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Abstract: If M is a (not necessarily complete) riemannian manifold with metric
tensor gy and f is any proper real-valued function on M, then M is necessarily complete
with respect to the metric &; = gij + (3f/9x%) (8f/9x). Using this construction one can
easily prove that a riemannian manifold is complete if and only if it supports a proper
function whose gradient is bounded in modulus.

1. It is known that every differentiable manifold supports a complete riemannian structure.
This is a consequence of Whitney’s Embedding Theorem. (See the concluding remark at the end
of Section 4.) Moreover, Nomizu and Ozeki [1] have shown that every riemannian manifold is
conformally equivalent to a complete riemannian manifold. In this report we shall describe a
method for constructing complete riemannian metrics which is exceedingly simple and provides
a necessary and sufficient condition for the completeness of a riemannian structure. Namely,
we shall show that a riemannian manifold is complete if and only if it supports a proper function
whose gradient is bounded in modulus.

We begin by recalling some basic definitions. All manifolds under discussion will be assumed
to be connected paracompact Hausdorff spaces which are locally homeomorphic to open eu-
clidean m-discs. A riemannian manifold M of class €3 with metric tensor g = (g;;) is said to be
complete if either of the following two equivalent conditions hold:

(i) Every geodesic arc y = y(¢) can be extended for all values of ¢.
(ii) M is complete with respect to the distance function Jd(p,q) = (infimum of the set of arc
lengths of paths joining p to q).

Recall that in order for M to be complete it suffices that there exist a single point p such that
every geodesic y = y(¢) with y(0) = p can be extended for all values of ¢; also, every pair of
points of a complete riemannian manifold can be joined by a geodesic of minimum length. (For
details and references see e:g. [2] or [3].) If b = (b;;) is a symmetric tensor field, we write (b;;)->-
0 to indicate that the form (b;;(p)) is positive definite at every point p of M, i.e., that Zb;;(p)£is >
0 for every p in M and.every nonzero vector £ in T,,(M). By definition, a riemannian metric is a
symmetric tensor field y = (y;;) of class C? which is positive definite at every point. Finally, we
recall that a continuous map f is said to be proper if f~1(K) is compact whenever K is compact.
Our results are contained in the following two theorems.
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THEOREM 1. Let M be a (not necessarily complete) riemannian manifold of class C® with

metric tensor g = (gij), and let f be any proper real-valued function on M of class C3. Then M
is complete with respect to the metric g = ( &:;). where

~ : af
gii=gij+ fifis (fi=5?) . (1)

THEOREM 2. Let M be as above. Then M is complete with respect to g if and only if there
exists a proper C3 function f on M such that

(gis — fify) > 0. (2)

Equivalently, a riemannian manifold is complete if and only if it supports a proper C? function
f whose gradient is bounded in modulus, (|V f| < constant).

Proof of Theorem 1.

2. In a few words, to prove the theorem we first observe that g is the metric that g induces
on the grapth of f, and then use the propriety of f to show that its graph is Cauchy complete.

Let the product manifold M X R be endowed with the usual product metric, so that the
element of arc on M X R becomes ds = 3 gijdxidd + dz", where x = (x, ..., x™) represents a
local coordinate chart on M and z denotes a general point of R. The graph of f will be defined to
be the subspace of M X R which consists of all pairs {(p, f(p))|p € M} and which is endowed
with the obvious differentiable structure which makes G diffeomorphic to M. Hereafter we iden-
tidy G with M. Now g is the metric which G inherits from its embedding in M X R, and therefore
the theorem will be proved once we show that every g-Cauchy sequence in G contains a g-
convergent subsequence.

But if {(p., f(px))} is a Cauchy sequence in G, then {f(p.)} is a Cauchy sequence in R
because

de[(p, 2), (p', 2')] = duxel(p, 2), (p’, 2)] = |z —z'|.

Therefore, by passing to a subsequence we can assume that f(p,) — z for some z in R, so that
{z, f(p1), f(p2), ...} is a compact subset of R, But {pi, p2, ...} C f~{z, f(p1), f(p2), ...} and

f is proper. Therefore the sequence {p,} contains a convergent subsequence since it is contained
in a compact set.

Remark 1. The proof generalizes the following construction: Let A be a closed subset of
R? and let f be a C? function defined on R? - 4. Let G be the surface embedded in R® which lies

over R? - 4 and is given by the relation z = f(x, ¥). Then G is complete (with respect to the in-
duced metric) if f is a proper function (on R? - 4).

Remark 2.. Let g and g be two metric tensors on M. It is a trivial matter to verify that M
is complete with respect to g if M is complete with respect to g and (gi; - gi;) is positive semi-
definite at every point. Hence from (1) it follows that the graph of any function on a manifold
is complete if the manifold is itself complete. ’

Proof of Theorem 2.

3. Let f be a proper C® function which satisfies (2). Then the assertion that M is complete
is an immediate consequence of Theorem 1 and the relations gi; = (gij — fif5) + fif;.
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We shall raise and lower indices in the usual tensorial fashion and employ the tensor summa-
tion convention. If f satisfies (2), then |V f| < I; for multiplying (2) by fifi and summing on
repeated indices, we get {V |2 — |V £]* > 0. On the other hand suppose |V f| < constant. Multi-
plying f by a suitably small constant we can assume that |V f| < 1. Then for any vector ¢ we
have

g — (fi€)fi€) = |[€]2 = (V £, % = [&[X(1 — [V f]?).

that is, (gi; — fif;) > 0, and we have shown that the existence of a proper function satisfying (2)
is equivalent to the existence of a proper function whose gradient is bounded in modulus.
Finally, to complete the proof we have to show that every complete riemannian manifold
M supports a proper C? function f whose gradient is bounded in modulus. By a well-known
theorem of Nash we can assume the existence of an isometric embedding j: M — R¥ for some N.

Then M is complete if and only if M is a closed subspace of RV if and only if j is proper. Let -

w = (w!, ..., w") be standard euclidean coordinates on R¥, and let F(w) =log(l + |w|?). Theén
F is a proper function on R¥ and |V F| < 1. Let f =Foj = F/M. Then f is proper because the
composition of proper maps is proper, and |V f| < 1 because at each point p of M,V f(p)is the
orthogonal projection of VF(p) onto T,,(M), so that |V f(p)| < |VF(p)|.

4. We conclude by remarking that the theorem of Nomizu and Ozeki is an easy consequence
of Theorem 2. In fact, we have the following corollary.

COROLLARY. Let f be any proper C?® function on M, and let g = (gi;) be any metric tensor
on M. Then M is complete with respect to the metric g, where

—~ 2
gij =€V g
Proof. Let V,, V_, PR |ﬁ denote the gradient operators and norms associated with
zand g respectively. Then
12 2 2 1
nggy: Vaf|sexp|—|Vof y) s;~

Remark. The existence of a proper junction on M is guaranteed by Whitney’s Embedding
Theorem, which asserts that every manifold can be embedded as a closed submanifold of euclid-
ean space. This being given, one then proceeds to construct a proper junction on M as was done at
the end of the last section. Whitney’s theorem also implies the existence of a complete metric
on M. For if M is embedded as a closed submanifold of R¥ one can define g to be the metric which
is induced by the embedding.
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