with the sys-

tem boundaries held "inertially" fixed. Furthermore, the solidification models must now

be amended to include the onset of cavitation over the constrained surfaces of the melt

when the total pressure drops just below zero. Choosing zero total pressure for the cavi-

tation threshold neglects the additional hydrostatic tension usually required to overcome

the nucleation barrier for bubble formation. This latter effect introduces no serious errors

in the estimate for the cavitation pressure because the nucleation barrier for bubble for-

mation is small for metallic liquids on nonwetted surfaces. Moreover, minute gas bubbles,

which are usually distributed over melt/container interfaces, reduce the nucleation barrier

by providing weak-spots (sites) for cavity, formation.
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CAVITATION THRESHOLD
SUPERCOOLING-,,:

10 25O0 C
I 200oC

o I -- - -- c
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Ld 750 C

UJ 50oC
S10-"

NICKEL, -n= 2.5

,-,10-1JO-

2 3 4

Fig.5 -Decrease in hydrostatic pressure vs recal-
escence zone radius k (dimensionless), calculated
for nickel at various levels of supercooling. The
vertical, broken line indicates permissible extent
of k for an aspect ratio h. /R of 2.5. These data
are for free-surface nucleation.

The kinematic analysis indicated earlier that free-surface-nucleated recalescence
resulted in a monotonic increase, with k, of the center-of-mass velocity. A more useful
result, which can be derived from that analysis with the dynamical considerations just
given, is the dependence of the terminal, center-of-mass velocity on the initial degree of
supercooling. The terminal velocity is a quantitative measure of the state of motion
imparted to the system by the solidification process because the product of this velocity
with the system mass M. gives the z -axis momentum accumulated at the cessation of
recalescence. The overall increase in momentum which results from the action of the
net, external forces during recalescence is easily calculated with the impulse equation

tf h /v

Mo'cm f L Fzdt, (17)
0 ext

where t f is the total time of recalescence and i is the terminal, center-of-mass velocity.
Equation (17) has been evaluated as a function of Cupercooling for free-surface-nucleated
growth in nickel, again using the constants listed in Table 1. The values of icm derived
from Eq. (17) are plotted against the degree of supercooling in Fig. 6. The sharp drop in
center-of-mass velocity at about 175°C results from the integrand in Eq. (17) becoming
constant (limited net force), while the upper limit of the integral decreases monotonically
with supercooling as I/v. Physically, however, this formulation indicates that it is the
finite constraints which are responsible for the appearance of a critical degree of super-
cooling at which a maximum amount of mechanical energy is transferred to the system
during rapid crystal growth. Furthermore, as shown in Fig. 6, the position and amplitude
of the peak are relatively insensitive to the aspect ratio ho/R of the system. It will be
shown subsequently that the analysis given above provides a quantitative explanation for
several phenomena observed during high-speed solidification.
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- Fig. 6 - Terminal, center-of-mass velocity

-J 3 vs degree of supercooling, calculated for

Z° R 2 nickel. Free-surface -nucleation is assumed,
along with a cavitation threshold of zero total

01 
pressure.

0 I00 200 300
SUPERCOOLING (0C)

EXPERIMENTAL WORK

Confirmation of the Model

In the theory just presented, it was tacitly assumed that the morphology and motion of

the recalescence boundary are predictable (on a macroscale) throughout the course of

dendritic freezing. Furthermore, explicit assumptions were made that the recalescence

boundary moves at a constant velocity during freezing, and that steady-state conditions

are established quickly once growth starts. The foregoing assumptions were checked by

means of high-speed cinematography.

High-speed cinematography is the best available technique for recording the surface

details of rapid crystal growth, provided that adequate resolution of the boundary is realiz-

able. In high-melting-point systems, such resolution can be achieved because the optical

properties and the intensity of the radiation emitted by the supercooled melt preceding the

solidification boundary differ from those of the hotter dendritic crystals behind the bound-

ary. In fact, Colligan and Bayles (4) used this technique to obtain cinematographs of solid-

ification occurring in free-surface-nucleated, supercooled nickel specimens. Their results

establish for nickel that, as assumed here, the recalescence boundary spreads out from the

point of nucleation as a roughly spherical wave which travels at a constant velocity until the

walls surrounding the specimen interfere with its motion. However, the solidification

experiments in this work were performed on base-nucleated, supercooled bismuth speci-

mens which were configured as cylinders with large aspect ratios (ho/R"20). In view of

the differences between our specimens and those used in Colligan's work, it seemed desir-

able to confirm the applicability of the proposed model for our specimens. Unfortunately,

the melting point of bismuth (272 'C) is too low to allow our specimens to furnish emitted

visible radiation for resolving the recalescence boundary.

The technique which was employed in photographing rapidly freezing bismuth is illus-

trated in Fig. 7. As shown, a thin, inert layer of flux (anhydrous stannous chloride) is

10
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SOLID FLUX

--- PYREX CAPSULE

SUPERCOOLED

CRYSTALLINE
BISMUTH

ENCAPSULATED
THERMOCOUPLE

Fig. 7 - Schematic detail of bismuth
solidification specimen used in cine-
matography experiments

entrapped between the molten bismuth specimen and the walls of the Pyrex viewing capsule.
This flux has a melting point of 246 0C and, normally, has solidified before the supercooled
bismuth starts to crystallize. Once crystallization has commenced, the latent heat released
at the recalescence boundary remelts the entrapped flux layer locally; moreover, the melt-
ing of the flux apparently produces enough change in the optical reflectivity at the flux/glass
interface to supply the requisite resolution of the boundary's position.

20 CM
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Figure 8 is composed of a series of individual 16-mm frames, shown as high-contrast

positives, selected from a full cinematographic sequence taken of bismuth crystals growing

in a melt that was supercooled 66.6 °C. The framing rate was 500 per second, and the expo-

sure time was approximately 41 usec per frame. The white markers have been added to

indicate the location of the boundary at the time specified for each photograph; for refer-

ence, the distance between the wire markers on the viewing capsule is 65 mm. Between

20 to 30 frames were required to span the event along the entire 140-mm path available for

crystal growth. Figure 8 demonstrates that the phase transformation was base-nucleated,

and that the growth front moved through the supercooled melt continuously from bottom to

top. No isolated, secondary nucleation sites were ever observed ahead of the main bound-

ary; this is consistent with the original assumption of a simple, expanding growth front.

It should be noted, however, that metallographic examination of the specimens showed that

the interior of most specimens was polycrystalline. This last observation is not easily

reconciled with the assumed growth mode.

Figure 9 shows the displacement of the recalescence boundary measured as a function

of time for two levels of melt supercooling. The linearity of these data supports the

assumption that the recalescence boundary moves at a constant velocity during rapid growth,

except, perhaps, for a short initial period following nucleation. Axial temperature gradients

arising from end losses were doubtless present before nucleation; however, as indicated in

Fig. 9, their influence on the dendrite velocity was barely detectable. Examination of the

data points in Fig. 9 shows that only a slight, systematic drop in velocity occurred about

midway through the growth period.

It was mentioned earlier that the growth-induced accelerations of the center of mass

provide a sensitive, direct indication of the validity of the kinematical analysis. On that

basis, acceleration-time profiles were obtained for several bismuth specimens of the type

described by measuring the variation with time of the total axial force acting on the speci-

mens during rapid crystallization. The apparatus used for these measurements is sche-

matically illustrated in Fig. 10.

As shown in Fig. 10, the vertical component of the reaction force of the capsule against

the specimen, along with a static load from the capsule, was transmitted through the sus-

pension system to a piezoelectric force transducer. This apparatus provided an output

signal which was proportional to the deviation of the instantaneous force from the statical

value; moreover, the output voltage was also proportional to the net, vertical accelerations

experienced by the specimen.

The transducer was constructed from two 1/2-in.-diam, 1/4-in.-thick wafers of

Clevite PZT-5 ferroelectric ceramic. First, the ceramic wafers were electrically acti-

vated ("poled") parallel to their cylindrical axes in order to obtain a high, axial, electro-

mechanical coupling coefficient. Then, two faces of common polarity were joined with a

conductive epoxy cement. In this manner, a transducer was constructed which provided

a vertical-force sensitivity of 11.2 4volt/dyne. The center-fed output signal from the

transducer was coupled through low-capacitance cable to a unity-gain cathode follower

stage, which provided an impedance match (5 x 109 ohm input, 290 ohm output) between

the transducer and the readout oscilloscope. Overall, this apparatus provided flat fre-

quency response from about 0.5 cps to the resonant frequency of the suspension system.

The procedure followed during each of these experiments consisted of: (a) heating

the specimen capsule to 300-400°C in order to completely melt and superheat the bismuth

and flux; (b) coupling the capsule to the transducer, and then allowing the specimen to air-

cool slowly; (c) monitoring the output signal from the encapsulated Pt-Pt, 10%-Rh thermo-

couple with a potentiometric recorder to obtain the level of supercooling at which the speci-

men nucleated, and at which solidification took place; and (d) photographing the transient

force-time signal displayed on the readout oscilloscope during recalescence of the specimen.

12
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0 MSLC

30 MSEC

16 MSEC

38 MSEC

22 MSEC

46 MSEC

60 MSEC

Fig. 8 - Cinematographic sequence of bismuth dendrites growing into a
melt supercooled 66.6'C. Distance between wire markers is 65 mm;
total growth path is 140 mm.

Figure 11 shows the acceleration-time variation measured during rapid solidification
of a 1.3-cm-diam, 10-cm-long bismuth specimen, which was suspended from the transducer
on a 0.6-cm-diam, 12-cm-long stainless steel rod. The data points were calculated from
a set of force-time coordinates measured from the oscilloscope trace. The observed
acceleration-time profile is in good qualitative agreement with that predicted from the
kinematical analysis (cf., Figs. 3 and 11). The apparent disagreement in sign between
the observed and predicted accelerations is attributable to the fact that, in the bismuth
specimens, the solid phase was less dense than the liquid (/3 < 0), while in the theoretical

C3

13
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Fig. 9- Recalescence boundary displacement
vs time. The data were obtained from cine-
matography of bismuth specimens solidifying
at two levels of supercooling.
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calculations we assumed that the usual situation prevailed, viz., that the solid was more
dense than the liquid (,8 > 0). The only significant feature that appeared on the oscilloscope
trace and is omitted in Fig. 11 was a train of 1.8-kcps oscillations which occurred at the
cessation of rapid freezing (beyond t = 14 msec in Fig. 11). These oscillations resulted
from the excitation of resonant, elastic vibrations of the suspension system. Typically,
these vibrations damped out over a period of about 15 msec, during which time the average
acceleration of the system remained at zero; furthermore, since the vibrations are an
extraneous effect introduced by the apparatus, no additional discussion of them will be
given here.

Impulse Measurements

As shown earlier, the momentum or center-of-mass velocity depends primarily upon
the configuration of the system, upon the mode of solidification, and upon the imposed
mechanical constraints. Since it is the momentum acquired during recalescence that
determines the mechanical activity of the specimen after recalescence, a quantitative
measurement of growth-induced momentum was made (a) to prove that a portion of the
transformation energy is transferred to the specimen as mechanical energy, (b) to show
that solidifying specimens can experience a momentum change during rapid crystal growth,
and (c) to evaluate the possibility of an interaction between the mechanical disturbances and
the partially solidified structure.

While a measurement of the area beneath the experimental acceleration-time curves
would, in principle, yield directly the velocity of the center of mass and the momentum,
this method did not prove feasible. The major problem associated with integrating the
acceleration-time curves was that it was difficult to confine the sharply peaked accelera-
tion signals within the area of the oscilloscope screen and, at the same time, to maintain
an adequate detection sensitivity. For instance, whereas sufficient signal resolution is
provided in Fig. 11 for a reasonably accurate integration, the uncertainties which arise
when estimating the areas under the missing peaks would subject the integration to errors
large enough to vitiate the results.

14
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Fig. 10 - Schematic diagram of apparatus used to measure
acceleration and velocity of bismuth specimens during
solidification

The difficulties of detecting the momentum imparted to the specimens during recales-

cence were overcome by using a method which is based on the principle of the ballistic
pendulum. The transducer suspension in the apparatus already described in Fig. 10 was
modified in order to reduce its resonant frequency from several kilocycles per second-
the frequency used previously for acceleration measurements-to approximately 20 cps.
With the low-frequency suspension, the apparatus behaved as a linear pendulum, integrating
force impulses directed along the axis-of the suspension. At the start of each experimental
trial, the capsule containing the molten specimen was suspended from the transducer on a
fine (0.075-mm-diam), carbon-steel wire approximately 34 cm long. Before nucleation
occurred, precaution was always taken to cancel extraneous motions of the suspension,
which are unavoidably introduced when attaching the specimen. The degree of supercooling
sustained by the melt at the start of solidification was measured in the same fashion as
described above for the acceleration measurements.
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Fig. II - Acceleration-time profile

measured during the solidification
of a bottom-nucleated bismuth spec-
imen (compare with Fig. 3)

When solidification finally occurred, the specimen was observed to oscillate at the

resonant frequency of the suspension. The output signal recorded from the transducer was

in the form of a slightly damped, voltage-time sinusoid which decreased to half its initial

amplitude in about 3 sec. The signal amplitude was proportional to the periodic deviation

from the static value of the instantaneous tension in the suspension wire.

The net momentum AJ acquired by the pendulum during recalescence of the specimen

can be calculated from the oscilloscope record using the expression

" rmJ x (18)

where T and , are the maximum force amplitude and the frequency of the sinusoidal

force-time signal, respectively. Equation (18) can be derived from the theory of simple

harmonic oscillators if it is assumed that the duration of the impulse is short in comparison

to the period of the pendulum. The accelerations shown in Fig. 3, although derived originally

for a system with "inertial" boundary conditions, are also representative of the type of

accelerations (or forces) which act on the pendulum system, except that a harmonic modi-

fying function is not shown. As indicated in Fig. 3, when specimens have a large aspect

ratio (ho/R > 10), the large "high-frequency" forces in the range 0 < k < 1 act impulsively

on the pendulum, while the smaller, "low-frequency" forces beyond k = 1 contribute

negligible net momentum to the pendulum. In effect, then, the pendulum selectively inte-

grates the high-frequency components of the solidification-induced forces and, therefore,

provides a measure of the maximum momentum of the system.

Figure 12 shows the results obtained from the pendulum measurements. The data in
Fig. 12 were calculated from the measurements using Eq. (18) and are shown with velocity,

instead of momentum, as the ordinate. Velocity was chosen as the ordinate because the

velocity of the center-of-mass is proportional to the momentum, and yet it is independent

of the mass of the particular specimen used to make the measurement. The curve which

16
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Fig. 12 - Center-of-mass velocity vs de-
gree of supercooling. The datawere
obtained from pendulum measurements on
solidifying bismuth.
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appears in Fig. 12 was theoretically calculated from Eq. (12a) using the constants for
bismuth listed in Table 1. Considering that there are no adjustable parameters in the
theory, comparison between theory and experiment seems satisfactory within the uncer-
tainties established by the scatter in the measurements and within the errors in the con-
stants chosen for Table 1.

Table 1
Materials Constants Used for Dynamic Calculations

T r

Thermal Constants Phase Densities Growth Constants

T e X Cp Ps P t An

(°C) (cal/gm) (cal/gm-°C) (gm/cm3) (gm/cm 3
) (cm/sec-

Reference

Source* 1 2 2t it 4,5 4$ 41

Bismuth 271 12.5 0.034 9.70 10.03 0.1 2

Reference
Source* 1 2 3 3 3 6 6

*These numbers refer to the Table References given at the end of the present report.

f Calculated from source data given in the indicated Table Reference.
$From regular Reference listing at end of the present report.

1453

r'-'

BISMUTH (-20. 5 )

* 21.6 CPS /
A19.2 CPS

-THEORY6 *

A&

A

A

0.28 1.8

In

Thermal Constants Phase Densities Growth Constants

Nickel 73.8 0.157 8.30 7.95
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DISCUSSION

Introduction

In the previous sections devoted to theory and analysis, a framework was developed

for understanding how some dynamic effects arise during the dendritic solidification of a

metal. Experiments were then provided to check certain of the more mechanical aspects

of the theoretical treatment. The limitations in both the theoretical and the experimental

work stem from the choice of a transformation geometry which was contrived more for

its mathematical tractability than for its wide applicability, and from some obviously

oversimplified assumptions concerning the details of the thermal environment of an inter-

acting mass of dendritic crystals growing in a supercooled melt.

A redeeming feature of this approach is that, notwithstanding the restrictive assump-

tions in the theory, the qualitative predictions of the analysis are often useful. A good

example is an interpretation now to be given of some work done earlier by J.L. Walker (5).

Walker's work involved a number of interesting experiments in which large samples

(hundreds of grams) of nickel and cobalt were supercooled in varying amounts up to the

degree of supercooling required for homogeneous nucleation. Two effects observed by

Walker, which are of interest here, are the emission of audible noises from rapidly freez-

ing melts, and a grain-size transition in nickel from normal, as-cast coarse grains (2 cm

diam) to fine grains (0.01 cm diam) as the supercooling prior to solidification was
increased beyond about 175°C.

Acoustical Disturbances

Acoustical disturbances in the form of audible "bumps" or clicks were reported by

Walker (5), who first observed the recalescence of highly supercooled nickel specimens.

Walker measured the magnitude of the disturbance by recording the signal amplitude gen-

erated by a phonograph cartridge coupled to a rigid probe which extended into the freezing

nickel specimen. Figure 13 shows the variation with the degree of supercooling of the dis-
turbance amplitude.

It appears likely that the disturbances which were detected in Walker's "phonograph

cartridge" experiment were a manifestation of an impulsive interaction, via sound (pressure)

waves, between the solidifying melt and the probe. A well-defined mechanical parameter

which can be logically associated with these pressure disturbances is the momentum change

or impulse between the melt and its surroundings. Furthermore, it can be shown from

elastic theory* that pressure and impulse are related by

Ap i ciAj, (19)

where Ap. is the pressure-wave amplitude generated in a body during an impulsive inter-

action, cij is the velocity of sound, and AJ is the momentum per unit volume transferred by

the elastic wave from the solidifying body to its surroundings. Equation (19) shows that

when impulsive momentum transfer generates pressure waves in a system, the amplitude

of the pressure waves is proportional to the change in momentum density. Thus, Eq. (19)

provides a basis for understanding the marked similarity between the disturbance data in

Fig. 13 and the calculated velocity curves in Fig. 6. Both Figs. 6 and 13 represent the

*Equation (19) is an alternative form of the impulse equation (No. Z61) given on p. 441

of "Theory of Elasticity," by S. Timoshenko and J.N. Goodier, New York:McGraw--Hill
(1951).

18



(
r

(,.

r
r

NAVAL RESEARCH LABORATORY 19

100

NICKEL

SJ.L.WALKER'S DATA

U 75
z
n

Ic

F-

M

C)

Fig. 13 - Acoustical disturbance amplitude •-
(arbitraryunits) vs degree of supercooling, • 25-
scaled from J.L. Walker's data on nickel (6)

C - 7 ' I I I
.o I00 200 300

SUPERCOOLING (
0

C)

situation in which nickel specimens with aspect ratio of 2.5 froze dendritically from a
nucleation point on the free surface of the melt. The relationship between the acoustical
disturbances and the growth-induced, center-of-mass velocity (or momentum) can be
placed on a more quantitative basis by comparing the functional variation of these quan-
tities with the degree of supercooling prior to solidification.

Figure 14 shows a logarithmic plot of the disturbance data taken from Fig. 13 and a
theoretical line with the slope predicted from Eq. (17). Although the data in Fig. 14 do not
include the measurements occurring beyond the peak in Fig. 13, the correspondence between
Walker's data (6) and the theoretically predicted slope is satisfactory.

The disturbance data that were obtained beyond the peak in Fig. 13 have not been
treated quantitatively because, as explained in the section on dynamical analysis, cavita-
tion effects must enter into the solidification process at levels of supercooling which
approach the peak in the disturbance-supercooling curve. Because it is not yet possible
to describe either the spatial distribution or the motion of the cavitation pockets which
form on the constrained surfaces of the solidifying specimen, the analysis cannot, at pres-
ent, be extended to rationalize quantitatively the disturbance data at levels of supercoolingbeyond about 175°C.

Cavitation Effects

Although no precise predictions can be offered concerning the behavior of solidifying
systems after cavitation has occurred, some observations directly concerning cavitation
can be explained, at least semiquantitatively.

From Fig. 5 we can predict that, in nickel, traces of cavitation might be in evidence
at levels of supercooling as low as about 130° C. Also, the total volume of the cavitated
pockets should increase with increased supercooling because, at higher levels of super-
cooling, a greater fraction of the solidification process occurs near zero hydrostatic
pressure, i.e., occurs under conditions favorable for cavity formation.
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The cavities formed by the dynamical reduction in hydrostatic pressure should be

distributed as a myriad of small pockmarks on the constrained surfaces of the specimen.

Furthermore, the position at which cavitation would most likely begin is at the cylindrical

side walls adjacent to the free melt surface because, at that position, the hydrostatic pres-

sure is lower than at other points on the melt/crucible interface. Figure 15 shows some

pitlike surface formations distributed over the base of a 37-mm-diam ingot of cobalt that

had sustained a supercooling of 226'C before solidifying. J.L. Walker has observed (6)

similar surface markings in nickel ingots which were frozen from a highly supercooled

condition, and B.J. Bayles (7) has observed surface cavities in rapidly solidified iron

specimens.

Grain Size Transition

The sharp decrease in as-cast grain size with increased supercooling, which has been

observed by Walker in nickel and cobalt, represents one of the most perplexing phenomena

associated with high-speed solidification. Horvay has presented some interesting hydro-

dynamical arguments (2) which indicate that cavitation and enhanced nucleation can occur

when the hydrostatic tension in the flow field ahead of an advancing dendritic crystal exceeds

the fracture strength of the melt. Since the cohesive strength of a liquid metal under hydro-

static tension is of the order of 105 atm, it is clear that the dynamic effects now under con-

sideration could not produce grain refinement by Horvay's mechanism. Nevertheless,

several alternatives for explaining the grain-size transition are suggested by the present

work.

The first explanation offered is that a collapse of some of the surface cavities early

in the solidification process causes large, local pressure fluctuations which enhance the
"classical" nucleation rate occurring in the untransformed, supercooled melt. The origin

of this rate enhancement is the pressure-induced elevation of the solid-liquid equilibrium

temperature, which may be predicted from the Clapeyron equation. A discussion of this

mechanism has recently been given by Chalmers (8).

NICKEL
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A second mechanism which must be consid-
ered is that of the collapse of the surface cav-
ities at the termination of recalescence. When 7-,

the surface cavities collapse-at least partial
collapse must occur at the cessation of dendritic
growth-a transient flow of molten metal will be
established in the interdendritic channels
throughout the specimen. The structure of a
specimen just after recalescence is composed
of fine (micron diameter), fragile, branched den-
drites, which account for about 10 to 50 percent
of the volume, and interdendritic melt near the
equilibrium temperature, which accounts for the
remainder. The presence of fluid flow in such
an unstable structure could cause displacements
and/or fracture of the dendritic skeleton which
would produce a refinement in the final grain
size. No enhancement of the nucleation rate is .CM
required for this mechanism. *A*

Finally, it appe ar s possible that the im- Fig. 15 - Pitlike surface formations
pulses, which result when solidification-induced distributed over the base of a cobalt

ingot which was supercooled 226'Cmomentum is transferred from a specimen to before solidifying (photograph cour-
its surroundings, can interactwith the recalesced te sy of P r of e s s o r G.A. Colligan,
structure and produce grain refinement. Figure private communication)
16 shows the force impulse measured at the base
of a crucible of solidifying bismuth. The speci-
men was supercooled about 85 0C when solidification started. The measurements were
performed in the same manner as described in the section on experimental work, except
that the specimen was not suspended from the accelerometer but rested on an insulating
plate to which was attached the force sensor. The photograph shows that the specimen
was subjected to two groups of forces: The first group was composed of the solidification-
induced forces which lasted about 40 X 10 -3 sec, as indicated by the period -; the second
group consisted of a train of powerful impulses resulting from the transfer, to and fro, of
growth-induced momenta between the specimen and the support plate. Impulse pressures
as large as 4.2 X 106 dyne/cm 2 have been measured in bismuth. The linear damping of a
portion of the impulses in Fig. 16 indicates that the entire specimen of about 150 gm was
subjected to nine or ten restitutive bounces on the support plate. Clearly, then, the evi-
dence is strong for the presence, just after rapid growth ceases, of dendrite-damaging
impact pressures. Lastly, it should be noted that the dynamic effects measured when
supercooled bismuth solidifies are likely to be considerably milder than those encountered
during the solidification of materials such as nickel, iron, or cobalt. The reason is that
the maximum growth velocities which are attainable in supercooled bismuth are only about
one tenth as large as those observed in the transition metals mentioned above.

SUMMARY AND CONCLUSIONS

A hypothesis has been proposed to explain the dynamical behavior of systems subjected
to rapid, dendritic solidification. The theoretical conclusions, given next, were developed
from a Newtonian analysis of the mass redistribution which occurs across a dendritic solid-
ification front.

1. It was shown that even under the conditions of constant dendritic growth velocity,
net accelerations of the center of mass of a solidifying system are obtained, irrespective
of the precise morphology of the transformation.
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Fig. 16 - Force-time oscillogram obtained from trans-

ducer located at the base of a solidifying bismuth

specimen. Total horizontal sweep time: 150 msec;
vertical deflection sensitivity: I volt/cm; approximate
force sensitivity: 105 dynes/cm.

2. Calculations were made of the momentum acquired during rapid solidification by
using a quantitative description of the accelerations of the center of mass along with sim-
plified, but reasonable, dynamical constraints. Thus, it was determined that for free-
surface-nucleated systems, the induced momentum increased monotonically over the dura-
tion of the transformation, while in the case of base-nucleated systems, a more complicated
behavior resulted.

3. The total momentum, or terminal velocity, of the mass center of a solidifying
specimen did not vary monotonically with the dendrite growth velocity or with the degree
of supercooling. It was found, instead, that the momentum acquired by a specimen achieved
a maximum at a level of supercooling which was determined by the material that was freez-
ing and by the value of the maximum net external force provided by the mechanical
constraints.

Experiments were than conducted to ascertain the validity of the analysis and to check
on the appropriateness of some of the assumptions when applied to real systems. The con-
clusions given next were derived from these experiments.

1. A cinematographic study of the motion of bismuth dendrites in long (25-cm) capsules
verified the assumption that a "forest" of dendrites, nucleated from a single site, can grow
for considerable distances at constant speed, with no observable tendency to nucleate crys-
tals ahead of the dendrite tips. Although these observations permit a gross description of
the temperature and mass distribution during dendritic growth, the fact that these speci-
mens, in the main, are polycrystalline indicates that the details of this type of solidification
are far more complicated than evinced by our observations.

22
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2. A direct confirmation of the qualitative aspects of the dynamical analysis was
obtained by measuring the accelerations induced in rapidly solidifying specimens of super-
cooled bismuth. The form of the acceleration profiles, measured with piezoelectric accel-
erometers, was in accord with the acceleration profiles predicted from the theory.

3. The momentum acquired by bismuth specimens during their solidification was
measured by a method based on the ballistic pendulum principle. Agreement was found
between the measured momenta and the theoretically derived values.

4. Pressure pulses between 106 and 107 dyne/cm2 were detected at the termination
of recalescence in highly supercooled (AT ý 90'C) specimens of bismuth. Since the pres-
sure waves within the specimens might have been more intense than those measured, it
is concluded that an interaction between the recalesced structure and the solidification-
induced impulses is a likely possibility. Moreover, in the solidification of materials
such as nickel, iron, and cobalt, wherein dendrite velocities greater than 5000 cm/sec
have been observed-compared with the maximum of 500 cm/sec for bismuth-even more
intensive dynamic effects are expected than have been measured here.

Finally, it is concluded that a rationale can be provided for explaining several phe-
nomena observed during the rapid solidification of bismuth, nickel, cobalt, and iron.
Specifically, interpretations were offered for:

a. the emission of acoustical disturbances from strongly supercooled melts, during
recalescence;

b. the functional form of the variation (in nickel) of the disturbance amplitude with
the degree of supercooling;

c. the formation of surface pockmarks on rapidly frozen ingots of cobalt, nickel, and
iron; and

d. the transition in grain size which has been observed in cobalt and nickel.
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