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surface. Terms beyond first order (second and third) are included in order to explain cross-
polarization effects, which have been observed experimentally. Limited results on fourth-order terms
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AN ANALYTICAL STUDY OF RADAR RETURNS IN THE
PRESENCE OF A ROUGH SEA SURFACE

INTRODUCTION

The analytical study described in this report was originally undertaken in an attempt at
a theoretical explanation of certain experimental results on radar return from ship targets
corrupted by sea return. In the process of carrying out the study, the author first reviewed
the literature with a view toward applying the existing theoretical results directly to the
problem at hand. Previous theoretical analyses by S. O. Rice at the Bell Telephone Labora-
tories (BTL) [1], a group of investigators at the Naval Research Laboratory (NRL) [2
through 21], other investigators in the Soviet Union {22 through 30}, and still others in
the U.S. and elsewhere [31 through 45) had produced results sufficient to provide good
estimates of equivalent radar cross sections of the sea surface that explained a number of
experimental observations [3,46,47].

The perturbation approach originally introduced in the radiowave context by S. O.
Rice in a 1951 paper [1] was used in many of the subsequent analytical studies. It was
found that the first-order perturbation results did not explain cross-polarization effects in
the return.* These effects are present in second-order results, which were obtained formally
by Rice [1] and later by Valenzuela [6,20,21].

In evaluating the problem at hand, the author concluded that (if the perturbation
approach were to be used) second-order fields at the very least would be needed to explain
the experimental observations because cross polarization effects are significant in this
problem. It was also concluded that, in the presence of specular returns and ship target
returns, it might be important to have third- and fourth-order fields in some cases. The
reasons for these conclusions are indicated below.

The quantities calculated in this study are ensemble averages of: (a) twofold products
of field or received signal voltages (e.g., mean radar cross section, cross correlation function
of two received signal voltages corresponding to different polarizations or different delays,
etc.) and (b) fourfold products of fields or received signal voltages (e.g., cross correlation
of two received signal powers corresponding to different polarizations or delays, etc., or
the power fluctuation). We designate terms involving products of fields of ordersj, &, 2,

m etc. by (jR¢m) in fourfold products and (j,k) in twofold products. We also note that
under the assumption of Gaussian statistics of the surface fluctuations, odd-order averages
are zero and specular and target returns are considered as deterministic and of zero-order
in the perturbation parameter. Based on all of this, the twofold product averages carried

*There are some exceptions to this statement; e.g., Wright [2,5] using first order theory, considers cross-
polarization due to surface tilt. That effect, which is also covered in the present analysis, is a type of
cross polarization from a different mechanism than the ‘“quasi-crosspolarization” discussed later in this
present report.

Manuscript submitted October 12, 1979,
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to fourth order will contain terms (0000), (0011), (0002), (0013), (0112), (0022), (0004),
and (1111). In the absence of zero-order terms (i.e., return from regions with no specular
or target return) the twofold averages are confined to terms (11), (13) and (22) and the
fourfold averages to the single term (1111). In this case, if we were to carry out the twofold
product averages to second-order and the fourfold product averages to fourth order, then
the first-order fields would suffice. However, we could not expect cross polarization effects
from such an analysis. These effects would appear in the twofold product averages only if
we were to carry these out to fourth order (i.e., if we include the (22) and (13) terms) and
would be entirely absent from the fourfold product averages. Their appearance in the latter
type of averages would require at least inclusion of terms (1122) and (1113) which are
sixth order and obtainable from first, second, and third order fields.

If zero-order fields are present, then an evaluation of twofold product averages to
second order would include (00), (11), and (02). The (02) term, requiring a second-order
field, may be comparable in magnitude to the (11) term in the part of the return that is
parallel-polarized (i.e., the VV or HH return) and should be included. The HV and VH
return is eliminated in the averaging process for the (02) term; hence, no cross polarization
will appear if we truncate the series beyond second order. Again the VH and HV returns
average to zero in these terms, and hence, cross polarization does not appear. In the case of
fourfold product averages, all three of the terms (0000), (0002), and (0011) must be included
for second-order accuracy in the VV and HH returns.

Since the second-order fields must be included in order to capture the cross-
polarization effects, it is highly desirable to use them to calculate the fourth-order terms
(22) and (0022) in twofold and fourfold product averages respectively. If this were done,
however, then the calculation would not be complete without the inclusion of terms (13)
and (04) in the twofold product averages and the terms (0013) and (0004) in the fourfold
product averages. These terms, also of fourth order, should be comparable in magnitude to
the (22) and (0022) terms already included. Their absence would give an incomplete indica-
tion of fourth-order effects in the VV and HH returns and some of them would also contain
cross-polarization components (i.e., VH and HV). ’

Now let us proceed to a discussion of the analysis, which begins with an electro-
magnetic wave in free-space incident on a sea surface with two scales of roughness. There is
small-scale roughness (“ripple” or “capillary waves’’) and large-scale roughness (‘‘swell” or
“gravity waves’’). The true picture of a sea surface, of course, is a continuum of scales of
surface roughness. Examination of previous work [6,7,39] demonstrates that precise
analytical treatment of this entire continuum is extremely difficult. Hence a model account-
ing for the two limiting scales is the most general model for which numerical solutions can
be obtained without great difficulty.

The large-scale roughness, where the local radius of curvature of the surface is assumed
to be large in terms of wavelength, is assumed to obey the ‘“Kirchoff approximation,” i.e.,
in the absence of ripple fluctuations, return signals would only be seen from regions of
normal incidence, just as if the mean surface were an infinite flat plane.* Such an approach

*As already indicated, many previous theoretical studies have made use of this perturbation approach
or its equivalent.
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depends for its validity on the supposition that the mean surface is nearly flat over many
wavelengths.

The incident and scattered waves in both media are expressed as superposition of plane
waves. The boundary conditions are then written and the perturbation theory is formulated.
The electric and magnetic fields are expressed as superpositions of plane wave fields at an
arbitrary point in the free space medium and are then determined to fourth order in the
perturbation parameter. The electric field vector at the radar location resulting from illumina-
tion of, and consequently scattering from, a small region on the surface is thereby deter-
mined as a superposition of plane wave fields. It is recognized that the radar is well into the
far zone of the illuminated region (denoted by S) and, hence, the backscattered radiation
looks like a plane wave at the radar. Consequently, a single plane wave is extracted from the
solution, i.e., that wave propagating from the region S (subtending a sufficiently small angle
at the radar to be equivalent to a point scatterer). The field vectors from all such regions
illuminated by the antenna pattern are then superposed, i.e., the solution is integrated over
a set of spherical angular coordinates (0,9), the integrals being weighted by the complex
antenna pattern function and the product of spherical wave Green’s functions e2/kr /r2.

This approach accounts for low orders of local multiple scattering due to ripple
fluctuations. This is inherent in the perturbation theory. It does not account for large-
scale multiple scattering, i.e., the return from the region S is assumed to be entirely inde-
pendent of the illumination of other regions. The latter requirement of the theory would be
useful for treating a sea surface with a great deal of large scale swell. If the swell is small, it
should not be a very significant effect. If the slope of the swell surface were very small, then
illumination of any region by secondary radiation from other regions would result from
wide angle scattering, which should be small relative to direct illumination from the radar
transmitter. A large swell surface, however, might result in situations where a given region
S sees specular reflection from a number of adjacent waves. In this case, the secondary
illumination could conceivably approach the same order of magnitude as the direct illumina-
tion. Such situations should be rare except with an unusually rough sea surface and hence
the neglect of this effect is probably not a serious weakness of the theory in most cases.

The author investigated an alternative approach used by some workers [39] using the
“Stratton-Chu” or “Kirchoff-Huygens” integral equation form expressing the fields at a
point in space in terms of the fields on the surface. It was found that this approach gives
answers equivalent to those obtained by the direct approach outlined above once the
standard approximations are invoked. These integral equation forms are merely different
ways of expressing the field equations and not solutions of these equations. It is still neces-
sary to solve a boundary value problem in order to determine the fields on the surface.
Hence it is more efficient to solve the boundary value problem directly to find the field
at a point in space due to illumination of the surface by the incident wave. This was the
approach used by Rice in his classic 1951 paper [1], and the use of the integral equation
form does not really improve on that approach under the assumptions made in our model.
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The approach used here is essentially that of Rice [1] which has been used by sub-
sequent workers (e.g. Valenzuela [4,6,20,21] ). The differences between the present develop-
ment and that of Rice are as follows:

(1) The Fourier integral is used directly instead of Rice’s Fourier series with a later
approach to the continuous limit. In terms of results these approaches are identical,
although there are questions of existence of Fourier integrals of random processes. As long
as one understands and accounts for the specialized meaning of the Fourier transform of the
random process while carrying out the development, this is not an important distinction
between the development in this report and that originally used by Rice.

(2) The wave incident on the region S is assumed to approximate a plane wave with
arbitrary polarization. H and V solutions from Rice’s work could be weighted and super-
posed to treat the case of arbitrary incident wave polarization. This could have been done
in the present work. The principal reason for not doing it this way is that it was desired
to express the final results in a coordinate system with origin at the radar and z-axis along
the antenna beam. Accounting for the large-scale swell necessitated the use of a complicated
transformation between the coordinate system used in the basic boundary value problem
and that in which the final results were to be expressed. In view of this coordinate trans-
formation, there was not significant labor-saving in treating horizontally and vertically
polarized incident fields separately.

(8) The fields are calculated to fourth order in the perturbation parameter. Most
previous work confined itself to first-order fields. Rice [1] and Valenzuela [4,6] calculated
the second-order fields and used them to evaluate the (2,2) term in the average power
(i.e., the average of the square of the second-order fields. Valenzuela calculated second-
order doppler spectra in later papers [20,21]. The reasons for our inclusion of higher order
fields were delineated earlier in this section.

Further extensions from most previous theoretical studies are as follows:

(1) The present work includes the effect of pulsing or other forms of modulation of
the transmitted RF wave. Previous treatments are generally confined to pure CW trans-
mission.

(2) The present work includes integration over all incidence angles weighted by the
antenna pattern shaping function.

(3) The present work includes calculation of crosscovariance functions of two (pre-
rectification) received signal voltages and crosscovariance functions of deviations of two
received signal powers from their mean values (where the two returns might correspond,
for example, to two different polarizations or two different radar-target geometries). As
degenerate cases, the two voltages or powers may be the same but with different delays,
in which case these expressions degenerate into autocovariance functions of received signal
voltage or power. With zero delay difference, the latter expressions degenerate into mean
power and ‘“power fluctuation” respectively. All of these possibilities are contained in the
averages evaluated in this work.
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(4) The present work includes effects of target signals in the ocean environment, i.e.,
it considers the entire “system’ problem and not merely the CW return at a single angle as
do most of the previous theoretical studies of sea scatter. The target return and sea return
can be considered as statistically independent; hence, in calculating return signal power
using only first-order fields, sea return and target return add incoherently and there is no
coupling between the two. In accounting for higher order terms or in calculating fourfold
product averages, terms arise that are products of sea return and target return. This sort of
coupling is accounted for in the present work.

To summarize these points of difference between this work and previous work, the
latter has stressed the calculation of the scattering cross section of a patch of slightly rough
sea surface. The present work should be considered as a “systems study” in which the
traditional theory with small modifications is applied to a system consisting of (a) a radar
whose beam illuminates a region of the sea surface, possibly a large region and (b) a target
which the radar may be trying to detect or locate. The analysis accounts for possible
pulsing or other modulation of the radar signal, the shape of the antenna pattern, and the
polarization of the radar signal. A certain form of correlation processing is done on the
received signal. The analysis accounts for this processing and focuses on calculation of
certain statistical averages both with and without the processing and both with and with-
out the presence of a target.

Previous theoretical analyses of scattering from a rough surface have been examined.
The author has concluded that much of the work reported in the literature has as its basis
the classical paper written by 8. O. Rice in 1951 [1]. If one were going to use the perturba-
tion theory approach to the problem, it would seem to be very difficult to improve in a
major way on Rice’s basic work. Subsequent workers have usunally made use of methods of
approach equivalent to that used by Rice. The present author has also followed Rice’s
approach, with a few small extensions and variations which were described earlier. Instead
of using Rice’s results directly or those of Valenzuela [4,6], the author has chosen to
rederive the results. This was a very easy (although exceedingly tedious) task and was for the
purpose of adapting the analysis to easy extension and casting it in a form that could be
readily prepared for digital computation. It would have been difficult to use Rice’s or
Valenzuela’s published results directly for the calculations to be made in this study.

Unfortunately, it is true that the third- and fourth-order field perturbations are very
cumbersome and may devour computer time at a prohibitively high rate. They are too
cumbersome for hand calculation within a reasonable time, although such calculation is
simple in principle. If these computations are prohibitively expensive, then a great deal of
significant information can still be obtained from the first- and second-order fields alone.
In the author’s opinion, it is still worthwhile to have worked out and reported these
higher order terms because it may become important and economically feasible to compute
them at some later time. This would be particularly true in cases where cross-polarization
effects are very important. In such cases, the second-order terms are the lowest order terms
that capture these effects, and third-order terms would be required for any refinement
on the simplest results. All of this was discussed early in this section.

An effect not accounted for in the analysis presented in this report is that of shadow-
ing. This effect assumes increasing importance as the grazing angle decreases and the surface
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roughness increases [25] . Since numerical studies at near grazing incidence were not
contemplated by the author, no analysis was done to account for shadowing. However, if
such cases are to be studied based on the theory presented here, it will be necessary to
supplement the model with further analysis that includes this effect.

THE BOUNDARY VALUE PROBLEM; CALCULATION OF THE FIELDS

Consider a rough boundary between homogeneous medium #1 (free space) and an
arbitrary homogeneous medium called medium #2 (e.g., the sea). The mean boundary
surface can be considered as an infinite flat plane. The coordinate system to be used is a
right-handed rectangular system whose origin is on the mean surface, whose (x,y) plane is
the mean surface itself, and whose z-axis is directed into free-space. The geometry is
illustrated in Fig. 1, where the “mean’’ incident, reflected, and transmitted waves are
shown in the standard way for a case where the incident wave is a plane wave and the
fluctuations of the surface are designated by a function z = z(x,y,t) which is a random func-
tion of the three variables x,y and the time f and has zero mean. The incident wave,
although shown as a plane wave in Fig. 1, will be arbitrary and possibly pulsed in the
analysis to follow, but will be specified as plane at a certain point in the analysis. The
constitutive parameters of medium #1 (free-space) are denoted in the usual way by (e, ,u,)
and those of medium #2 are (e,,u,).

Medium #1
{eg, Ho)

‘True surface

Mean — Surface z{x,y,t)

{Approximated as

Medium #2
focally planar)

L0y
fe,=¢,+ -w—-t o)

Fig. 1 — Geometry of problem

Denoting incident, reflected, and transmitted wave fields by subscripts i, r, and ¢
respectively, we will represent all field vectors by column vectors and use matrix notation
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throughout, having found that this leads to a much more efficient and compact analysis than

longhand methods. The electric and magnetic field vectors are as follows:*

[~ =
Eix (_e,zat)

r
t

E. (p,z,t) -
= . = —.’wt
E(p,z,t) 'ry e dwe E; (9,2,w)

t
E;,(p2.1)

r

| ¢ .

Hix(ﬁ’z’tﬂ
,
t [>2]

H;,(p,2:t) N

Higzt) | 7 = / dwe7H, (g,2,0)

t — oo

Hiz(g:z,t)

e

where g = (x,y) and

i B, B
E(p,z,w) = [---[d iZ 1Bt B, B 21E B.w)
—>(_p>2' OJ) / /[}f 72 (ﬁ) 't-
where
Bx Bz = ﬁz (_é) = + 1“ 6x2 - ﬁyz
7 By T, =@ = v? Bx2—By2
8, B
H(p.2,w) =/:-ﬁgef? (B-p) |8, B 21P, BEBw)
T N v, @) s

*Note that some of our notation is patterned after that of Rice’s classical paper [1].

(2.1.2)

(2.1.b)

(2.1.c)

(2.1.d)
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[0 8, 8]
P =%, 0 -, (2.1.e)
' t__ﬁy By 0_
[0 o, ﬁy’
PB=|-v, 0 -8B, (2.1.5)
| Fy B O]

v = complex refractive index of medium #2

The local normal to the rough surface at a point (x,y z(x,y,t)) and at time ¢ is denoted
by _Q(g,z,t). or as a column vector by

nx(_e,z,t) 1 -z,
n(,z,t) = n (p,2,t)] =—F=——=— | -2 (2.2)
= Yy 2 Yy
e | VIV
0z 0z . 9z o0z

herez =— ,2 =— V_=i{_— + —(i_, 1., 1_)=unit basis vectors.
w €z, ax, y ay7 z Sx g, _l_)y ay:(_>x1_)y,_)z)

In standard vector notation, the tangential boundary conditions are:
%-’lx[gl +—E>r_ Et] 2z=z(£,t) =0 (2.3.2)

{nall;+ B, - H1| 0 (2:3.b)

z=2(g,t)

In matrix notation with the aid of (2.1.a,b), Eqgs. (2.3.a,b) take the form

1 ~
S f fdgz N(p2(a, )} [E, (Qe
1+ IVZ 2

-2 B, (B)z(p,t)
(2.4.a)

8, (8) e 18

-iZy,(B)z(p,t) % i Bp-ct] =0
1(e

+ (e’ ) 1E (e
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(where g)l = shorthand notation for (8, ,8 y ,w))

W
(QE; (e £ B,(B)z(p,t)

1
W/f@ N(g2(p.0)[P; (QE;

+b(QF, @ e b B2 @0, .40
- [P, (Q)Et (e 'jcg7z(§)z(£’,’t)]§ef-c“—’ [(B-0) - wt] 0
where
0o -1 -z
N(p,z,t)=| 1 0 2z,
zy, 2, 0

At this point (following Rice’s treatment) we invoke the divergence equation for the
electric field, as follows:

V-E=0 (2.5)

Using the electric field representations (2.1.a,c), Eq. (2.5) takes the form

t t

—Bz (_B)) ot _Bz (g) (26)
++8,@)| B (@le” exp <J’%’(§'g) + | +8, (8 z(_e,t)>] =0
~v,®| -7,(8)
Multiplying (2.6) by
2@ g et
e ’
integrating over all ] and t and invoking the relation
W' _ .
ff dg de @TBe, (2m)? (—)? 8(8, - B,)8(B, - B, (2.7.2)
w



RAEMER

o o]

//dt e (@ = Wt Z9n 500 - ) (2.7.b)

we obtain
~ _ 1 ~ %
£, (g) =+ B_gﬁx ix +ByEiy
r 2 r r
t t t
1 (2.8)
B,
1
+ —
Yz
We can now construct a new matrix relationship, i.e.,’
[ £
r
E; = Eyy =M; E,
r r r r
t t t ot
y 1 (2.9)
A,
1
- ’E‘ (B Ei + ByEiy]
z r r
+ 1 ‘ ‘
Yz
L -
where
1 0 1 0 1 0
M, = 0 1 M = 0 1 M, = 0 1
B (5 (i) A LN (B
B, B, B, B, 7, v,
Eix
"
~ ot
Ei = Eiy
r r
t t

10
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From (2.1.a,b), (2.4.a,b) and (2.9) we construct the following matrices,

- 8,2 g8
<%y B ]
8, 8,
( szx> B,z (2.10.a)
NM. = 1+ g
! B, B,
Zy - Zx _J
6xzy _ (1 _ Byzy>
2 BZ
NM_= (1 - B e (2.10.b)
r 8, B, ,
2 -2
Y * |
oy 0o\
_ %y ~ <1+ yzy)
’YZ . 72
b2\ By 10.
N, - <1 . ) N (2.10.c)
7, v, :
L zy —zx -

At this point we adopt a notational convention which will be used many times throughout
the development to follow, wherein a prime will be used to indicate an interchange of

x and y components, e.g., ifa = [3xzy ,thena' = ﬁyzx. Continuing the construction of
needed matrices with the aid of this notational device, we have

111 112
NPM;=I=|1, I (2.10.d)

!

131 131

11
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where
_ 2
I, = b *B,z
11
62 yy
: >
y
I., =8 <———z
12
x Bz y
_ 2
LAY S
31 B 2y Zy
V4 BZ
i, I,
NPM, =1 = I, I (2.10.e)
Iy, I
where
1-6,2
i, =- 8 +{3yzy
I4
T Py +
I, = ﬁx 73. 2y
r4
_ 2
I (% z, - e z
31
62 Y BZ *
mr,, m,
NP M, = III =1, , I, (2.10.1)

I ¥
s1 Il

12
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where
V2_l%2
ar, = +Byzy
Tz
By
mr., = g\ —-z
12 x 7, y
2 _ 2
8.8, v2 - B,
11131 = z, H\—— Jz,.
1. /) 7,

We can now use (2.10.a, ..., f) to construct a 4 X 4 matrix equation consisting of the
x and y components of Eqgs. (2.4.a,b) (with the factor

1
Vit|v|?

removed) as follows:

ffdg A(S},ﬁ,t) E(g)elf [(_@12) —- ct} = ﬁg B(S_},g,t) EI(Q)e I [(gog) - ct]’

where S_z symbolizes the set of variables (8, ,ﬁy ,w) and where

All A12 A13 A14
A ’ _A ! _A 1 _A 1
12 11 14 13 '
A@Qpb = | 2 M (2.11.2)
31 32 33 34
13 ! 1] !
A32 A31 A34 A33
Bll Bl2
-B,. -B.!|
BQop = | .12 B” (2.11.b)’
- 31 32
13 !
B32 BSl
~ |E
E, = [53 (2.11.c)’

13
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E .
2 E
E = Ery (2.11.9)
- “ix
ty
B jep e
A11 =—z ef
B,
8 j
Ay =-f1-2z )" B,
)4
(2.11.e)'
A13 = szy —J;«‘—’yzz
'YZ
B,z \ _iw
A =1+ vy -j2y, 2
Y.
1 _p 2
e (1 By ) 62 2B, 2
31 -
| 8, y<y
-ﬁxﬁ w
'y izB 2
— _ +ﬁ z et 'z
(2.11.8)’
2 _ 2
_ w ﬁy )+B , _jé“—"yzz
33
2 vy
[ e
A34 - v —ﬁxzy e
| V4

14
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B = e c z
11
8,
B.z "
B _ Yy \ -icB,z
12 = <1+ 5 e
4
1-8.2 W
y -Jc—ﬁz
le=-— ( 5 >+Byzy
2

, 8,8 _i%g 2
Bsf'[ﬁ y_Bx%] oo

We now invoke our perturbation theory, in which terms of A and B not involving
2,2, orz, are considered zero order. Thus, using ¢ as an ordering parameter, we have

AQ,p:t) = ALD(B,0) + £AM (B, 0.0) (2.12.2)
B(£,p.t) = BOYG) + B (B,00,,0) (2.12.b)
[0 -1 0o 1 ]
1 o -1 o
AL = 4D 40 40 40 (2.12.2)"
A A A A

where

15



RAEMER

o b
34 v
V4
0 1
-1 0

0 - (0) (0)
B )(-@ - A31 Asz

0) 40
L_A32 A31

o “
(1) 4(1)  4(1) A1)
Alr Als Als Al
ALY _AQQ) (1) 41
(1) Alz AT Aig s

A (B’w,p’t)

(1) 4(1) A1) 4Q1)
A31 A32 A33 A34

(1Y 4QY () 40
A32 A31 A34 A

5 33 |
where
ﬁx E."B z
A(l) ="z ejc z
11 32 y
o B eee [ 28,2
A(12) =—"zyed F A ec ? -1

A(l) ﬁx e—j:‘ﬁ‘yzz

13 ~ 2 %
2
AL - ﬂzy Sie N, (e-f%’nz _ 1)
¥4
w 1- B2 w0
(1) _ ieBz (T Py V[ iE Bz
Agy ﬁyzyec < 5. )(ec 1

(1)
A32 -

I
;h
N
<
m&-
ele
=
N
n
+
| =
TN
o
Sl
=
N
n
1
jary
~———
| I |

16
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2 2
W | 2 B W
(1y - _ Rk P R P
A33 Byzy e ( " ><e 1
Z

ey By [ cigy,e
A(314) =B, [zye c 'z —7 <e ¢ 'z —1)]
2z
T (1) p(1)]
By, By,
_p(1) _p(1)
B(1) _ By, By,
(B,0.0:1) 0 pL)
31 32
(1) (ry
By, 331_
where
B, Lj2B 2
B(l) =— 2z e"c z
11 B, Y
B e e
B Y, b (P
12 gy
F4
(1) -iZ B,z 1___BL2_ -j2Bz
B31 =—Byzyecz— 8 e’c * -1
F4

(1)
2y

1]
;Cb
N
@
3]
]
)
°|g
)
N
N
1
|
TN
41
-
T
=
N
1
ey
N—
| I

Expanding ff in a perturbation series,

=50 + (ED) FQRE@ 4
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and employing (2.12.a,b) and (2.13) in 2.11), we can write (2.11) in the form

/. f dg ﬁw e 18T 400G o) O g ) - BOGF (3,01

A G EV G ) - B0 nEBw) - AV G w0 0B @0
+PAOQGOEDGw) - - AVGwgEO@ .. Y
+¢n [A(O)(g,w)pf(")(_[g;w) - (- A(l)(_g,w,_;)o,t)_Ef(" - 1)@)@))] roEnt 1))$
Multiplication of (2.14) By

2 [(B0) - ct]
e - —

and integration of product on 8 and t from -0 to +oo, with the aid of (2.7.a,b) yields the
following set of perturbation equations (after interchanging ([_3; ,c:))') and (B,w) and changing
order of integration)

(0) %(0) =507
AW (,w) = BOBE (B,w) (2.15.0)
A 1 = °°A % -3 J 9] '
AO@EV@w) = — [ [ap [aw' [ [ap farect LT B Lm0
ST ey 7S IS (2.15.1)

(1),n' ! zf/_(1)l/ (0)/pnt , !
(B (E s ’P,’t)p,t(é e ) A (_B) s ,_e’t)_E) (_é y& ))

o0 o0 o0 o0 j , ’_ . _ ,_
1 Sﬁgfdw"//dgfdte?”“g “irgew-wil
emJJS S J J (2.15.2)

(- ADE 0 HED(E' ')

A (B,w)E2)(B,0) =
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< 1 2 i a a ¥l i A e p-— "
AL B (B,0) = f!‘igfdw]ﬁﬁ dy el B 7 wrp el )]
enddd L. Jd L (2.15n)

(._ A(l)(_ﬁ",w’;_e"t)zz(n_ 1)@"w')); n=3,4, e

Solution of (2.15.0) yields
= _ H(0
EO,w) = ROV B,w)E B,w), (2.16.0)
where '
RO)g,w) = [A9)B,w)] 71 BO)(B,0),

and the inverse of A(0) is given by

-bu byg 013 b14-
[A)B,0)] 1 = bo(B) = 1 012 ~byy b1y byg (2.16.0)’
B, *+7)A-B2+B,7,) | by b3y byg byy
:baz; “byy by4 b13'_J
where
b1 = - B.B,B, -7,
by = 8,02~ (8,-7,)8,%,
byg = - (6,71, +8,%),
byg = BxBy,and
bgy = =7, - (B, 7,)8,%.

Solution of (2.15.1) follows from (2.16.0), i.e.,

2 i - ey - -
E(l)(g’(") = ﬁgl dew, dg, dt, ec[(wlﬁl wh)p, -elw, “’)t1]m
' (2.16.1)

ROYB,w/By 01,0, :41)E; (B .w1),
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where

1

ROB,w[B,013815ty) = (A1 -1i§(1)(§1 W1 3015t1)

(2m)3

= AG, w50, )[AOB; 00171 BOIE, )}
From (2.15.2), (2.16.0) and 2.16.1),

(2 -
E:( )(_Q,w) —/:/;i_[él dw; d£,1 dt, d_ﬁ)z dw, dp, dt, ...

?[w ﬁl - w—é).gl - c(wl - w)tl +(w2§>2_ wlél ).32 - c(w2 ‘(01 )t2 ] (2162)

R)YB,00/(B, 01 [By,0p301 581 109 ) B (Byr05),

where
p(2 . =
R)B,00/B, 01 /By, 5t [05:t5) =

(449,01 1 ANB, w30, AOB, 0] " HBDB, 0, 50,.E5)
(271')6 > => - > ->

= A, 05305,t5([AC)(B,,005)] "1 BO)(By,0,)}

The general (nth) term ofﬁis (from (2.15.n))

Em(@g,w) = /Zz,gl dw, dg, dt; d, dw, dp, dt, ..d, dw, dg, dt ..

e‘c]‘[“’lﬁ1_“’—q)'—’31—c(“’1_ W)t +(WyB,-w B, ) Ry~ c(wy-w, )ty

+ (wn-l_én— 1 wn—zgn— 2)'_8,1_ 1 - C((.On_ 1 (4)"_ 2)tn_ 1 (2.1611)

+ (wn—Bm T Wy l-én-l).gn - c(wn - wn-l)tn]

R(» (6,008 0, [Boswal v 1B, 500430181 g sta ] o [0y, )El 6,-wp)
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where

iz(")(g,w/gl 1 1B - 18,00, Bty [Bgotal  [Bity) =

- 1"

e (A, 1T AMDB, w0y 30;.t7)
m

[AB, ;)] FADBy g309,t5) - [AD)(By,09)] AN By 005503.85) -
[A(O)(En- 2:%n- 2)] Al )(_B,n— 1°%n-1 ;_en— 1 ’tn- 1)
[A(O)@,n— 1°%n- 1)] - i B(l)(_gn’wn ;13'1 ’tn) - A(l )(_gn "Wp ;-en’tn)

(4O, w1 1B, w, )i

The vector E is not of direct use to us. It would be preferable to have the reflected
wave vector E,.. To obtain E, we invoke (2.9) and note that

1 o |[1o000]|E,
~ ~ 0o 1 |]o100]|E, o
E-ME - " =e®E, (2.17)
B, B | Etx
-(E‘)— (E_) B
B z z ] L ty_

where

o
= O
(=
(=]

0 0 0
QP =
—(F%—(ﬁ—y) 0 0
8, '8,

e —

The unit vectors corresponding to horizontal and vertical polarization are defined in
Appendix I (Eqgs. (I-24.a,b) and (I-27)) and are denoted by g) y and _g g respectively. The
specialized meaning of horizontal and vertical polarization in this report, different from
the standard meaning, are explained in Appendix I.
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The vertically and horizontally polarized components of E . are denoted by

l

E., =% E  and (2.18.a)

=

r’

E, =8 F. (2.18.b)

In all that follows we will adopt the notational convention introduced in Appendix IV
wherein all explicit indications of dependence on w are dropped.

We now relate ﬁ ; to E;y, and E, ., the vertically and horizontally polarized components
of the incident wave vector k ;. From (2.8) and (2.9)

E, () = LOL; @), (2.19)
where
= EzV (_B,)
E y (g) = )
H
- EzH (—g)
1 SZHy QVy
LB =" — and,
Rvluyy = Lulyy) - -
, _ QVz
L1y QHx + _—ﬁ x.
y y zy
Vx Vx x
Yy y y

The remaining analysis, detailed in Appendix IV, results in expressions for vertically
and horizontally polarized electric field components at the receiving point, given both
vertically and horizontally polarized transmitted fields.

THE RECEIVED RADAR SIGNAL

We denote the received signal at the radar by the symbol u , o(t). This represents a
quantity proportional to the electric field component along the direction of polarization
selected by the receiver. The subscripts A and a denote received and transmitted polariza-

tions respectively. We can use the standard representation for narrow band signals, i.e.,

u, ()= Reju, (e}, (3.1)
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where U, (t)is the complex envelope of uy (1), w, is the central frequency of the signal
spectrum and U , (t) varies slowly compared with

e—ont

The most general quantity that will ultimately be needed involves the product of two
signals possibly with relative time displacement At and different polarizations, time-
averaged over an RF cycle (where an overline indicates the time averaging process, and of
course

2w t
e °o =0.

This is given by
1 At
AaBb(t At) = Re(UAaBb(t At)e “o ), (3.2)
where
Uy aps (AL = Uy (DU, (t + Ab),

and where B and b represent received and transmitted polarizations that may be différ_ent
from A and a.

A special case of (3.2) is the signal power, or equivalently (if proportionality constants
are set equal to unity) the quadratically rectified signal voltage,

1 ,
UAaAa(t 0) =2 Re(Uy 14(60) = 5 U4,4,(£0), (3.3)

N)Ir--

where
‘ UAaAa(t’o) = IUAa(t)‘z'

Another quantity of interest, in its most general form, is the product of two
quadratically rectified signals with relative time displacement At and possibly different
polarizations. This is obtained from (3.3) and is given by

Uy ams A = Uy L (60005, 55 (8 + AL0) = [U, (1) [2|Ug, (e + AR,  (3.9)
neglecting the factor 1/4 which does not affect the results significantly.

We now invoke the simplifying assumption that the incident wave is a CW signal,
amplitude modulated by a pulsing waveform of arbitrary shape, but whose bandwidth is
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small compared with RF. More accurately, we should solve the boundary value problem for
each frequency w contained in the incident waveform and integrate on w over the entire
spectrum. This process can be approximated for practical purposes by treating the signal

as if the incident wave were CW with frequency w = w, and multiplying the resulting
scattered CW field by the pulsing function. This implies that, within the small band covered
by the pulse, the scattered field waveform is approximately independent of frequency.

This simplified model is implemented through the introduction of a function g(r,),
which weights different contributions to the return in proportion to the delay, which in
turn is proportional to r,,, the distance from the radar to the illuminated point on the
scattering surface.

Another weighting function on the signal is the antenna pattern function f(63,¢3)
which weights contributions from different angular positions (03,¢3 )y*. Still another is
the factor

2j¥
(e "o pr2)
present in any two-way radar signal return from a point target.
Allowing for the possibility that the pulsing function and antenna pattern function

may differ for different polarizations we will place subscripts Aa on them and construct an
overall weighting function

' o 208 (05,850
o 84,(r, (05,0505 (05,05)e ¢ © 373
FAa(03’¢3’t)=K > (3.5)

[r, (0305012

where the radar-surface geometry fixes the functional dependence of r, on the angles
(03,¢3) where f Aa(03,¢3) is the one-way field pattern of the antenna for the polarizations
denoted by Aa, where k is a constant containing radar parameters, and where the

possible time dependence in r,, arises from the expression (Appendix III, Eq. IIL. 24),

r zfo + Aro, (3.6)

o

where r,, is the distance from the radar to a point on the horizontal (calm) sea surface,
given (through manipulation of (I11.25) in Appendix III) by

' h
- R
r, = - — -, (3.6.a)
cos B4 cos 7y - sin 04 sin 7y cos ¢4

*See Appendix I (beginning below Eq. 1.14) for definition of the angles (65,¢3).
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where hp, is the radar altitude and y the beam angle relative to vertical, and where (from
(I11.24) or (I111.26))

hR
Ar, =~ H(x'y") —. (3.6.b)’

To

H(x')y") represents the mean sea surface as a function of the horizontal coordinate (x,y'),
hp, is radar altitude and r, is given by (3.6.a)".

If H(x',y') # 0 in (8.6.b)', i.e., if the mean sea surface is not perfectly horizontal
everywhere, then, since (through manipulation of (II1.15.f) in Appendix III)

(sin 03 cos ¢ cos 7y + cos O3 sin )

x'=xp +h (3.6.c)'

R (cos 05 cos y - sin O3 sin 7y cos ¢3) ’
and

. . ]
hg sin 84 sin ¢4

y' =yg- (3.6.d)’

(cos 0:,’ cos v - sin 0& sin v cos ¢§) ’

where x and yp are the horizontal coordinates of the radar relative to a fixed origin of
coordinates.

The time dependence in Ar,, arises from a possible time-dependence in x}g and yp
which would appear in x', and y’ through (3.6.c,d)’ and hence would appear in H(x', y')
and in (3.6.b)’. This would occur through horizontal motion of the radar. Vertical radar
motion would manifest itself in time dependence of kg, which would render f'o time-
dependent through (8.6.d)’ and would also appear in Ar, through (3.6.b,c,d)’. Another
possible source of time dependence is a time variation of the beam angle -y, which would
appear in r, through Egs. (3.6) and (3.6.a,b,c,d)". If the mean-sea surface were perfectly
horizontal everywhere and the beam direction fixed, then r, and hence F, , would be
independent of time.

We now specify the form of the radar return signal as a superposition of returns
from patches at position (r,, 05, ¢3) relative to the radar, each return weighted by the

function Fy4 (05, ¢5, t) as given in (3.5) and a factor S, , derived from the perturbation
solution of the boundary value problem. The results of this line of reasoning are

m 27
Upaot) =fd9;,, sin egfdw Fu,(05.05:8) 8440(8,(05.05.0), (3.7.0)
o (o]
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T 2

Uyor(®) = [ dO5sin 05 [do' F, (05.05.)8,,(a, (05.035,t)) ...

2w . '
Z( - Tgo (033¢3,t)):

Uy oot fd@ sin 0 d¢3 F, (0% ,¢3,t)ffd S, 22(&, (05.05.0),k) ..

2w . [
ZR)Z(-—&, (03.43.4) - ),

n 2
Uyas(t) = d0§sin0'3fd¢éFAa(0§,¢é,t) fdk ﬁZAa3
o

o

(&, (85.05.1),k; k)2 (k) Z(Ry) ... Z(- “’a<03,¢3,t) - k,), and

Aa4(t) d6, sin 0}, d¢>3 F (0} ,¢3,fﬁk fﬁk ffd 35,400 -

(8, (05.05.0), ky Ko k)2, V2(k )2 k) ...

Y

3:93:t) ~ky ~ky <k3),

(3.7.1)

(3.7.2)

(3.7.3)

(3.7.4)

is deflned in Appendix I, Eq. (1.27.a), as the projection on the x-y plane of the
unit vector oz directed from the radar to the illuminated surface point.

Note that the g"z)o in (3.7.0,1,2,3,4) is indicated as a function of the angles (05,(1);’;) and
a possible function of time. The time-dependence arises again through possible motion of
the radar and beam and departures of the mean sea surface from perfectly horizontal. To
show this, we invoke (1.27.a) and (1.28), dropping subscripts in (1.28) and also Eqgs. (I1.8.a,b)
and (1.10.a,b) with the results

Yo = (0,505,)s
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where

1
o . =——————1sin 0, cos ¢[cos ® cos y- |V'H|sin v]
% 1+ IV'HI2§ B Ve (3.8.2)'

~ sin f3 sin ¢5 sin @ + cos 03 [cos @ sin y + |V'H | cos v] %, and

a,, =’— sin 05 cos ¢ sin ® cos y - sin 05 sin ¢ cos P
(3.8.b)’

- cos 03 sin @ sin 'y%.

(Where |V'H |and v were defined above in connection with Egs. (3.6) and (3.6.a,b,c,d)’,
and where cos ® = (0H/ox")/ IV'H |, sin ® = (0H/dy')/ IV'H |, and the coordinate systems
have been defined such that ® is equal to zero for a perfectly horizontal surface.)

We have referred to polarization in this section only implicitly. The subscripts Aa
and Bb used in (8.1) through (3.5) and (3.7.0,...,4) refer to particular polarization situa-
tions. The equations in Appendix IV from which (3.7.0,...,4) are justified contain
quantities with subscripts VV, VH, HV, and HH, where the first subscript indicates
received polarization and the second subscript indicates transmitted polarization. Thus,
e.g., if the transmitted and received polarizations corresponding to u 4, in (3.1) were both
vertical, then the subscripts Aa would be indicated as VV. If the transmitted polarization
corresponding to upgy(t) were vertical and the received polarization were horizontal, then
subscripts Bb would be indicated as HV, If the transmitted and received polarizations
were circular, then the subscripts Aa or Bb might indicate (for example) LR, implying
that the transmitted polarization is right-handed and the received polarization is left-handed.
In this case (3.1) would be written as follows:

uy p(8) = RejU, p(0d o'}, (3.9)
where
ULR(t) = UVR(t) +jUHR(t),

where the subscripts VR and HR imply respectively vertically and horizontally polarized
received radiation with right-handed circular transmitted polarization.

ENSEMBLE AVERAGES OVER SURFACE FLUCTUATIONS
The quantities used in the final results will be ensemble-averaged over small-scale

surface fluctuations. This averaging process is discussed in Appendix II and results given
there are used as a basis for much of what follows.
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Averages of Voltage Products
If we expand u 4 ,(t) as given in (3.1) through fourth order, we obtain
uAa(t)=uAao(t)+uAal(t)+...+uAa4(t). (4.1)
The averaging of (3.2) with the aid of (3.7.0,...,4), (11.4), (I1.13) and (I1.16) leads to

<ty opgp(GAO> =l by (8LAL) + <ty gy o (LA > + <u,.ppatAL>,  (4.2)

where the subscripts 0, 2, and 4 refer to perturbation order and where (it is understood that
the argument of all Aa factors is ¢, that of Bb factors is ¢ + At and all quantities Uy , g,
have arguments (t,At))

jwoAt

. 1 N '
YAeBBo =§Re UpoBbo® )s (4.2.2)'
where
U =Uu, Ut
AaBbo  “Aeo“Bbo*
4.2.b)
_l - ijAt ( )
<uy.Bp2” = 2Re (<U,epp2~€ )
where
- - % * %k
UpaBb2” = Upoo<Uppa>*t <Uy9>Upy, + <Uyy 1 Ugy ™,
(4.2.c)
" 1 - jw At
<uAaBb4>=;Re(<UAaBb4>e )
where
-~ % * .
SUpapba” = <UgoaUppa>t <Uy,1Upps™>+ <Uy,,3Upy;>
. . (4.2.d)
*Upoo <Uppg >t <Uy s> Ugyp,-
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Averages of Power (or Quadratically Rectified Voltage) Products
The ensemble average of 0AaBb(t’At), obtained from (3.4), is:

<O, g (BAD> = <U, 4 (6,0)><Tp, oy (¢ + A, 0)>

+ <[00 a0(8:0) = <Uy g 4,(50)] (4.3)
[Uppp(t + AL, 0) = <Up, g, (¢t + At, 0)>1>,

where each of the factors in the first term can be considered as specializations of factors
in terms in (4.2.a,b,c)’ and the second term, expanded to fourth order, with the aid of
(3.2), (3.7.0,...,4), (I1.13) and (I1.16) is

<AU, gy (BAD> =<[U, 4 (£,0) = <U, 40 (£,0)>] ...
[BbBb(t+At,0)— <Upypy(t + AL, 0)>]>=
<Up0n01(E0Ug, gy (t + AL, 0)>
+<U a1 (8OVUg, pps(t + AL, 0)> (4.4)
+<(}AaAa3(t’0)0BbBb1(t+At_’ 0)>
+<Uy g402(60Ugpppo(t + AL, 0>
- <(}AaA02(t,0)><UBbBb2(t + At, 0)>,

whose individual terms are (where it is understood that arguments of Aa factors are
(¢,0) and those of Bb factors are (¢t + At, 0)):

*
<O, una1Usb551> =2 Re (U4 00Upoo<Uno1Usp1™>

UBbo<Vaa1Ups1
(4.4.a)’

%k *
*Uy00UBbo

Aao <u

AalU

Bb1>]’

U*

<Up0401UsbBrs” =2 Re [U U Bb3~

Aao Bbo<U

Aal

L3 *

U

+U Bbo

Aao <U

401UBp3”>

(4.4.b)'
*
+ UAao<UAa1 Ugp1Uppa~

k %
UAao<UBb1UAalUBb2>] ’

29



~

RAEMER

*

- kK
<Uyo403Usppp1- =2 Re Uy Uy (o <Upp1Uy o3>

* *
+U

BboUAao<UBb1UAa3>

(4.4.c)

U

Aa2>

Bb0<UBb1 Aal

*

Bbo<UAa1 BblUA02>]’

* *

<UAaAa2UBbBb2> =2 Re [UAao UBbo<UAa2UBb2>

- KUy 0 400(t0)><Up, g, ot + At 0)>-—§2Re (U400

+<| U 41 [2>4.42 Re (U, , <}, ,>1 + <|Up,, |25}

+ UAaoUBbo<UAa2UBb2>

% k
+Upa0<Upp1Upp1Use2™>
* * (4.4.4)

*Upro<Uga1Usa1Upp2>1

£ 3

+ <UAa1 Uga1Upp1 U

Bbl>

-<U

AaAa2><U

Bb8b2>

*

Aa2>]

(4.4.¢)

From (3.7.0,...,4), (4.2), (4.2.a,b c),(4.4), (4.4.a,...e) »,»and a number of results in

Appendix II, we can express <U

gp(6,At)>and <AUAaBb(t At)> in more compact

approx1mate forms. First, from (4 2) (4.2.a,b,c)’, (3.7.0,...,4), and (I1.17, 18, 19, 20, 21),

- 1 - .
Uy oy (BAD> =T Re (KU, g, (1,81 >/ 081,

where

<U, ppt:AD>=U

(4.5)
sk & sk
a0UBbo T Ugol<Upgyo>+ <Upy,>1
Bbo[< Upgaa™ + <Uy 44>
N (4.5.1)'
+<Uy,, Bb1>+ <Uu,2Uppa>
*
+<Uy 41 Bb3>+<U 3Ugp1~>
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where it is understood that the argument of U,  is always t and that of Uzb is always
t + At, and where (from 3.7.0)

m 2m

Uy so =fd0;, sin 05 [doy F 0050508 4406, (05,05,1). (4.5.2)'

o o

From (3.7.2) and (I1.18)

—(-C \2 ’ ' ’
Wyey>= o B FuyOa b O f [ WRIS, 0 Q) (453
(@,=0)

where W(k) is the spatial spectrum of the fluctuations. From (3.7.4) and (11.21,18,9)

<Up o4 (——)2 E F, 05,k ¢3k,tl/:/:ik Wk ink W(ky)...
(&,

[Saas(@ k1ok1 ko) + S04 (Q Ky ko k) (4.5.4)
(0 —>1’—>2’ 18)2)]
From (3.7.1) and 11.19,14),

2n

* ! : !
<Uy01Vpe1>= (5 )2fdo3 sin 0 [doy W(- a (05.95,1)...
o o
F o, (0%, 0%, )Fp, (0%, 0%, t + At) (4.5.5)'

S 4a1(@, (0%, 8%, 1)(Sp 1 (@, (05, 05, t + AD)).

From (8.7.2) and 11.21,19,14),

m
* c o,
<UAa2 Bb2> <UAa2><UBb2>+(§O_)fdGE’; sm93

(¢}

m
fd¢;FAa(og, G WF gy (04, 05, t + Atz/fd_lgW(g)W...
o
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2 !
(=78, (04,85, )= B)S 458, 05, 65, ) . (4.5.6)

[S;bz(ao(é, ’ ¢;'3, t + At), E)
* ~ [ ' 2w Py ' '
+SBb2(9[>o(6 ,¢3at+At)7_—c_-(_x)o(6 a¢3,t+At)_Z‘;)]’

where <U, ,5> and <U;b2> are specializations of (4.5.3)'.
From (3.7.1,3) and (11.21,18,19,14),

n 27
c .
Ugps™> = (gﬂfde?’ sin 03 [ do’, W(-— (05,85, 1) ..

o ]

<UAal

’ ' * ' '
Fyo(03,05,t)Fp, (03,05, t+ANDA ,

(&(05,65.0)f [dkwk)ISy, 5 ,
(4.5.7)

- ' 2w , ")
(go (03, ¢3, t+ At) ;——C-g’o (637 ¢3, t+ At),ﬁ)

* ~ ’ 2w - '
+ SBb3(go(03’¢'3’ t+ At);ﬁ, - 730(93@'3,1 + At))

* S;b3(§£o (03,63, t +At);k,-k))].

From (3.7.0,...,4), (4.4), (4.4a,...e)’, and (11.17,18,19,20,21,23,24,25,26),

*

Fy ~ %
AU, gy (t:A)>= 2 Re (U, ,,Up,,<U, 1 Upy,

>

%k E 3
*UpaoUBbo Uy Bb3>+UBbo Usao<Ugp1Us,3>

sk ¥ 2
*UgaoUBbo<Usas Bb2>+ <Uy, Bb1> (4.6)
3 %
- UAaoUBbo< Aa2><UBb2> AaoUBbo<UAa2><UBb2>

+UAao<UBb2><UAa1 Bb1>+U <UAa2><UBb1 Upar”]s

where all factors in terms of (4.6) are specializations of (4.5.2,...,7)'.
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In the special case where no zero-order terms exist (i.e., no specularly reflecting
surface and no targets), then (4.5) and (4.6) assume much simpler forms. In this case
(from (4.5) with all zero-order terms set equal to zero)

- 1 * *
<O gy (BAH> =~ Re [<Uy 1 Upy 1>+ <Uyg o Upy o™

(4.7)
* *
+<Uy 01U Bp3™ * <Uge3Upp1~l
and (from (4.6) with all zero-order terms set equal to zero)
2 *
<AU, gy (BAD> = |<U, Uy > |2 (4.8)

Applications of Averages

Let us now consider the applications of (4.5). With the aid of (4.5.1,...7)’, it can be
used to obtain the following quantities of possible interest.

(1) The crosscovariance function (or crosscorrelation function; abbreviated as CCF
in what follows) between vertically (or horizontally) polarized return signal voltages with
possibly different incident polarizations. If the incident polarizations are the same and
At = 0, then this quantity is the average power in the vertically (or horizontally) polarized
return.

(2) The CCF between right-handed (or left-handed) circularly polarized signal
voltages with possibly different incident polarizations. If the incident polarizations are
the same and At = 0, then this quantity is the average power in the left-handed (or right-
handed) circularly polarized return.

(3) The CCF between vertically and horizontally polarized signal voltages, with
possibly different incident polarizations.

(4) The CCF between left and right-handed circularly polarized signal voltages with
possibly different incident polarizations.

Eq. (4.6) with the aid of (4.5.2,...,7)' can be used to determine the following
quantities of possible interest:

(5) The CCF between deviations from average power (or quadratically rectified
voltage) in two vertically (or horizontally) polarized return signals with possibly different
incident polarizations. If the incident polarizations are the same and At = 0, then this
quantity is the variance of the vertically (or horizontally) polarized signal power.

(6) The CCF between deviation from average power (or quadratically rectified

voltage) in vertically and horizontally polarized returns with possibly different incident
polarizations.
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(7) The CCF between deviation from average power or quadratically rectified
voltage in two left-handed (or right-handed) circularly polarized returns with possibly
different incident polarizations. If the incident polarizations are the same and At = 0, this
quantity is the variance of the left-handed (or right-handed) circularly polarized signal
power.

(8) The CCF between deviation from average power (or quadratically rectified
voltage) in left-handed and right-handed circularly polarized returns with possibly different
incident polarizations.

Transmit-Receive Polarization Modes

There are 16 transmit-receive polarization modes, any one of which may be of
interest in a particular application. These are given in the chart below.

Receive Transmit . )
.. e Designation
polarization polarization
(1) Linear-vertical Linear-vertical \'AY
(2) Linear-vertical Linear-horizontal VH
(3) Linear-vertical Circular-left-handed VL
(4) Linear-vertical Circular-right-handed VR
(5) Linear-horizontal Linear-vertical HV
(6) Linear-horizontal Linear-horizontal HH
(7) Linear-horizontal Circular-left-handed HL
(8) Linear-horizontal Circular-right-handed HR
(9) Circular-left-handed Linear-vertical LV
(10) Circular-left-handed Linear-horizontal LH
(11) Circular-left-handed Circular-left-handed LL
(12) Circular-left-handed Circular-right-handed LR
(13) Circular-right-handed Linear-vertical RV
(14) Circular-right-handed Linear-horizontal RH
(15) Circular-right-handed Circular-left-handed RL
(16) Circular-right-handed Circular-right-handed RR

The factors appearing in the terms of (4.5) and (4.6) are all either average voltages
<U4 ¢> or <Up¢>, where £ = 0,2, or 4 (the case £ = 0, of course, does not reqmre
ensemble averaging), or averages of products of two voltages of the form <U, QUBm> or
complex conjugates of such quantities. We note that in a quantity <U, ¢> (or <Ug¢>),

A (or B) can represent any one of the 16 polarization cases listed in the chart. In a
quantity like <U, gUp,,>>, A and B can represent any of the 16 cases listed in the charts;
hence, there are a total of 16 X 16 = 256 possibilities for such a term. The ability to choose
the desired case, of course, can easily be programmed into a computer. The quantity S, ¢
appearing in (3.7.0,...,4) is calculated for Ae = VV, VH, HV or HH. Extension of these
results to include circular polarization can be accomplished through an extension of (3.9)
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and the observation that the linearly polarized response to incident circular polarization

is given by

Upp(®) = Uyy(t) + jUL ().

VL vv -
HR HV +
HL HV -

The circularly polarized response to linearly polarized incident radiation is

VH
HH
HH

U, p(t) = Upylt) + jUgp(t).

LH VH +
RV Vv -
RH VH -

From (4.9) or (4.10),

HH
HV
HH

Upp(t) = Uyp(t) +jUg () = Up () = jUL 5(8)

= [Uyy(@) + Uy (O] +ilUgy(8) - Uy (0],
Upr®) = Uyp(@) - jUgp(t) = Upy(t) +jUp 4(¢)

= [Uyy(t) + Uy ®O)] +jlUyg#) - Uy y(D],
Uy p(t) = Uyp(®) +iUgp(®) = Uy o(t) + U, p(t)

= [va(t) - UHH(t)] +j[UVH(t) + Upy(1)], and,

Upp(t) = Uy (8)= iUy () = Up (¢

* [WUyp®) = U (O] = jlUy (&) + Uy ()]

) - jURH(t)

(4.9)

(4.10)

(4.11.2)

(4.11.b)

(4.11.c)

(4.11.d)

Equations (4.11.a,...d) can be used to form the averages needed in (4.5) and (4.6) from
the basic calculated quantities Uy vy, Uyy, Uy, Uggy-
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Inside the integral in each of these quantities (see 3.7.0,...,4) is the quantity S, ,¢,
where Aa = VV, VH, HV or HH. On the computer, cases such as LL, LR, etc. will be
implemented by programming the statement

Srre = Syye + Syyg) + iSxve ~ Syme)-

RRQ + - - (4.12)
LRYQ - + +
RL% - - +

This is the easiest way to handle cases involving circular polarization on both trans-
mission and reception. The averages required in (4.5) and (4.6) could be (and have been)
calculated explicitly for these cases but most of the expressions obtained for them are very
long, are not needed in subsequent calculations, and do not lend themselves to easy physical
interpretation. Hence, they will not be included in this report.

RESULTS WITH FIRST-ORDER FIELDS ONLY

In this section we will summarize and discuss the results obtained in Appendix IV
for the case where only the first-order term in the polarization matrix is considered.
Specular reflection terms, target returns and second, third and fourth order terms are not

included.

We can obtain a certain amount of information from these results but unfortunately
cannot really address the problem of cross-polarized components. However, a certain
“‘quasi-cross-polarization’ effect exists and can be studied through these results. This

point will be elaborated upon later.

Polarization Matrix Element

The polarization matrix element corresponding to a [1] is calculated in Appendix IV.
The result, given in Appendix IV, is

2i%a  (v2-1)

¢ oz
[Syy-@,)] )= — _ {@}ﬁ&'v)zl(l-aﬁz)vz‘fvﬁzl
vE adg,hr2ey x g, Uy v
HV H H
HH VvV H
) (5.1)
- 21,00, o %x 80, (E * 2}

\%4 14

H H

H 14
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(Note that the first subscript V or H refers to received signal polarization and the second
subscript refers to transmitted signal polarization, where V and H denote vertical and

horizontal respectively.)
The quantities in (5.1) are defined below:
= complex refractive index of the medium
w = (angular) radar frequency
¢ = free space velocity of light

Ala, ) = (v, - @, )0 - 02, - 0y,

=| « (from 1.22)

X = (from 1.27.a)

a,,. = sin 65 cos 5 (cos & cosy cos - sin § sin 7)
+sin 03 sin ¢ (- cos 8 sin P)

+cos B3 (cos & sin «y cos @ +sin § cos v); (from 1.28)

a,, = sin 03 cos ¢ (- cos 7y sin @) +sin 07 sin ¢ (- cos )

+cos 05 (- sin v sin ®); (from 1.28)

o 1
0z _
= +\/V2 - (agx +ac2)y)
Yoz

where «,, and 0, are defined in (5.2.g.x,y)

v = angle of peak of antenna beam relative to the vertical
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(5.2.c)

(5.2.d)

(5.2.¢)

(5.2.f)
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(5.2.8.y)

(6.2.g.2)
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(0'3 ,¢;';) = spherical angles of the illuminated point on the surface relative to the radar in

the S§ system (whose 2} axis is along the peak of the antenna beam)

> (from II1.15.a)

> (from II1.15.b)

cos ® = I_V'%T (from II1.15.¢)

H
sin® = —2— (from II1.15.d)
V'H] e

where

H=H(x',y') = Mean surface as a function of (x', y'), the horizontal
coordinates in the S’ system (whose 2’ axis is
perfectly vertical and whose (x', y') plane is along
the horizontal sea surface)

_o0H |
Hx' - ax;(x,y)
p L
y' —ayl(x’y)

V'H=/(H,)? + (H,")?

1

e = Qyy = —2y,a . (from 1.28 withf=-a .8, =-a,,)
Vy Vy oz vy oy
Hx Hx H ox
Hy Hy H oy

2y, = cos & cos v cosP - sin 8 sin y
QVy =-cos ysin ®

2y, = sin 8 cos y cos d + cos § sin v
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(5.2.j.2)

(5.2.§.3)

(5.2.j.4)

(5.2.j.5)

(5.2.j.6)

(5.2.i.7)

(5.2.j.8)

(5.2.k)

(5.2.2.1)
(5.2.2.2)

(5.2.2.3)
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R4, = cos 8 sin (5.2.2.4)
QHy =-cos P (5.2..5)
Ry, =~ sin 6 sin @ (5.2.2.6)

(Egs. (5.2.£.1,...,6) are from (1.27))

The vector and scalar products in, (5.1) are as follows:

(—g’Hx—%’V)z =- (—%'Vx—g}{)z = Q'HxQ'Vy - Q}-IyQ'Vx (5'3‘a)
Qy*Ly), = @yx8y), =0 (5.3.b)
(@ xQV) on,Vy - ozoySZ'Vx (5.3.¢)
H H H
—a;o .2>V aon on,Vy (5.3.d)
H H H

In the degenerate case where the mean surface is perfectly horizontal, some of the
quantities defined in (5.2.a,...8) and (5.3.a,...,d) are significantly simplified. In this case

H(x',y')=0. (5.4)
Choosing to set H,, identically to zero and allowing H,, to become arbitrarily small

(just an arbitrary choice of coordinate orientation which does not affect the end results), we
obtain from (5.2.j.1,...,4):

cosd=1 (5.5.a)
sin®=0 (56.5.b)
IV'HI=0 (5.5.¢)
cos6=1 (6.56.d)
sind=0 (5.5.e)

Using (5.5.a,...,e) in (5.2.g.x.y.2), (5.2.k), and (5.2.92.6), we obtain

a,, =sin 83 cos ¢5 cos 7y + cos 05 siny (5.6.a)

O,y = sin Bé sin ¢'3 (5.6.b)
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702 V2
(5.6.c)
+2 sin 0y cos 03 cos ¢ cos v sin 7] }

Ry, =08y (5.7.2)

2y, =0 (5.7.b)

R, =siny (5.7.¢)

2, =0 (5.7.d)

Ry =~ 1 (5.7.¢)

Ry, =0 ' (5.7.£)

To check our results against those previously obtained by other workers, we further
specialize to the case where the surface is perfectly horizontal and illumination is in the
(x'3 - zé) plane and along the peak of the beam, corresponding to the conditions

6, =0

(5.8)
#y=0
Using (5.8) in (5.6.a,b,c), (5.2.k), (5.7.a,....,f) and (5.3.a,b,c,d), we obtain:

o, =siny (5.9.2)
&,y = 0 (5.9.b)
aoz=—\/1-sin2'y= ~ cosy _ (56.9.¢)
Y,, =v/2 - sin? y (5.9.d)
Ly, =cCOSY (56.9.e)
QVy =0 (5.9.1)
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Ry, =siny (5.9.8)
2, =0 (5.9.h)

Ry =~ 1 (5.9.)
Ry, =0 (5.9.j)

Ry, =secy . (5.9.k)
2, =0 | (5.9.9)

Q}Jx =0 (56.9.m)

Ry, =~ 1 (5.9.0)
(¢, *Ly), =0 (5.9.0)
4, ) = tan y . v (5.9.p)
(@, %%y), =~ siny (5.9.9)
G, %) =0 - (5.91)
(&'ng),V)z = sec vy | (5.9.5)

A( |020|) =(Y,, - aoz)(I- ozozz -, V)= [«/¥2 - sin? v + cos 7]

(5.9.t)
[sin2 ¥ + cos 'y\/v2 - sin2 7] = 2 cos 0% +4/v2 - sin? 1.
Substitution of (5.9.a,...,t) and (5.3.b) into (5.1) results in:

2jcﬂ(v2 - 1) cos? y[(% - 1) sin® v + V2‘]

[Syvy( &), )= (5.10.2)
(v2 cos 7y +4/v% - sin? )2

Syt @) ,)=0 (5.10.b)
Sy &)1,1)=0 (5.10.¢)
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-2j09(v2 - 1)cosy

[SHH.(_ )l (1) = .
ere (cos 7y +\/V2 - sin? 'y)2

The results given in (5.10.a,b,c,d) are consistent with those reported in the literature,
"e.g. Barrick and Peak [46]; Guinard and Daley [10]; Guinard, Ransone and Daley [14];
and Valenzuela, Laing and Daley [13]. Notation and definitions of angles differ from those
used here but when the meanings of the symbols in those papers were interpreted in terms
of the author’s notation and definitions, the results were found to be in exact agreement
with those reported previously.

(5.10.d)

Let us refer back to the definition of vertical and horizontal polarization used in this
report. We define vertically polarized transmission or return (labeled V) as that whose E,
vector is in a given direction on the antenna aperture and horizontally polarized transmission
or return (labeled H) as that whose 13: vector is perpendicular to the V direction. But the
FE vector corresponding to a plane wave of either V or H type (according to the above
gefinition) launched at the aperture and striking the sea surface at a given point has
components both vertically and horizontally polarized (according to the standard defini-
tion of vertically polarized radiation as that whose E vector is in the plane of incidence
and horizontally polarized radiation as that whose E vector is normal to the plane of
incidence) and these components are acted upon differently by the surface reflection.
Hence the return corresponding to a V-type transmitted wave has an H-component and the
return corresponding to an H-type transmitted wave has a V-component. If the return is
considered as a superposition of plane waves from all angles contained within the antenna
beam pattern, then each such plane wave has both V and H components regardless of
whether their corresponding transmitted waves were of V or H type. The total £ field on
the aperture resulting from this superposition of returns has a different ratio of
V-component to H-component than that resulting from the superposition of E-fields of all
the transmitted waves. This constitutes a kind of “quasi-cross polarization” effect which
appears in the return even in first order, although it is very well known that no real cross
polarization (defined in the standard way, i.e., referred to polarization at the sea surface,
not at the antenna aperture) exists in first order return.

The exception to this is the case where all of the radiation goes out in a single
direction, i.e., along the antenna beam axis, in which case the components of the E-vector
of the transmitted or returned plane wave correspond to the components of the E-vector
on the antenna aperture. This is the case covered by Egs. (5.8), (5.9.a,...,t) and (5.10.a,b,c,d).

As soon as a small departure from this simple situation occurs, then the return has the
feature indicated above, i.e. its “polarization” as defined at the antenna aperture is
different from that of its transmitted wave.

This is true even for a perfectly horizontal mean sea surface. Of course, the wider the
beam, the greater is this “quasi-cross polarization” effect, because a wider beam has much
more wave energy propagated at angles far off the beam axis. With a narrow beam, e.g.
only a degree or two wide, there should be very little of the effect, because at small
angles off of the beam axis, the E-field components defined as vertically and horizontally
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polarized at the antenna aperture come much closer to being the vertically and horizontally
polarized components at the reflecting surface.

For any given beamwidth, “quasi-cross polarization” effect would be further enhanced
by a rough mean-surface, because waves propagating out at different angles would encounter
a wide range of angles of incidence at the surface and hence the probability of a vast
difference between the polarization defined at the antenna and that defined at the surface
would be much greater, even at angles not far off the beam axis.

To summarize this point, our concept of polarization, which defines vertical and
horizontal polarization in terms of two mutually perpendicular directions of the E-field
on the antenna aperture, does not necessarily correspond to the standard definition of
vertical and horizontal polarization, which relates to the E-field in the plane of incidence
~ or normal to the plane of incidence respectively. Suppose we think of the return as a
superposition of plane waves reflected from the random surface. If the mean surface is
horizontal, the only one of these waves for which these two definitions coincide is the wave
along the beam axis. In the case in which the results (5.10.a,b,c,d) are obtained, that is the
only wave propagating; cross polarization terms vanish. It can easily be shown that the VH
and HV terms also vanish (with a perfectly horizontal mean surface) in the case where
the illumination is in the (x3 - z3) plane (¢35 = 0). In this case, a V type wave (our defini-
tion) has no components that are horizontally polarized (standard definition) at the sea
surface and an H-type wave (our definition) has no components vertically polarized
(standard definition) at the sea surface. This is a degenerate case in our analysis because it
covers only one plane of illumination and we wish this analysis to cover a superposition
of waves from an arbitrary solid angle.

To show the vanishing of VH and HV terms in this case, we need only observe that
setting ¢§3 equal to zero in (5.6.a,b), and (5.7.a,b,d,e) and invoking (5.3.b) results in:

o, =sin (83 - 7) (5.11.a)
%y =0 (5.11.b)

sin y sin (05 - )

Ry, =cosy- a (5.11.¢)
oz

2y, =0 (5.11.d)

2. =0 (5.11.e)

Hy =~ 1 (5.11.5)

(2, %2y),(6,*8y,) = 0 (5.11.g)
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(2, %8), (@, %) = 0. (5.11.h)

2 >0
Egs. (5.3.b) and (5.11.g,h) imply that

[SyuC @,)1,(1) =[Sy &,)1,1)=0 (5.12)

for the special case where ¢é =

Averages Involving Only First-Order Terms

The generic average of the product of two polarlzatlon matrix elements each of which
contains only first-order terms is the term <U, .1 U Bb1> in (4.2.b)’, which is of second
order. The generic average of power (or quadratically rectified voltage) products in the
case where the polanzatlon matrix contains only first-order terms is the term
<Upa1 UAal Ugp1 UBb1> in (4.4.d)’, which is of fourth order.

Summariiing the applicable results in the previous section, we have (from (4.2.b)’)

A * jw, At
<U,.Bp2~ = Re(<UAa1 Ugpi-€ ) (5.13)
and from (4.8)
A *
AU, gy (HAY)> = l Upa1Upp1~ i (5.14)
where (from (4.5.5)" with a slight notational change)
%
U1 Uppr>= )2fd9 sin 6! fd¢3 Wi 2 go (8},64.1))...
? (5.15)

F o (05.05.6)F g, (6585t + AD)
[S,4 40 &, (05.05,0)] ,(1)[Sp, (-, (05.85:t + A 1 (1)-

Here F 4 , and Fg, are given by (3. 5), the various constituents of F4 , and Fpg, are in
turn obtained from (3.6) and (3.6.a,b,c,d)’. The quantities [S 40] and [SBb] are of course
the polarization matrix elements (5.1), or combinations thereof. The pairs of subscripts
(Aa) or (Bb) on the [S]'s may be (VV), (VH), (HV) or (HH) if attention is confined to
linearly polarized transmission and reception. They may also denote (LL), (LR), (RL) or
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(RR) if circularly polarized transmission and reception is of interest. In the latter case,
we would invoke (4.12), noting that

[Sp. 9‘10)](1(1) =Sy y(- g:o)]a(l) + [Syyt- _O‘:o)]a(l )) -
RR
LR

RL
(5.16)

ISy &) (1) - [Syp &)1,y

+
- +

If linearly polarized response to circularly polarized transmissions is of interest, then
from (4.9), we can write

[SyrC- &)1,1) = [Syy(- &) 1) + ilSyg(- &)1 ,01)-

VL vv - VH (5.17)
HR HV + HH
HL HV - HH

Finally if we wish to study circularly polarized response to incident linear polarization, we
can use (4.10) to obtain

[SLv (- &) 1) = [Syy &)1,0) * i8Sy v(- &,)1,(1)

LH VH + HH (5.18)
RV vv - HV
RH VH - HH

The subscripts (Aa) and (Bb) can each denote any of the possibilities covered by
(5.16), (5.17) and (5.18) as well as the standard cases involving only linear polarization
in both transmission and reception.
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Appendix 1
COORDINATE SYSTEMS

The basic coordinate system used in solving the boundary value problem is a right-
handed rectangular system S = (x,y,z), with basis vectors (_z;x, —l;y’ _i_,z)' The system’s (x,y)
plane is tangent to the tilted mean surface at its origin of coordinates, denoted by 0. We
define another coordinate system S’ = (x',y',2") with basis vectors ( iy iy, i), its
(x', ¥') plane along the horizontal “perfectly calm” sea surface, its origin at an arbitrary
point 0’ on that surface, and its 2’ axis vertically upward. We are interested in the trans-
formation between these two systems.

leen that the origin 0 of the (x,y,2) system is located at a point (xo yO » 20 ') in the
(x', y', 2") system (see Flg I- 1), we can construct an intermediate system S’/ = (x"', y'’, z”)
with basis vectors ( _z)x , _l;y , _l;z "), whose coordinates are parallel to those of system S’
and whose orlgln is at O A pomt with coordinates (x y z ) in system S’ will have

coordinates (x' - xO y' - yo ,2 -2 ') in system S"',
r = ’_ r
x X —xg,
y' =y -y, and (L1)
n - ! _ !
z z -z,
”

/ X
X

0

vy’

Fig. I-1 — Systems S, S’, s"
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tr r

Referring to Fig. I-2, we construct a second intermediate system 8’ "' = (x' ", y'", 2" ")
with origin at 0, whose z' "’ axis is parallel to the z'' axis of system S’ and that is rotated
by an angle ¢ with respect to S"’ such that the x' "’ axis is in the direction of the local
tilt, i.e., by rotation in the (x' "', 2'"") plane we will be able to transform to the system S.

The transformation between S’"’ and S'' is (from Fig. I-2)

tr

x'" = x" cos ® +y' sin P,
y'" = - x""sin® +y" cos b, and (1.2)
z’ n = z”.
v
3
7 O — X
5

e

Fig. I-2 — Systems §’, 8, S

rer

To transform from S’ ' to S, we now tilt along the (x'"’, z'"') plane (see Fig. I-3)

through an angle 6, leading to

x =x""cosd-2"sin§,
y = y"" and (1.3)
z =x'""sind+2'" cos 6.
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}z”'

X

Fig. I-3 — Systems S, S' "
To obtain the transformation between S’ and S, we first use (I.2) and (1.3) to express
(x,y,2) in terms of (x'’, y"', 2") resulting in
x = x'"cos 6§ cos® +y" cos §sind - z"sin 5,
y = -x""sin® +y" cos ®, and (1.4)
z = x'"sin 8§ cos ® +y" sin §sin ¢ +2" cos 8.

We then use (I.1) and (1.4) to obtain (x, v, z) in terms of (x', y', 2'), as follows:

x = (x' - xO') cos & cos d + (y' - yo') cos & sin d - (2' - zO') sin 8,
y = - (x"-x,')sin &+ (y' - y,') cos ¥, and (1.5)
z = (x'- xo') sin 6 cos @ + (y' - yO') sin 8 sin ¢ + (2’ - zo') cos 8.

Inversion of (1.5) is straightforward and leads to

! B . .
x' = xg +x cos & cos P~ ysin P +2zsin § cos P,

<
I

’ yOI +x cos & sin @ +y cos ¢ + z sin § sin P, and (1.6)
2z = zo'—xsin6+zcos6.

It is important to have the transformation between the sets of basis vectors (i ,, _i>y,
i,)and (i, _l;y', i,'). These are obtained by writing

r=
-

. . . P | ! ! . ' ! .ot 0 !
X tLy vz =i (a0 - xg) i, (v - ¥o) T (@ - 2p) (A.7)
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and then using (1.5) or (1.6) to solve for (L«

i, i,)intermsof (i,', i,’ i,'),orvice
“y> Sz Ax 4y Kz D
versa. The results are

~.
1

. ! -. . I . . . ? .
i _'cosbcosP+i_ "cosdsin®-i_ "siné,
X >y —>Z

=X
. . ! . . 1 B
= - +
iy i, sin® L, cos ®, and (1.8)
. . ! . . . . .
i_ =i '"sinScos®+i_"sin&sin®+i_'cosb,
>z —>X =2y —>Z

or the inverse of (I1.8),

iy =1, cos&cosfb—};y sin<b+_i>zsinﬁcos¢’,
_g')y'=_i)xcosﬁsin<I>+_i)ycosq>+_£zsinﬁsin<l>,and (L.9)
_i)z'= —_z;xsin6+_l;zcosﬁ

We now construct another coordinate system S (x2 ,y 2 y 29 "), whose (x2 Yo ")

plane is parallel to the (x', ¥') plane of system S, whose origin is at the radar, and whose
22 axis is vertically downward. (See Fig. 1.4.)

Radar Position

Y2 X2
ﬂ (X", YR', Zg')
ZR' zz'
"
"N\t x
oy
Fig, I-4 — Systems S’, Sz'
The transformation between Sy’ and S’ is
le = _ le +xl,
" _ ' '
Yo =Yg - , and (1.10)
! = I_ !
2y, =2p -2,

where (xg', ¥r', 2g ") are the radar coordinates in S'.
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Inverting (I.10) we have

<
Il
|
<2
[s\]
+
<
=
=]
=]
o))

From (1.11), (1.5) and (1.6);
x = (xz' +xR'— xo') cos 6 cos d - (y2'— yR' +y0') ¢os & sin @

] ! ! .
+(25 —2p tZ,)sin 5,

<
1l

- (xz' +txp - x,') sin @ - (yz'— yr' +y0’) cos @, and
z = (x, +xp'- %y )sin & cos @~ (v,' = yp' +¥,")sin & sin &
- (22' - ZR' +z0') cos 0,
or

x, = (- xR'+x0')+xcos6cosd>—ysin<l>+zsin5cos‘l’,

2
yz' = (yR'— yo')— x cos & sin - y cos ¥ - z sin & sin ¥, and
z, = (2p' - zo') +x sin § - z cos 8.

It is evident that

—>x2 —>X
. r_ .7
‘l’yz _l)y,and
o ! . !

lz =_—l>z'
%9

(1.11)

(1.12)

(1.13)

(L14)

Let us now construct another coordinate system (x3', y3', z3'). The origin is at the
radar and the z3' axis points in the direction of the antenna beam. (See Fig. I-5.) We can
construct this system by a rotation about the y2' axis. The coordinate transformation is

r_ ' r .
Xg = X5 COSY- 24 SN,
' _ !
Y3 = ¥y ,and

_ ' . + '
23 = x2 sin vy 22 COs v,
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Fig. I-5 — Systems S2', 83'

or

&
I

] r -
9 Xg cos‘y+z3 sin vy,

Yo' = ¥3',and

— r . !
2, = - xg siny+zy cosv,
and for the unit basis vectors
V____ - 14 -3 ! .
L L, cosy-i, sinvy,
’ . ’
i =i  ,and
Y4 =Yg
i '=i_'siny+i 'cos
_1,23 Yt s
or
"= i 'cosy+i_ 'sin
—l>x2 x YT, S v
. ! 1
i = and
Y, —>y3 ’
; '=-i 'siny+i_ 'cos
—l>z Sin 7y -2z v
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From (1.16.a,b), (1.14), and (1.8) or (1.9) we obtain

i, =

' . . . ! .
L. _l)x3 (cos 8 cos y cos @ - sin & sin 7v) +_l)y3 (- cos & sin P)

+i, " (cos & sin y cos ® +sin & cos v)
3

_i)y =_l;x3’(- cos 7y sin (I))+i,y3,(' cos ) +_i>23'(— sin v sin ®), and (I.17.a)
. _ r . . R .
i, —_z>x3 (Sln(SCOS’YCOS‘D+COS5$1H’Y)+_l)y3 (- sin 6 sin P)

. ! . .
+i_  (sin 8 sin v cos ¥ - cos § cos ),
-
3

or

o~
I

iy (cosBcos*ycosCID—sm6s1r17)+_z>y - cos'ysmq))

+i_ (sin & cosy cos P + cos 6 sin v),
-

r_ . _ . . _ . _‘ . -
ix( cos 6 sin P) +Ly( cos P) +_l)2( sin § sin @), and (I1.17.b)

o~
|

il

L (cos<5s.1n'ycos<b+s1n5cosv)+_z)y (- sin 7y sin P)

+_z;z (sin & sin v cos ® - cos & cos 7).

From (1.17.a,b) we can obtain the relationship between the (x,y,z) components and
(x3',¥3',23') components of an arbitrary vector. We begin with the observation that
! . ! r o 1] r . !

= |+ |+ | = + +
g ax—Lx ay—l>y az—l->z ax l»x ay3 ——l>y3 az —l>z : (1'18)

- o - - - -
a, ' (cos 6 cos 7y cos P (- cos 7y sin P) (sin & cos y cos ¢ a,
3 - sin 6 sin %) + cos & sin v)
a, "1 =] (~ cos & sin ®) (- cos d) (- sin & sin P) a, | (I.19.a)
3
a, ' (cos & sin 7y cos ¢ (- sin ¥ sin ) (sin 6 sin ¥ cos P a,
3 +sin & cos 7y) - cos 6 cos ¥)
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Substituting (I.17.b) into the RHS of (I.18) or equivalently inverting the 3 X 3 matrix
in (1.19.a), we obtain

B 1

ay

- sin & sin v)

(- cos vy sin ®)

(sin 8 cos y cos P
+ cos 6 sin 7y)

(- cos P)

P(cos dcosycos® (- cosdsindP) (cosbsinycosd

(- sin 8 sin P)

+sin 6 cos ¥)

(- sin v sin ®)

(sin 8 sin v cos ¢
- cos 8§ cos %)

-

(L.19.b)

It is of interest to have the transformations between the (x,y,2) system and the
(x3’,¥3', 23") system. To develop these transformations, we first invoke (1.12) and
(I.15.b) to obtain

A
X

- sin v sin 8)
(- cos 7y sin P)

(cos v sin 6 cos P
+ sin 7y cos §)

b

-

(- sin P)

(- cos ®)

r_(cos ycos 8 cos® (- cos 6sin P) (siny cos & cos CI;

(- sin 6 sin ®)

(cos 6 cos P) (cos 8 sin P)

(cos P)

Then from (1.15.a) and 1.13), we obtain

X3

- sin 7 sin §)

=] (- cos & sin P)

+ cos 7y sin §)

e

-
- cos Y 0
+ 0 1
~ sin 7y 0

(cos ¥ cos 6 cos P

(sin 8 cos 6 cos ¢

(- cos

- sin 7y

cos y

5

- cos v cos 6) ]

a -
(- sin ) (xR'—xO')
0 Op' %o
(zp" -2y

(sin 6 cos @) (sin & sin @) (cos §)

(- cos ysin ¢

D)

(- sin 7 sin ®)

!

(xp
(g
(zp

!

!

4

+ cos 7 sin §)

(- sin 7 sin ®)

(sin 7y sin 6 cos ¢

(cos 7y sin 6 cos P
+ sin 7 cos &)

(- sin 6 sin P)

(sin 7 sin 6 cos ¢
- C0s 7y cos &)

!’
- xo )
- yO ')
_ 20')

(1.20.a)

(1.20.b)



NRL REPORT 8369

The unit basis vectors along the spherical coordinate axes in the S3' system are
given by

. ! . ! . ! ! . . r . I3 . ! !
= +
i, i, sinfg cos¢g +i, sm6’3 sin ¢g° +1 cos 04,
3 3 3 3
in '=i_ "cos0, cos¢, +i_ 'cosB, sing, -i_ 'sin0,’ and (1.21)
903 S, 3 3 S, 3 3 Sz 3 :
. ’ . . . ! . ! 5 !
= - +
i¢3 _l)xa smqb3 _l)ys cos¢3.

Substituting (I.17.b) into (1.21) we have

.t . . ' ' . . .
i =1, [sin 84 cos ¢4 (cos 5 cos v cos ¢ - sin 6 sin 7y)

© +sin 63' sin ¢3' (- cos & sin ) + cos 03' (cos & sin y cos
+ sin & cos )] +_i>y [sin 03' cos ¢3'(—' cos 7y sin P)
+sin 6, sin ¢,'(~ cos @) + cos 05'(~ sin v sin P)] (1.22)
+_i)z[sin 03' cos ¢3'(sin 0 cos y cos ¢ + cos & sin y)
+ sin 63' sin ¢>3'(— sin 6 sin ®)
+ cos 03'(sin 6 sin y cos P - cos § cos v)].
Defining x3' and y3’ as the electric field directions for vertically and horizontally

polarized waves respectively, and denoting x5’ and y 3’ components with subscripts
V and H respectively, we can write

E’iv(_g,w) = gVT E:.(ﬁ,w) =0, - El., and

N -
r r
(1.23)
o T 7 = K
EpBw) =2y £;Bw) =%y * E;
r r r

(where the scalar products on the left are in vector-matrix notation and those on the right
are in standard vector notation) where (from (1.19.a))

Ly, (cos & cos y cos ® - sin & sin 7y)
&V = QVy = | (- cos y sin ®) , and (I1.24.a)
QVz (sin 6 cos y cos ® + cos & sin )

55



RAEMER

L (- cos 6 sin d)
_gH = QHy =1 (- cos ) (1.24.b)
Ly, (- sin 6sin ¥)
Using (2.8) in (1.23), we obtain the matrix equation
_~ ] [ ﬁx By ] ~
Eiy By 2270y Ryy 227 8y,) E;,
r Bz 6,2 r
= (1.25)
~ Bx ﬁy ~
Eiy Cpe 270, Qyy 2270,) Eiy
8, B,
R 4L
where £;, and £  are given in (1.24.a,b).
y y
-4 z
Inversion of (1.25) results in
E 1
rl o= B, 8, B,
Eiy [(QVx iﬁ_ QVz)(QHy iB_QHz) - (QHx iE_QH.Z)(QVy *
4 r4 V4
r
B 8 8 17 7 T (1.26)
y y iv
(QHy iﬁ_QHz) —(QVy iB_ QVz) r
F4 zZ
8, 8, ~
= X E.
~(Rgy iﬁ by Gy, iﬁ fv2) iH
2 z r
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The matrix £ introduced in (2.18.a,b) is (from (1.24.a,b))

— - — -
v Yx (cos & cos ycos P (- cos b sin P)
- sin 6 sin )
L= va QHy = | (- cos ysin ) (- cos P) . (1.27)
Ly, QHz (sin & cos 7y cos $ (- sin & sin P)
+ cos 6 sin )

The matrix L(q ) appearing in (2.31. 0,1,...,4) is obtained from L(_Q) as given in (2.19)
which is equivalent to the 2 X 2 matrix in (1.26), where § = 91;0 and &, is obtained from
g),s' (given by (1.22)), i.e.,

&, = , (1.27.2)

where

a,, = sin 03S, cos ¢3S, (cos & cos ¥ cos b - sin & sin 7y)

+ sin 035' sin ¢3SI (- cos 6 sin P)
+cos 55" (cos & sin y cos P +sin & cos ), and (1.28)

. ! ! .
®,, = sin Ogg cos dgq (- cosysin D)

+ sin 03S, sin ¢3S' (- cos ®) + cos 03S' (- sin y sin P),
and where subscript S’ refers to the illuminated point on the mean surface.

For some purposes (e.g., characterizing target position), it is desirable to have direct
transformations between the S’ and S3' systems, which do not involve the angles § or ¢.
To develop these transformations, we first invoke (1.10) and (1.15.a), from which we obtain

’ - ' _ ' + ] _ 1] .
Xg (x —xp)cosy+(z - zp)sinY,

!

ys' = - (' -yg'),and (1.29.3)

_ i ' . 1 '
zg = (x -xp )siny- (2 - zg) cos .
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From (1.11) and (I.15.b),

y'= yp'- v, and (1.29.b)
! r . !
2 =zp txg siny- 25 COSY.

The transformations of unit basis vectors are obtained from (I.14) and (I.16.a,b) and
are as follows:

i I=- . ] + . .
i, _:,xs cos y _1,23 sin v,

S0 . [

i, ‘l’ys , (1.30.a)
"=i_ 'siny-i_ 'cos

-l>z -lyxs n7y >zg 7

and

. r - 3 ’ + a1 .

'l’xs i, cosy+i, sinvy,

. r_ s !

_l)ya =-iy, and (1.30.b)

i_ "= 1i'"siny- i 'cos

4 X T ~>Z -

Transformations between the spherical coordinates of the S3’ system and the
rectangular coordinates of the S’ system are obtained from (1.29.a,b) through the standard
rectangular-to-spherical relationships. From (1.29.b)

x'=xp'+ry (sin 0, cos ¢5' cosy +cos 0, sin ),
y'=yp'-ry'sinb, sing,’, (1.31)
z' = zR' +r3' (sin 03' cos ¢3' sin y - cos 03' cos 7),
and from (1.29.a)
r3' sin 03' cos ¢>3' = (x' —'xr') cosy+(z' - zR') sin 7y, (I1.32.a)
rg'sin 0, sin¢," =~ (y'- yp"), and (1.32.b)
r3' cos 93' =(x' - Xp "y siny - (2' - zR') cos . (1.32.¢)
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Substituting r3’ obtained from (I1.32.c) into (1.32.a,b) we obtain
tan 03' cos ¢>3'[(x' - xR') siny - (2' - zR') cosy] =
(1.33.a)
(x'-xp')cosy+ (2"~ z") sin v, and
tan 03' sin ¢5'[(x"~ xp") siny - (z'-zp")cosy] =~ (¥' - yr') (1.33.hb)

Summing and squaring (1.33.a) and (1.33.b), then taking the square root and the
arctangent of the result, we have

gl(x;_.er) cos y + (z/_ ZRI) $in 7]2 + [yr _ er]2$

0, =tan™? (1.34.a)
g ! ’ . _ ! ! g a2
[(x - xgp)siny=- (2 - 2p ) cos v}
Taking the ratio of (1.33.b) to (1.33.a), then taking the arctangent, we obtain
- (y, - yR,)
¢’ =tan"! PE— - — (1.34.b)
(x - xp yeosy+(z - zp)siny
Solution of (1.32.c) for r3’ gives us
(x'-x,)siny - (2'- zp) cos y
rg’ = . (1.34.c)

’
cos 03

It is useful to have the x’ and y' coordinates of a point S on the surface (denoted by
xg' and yg') in terms of the spherical angles 03' and @3’ of that point (denoted by 035,
¢3g') and the radar altitude (zp' - 2¢') = hp.

We obtain this relationship from (1.31) and (1.34.c) as follows:

h, cos vy [tan 0, cos " cos vy + sin
" x 'y R ¥ [ 38 ¢3S v ’Y] s and (1353.)

[1- sin v (tan 035' cos ¢3S' cos vy + sin v)]

hp cos y tan 04’ sin ¢3S’

"=y - - - . 1.35.b
Ys TR [1-siny(tan0gq cos¢gs cosy +sin 291 ( )
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Appendix 11
SMALL-SCALE SURFACE FLUCTUATIONS
The averages over small-scale surface fluctuations are calculated in this appendix. We
note in the second section that the ripple surface is given by 2( L ,t), where L =(xy)=

position coordinates on the mean surface, considered locally as planar

The triple Fourier transform of z( P ,t) is

22 =ff dﬁf dtz(g t)e /" Ik "L, (IL1)

where = (k,w) = (k,k,,w).

y b
We assume that z(p,¢) is a sample function of a zero-mean, statistically homogeneous*,
wide-sense stationary Gaussian random process. From the ‘“zero-mean” assumption it
follows that the ensemble average (denoted by < >) of z( £,t) is
<z(_;3 J)>=0. (I1.2)
From the assumptions of statisfical homogeneity and stationarity, it follows that

<z(p,t)z(p + Ap,t + At)> = R(Ap,At), both independent of p and ¢. (11.3)
- - S - -

Using (I1.2) and (11.3) in (II.1), we have

<Z(Q)>=ﬂ dgf dt <z(p,t)y>e ¥t~ ik " £ =0, and (I11.4)

* An alternative terminology might be “spatially stationary.”
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00 00 o0

<Z(g1)z@2)>=ff dglfdtl ffdngdtz <a(pqity)2( o ty)>

, (11.5)
lw t, +w t, vk, cp tk,p,)
e 141 ala V&8, "Ry T %2 " B2 =/fd_’z1dt1d(A£)d(At)R(A£’At)
e"j[(“’l *wylty +(krky) £y e‘j[szt +ky,Ap] )
We note that (See (2.7.a,b))
S L P PR PRI
ff dﬁl e 1 2 1= (2m)°8(ky, tEy,) B(kly +k2y), and (11.6.a)
jf dt, e—:(wl twylty 21 8(w, + W,). (IL.6.b)
Using (11.6.a,b) in (I1.5), we have
<2(2,)2(Q5)> =
(IL.7)

' [ j(w t'+ k,*p)
(Zw)3ff d_/gfdt'R(_e e v = 6(5_;&1+S_)22),

where
6(91 + 92) = B(klx + k2x) a(kly + k2y) 6(w1 + w2)'

The integral in (I1.7) is the power-spectrum (in both spatial wave number k and
frequency w) of z( 4 ,t), which may be denoted by W(S_}) or W{ § ,w); thus,

Z(QI)Z(&;Zz) = W(S_zl) 8(@1 + g‘z)a (I1.8)

where gll =(k1,w1) and W(g) has the property W(Q) = W(—g).
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Because z(p,t) must be real, it is evident from (I1.1) that

* = jwt+jk - p - g
Z (<) _/:/d_’ifdtz(ﬁ’t)e SR8 =2(-9). (11.9)

As a consequence of (I1.8) and (I1.9),

<ZUQZ(Qy)> = <ZQZ(-Qy)> = W(Q,) 5, - L,). (11.10)

A general property of zero-mean Gaussian random functions X 1,2,3,4 18

<X X X3 X, > = <X, X,> <X X,>
(IL.11)
<X Xg> <X X, >+ <X, X, ><X,X,>.

From (I11.11) and the fact that Z(£2) is a zero-mean Gaussian random function since
z(p,t), its Fourier transform, is such a function and it is a well known property of Gaussian
random functions that their Fourier transforms are also Gaussian, we obtain

UQAGIGAQ)> = <2 QUL)> U2 G)>
: (11.12)
* <A > <HQZQ,)> + <HDARY)> <AQ)ZDy)

Another property of a zero-mean Gaussian random function is that its odd-order
averages vanish; consequently,

<Z(§), )Z(S_;Lz)Z(S_)Z3)> =0. (IL.13)

We make the assumption that the small scale fluctuations on any part of the mean
surface are only very weakly correlated with small scale fluctuations on another part of the
mean surface. We use the extreme limit of this condition as an approximation on integrating
over the mean surface, i.e., we assume that

SAZ(82,):1 )8(Z(2). 1) >F0if |1, - 1 |<e
(I1.14)
=Oif|l;a-_r;b|>e,

where € is a small positive real number that limits the correlation region to a very small
patch such that the tilt of the mean surface remains uniform throughout the patch. If € is
large enough to allow correlation between two points on parts of the mean surface with
different tilt angles, then a condition that will later follow from the ensemble averaging
process (namely a correlation only between two points with the same &g) could possibly
apply to two points on widely separated parts of the mean surface but with the same 920.
This would not make sense physically. Since the scale of mean surface tilt is large compared
with the scale of the small scale fluctuations, this assumption is easily justified.
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Another assumption we make is that the fluctuation height z( P ,t) varies so slowly that
we can neglect its time variations during illumination of a patch by the radar, i.e.,

z(ﬁ,t) = z(_g). (11.15)
It follows from (11.1), (I1.15) and (2.7.b) that
Z(S_Z,) =Z(k,w) =27 Z(E)&(w) (11.16)

where

Z(k)=/fdgz(£)e'jk'£.

From (IL.4), (I1.8), (I1.10), (I1.12), (I1.13) and (I.16), we can write

<Z(k)>=0, (I.17)
<Z(k,)Z(ky)> = W(k,) 8(k; + k), (I1.18)
<Z(k)Z"(ky)>=W(k,) 8(k, - k), (11.19)
<Z(k,)Z(k 5)Z(k 4)> = 0, and (11.20)

<Z(k1)Z(k3)Z(k3)Z(k 4)> = <Z(k1)Z(k 3)><Z(k3)Z(k 4)> (1121
11.21)
+ <Z(k1)Z(k ) ><Z(k)Z(k ) >+ <Z(k,)Z(k ,)><Z(k ,)Z(k 5)>

where W(k) is the spatial spectrum of the small fluctuations on the surface and each of the
two-fold product averages in (I1.21) may be obtained from (II.18>?< or from (11.19) and
(11.9) when appropriate. More generally, if complex conjugates Z ( Le) ) are involved in any
of these averages, then (I1.9) can be invoked to convert Z*([c)) into Z(—le)) and then any of
the rules given by (I1.17) through (11.21) can be applied.

The ensemble averages needed in the text can be obtained by straight-forward
manipulation from (3.7.0,...4) and (11.9, 14, 17, 18, 19, 20, 21). Note that those of (4.2)
or (4.5) are all either averages of a voltage, such as <U, ,9> and <U, ,4 > (or complex
conjugates of these) or two-fold product averages involving a voltage and its complex
conjugate, namely <U, ,1U*gp o> and <Uy ,1 U*p} 3> The first two of these, by
virtue of (IL.8) and (II.21), contain a factor 6(&) within their integrands that limits
contributions to points of normal incidence, i.e., those points for which &, = 0; thus, they
become summations of contributions from such points as given in (4.5.3)’ and (4.5.4)'. The
two-fold product averages <U, ,oU* g ,,,>> by virtue of (3.7.1, 2, 3), each contain a
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factor FAa(63',¢3',t)F§b(03',¢3 ,t), which in turn by virtue of (3.5) and (I1.16) contains a
phase factor

JTUErG 0570 1) = g (057857 1+ AD)

Another type of two-fold product average, not appearing in (4.2) or (4.5) but appearing
only in (4.4.a,...,e)’ and conspicuously absent from (4.6), is <UAaQUBbm> or its complex
con_]ugate spemflc examples being < UA 21Upp1>> asin (4.4.2)',<Uy ,1Upp1>asin
(4.4.b)’, <UAa3UBb1> asin (4.4.c)’ and <Uy ,oUpp 9> asin (4.4. d)’ This type of
average, again by virtue of (3.5) and (I1.16), contains a factor F 4 ,(03' 63 ,t)FBb(03 ,¢3 ,
t + At) implying a phase factor

2279 [r (0, 0. )+ r (8. 0.t + At)]
ec033 0'\'3°73 .

Finally, there are the three-fold product averages of the type

<UAalUBb1UCc2>
2 1

and their complex conjugates; specific examples being <U% ;1 Ugy1Ugp o> and
<UBb1UAalUBb2> as given in (4 4 b), <UBb1UA(11UA112> and <UA01 UBblUA02>
asin (4.4.c)’, and <Upgp U1 Ul 49> and <Uy 1 U% 1 UBpo> as in (4 4.d)'. These
averages, agam because of (3.5) and (II 16) contain a factor FAa(03 ,¢3 tl)FBb(03 ,¢3 Wto)
Fcc(03 ,¢>3 ,t3), where two of the f, 's inside the arguments of these functions are equal
while the other is in general different; e.g., t; = ¢, ty =, t3 =t + At. The phase factor, then,
has the form

229 [r (0,0, )= ro (8, 0, 1) + (8,0, )]
e c 0 3 3 0 3 2 3 3

The eventual neglect (in (4.6)) of the averages <U, ,oUpgp,,, > and all terms of the
three-fold product averages except the term of the form <U, ,1 U} 1><Up. 9> is based on
the nature of the phase factors mentioned above. The time separation At is sufficiently
small to allow the approximation

+9;4 0 ,, ,,t - 6 ’? '1t At
LI g0y 0, 70 = rg (0,705t + K0T (11.22)

Note that (except when At = 0) (11.22) is not meant to imply that the phase factor is
actually or even approximately replaceable by unity; it implies only that it is not so
oscillatory as to ““wipe out’ the (63',¢3") integral. On the other hand, the phase factors
that appear in the averages <U, ,1 Upp 1> and the three-fold product averages are much
more oscillatory because the values of r in the exponents (which of course must be
positive) are added rather than subtracted; hence, the integrands in these averages are
products of relatively smooth functions and highly oscillatory phase factors and should
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be extremely small. Based on these qualitative arguments, the following approximations

will be made:

<U, Uppm> = Ofor 4m =123

<U

AalU

Upys™ =<U, 01 Upp1><Ucea™

Bbl Cce2

(with the aid of (I1.21))

<U

wa1Usp1Upes™> =0,

Bb1 C 2
(with the aid of (11.21) and (11.23)).

A final average that appears in (4.4.d)’ is (from II.12) with the aid of (11.23)),

* %

<Up1Y401YB51UBb17 = <Uha1 U1 ><Upyy U™
+<Upar Bb1><U Bb1>+<U Bb1><UAa1UBb1>

=< Uy gy P><|Ugpy P>+ [<U, 44 Bb1>|2

65
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Appendix III
THE MEAN SURFACE

The mean surface or “swell”” surface is characterized by specifying angles é and & as
functions of 65" and ¢5'. We will first specify the mean surface as a function of x" and y’,
denoted by H'(x',y").

Referring to Appendix I, we note that a point on the mean surface must by definition
fulfill the condition z = 0, because the mean surface is explicitly defined as the z = 0
surface. We set z = 0 in (1.6) and note that z' in (1.6) is functionally related to (x’,y")
through the equation

z'=H'(x',y') forz = 0. (111.1)
Referring to Figure (I-2) and Egs. (I.1) and (I1.2), we note that

x"=(x" - x5") cos ® + (y' - y,') sin @
(I11.2)

mnt

y''=-(x'- xo') sin ® + (y' - y,') cos ¢

Representing x'"" and y''’ as functions of x’ and y’ through (I11.2), writing H'(x',y’) in
the form H'(x'"(x',y"),y'""(x',¥")), and applying the chain rule, we obtain

oH' oH' ax"’ oH' ay'"
o = " 2a + ay'" W , and (I11.3.a)

oH' oH' ox'"’ oH' oy’

= + .
ayr axnl ayl ayul ay/ (III3b)
But from (111.2)
axlll .
Lo = cos b (II1.4.a)
x
axlll )
T =sin ¢ (111.4.b)
x
ayl” )
P = - sin ¢, and (II1.4.c)
x .
ayl'l
™ = cos P, (III4d)
y
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Since x'" is the direction of the local tilt of the surface relative to the horizontal

and y'" is the direction normal to that tilt, it follows that

!

E)T = tan 6, and
x

oH'
ay”! = 0'

It follows from (I11.3.a,b), (I11.4.a,...,d) and (I11.5.a,b) that

X

oH
H_,= —; =tan 6 cos ¢, and
0x

Hy, =."7 = tan § sin P.

Squaring (II1.6.a,b), adding and taking the square root, we have
- ! = 2 2
tan 8 = [V'H |= V/(H_)2 + (H, )2,

or equivalently,

cos b =~ , and

o
V1+ IVHE
IV'H |

Vi1+|VHI2

sin 6 =

Dividing (II1.6.b) by (I11.6.a),

or equivalently,

cos b= -- , and

IV'HI

) y
v'HI|

sin b =
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(111.5.h)

(111.6.a)

(I11.6.b)

(111.7)

(111.8.2)

(I11.8.h)

(111.9)

(111.10.a)

(II1.10.b)
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We choose as a model for H(x',y') a sinusoidal function of the form

H(x',y') = Ccos (K;x' + Koy' + W). (I11.11)

Differentiating (II1.11) with respect to x’ and y', we have

H_,=- K ,Csin (K;x'+K,y'+ ), and (I11.12.a)

Hyr = K2C sin (le' + K2y' + Y). (I11.12.b)

Using (111.12.a,b) in (I11.8.a,b) and (I11.10.a,b),

1
cos 6 = (I11.13.a)

V 1+ CHE2 + K2) sin?(K,x' + K,y' + ¥)

CVK2+K2sin (K x' +Kyy' + )
sin 6 = , (II1.13.b)
V'1+C2(K2 + K2) sin2(K,x' + Kpy' + )

- K]_
cos ¢ = ——-2——2 , and (I11.14.a)
vV Ki +Kj
. - K2
sin = ————— . (I11.14.b)

Vv K2 +K2

To obtain cos §, sin §, cos ¢ and sin ¢ as functions of 8 3' and ¢3' for fixed values
of v and hp, we use (1.35.a,b) in (II1.8.a,b) and (I11.10.a,b). If we employ the specialized
model (II1.11), then cos ¢ and sin P as given by (II1.14.a,b) are independent of x’ and y'
and cos § and sin & can be expressed as functions of 63' and ¢3' by substituting (1.35.a,b)
into (I11.13.a,b). Summarizing these results, first for the general case, we write: (from
(II1.8.a,b) and (I11.10.a,b))

1
Ccos b = —F—7—— | (I11.15.2)
V1+ IvH|?
IV'H |
sin § = ———————— (I11.15.b)

Vi+v'H|2
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H_,
X
$»=—— and II1.15.¢c
ST v ( )
Hy,
sintp=--— I11.15.d
V'H | ( )

where (from (1.35.a,b), with removal of the subscript S)

L V'
N wEL NN (11115 ¢)
' , hp 0057(tan03'cos¢>3'cosy+sin7)
*R _[1~ sin 7y (tan 0" cos ¢4 cos y + sin 7)]
(I11.15.£)
, ' hp cos v tan 03'sin ¢3'
Yy =yp

B [1- siny (tan 05" cos ¢4" cos 7 + sin )] ’

and H(x',y') is an assigned real function of x' and y'. For the case where (I11.11) is used
(from (II1.13.a,b) and (II1.14.a,b)),
1
cos 6 = , _ (I11.16.a)
J1+C3K2 +K2) sin? (K x' + Kyy' + §) |

C/ K2 +K3sin (K x' +K,y' + )

sin § = - , (I11.16.b)
\/1 +C2% (K2 + K3) sin® (K &'+ K,y' + §)
- Kl
cos b = “—2——2 , and (111.16.¢)
Vv K1t Ky
- K2

sin P = —/——— , (1l1.16.d)

CRES

where x' and y' are given in (II1.15.f).
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Some of the terms in our final results, (U, ,0, <Uy 9> and <Uy, ,4>>) contain the
condition p;zo = (0py ,ozoy) = 0. From (1.28) (dropping subscripts) this condition is
equivalent to

tan 0,' cos ¢,' (cos § cos y cos b - sin & sin y) + tan 8, sin ¢’ (- cos & sin @)

(I11.17.a)
=- (cos 6 sin ¥ cos @ + sin § cos v),

tan 0, cos ;' (cos v sin ®) + tan 0, sin ¢5' (cos d) =~ sin ysin ¢, (II1.17.b.)

(sin & cos y cos @ + cos § sin )

tan 8, cos o5 = - X -
(cos 6 cos y - sin 6 sin y cos ®)

(I11.18.a)
(tan & cos P + tan )
=_ , and
(1 - tan 6 tan vy cos P)
' ' (sin & sin P)
tan 6, si =
n0; sin gy (cos & cos y - sin § sin v cos P)
(I11.18.b)

__ (tan § sin P sec v)
(1 - tan & tan y cos ¢)

Squaring and summing (III.18.a,b) and then taking the ratio of (I11.18.b.) to (II1.18.a)
we obtain

\ﬁtan 8 cos vy cos & + sin ¥)2 + (tan & sin )2
(cos vy - tan 8 sin ¥ cos P)

-0

(63" -o=tan’! { },and (111.19.a)

- tan § sin ¢
(I11.19.b)

. = tan~!
(¢3)9‘,o=0 3tan8cosycos<1)+sin'y

If the surface is perfectly horizontal, i.e., § = 0, then Eqgs. (I11.19.a,b) degenerate into

</ (s 2
sin
(035 -o=tan™} 3‘—"—6(08 77) s =7, and (I11.20.a)
5§=0
0
($3)g - o =tan™? ;- — 2= . (I11.20.b)
& % 0

The implication of (II1.20.a,b) is that the angle 63’ corresponds to the vertical direc-
tion (see (I.15.a,b) and Fig. I-5). This makes physical sense because the condition 9})0 =0
corresponds to normal incidence on the surface, which would obviously occur only with
vertical incidence if the surface were perfectly horizontal.
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The condition on the angles (05 ',¢3 '} corresponding to 92) o = 0 can be determined
from (I11.17.a,b) or (I11.18.a,b) or (111.19.a,b) combined with (II.15.a,...,f). The results in
the general case are: from (II1.18.2,b) and (II1.15.a,...,d)

- (H,, +tan 7)92“ -0

(tan 03" cos ¢5')s _ o= , and (I11.21.a)
2, (1- H,, tan y)én -0
(Hy,)é[w - o Secy

(tan 0" sin ¢5") o , (I11.21.b)

0:
&, (1-H, tany)& -0

— O

where (from (II1.15.f)) H,.: and Hy' are functions of the two variables

&) - hR cos v (tan 03'cos¢3' cos ¥ + sin 'y)(_; -0 4 (I210)
X): _ag=X " - e , an 21.c
&, " [1- sin 7y (tan 03' cos g’ cosy +siny)] 5 -

S0

hp cos 7y (tan 04" sin ¢3')92“ -0

" . =y' - e I1.21.4d
v )Qozo YR [1- siny (tan ()3'cos¢3'cosy+sin'y)]& ~o ( )

-0

In the special case where the model (I11.11) is used, with the aid of (I1I11.16.a,...,d),
Egs. (1I1.21.a,b) have the form

(CK, sin (K x"+Kyy' +y)-tanv)y _ g

- O

,and (111.22.a)

tan 0, cos0,') : = ) ,
( 3 3 ).Qf(,‘o [1+CK,sin(K,x"+Kyy +{y)tanvyl; _

- CK, [sin (K;x' + Koy’ + d/)]@.“ - o Secy

(tan 05" sin ¢3')§ , (111.22.b)

b =0 1+ CK, sin (K x"+Kyy' + Y)tanyly -

where x' and y' are given by (I11.21.c,d).

In describing the position of a point on the surface illuminated by the radar, one can
consider this surface as perfectly horizontal except where phase differences are involved.
The quantity (2’ ~ 2’) has usually been considered equivalent to hp, the radar altitude,
because the difference is usually negligible. If the highest swell were 30 m (100 ft) and the
radar altitude were 1.6 km (1 mile), the error in considering (zp' - z') equivalent to hp
would be about 2 percent. In most cases the error would be even smaller.

The phase factor /%70 which appears in the field is “washed out” in all of our
averages exept Uy ., <Uy 9>, and <Uy ,4>>. Thus, we need only consider the effect of
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this factor to calculate those terms. Referrmg to the diagram of Fig. IlI-1, the vector r, is
that from the illuminated point [x’, y H(x',y')] on the mean surface to the radar. The
vector 1, is that from the point (x,y',0) (directly below the illuminated point) to the
radar. The vector H'is equal to i,'H'(x’,y"), where (' is the unit basis vector in the z’
direction. It is evident that

H <<l | Iz, (II1.23)
from which it follows that
= |5,1= £, - H|= /Gy - i H) (£, - i H)
- R, - L =, |1 ”L() [ ro| &y
o\’ o
=r - H(x'y')cos0p"=r "y, (111.24)

o

where 0 ' is the polar angle of the radar with respect to the point (x',y’,0), described in
the (x',y' 2') coordinate system.

Radar

el

o

Mean Surface

_—A

A Horizontal Surface
A4
Y

Fig. III-1 — Mean surface geometry
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To express the phase factor entirely in terms of the coordinates (03',¢3'), we note
that (with the aid of (I.35.a,b) removing the subscript S)

Py =/ g - )+ (g - )+ hY

hp cosysec0,' (I11.25)
B fl - siny (tan 04’ cos ¢5' cos y +siny)]
It follows from (I11.24) and (II1.25) that
N hp cosysec O,
r,— ' .
%  [1- sinvy (tan 63 cos ¢3'cosy+sm 1 (111.26)

- secycos ' [1- siny (tan 04 cos ¢, cosy +sin )] H(x',y'),

where x" and y' in H(x',y') are given by (I11.15.f).

The factor e/*7o /ro which appears in our averages can be approximated through (111.26)

by
Jkh g cos vy sec 03'
ejkro ( e[l - siny (tan 8, cos ¢.' cos  + sin 7)) >
o - hp cos v sec 03'
{1- sin ¥ (tan 93'cos ¢3'cosy+sin 1 (II1.27)
e—jk secy cos 0,  [1 - sin v (tan 03’ cos ¢’ cos y + sin ')')]H(x',y')’
where

hp cosvy (tan 6, cos ¢," cos v + sin )

x=xp’+ and

[1 - sin vy (tan 63' cos ¢3' cosy +siny)] ’

hp cosytan 04 sin ¢’

Y IR T [1- siny (tan 04 cos ¢5" cos v + sin )]

(again with the aid of (I.35.a,b)).
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In the special case where (II1.11) is used, (II1.27) has the form

jkhp cosysec 6y’
ejkro e[l - sin 7y (tan 73' cos 03' cos Y + sin v)]

~

!
ro hp cosysec O,

[1- sinvy (tan 8, cos ¢, cosy +sin7y)].
3 3
{ -jk sec ¥ cos 03' [1- siny (tan 03' cos ¢3' cos Y +sin 7)) (I11.28)
e : .

C cos <[K1xR' +Kyyp' + V]

. hp cosy [K, (tan 0’ cos ¢3' cosy +siny) - K, tan 05" sin ¢ ) > }

[1- siny (tan 83" cos g5’ cosy + sin 7)]

In the terms where the factor e/*o /r, is not washed out in the averaging process,
ie., Uy a> <Uy, a2> and <U, , 4>, the condition (x = 0 prevails. Consequently, when
(III 27) is used in these terms, the angles 65’ and ¢3 obey the conditions (I11.21.a,b,c).
When (II1.28) is used in these same terms, (i.e., when the model (III.11) is applied) then
65" and ¢3' obey the conditions (I11.22.a,b) and (I11.21.c,d).
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Appendix IV
CALCULATION OF FIRST-ORDER RESULTS
To obtain the result (5.1), we first specialize to the case where z( 2, t) does not vary
significantly with time during the period of illumination; hence, we can denote 2(p,t) by
z( p) and its Fourier transform by Z(k ), having eliminated by this specialization the

necessity of Fourier transforming with respect to time as well as the spatial variables.

From (2.16.1) (with the assumptlon indicated above)

3 i - cp. - - W)
E,(l)(ﬁ,w)=ffd_gdwd£1dte°[(wl-@’l WBY gy T el T ]

(IV.1)
RO(B.w/B1, w;.0,.1) BB.0,)
where
RU(B,w/B,w.01,t) =~ b(B)a(8.k;)
2m3 aclg )
and where b(f3) is the 4 X 4 matrix given in (2.16.0)"; A( Iﬁ )=(B,+Y,)(1-B2+8,Y
and a(ﬁ k 1) is a 4 X 2 matrix defined by
- - b(8,)
a(B,k1)=B(B.ky)- A;(B.k,) m B,(8,), (Iv.2)
1

where B, (81) is obtamed from (2.12.a)" and (2.12.b)"" with § set to 81, and the elements
of the 4 X "4 matrix A1(5 k1) and the 4 X 2 matrix Fl(B k 1) are obtained from (2.12.2)"'
and (2.12.b)"""' respectlvely The latter elements are the first order terms of the series
expansion of (2.12.a)"" " and (2.12.b)""". The first order terms of (2.12.a)"" ' are as follows:

(A, (1), ==, (1V.3.a)
11 1 g y <<
4
(1) By ()

(A1) = B— 2, J, B,z (IV.3.b)
V4
By

(A13(1))1 = 7 Zy. (IV.3.c)
Y4
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(1) ﬂy LW
(A1) = —7“ 2y, T IR
¥4

(Ag; M)y = Bz, - jL2(1-8,%)

(Ags M)y = - B, [z, +7EB,2]

(Ag3 M)y = - Bz, +iL2(® - 6,%)
(A3, M)y = B[z, +j22B,]

The first order terms of (2.12.b)"" " are:

(Bg; 1)y = - Bz, +i22(1- 6,7

(B35 = B, [z, +j2B,2]

(IV.3.d)

(IV.3.e)

(IV.3.£)

(IV.3.8)

(IV.3.h)

(IV.4.2)

(IV.4.b)

(IV.4.c)

(IV.4.d)

To obtain the first order results, we follow the analysis using (2.15.0), (2.15.1),

(2.16.1), (2.17), (2.18.a,b) and (2.19) with the aid of (2.16.0)'. Expressing 2(g),

z,( _,Q) and EN ( _Q) in terms of its Fourier transform, we have

z(g)=/fd§ei£'£2(§),

- - ik -
z,(p) = ffdle)]kx ek !iZ(le)),and

2y0)= [ [ e, eit 2 2p)

76

(IV.5.2)
(IV.5.b)

(IV.5.c)



NRL REPORT 8369

From (IV.5.a,b,c) and (IV.3.a) the element AUl ) could be expressed as

B, _
(A, =3 ffdgefﬁ'_ejkx Z(k)
z

= _/fdﬁe’-"f'-‘f Z(g)(Xu(g,g))l, (1V.6)

where

B,

(All(ﬁl’k))l = yB

The elements of (ij)l and (Ejk)l obtained from (IV.3.a,...,h) and (IV.4.a,...,d) as
indicated in (IV.6), are as follows:

(A,,(B.k ), = iB.ky 8,7} (IV.3.2)’
(A,5(Bk)); = iBky B, 1 i2B, (1V.3.b)’
(A13(B.k 1), = Byt (1v.3.c)
(A 4By = iBykyyy, -, (1v.3.4)’
(A31(B.k1))y = iByky, — i2(1-6,%) (IV.3.¢)’
(Ag9(Bk1))y =~ iBeky, -~ JEBB, - av.ag’
(A33(B.k 1), = - B Ry, +i W - 6,%) (1v.3.g)
(Aga(By))y = iBley, +i2B,6, (1IV.3.h)’
(By,(B.k 1)) = Bk, 8,7 (IV.4.2)'
(B o(Bk1)), = By B, - iE6, (IV.4.b)’
(By (B )y = - Bykyy, +i (1~ 6,%) (1IV.4.c)
(Bgy(B.k1)), = iBky, +iZB,B, (1V.4.d)
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The other elements of A and B are obtained through the relationships implied by
(2.11.a,b), i.e.,

Ay = -4, (IV.7.2)
Ayy= -4,/ (1V.7.b)
A,,=-4,,, (IV.7.c)
Ay, = - A, (1V.7.d)
A, =4,,, (IV.7.e.)
A, = A, (1V.7.£)
A,=4,,, (IV.7.)
A,, =4, (IV.7.h)
B,, =-B,,, (1V.8.a)
;'22 =-B,/, (IV.8.b)
B,, = By,,and (IV.8.c)
B,, = By,r . (IV.8.d)

where the prime indicates that x and y components are interchanged in the corresponding
original element, e.g., if K}k = ﬁxkly, then Z}»k’ =Bykyx

We now invoke (2.17), (2.18.a,b) and (2.19) with the aid of which we can use (IV.1)
to express the horizontally and vertically polarized components of the electric field of the
reflected wave to the first order of perturbation. The result of this operation is:

[E,,(8)], = 25 QB)IEB),. (Iv.9)
visih

sl
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where
T -
£, = transpose of 2y
H H

Q(ﬂ) is given in (2.17), and [E(_Q)] 1 is the first order term of E(ﬁ,w) as given by (IV.1).
From (IV.1), (IV.9) and (2.19),

By @)1, = [ [ a8, (8y 881, E(B)2-— (B, -1, (V.10)
H ff H

where

(Bv (@01, =2 2% QB)b, BHOLE, ). 1v.10’
H

m

and where (a) is the quantity a(ﬁ k 1) defined in (IV.2).

Examining the definition of a(B je) ) in (IV.2), we note the matrix product
(Al(_) B;k1)b,(8 81)), whichisa 4 X A'matrix. The first step is the calculation of that product.
Calhng thls matrlx product d, , using ¢ to denote the matrix A1 , and invoking (IV.3.a,...,h),
(IV4.a,..d), (IV.7.a,..,h), and (IV.8.a,...,d), we obtain

( €11 €12 €13 €14

8

_I _’ _l _I
€12 7€11 ~C14 €33

-

14 b,13 j[djk]

>

o

o
>3
>3

€31 €33 C33 C3y4

’ ’ ’ !
C3a C31 C34 c33J 13
where j[d; ikl = jd =dA, Ais A( |B |) as defined above (IV 2) and, because of the special
propertles of the matrices ¢ and b, we have (Note that b}y =byq,b)4 =byy)
b’

—— — ' —
jdyq = byyleyg tegg) = bygcyo = byyeyy,

jdyg = = byqlejg tegy) tby9ey, +bgo0q5,

jdig = bygleyq +eyg) +by,leyq *eyy),

~

. _ '
jdy4 = byylegq +eyg) +hygleyy +eqy),
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_
dyy = dyg,
dyy = dyy,
d

_ '
dyg = ~dyy,
dgy = —dys,

. _ ' '
jdgy = byqlegy *e33) = b19C35 = bgyycay, (IV.12)
Jdgg = = byylcgg tegy) +bygeg; +bgecs4,

Jdgg = byglegy +eg3) +by,(cg, teg,),

jdgy = byylegy tegg) +byg(cgy +egy),
dyy = - dgy,
dyg = = dgy,
dyg = dj,,and
dgy = dgs.

Calculating the elements of the matrix d from (IV.3.a,...,h), (IV.1 4.a,...,d), (IV.7 .a,...,h),
(IV.8.a,...,d) and (IV.12), we obtain (explicitly indicating the arguments of the functions):

J

= aqgp e B
~ ~ w ~ 2 ~
dy(Bk) = dyg,(1BDRSB, T [d115(18DBy +dqq. (18],
T1a @8 = T3a(18Dk, 6, + 7 3, (18D,B,,
T3 Bk) = Ty, (18Dk,B, += dy5, (16168,
~ W ~ 9 ~
d14(§),1$) = d14a(,§)')ky6y +‘g [d14b(|§)')ﬁy +d14c(lﬁ)l)],

€

d31(88) = 3y, (18R B, +°~ iy ,(18DB,6,,
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£

o B, + - [dg, (18DB2 +dgy. (18D,

328.%) = d3a (18 :

Q,
w
w

—
™
>
S’

I

= dyga(I8DEyB, + = [dgs,([8DE2 + dys (18D,

~ W ~
d3a(B.k) = dgy (|BDR,6, + :d34b(|§,‘)ﬁxﬁy’

21 127
dyy = diy,
dyg = = dyy
dyg = - dig,
dyy = - dgy,
dgy = = dgy
d,s = dg,,and
dyy = dg,
diya(1B) = 1-+%,
b
dy(18) =0,
d~12a(|ﬁb =21,
b

dy3,(18) = di4q(BD == B, +7,),
b b

‘;14c(|§,{) A(]8D,
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~ - A(|8])

dgy,(IB]) = d3y,(18] = 9 ’
b b A(IBD + @ - v)B, - 7,)

dgo (18D = - v2B, +7,),

a0

33a _ 21
b l_1 g J

d:;3c = 3272(1_ Vz)’ and

~ [ 0 T :

d3ga =|2_ 4| (IV.13)
b L i

Denoting §1 by e and §0 by f and invoking (IV.12), IV.13) and (IV.13)’, we obtain

(e df)
a=jle -—f)=
ReTa
—~ - r - - - - - - -
i1 €12 dy; dyg dyg dyy 0 1
~) ~t ~r i) ~r ~r
1 €19 ~€1q dyjg dyy -dyy ~dig| |1 O
- e . (IV.14)
€31 €32 dg; dgg dgg dgy f31 f32
~ ~y 5 3 1) ' ’
€32 ‘331J ~dgy ~dg; dg, djg f32 f31J
where
e,,= %, =i, kB
11 11 z yrx?
| . b
912_ ]612 = sz_ (kyﬁy - c )a
: i -1 wh, 2
eg;= j€3, = - JjB," [kyﬁyﬁz-*c‘—(l—ﬁy )1,
. o -1 COB
€30 Jegy = B, B[R B, +—=5,1, (IV.14)’

1-8,2
far= —< ﬁy >,and
B8
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Expanding (IV.14), we have
Aayy = jl@ 1A+ d g~ dygfgq — diyfsals
Aayy = jl- € A +d ) +d],fg; +dyafs,],
Aagy = jl€31A+dgy - dgsfsy ~ dgufzals
. osr et i 3t 5
Aayy = jl€39A-dgy ~dgyufgy ~ dgsfsals
(IV.15)
—_ ' — I3
Aayy = ejgA-dyy —dygfgg = dyysfgy = Adyy,
Dagy = - e A-diy +d) fzy +dyafsy = Dajyq,

Aagy = egyA-dgy ~dgsfgg - d34f§1 = Aay;, and

' ' ' ’ r ’
Aayy = €31 A +dyy - dgyfge = dggfyy =Aagy-

From (IV.13), (IV.13)' and (IV.15) we obtain, after considerable manipulation (again
explicitly indicating function arguments),

1
a;(8.k)= A(8) ik(B:k), (IV.16)
where

all(ﬁ’k,) = alla(lﬁ,l)kyﬁx +%511b(lﬁ,|)ﬁxﬁy’

~ o~ w ~ 2 ~

Ta1(BR) = Toy (BN, B +-—1d 51, (1B)B + 59 (18D,

~ ~ W~ 9 . ~

a31(8.k) = a3q,(18)Dk,B, +-E~[031b(iﬁ|)ﬁy +ag4,.018D1,

)
N
-t
=
e

1

~ W A0
@410 1BDRBy +—3 41, (1BDB,B,

— _ !

19 = ~@91»
= _ !

Qg9 11>
ot

agg = a41,and
— !

Ayg9 = A3y
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and where
a;,,U8) = 2% - 1),
b
Ty1,U8) = - 20%-1),
b
- 0
a3la(|§,|) = ,
b 2% ~ 1)(v, ~ B,)
E31c(|§,|) = - 2% - 1)y,
(Iv.16)'
~ 0
“41a(l§,f) = ,
b - 202 - 1)(v, - B,)
@19(B.k) = - (Ty(B.k)),
322(§’E) = (Ell(g’ﬁ))’,
d35(8.8) = (74;(B.k)),and
3«4 (_é le)) = (531(_g,§))'.
Using the above results we can write (IV.16) more compactly as follows:
o, (B.k) = A(IBI) @, (B.k), (1Iv.17)

where

71184 = 6471140180k, + =T 1,188

To1(B8) = = B (11 @R+ o118,

T31(B.) = - B, 174, (BF)] += Ty, (|g]), and

Ty (B.k) = - 8,105, (18], +— a31b(IBI)B 3
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To specialize the results to the backscattering case, we first note that the unit vector ¢,
is defined as that directed from the radar to the illuminated patch. In vector-matrix notation

ox
% = | %y | > (IV.18.a)
aOZ

= - 2 -
where ¢, = \/1 Oy = 0y 2,

We now define a two-dimensional unit vector §z> o» the projection of &, on the x-y
plane, as

~ ox
a, = . (IV.18.b)
oy

For backscattering of an incident plane wave or plane wave pulse, the unit vector
corresponding to the direction of the incident wave is + g ,, while the unit vector
corresponding to the direction of the backscattered wave is - ¢, (see 2.1c). Then,

-
_ le %t s d 9
_@1 = 6 = ) =Q,,an (IV.19.a)

1
y OyJ
_ By | 7 %x s
B = A a, (IV.19.b)
y oy

Continuing the specialization to the backscattering case, we invoke (IV.19.a,b) in the
expression (IV.10) resulting in an expression of the form

~ . ~ . . >~ 2w .
By @0 = [8y &,18,)1; B8 )2 — &,). (IV.20)
H H

To continue the specialization to backscattering, we invoke (1V.19.a,b) in the
expression (IV.9) and carry out the matrix operations

(B &)1 = 45 Q &,)0,(- & ,)B(&,)L(E,), (1V.21)
H H
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where B(& &,)is a4 X 2 matrix which will be specified below, where £, and & ;; are given
by (1.24.a,b) or (1.27), Q(- ao) is given in (2.17) with

Bx =T aox’
y y
B, =-a,,, b,(- go) is [A5(B1,w)] -1 a5 given in (2.16-0)" with

Bx = Qx>

Yy Yy
B, =- &,,,and L(&,) is given in (2.19) with
ﬁx =()‘o.att’ﬁz =- aoz
y y

The indicated operations lead to an expression of the form (8.7.1). The E’s appearing
in (IV.9), (IV.10), and (IV.20) are designated are U’s in (3.7.1) and the quantities

§V’ etc., appearing in (IV.20) are the quantities S Aal
H

as given in (3.7.1), where Aa = VV, VH, HV or HH, dependmg on incident and received
polarizations.

These quantities S4 ,1 are obtained by carrying out the calculations indicated in
(IV.21) with the aid of (2.16-0), (2.17), (2.18.a,b) and with the appropriate specializa-
tion of

B o as follows:

y
¥4
. + 1
[Syv(-2,)1 = T Syy)- Sy | s (IV.22)
VH SVISHZ | yy VH
HV HV HV
HH HH HH
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where (primes on the elements (Ek)fzm indicate x-y interchange)

(SVV) = Q;IX (« xQ,V)z <'_ (aoz +702)§aoy(3)’11 +O(”x(B)£21§

S0
VH 1% \%
HV H H
HH \2 H

. ot 2 )0 Fon ! ' oyt
3a0x(B)31 - a()y(B)4]E>_ &,V ;QVx(B)ll - Ly, (B)gy

+
|4 v
H H
H H

B aoz7oz§Q,Vy (B)E%l * Q’Vx(B):ll % , and

1% |4
H H
H H

(§VV)' = same as (§VV)

VH VH
HV HV
HH HH

except that x and y are everywhere interchanged.
(a,%x8"), =z component of cross-product of  ,and £', equal to (@, 2, ~ %5y L5
r_ 2 = 5
A - (’YOZ B aOZ)(l - 0(02 - aOZ,YOZ) - A( lgO |)

( Q'Vx&}{)z = Q'VxQ,Hy - Q,VyQ}{x'

The quantity [Sy (- Q))] given in (IV.22) is the element of the first order ‘“‘polariza-
tion matrix’’ corresponding to vertically polarized reception and vertically polarized
transmission, where the illuminated surface patch is at an angle o, with respect to the
radar. The subscript VH indicates vertically polarized reception,—ﬁorizontally polarized
transmission, HV indicates horizontally polarized reception, vertically polarized trans-
mission and HH indicates that both reception and transmission are horizontally polarized.

We now turn to the evaluation of the matrix element B appearing in (IV.22). In the
first order case, these are the elements of the matrix @ given in (IV.17) with k set equal to
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- 2?(’3 (_x:o andﬁ)set equal to 9“;0- From (IV.16)', (IV.17), and (IV.22) with the above

specifications of the variables, we have

. i)
[Syy(- 4,)] = ——
i [adla, D1%(8y=2),
HV
HH

' s .0 2r_ o ~ ' S . 0
(g»oxg»H)z(go QV)aon[ 2alla+a11b]+(9(>ox8>V)z(—a>o QH

\4 Vv 1’4 v
H H H H  (1v.23)
\4 H H \4

~ ~ 2 ~ ~
([h 2(131a + a31b] [1_ aoz - aoz7oz] + [a31c B (aoz +7oz)a2lc]>

1
+ Q' Q' 0 [ 9~ _ ~
(*’Hxﬁv)z 0 AoV gy, 7oza3lc] ’
-1
where
~ [~ —
@,1,,=20%-1 1
116 1
21c 0 (IV.24.a)
31a 0
31b (Yo, t,,)
31c _"Yoz I
- 2d,,,+@d,, =- 2% - 1), and (IV.24.b)
- 2ag,, + g1, =207 - 1)(y,, +a ). (IV.24.c)

We can arrive at the result (5.1) by substituting (IV.24.a,b,c) into (IV.23) or
alternatively by using (IV.16)" in (IV.17) to obtain the @ elements directly with

2
k=-—
c

IR
IR

o’§>= o
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and substituting those results directly into (IV.22) in place of the elements Bjk- If we choose
the latter course, then the resulting elements are:

B = L 20w 0 j o . 2w,
it = (%03 T80 T (g ) ST T o)
->
where
@, (a 2_w& )=—2_(V2—1)Ol o
11 o’ c —° ox oy’
2w 2
~ . 4w . 40 9 2
@g1(Qy; - a,) o (v - 1),
2 2w
~ s 2 e v 2 2 2 _
03 (Ag5= = &)=~ = (% - DU, *+7,,)9, = %, ], and
~ . 2w 2w
@ 41(%05- ¢ a,) T (G DI, *+75,)% %, 1-

Substitution of (IV.25) into (IV.22) or the alternative approach through (IV.23) and
(IV.24.a,b,c) yields (5.1).
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