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Calculations on Uniform-Field Bending Magnets

P. SHAPIRO

Nuclear Instrumentation Branch
Radiation Division

and

S. PODGOR AND R. B. THEUS

Nuclear Reactions Branch
Radiation Division

The focal properties of some uniform-field bending magnets have been calculated. This report gives

tables and graphs of the image distance and magnification for deflection angles of 20, 22-1/2, 35, 40,

and 45 degrees, as a function of the object distance and the angle the particle beam makes with the

entrance and exit faces of the magnet. These numerical results are useful when designing ion-optical

systems for particle accelerators.

INTRODUCTION

The beam transport system for the NRL Sector-

Focusing Cyclotron Facility is now being designed.

This beam transport system will use uniform-

field bending magnets to steer the beam, an in-
homogeneous-field magnet for energy calibration
and high resolution, and quadrupole magnets for
focusing. It is convenient to study the response
of an entire beam transport system by ray tracing

using the matrix techniques described by Penner
(1). However, when selecting elements for a trial
beam transport system, it is necessary to know the

ion-optical properties of each individual element
of the system.

Numerical data on the various ion-optical ele-
ments is available throughout the literature (2).
However, the particular examples shown in the
literature are not often useful for our design
needs, nor are the results usually given to enough
accuracy to be used as input data for ray-tracing
calculations. Hence, to satisfy our needs, we have
computed some of the ion-optical properties of
various beam transport elements. This report
gives the focal properties of uniform-field bending
magnets as a function of the angle the particle

beam makes with the entrance and exit faces
of the magnet for several possible deflection
angles.

NRL Problem H01-23; Project RR 002-06-41-5008. This is an in-

terim report on a continuing problem. Manuscript submitted January

14, 1965.

BRIEF DESCRIPTION OF

BEAM TRANSPORT SYSTEM

The beam from the NRL cyclotron can be
brought into any of three rooms for use by ex-

perimenters. The floor plan of the facility (Fig. 1)
has been designed so that personnel can work on

experimental equipment in two of the experi-
mental rooms while the charged particle beam
experiment is brought into the third experimental
room.

The virtual source inside the cyclotron is
focused by means of two quadrupole doublets
onto the entrance slit of the inhomogeneous-field
(n = 1/2) beam analyzing magnet. The beam

analyzing magnet can be rotated into either of the
two positions shown in Fig. 1 so that a beam well

defined in energy (AE/E 2 X 10-4) can be di-
rected toward either Room 2 or Room 3. The
beam can also be directed to Room 1 for experi-
ments which do not require the good energy
resolution available with the analyzing magnet.

A uniform-field bending magnet for each
experimental room is located in the cyclotron
vault so that the beam can be deflected into one of
the several beam paths shown in the experimental
room. These magnets have been located in the

cyclotron vault to minimize background in the
experimental rooms.

A suitable system utilizing the combined
focusing properties of the quadrupoles and the

I
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Fig. I - Floor plan for the NRL cyclotron facility

beam bending magnets indicated in Fig. 1 must
be devised to bring a focused image of the exit
slit of the beam analyzing magnet to the location
required for experiments along the various beam
paths in Rooms 2 and 3. Similarly, the image of
the virtual source inside the cyclotron must be
imaged onto the required locations on the various
beam paths in Room 1.

The problem encountered in meeting the fore-
going criteria is that the bending magnet for each
experimental room must be designed to have the
correct focal properties for each of the required
angles of deflection. In this design one may utilize
the fact that the focal length of a uniform-field
bending magnet is strongly dependent on both
the angle the incident particle beam makes with
the pole edge on entering the magnet and the

angle the particle beam makes with the pole edge
on leaving the magnet. The data presented in this
report were computed to show for particular
deflection angles the available range of the
horizontal and vertical magnifications and object
distances as functions of the entrance angles,
exit angles, and image distances and thus facilitate
the design of the beam transport system.

DESCRIPTION OF CALCULATIONS

Uniform-field bending magnets will focus in the
radial plane but will not focus in the vertical plane
if the ion beam both enters and leaves the magnet
normal to the pole edge. This characteristic makes
it difficult to incorporate a uniform-field bending

2
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Fig. 2 - Notation for motion in the radial plane of the magnet

magnet into a system that requires double fo-
cusing. However, if the direction of the ion beam
on entering or leaving the field is not perpendicu-
lar to the pole edge, the fringe field of the magnet
provides focusing in the vertical plane. Thus
proper choice of the entrance and exit angle makes
it possible to obtain double focusing.

A NELIAC-N program* has been written to
compute the entrance and exit angles, as a func-
tion of object distance, which lead to double
focusing. This calculation has been performed for
the deflection angles of interest in designing the
NRL facility: 20, 22-1/2, 35, 40, and 45 degrees.

The calculations made herein use the condi-
tions for double focusing given by Cross (3),
and the notation follows that of Cross and is
illustrated in Fig. 2, where the motion in the
radial plane of the magnet is shown. The quantity
(p is the deflection angle of the magnet. The
quantity 2' is the distance from the object to the
pole edge, and the quantity 2" is the distance from
the pole edge to the double-focused image. The
quantity p is the radius of curvature in the magnet.
Since all distances will be shown as multiples of
p, p = 1 for the optic axis of the magnet. As shown
in Fig. 2, El and E2 are the angles the incident beam
and the exit beam, respectively, make with the
normal to the field. The angles Ei and E2 are taken
as positive if the path outside the field lies on the
same side of the normal to the boundary as does

*NELIAC-N is a compiler language for NAREC, the NRL digital

computer.

the center of curvature of the particle's deflection
(E, and E2 are both positive as shown in Fig. 2).

The conditions for double focusing in the nota-
tion used by Cross (3) are

tan E2 tan (,--p + (0 --cot+)

and

z!tan (,p - 4)
1" 21 (ý --cot q) I)

where
1

tan qi = tan E +_

and
1tan l}=tan El--,

(1)

(2)

(3)

(4)

From Eq. (1), the value of E2 which will give
double focusing can be determined for a given
value of E, and 2'. Then I" is determined from
Eq. (2).

An expression for the magnification is not given
explicity by Cross. However, Cross does give an
expression (Eq. (1) of Ref. 3) for the displacement
of a ray from the optic axis after it has left the
magnetic field. At a focal plane, this displacement
is independent of the angle the ray leaving the
object makes with the optic axis. Using this
consideration, the magnification in the horizontal
(radial) plane is obtained:

MH q cos E2 (5)
COS E1
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where

)" sin 01 cos (P -- Ei)

q cos2 Cos E2

with

ft ( - El - E2.

(6)

(7)

Similarly, the magnification in the vertical plane,
Mv, is obtained from Eq. (3) in Ref. 3:

Mv = 1 - ýp tan E1 - 1"[tan E,

+ (1 - 9 tan E1) tan E2].
(8)

RESULTS

The printouts from the NELIAC-N calculation
are given in Appendix A, and graphs of some of
the results are shown in Appendix B. It is intended
that the graphs be used to explore the range of
available parameters but that the more exact values
of the parameters to be used in ray-tracing calcu-
lations be obtained from the computer printouts.

There is a slight difference between the notation
used in the preceding section of this report and
the notation used in the printout. This difference
is due to format limitations in the computer out-
put. The relationship between the two notations
is given in Table 1.

Each block of results in the printout corresponds
to a fixed value of PHI and LP with El as a run-
ning parameter. All angles are shown in degrees
and all distances are given in multiples of the
radius of curvature of the particles in the magnetic
field. The computed values of LD are shown as a
decimal followed by the power of ten by which
this decimal should be multiplied. The printout
has been formatted so that if IMHI or IMvI is

greater than 999.99, asterisks appear in the print-
out. Such large values are not considered to be of
interest. Also, no computations have been made

TABLE 1

Identification of the Printout Notation
in Appendix A

Notation in Printout
Report Text Notation Quantity

2' LP Object distance
2" LD Image distance

El El Entrance angle
E2  E2 Exit angle

MH MH Horizontal
magnification

Mv MV Vertical
magnification

PHI Deflection angle

for negative values of Li, since these values
generally do not lead to double focusing, and
since at these values the defocusing at the en-
trance to the magnet causes the vertical acceptance
angle of the magnet to become too small.
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APPENDIX B
Graphs of Some of the Results
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E6

(a) Horizontal magnification vs entrance (b) Vertical magnification vs entrance
angle with object distance as a parameter angle with object distance as a parameter

10* 20° 30° 40° 50* 60*

(c) Image distance vs entrance angle with
object distance as a parameter

EI

(d) Exit angle vs entrance angle with
object distance as a parameter,

Fig. BI - Portions of the results for a deflection angle (p = 20 degrees
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(a) Horizontal magnification 'vs entrance
angle with object distance as a parameter

el

(c) Image distance vs entrance angle
with object distance as a parameter

El

(b) Vertical magnification vs entrance
angle with object distance as a parameter

300EI

(d) Exit angle vs entrance angle with
object distance as a parameter

Fig. B2 - Portions of the results for a deflection angle (p = 22.5 degrees
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(a) Horizontal magnification vs entrance
angle with object distance as a parameter

200 30* 400 500 600
El

N

(c) Image distance vs entrance angle
with object distance as a parameter

(b) Vertical magnification vs entrance
angle with object distance as a parameter

(d) Exit angle vs entrance angle with
object distance as a parameter

Fig. B3 - Portions of the results for a deflection angle ( = 35 degrees
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Fig. B4 - Portions of the results for a deflection angle (p = 40 degrees
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'0° 100 200 30' 40- 500 600 700

(a) Horizontal magnification vs entrance
angle with object distance as a parameter

100 200 300. 400 500 600
E6

(c) Image distance vs entrance angle with
object distance as a parameter
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(b) Vertical magnification vs entrance
angle with object distance as a parameter

El

(d) Exit angle vs entrance angle with
object distance as a parameter

Fig. B5 - Portions of the results for a deflection angle ýp = 45 degrees
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