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A Neliac Program For Calculating Prolate
Radial Spheroidal Wave Functions r

S. HANISH

Transducer Branch
Sound Division

This report contains a complete transcription of a digital computer program for the
computation of prolate radial spheroidal wave functions. The program is written in the
Neliic dialect of Algol 60. A brief explanation of the sequence of commands is made by
listing all the formulas used by the author in its construction and by indicating in the body
of the program the sets of commands corresponding to each formula in the list. The program
has been compiled by the Neliac-N compiler of the NAREC and has worked successfully for
the following ranges of input parameters: 0 -- m -- 10, 0 20, 0 -- h - 20, e: _ 1.000005,
with a precision of at least four significant digits.

INTRODUCTION

In NRL Report 5947 (1), the author published a digital computer program for calculating
prolate radial spheroidal wave functions. The program was written in NIP (NAREC Interpretive
Program) language. After the appearance of that report a new programming language became
available at the NAREC computing center for the rapid compilation of computer programs.
This was the Neliac dialect of Algol, implemented on the NAREC by the Neliac-N compiler.
When Neliac appeared it was thought advisable to rewrite the program of Report 5947 in this
new language. The following report contains a complete transcription of this Neliac version,
together with explanatory notes. Examination of this version will show that no portion of it
(excluding the input procedure) is machine dependent. It is therefore valuable to users in other
institutions.

THEORETIC CONSIDERATIONS

NRL Report 5947 contains a summary of all the pertinent formulas and references needed
for the computation of the prolate radial spheroidal wave functions. The reader is referred
to Flammer (2) for additional details. For convenience we list in Appendix A all of the equations
referred to in the explanatory notes in the main body of the program itself (Appendix B).
The source of each formula is noted in the heading above it.

This program was compiled on the NAREC by the Neliac-N compiler and tested for
various combinations of the six input parameters m, 2, h, zero, R, ý. In all cases the results have
shown greater precision by one or two significant digits than that achieved by the outputs of the
earlier NIP program of Report 5947.

PROCEDURE FOR USING NELIAC VERSION

The tape containing the Neliac version of our program is designated by the identifying
number F5061. When the Neliac-N compiler is in the NAREC memory, this tape may be read
in directly by the automatic reader and the program compiled without additional commands.
Six input parameters must be in the memory of the computer before computation can begin.
In addition, 51 spheroidal wave function expansion constants must be found on address DD,
DD + 1, etc., of the program, and the value of the prolate spheroidal eigenvalue must be found
in address 0923 of the NAREC memory, or cell 2 of the program in Appendix B.

NRL Problem S02-07; Project RF 001-03-44-4052. This is an interim report on one phase of the problem; work is continuing. Manu-
script submitted April 8, 1964.
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The meaning of the input parameters may be understood by referring to Eq. (14) of

Appendix A. Here m and I are modal (integral) numbers, h is kd/2, where k - 27r/X, X is the

wavelength, and d is the interfocal distance of the prolate spheroid. The symbol R represents

an address which contains a zero for the prolate case. The symbol ý is the radial spheroidal
coordinate.

For any compuler on which this program is to be executed we must make input assignments

in conformity with the following input table (Table 1). For convenience of NAREC users the

input assignments are shown in their correct NAREC locations.

TABLE 1

Input Assignments

NAREss Input RequirementAddress

0800 m, in Neliac floating point

0801 2, in Neliac floating point

0802 h, in Neliac floating point

0803 Zero*

0804 R, either zero (prolate case)
or hexidecimal I (oblate case)

0805 ý, in Neliac floating point

1A01 51 prolate spheroidal wave function
1A02 expansion constants, d,(humj) in

Neliac floating point.
1A33J

0923 Prolate spheroidal eigenvalue, in
Neliac floating point.

*This address is included to permit use of Tape F5188 with the

above noted input data.

When the input is in the memory, the compiled program may be executed by starting at the

command "10 Statement" which appears on page 46 of the program (last page of Appendix B).

Previous compilation on NAREC has shown this command to be located at address 3876. Hence
the NAREC starting order is LO 3876.

The program automatically prints out the value of R(') and the value of dR,,d I.

THE NELIAC PROGRAM

Appendix B contains a complete reprint of the entire contents of Tape F5061. On most

pages of this reprint we have appended on the right a series of brief explanatory remarks and

references to formulas. By consulting Appendix A the reader may find the formula whose

compilation is being effected by the series of command following the corresponding arrow in the
explanatory remarks.
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Appendix A
Equations Referred to in Appendix B

Equation (1)--Ref. 3, p. 11

- (n + 2m) (n + 2m-- 1)
(2n + 2m + 1) (2n + 2m - 1)

Equation (2)--Ref. 3, p. 11

v 2 (n+m)(n+m+ 1) -- 2m2 1+ (n+m)(n+m+l) + -A (h)
" (2 n + 2m + 3) (2n + 2m-- 1) h2

Equation (3)--Ref. 3, p. 11

J~~n (n + 2) (n + 1)(2n+2m +3)(2n+2m+ 1)

Equation (4a)--Ref. 3, p. 18

d-2m U-2m+2

d-2m+2 V2m

Equation (4b)-Ref. 3, p. 18

d-2m+l U-2m+3

d-2m+3 V-2m+l

Equation (5a)-Ref. 3, p. 18

d. U.+2

d.+2 w .( )

Equation (5b)-Ref. 3, p. 19

1
d-2m21 p (2m + 1) (2m - 1)

d-2,,, V-2m 2 + W-2m--4 ýW

Equation (5c)-Ref. 3, p. 19

1
d 2m-1ip (2m - 1) (2m - 3)

d 2m+, V-2m-1 + W9-2m- 3 d
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Equation (6a)-Ref. 2, p. 86

Deesum even r/2 (r=2m)! dr(h I min)
r=O2r~)/r+2m\I

Equation (6b)-Ref. 2, p. 86
D' (- 1)(' 1)/2 (r+2m+ 1)! dr(h I m)

Deesum odd-s (• ( 2el

1 2rt 1)! r+ !
-22

Equation (7a)-Ref. 2, p. 86

Flammstrattn -+ (- U M) even
22 m(--)! (2ý+m)

Eq. (6a)

Equation (7b)-Ref. 2, p. 86

Flammstrattn = -1)(' -1)/2 (I + In + 1)!

21-'(_- m -1)! (_1 + 1)m+

Eq. (6b)

Equation (8a)-Ref. 2, p. 33

(2)22�mh2 -- (2m)! (2-m), (2-m)i dr(hM)m!)
k j(h) =Joinfac - (2m - 1) m! (f±+ m)! k-m -

X -m)! X Flammstrattnl, (2- m) even
[(-r)!

Equation (8b)-Ref. 2, p. 33

22_m(2m)! (2m-1) ( ± 1)! I (h ml)

(2) 2________________________2 ___________Kt (h) =Joinfac= (2m -3)(2m -1)m! (1+m+ 1)! Cm-2

[(2+ in)! 1

x m)! x Flammstrattnj, (2-- m) odd
[(2 i)!

Equation (9)-Ref. 5, p. 31

1 = I [2(m I 1)]1(, )/2}Q m 1 2(m - 1) m+1± 2Qm_ (rn-i)!(
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Equation (10)-Ref. 5, p. 31

Q -m+- 1 (2m 3) Qm
--

1 
+ + ri--]

Equation (11)--Ref. 5, p. 31

Ql 1 Q 1 = 1
"V/re- I

Equation (12)-Ref. 5, p. 32

1
m+" - [( 2 m+2n-1) Qm+n-,- (2m + n - 1) Qmm+n2]

Equation (13)-Ref. 5, p. 32

Q2 - 1 r- m+(

Equation (14)-Ref 2, p. 33

(2) 1Rm, (h, f) = K-- _(h

Kmlh [ r 2m,2m+l

+ •drjp(h m2)
r=2rn+2,2rn-il

dr (h I ml) Qmm+, (e)

P-.-, (W)

5
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