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ABSTRACT

If f(z) = z + a222 + a3z3 t o toa Z" + -~ is analytic and
univalent in the unit disk, then so is [f(zp)] 1p p =2, 3,4,
The Grunsky coefficients Cfgr)1 of [f(zp)]l/ P are defined unpllcltly
by

[f(Z")]”p [f(fp)]”p Z”: C® gagm

n,m=0
In this work the coefficients C(l) 1< < 9 of f(z) and
the coefficients C2), 1 < n < m < 16 of [f(ZZ)]1/2 are

nm?
computed using a high-speed digital computer.

PROBLEM STATUS

This is an interim report on a continuing problem.
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A MACHINE COMPUTATION OF THE GRUNSKY COEFFICIENTS
OF SCHLICHT FUNCTIONS

AITITCEVIOND

DEFINITIONS AND THEOREMS

Some preliminary definitions and theorems are given, so that what follows is self-contained.

Definition 1. A complex valued function of a single complex variable which is defined in some domain D
is univalent or schlicht in D if and only if it is one-to-one there.

Definition 2. 4 is the set of all functions f analytic and univalent to U = { z: |zl <1 } and such that
f(0) = 0,f'(0) = 1.

Clearly,if f € 4 , f has a series expansion of the form f(z) = z + 2,22 + azz® + -+ .

Definition 3. For f e .4 the coefficients C,m gven implicitly by the series development
oo
log [f(z) f(§)] -3 c_mm o
n,m=0

are called the Grunsky coefficients of the function f.

The following is a well-known theorem:
Theorem 1. If f{z) is in & and p is any positive integer, then [f{zP )] 1/p is also in.8 .

Let Cf};r)l be the Grunsky coefficients of [f(zP)] }/P.

In 1939 Grunsky (1) showed that a necessary and sufficient condition for a function f(z) = z +
2,2 + *** + a 2" + - analtyic in U to be schlicht in U is that :

D AACam| < D0 11%/m
n,m=1 n=1

hold for all sequences A, } of complex parameters for which the right hand side converges. The C am i1
these inequalities are defined by Eq. (1).

In 1960 Charzynski and Schiffer (2) gave a new proof that l|a; | < 4 (for f in the class .4 ) with equality
holding if and only if f is the Koebe function z/(1 — elf z)* €48 . In their proof they used basically the
above Grunsky inequalities for [f(z*)] 112 ¢ & . This novel utilization of the Grunsky inequalities led to
renewed interest in them.
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In 1965 important results on the even coefficients of functions f in the class .4 were obtained using the
Grunsky inequalities for {f(z*)] 112 and the ideas of Charzynski and Schiffer; Ross (3) showed that
lag | < 6 for functions near enough to the Koebe function, and Garabedian and coworkers (4) extended
this local analysis to the general even coefficients a,  and conjectured that the Grunsky inequalities ought
to provide a way to prove that |a, | < 2nglobally. Ozawa (5) was able to show that Re as < 6, pro-
vided that a, is nonnegative.

Then in 1968 Pederson (6) showed that |as| < 6 globally by essentially making use of the Grunsky
inequalities for [f(z2)] /2.

A nontrivial difficulty in such studies, however, is the explicit determination (and computation) of the
coefficients Cgr)l ,n,m > 1. Hummel (7) obtained such a determination which is given in the following
theorem.

Theorem 2. Crfgr)’ = 0 if pdoes not divide (n + m). If(n + m) = hp, then

h
Cflll"li = ; Cl(-g‘g (ql > Q2500 0y qh) —I—I— a“q+“1 s A (2)
h u=1

where

n q-1
Gl o 3 o
ng @ 9. qp) = Z: ;;l=0 ’

=0 S
k p9(co—] —
p*(w—kp) | 5,'(q,—s,)!
M:

o

where the q u and s L are nonnegative integers such that

h
Q, ={@, -, q): q, >0,Z g, = h},
h
Sy ={(sl,sz,...,sh) 10<s, <qﬂ,z ps =k},

h
q = Zq“,t=zh: s“,w=n+(q~t)p.
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is the product of exactly q integers, provided that whenever 0! = 1 appears it is not counted. For computa-
tional purposes it will be convenient to define

a, =w-—(k+pp,0<p<(@-1),

Br  =pL B =w — kp,

B3 =81, B =811, B85 =52, -, le+2 =1,
ﬁs1+3 =5, ﬁs,+4 =51, -, Bq+2 = 1.

Note that from Eq. (1) C®) _ C®)  Also, it easily follows from Eq. (2) that
nm mn

NCND) = (p)

Nn,Nm n,m?
where N is any positive integer.

In the expression for ngr)l @15 Q25 -+ qh), where nym > 1, there may be an ambiguity in the sense
that (« — kp) may vanish. This is easily resolved by making the

Observation. (w — kp) > 0 forallk suchthat 0 < k < [n/p]. |

Proof. 1t is first shown that (w — kp) is nonnegative.

n+qp — tp — kp

p[(% - k> + (q—t)]> 0,

Now w —kp

since
0<k<[§] <%and (@-t) = 0.

Suppose now that (w — kp) = 0,ie.,(q—t) = k — n/p. (n/p must therefore be an integer.)
(@—1t) > Oandsok > n/p. This is impossible unlessk = n/p. Butthenq = t,ie.,

h h
Z q; = Z s; where 0 < s; < q,.

This implies that q; = s, for eachi. But
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Zh:iqi=h, zh:isi=k, andso k = h.

But n/p+ m/p =h,ie., k+m/p=k. Hence m =0, which is a contradiction.
Therefore, when computing the Cfﬁg (@1,925 .« - qh), division by zero cannot occur.
Observation. If k =0, then (w - up) > 0 for all u such that 0<pu<(q- 1).
Proof. Note that Sy = {(0,0, ...,0)} so thatt = 0. Now
w-up = n+(q-pp=>n+p>0.

The four observations mentioned above are useful in the checking of hand and machine computations.

A FORTRAN PROGRAM FOR COMPUTING THE GRUNSKY COEFFICIENTS

The main result of this work is a Fortran program for the computation of the Grunsky coefficients Cl(&)l
(p = 1,2). The program is found in Appendix A. The tables of coefficients Cfxln)v I<Kn<m<9arein
Appendix B, C1(12n)1’ 1 <n<m< 16 are in Appendix C.

A word should be said about how to read these tables. One example should suffice to show how the

tables are used. Suppose C 1(02)2 is to be computed. Cl(g)z = C2(21)0, and on the appropriate page of Appen-

dix C the following tabulation is found:*

1/ 2**000001
4/ 1% 100010
1/ 1* 010100
1/ 2% 002000
3 2* 200100
3/ 1% 111000

1/ 2% 030000

* Note that ** has no meaning except to make the tables more readable.
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2/ 1**301000
3/ 1 *%*220000
5/ 2** 410000
-1/ 2* 600000

Reading down this table and from left to right we find that the first term of the formula for C2(21)0 is

1 0.0.0.0.0.1_
?2-82 a3 34 a5 a6 a7 —5a7.

The second term is

-13.0.0.0.1.0_
—l-aza3 8y 85 ag a4, = -8)8c .
Hence
c.?) =la -a,a, -a,4a -la2+§-a2a + 3a,a,a +-1—a3-2a3a - 3a2a2+sa4a 14 6
210 - 2377828 3385 "7 T3 dds 28384 T 583 - 2ddy 283 T 72383 - 345 .

Note that the first column appearing after ** always contains the powers of a,, the second column con-
tains the powers of a,, etc. Also, the fractions (ie., the Cfgr)l Q9 q;,)) appearing to the left of **
are always in lowest terms.

It is obvious that the machine computation of the Cfgr)l (q1 N YR qh) must be done entirely in the
integer mode. This is the prime reason why such a computation is long and tedious. The computation of
[n/p] offers no problem since in Fortran, integer division provides no remainder.

The computations were done on the Univac 1108 and on the CDC 3800. The Fortran program is written
so that it can (with only very minor changes) be compiled and executed on either machine.

The absolute value of an integer constant must not be greater than 235 . 1=34359738367 on the Univac

1108, 2*7 -1 = 140737488355327 on the CDC 3800 computer. It is not surprising that the final computa-
tions would be done on the CDC computer. About 21 min of computing time on the CDC 3800 were used
to generate the tables of coefficients of Appendixes B and C.

Let

q-1
IT [w-(k+u)p] a® (s

2Sgs e Sp)
=0 1°52 St

h
p? (wkp) TT s, (5 B8) G5y 5500 8y)
u=1

GITITECYTIOND
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®) ) i i i (p)
where anfl’n, 8 n‘;n are relatively prime integers and 87" > 0. Then

s OB sy )

Cfgg (ql’ Qs+ o qh) ®)
ﬁnm (Sl’ WIRRE Sh)
('l)q-ﬁl ag,)l (51’ Sgs ey Sh)

[n/p] Bg}i(sl’sZ""’ sh)

U S
k=0

A brief description of the computation of Cfgg is given as a prologue to what follows. It will be assumed
here that the calculations are being done by hand so that the reader who has little acquaintance with pro-
gramming will be more able to follow the description of the machine computation as given later in the flow
chart.

Suppose the Cffl’r)l, 1 <n<m<M, where p divides 2M, are to be computed. The elements of sets
Q1 R Q2, R Q2M /p are computed (see pp. 8-11). Let n, m be given fixed integers such that p divides
(ntm). h=(n+ mf/p < 2M/p and [n/p] are computed. Let (q,,q,, - - -, q; ) be some fixed element of
Q, and compute q = Zq,,. To compute Cff;g (q1 Qs v s qh) the elements of sets SO’ Siseves S[n/p] must
first be found. As noted before, S = {(O, 0,... 0)}, and since k < [n/p] <h,

h

. {(sl,sz,...,sh): 0<s#<qp, Zps“ = k}
. u=1

k
- (h-k) Ay. -
{15555 - - 5,,0,00750): 0<s,<gq,, §1us“ k},
#:

so that the elements of S, (when 1 <k) are computed from the elements of Q, subject to the conditions
0< sﬂ < 9 u=1,2,... k. Of course when any one of these conditions is not satisfied, then Sk =0.
Now let

[n/p]
(51,32, .. .,sh)e U Sy
k=0

an.d compute t = Ts | w = n +(q-t)p,and (-1)3t+1 a;‘:ﬁ (55855 Sh)/ﬁgﬁ (845855 - -+ 8,)- Keepingin
mind that (q1 g5 - qh) is fixed, repeat this calculation for each
fn/p]

(sl,sz,...,sh)e U S, -
k=0
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After combining the fractions (1t la](rgr)l /[353‘)1 while reducing each intermediate result (i.e., each partial
sum of

n/p]
— U %
k=0

to lowest terms, Cfgr)l Q1,925 - - - qh) is obtained in lowest terms. Hence
h
C® (a1, @>---> a) I 2.4
u=1

is obtained.

Do the same calculation for each (q1,93,- . -, qh) € Q, thus obtaining Cfgg. And by considering
each pair (n,m) such that 1 < n < m < M, the computation is completed.

Initially it was not known how extensive a computation of the Cf&)‘ (p = 1,2) could be made. That is,
it was not known how large the integers m; and m, could be made so that the Cflln)l, 1<n<m<m
and the Cflzn)l , 1 € n < m < m, could be computed using Fortran and the available fast core memory.

It was found that C(127) 17 could not be computed. More specifically, it was found that C(127) 17(13, 2,
0,0,...,0,0)could not be computed since one of the integers | afg,)l I ﬁf&)l in this computation exceeded
247 _ 1. Hence m, = 16 so that only enough memory locations need be reserved for the elements of

sets Q;, Q,, .. Q¢ in order to compute the Cflzrg, 1<n<mcx<l6.

Further, it was found that the number of memory locations needed to store the elements of sets
Q:1, Q... Qg and Q1, Qa,..., Q19 are 24,164 and 33,474, respectively. But, a maximum of
32,767 storage locations may be reserved for any given array using the current version of CDC 3800
Fortran language. Also, it was found that the Cflln)l Q> q2s-+ -5 q, +m), 1<n<m< 9couldin-
deed be computed as quotients of integer quantities so that at least m; = 9. Since an already complicated
program would become yet more complicated, it did not seem worthwhile to try to extend the value of m,
beyond 9. However, this could be done by defining a new array to store the elements of sets Q, o and Q,,.
Of course it would have to be determined whether the Cfllio @1, 925+ -5 9p4q9)> 1 < n < 10 could
actually be computed as quotients of integer quantities. If so,m; = 10 and a total of 46,014 memory lo-
cations is used to store Q;, Q,, ..., on. Assuming that the Cflln)l Q1> 925+ - > qn+m), 1< n<
m < m; could be computed as quotients of integer quantities for an arbitrary m; , we see that the fast
core memory of the machine would soon be exhausted, for the CDC 3800 at NRL has about 57,000 words
of fast core memory.

Note that since C, 11(22)m =(1/2) Cflll)n , the ngk) have been computed anyway for even r and k such that
2<r1<k<18

¥

AITITCCYIONN
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Before the actual computation of the Cfll;')l can be started, the elements of each of the Q, (1 < h < 18)
of Eq. (2) must be computed and stored in memory. The Q, are determined by the following algorithm

®8):

If we let
Bo’k =0k=0,1,2,...,
Br,k = Qif r > k, rk nonnegative integers,
Bl,l = {(1)},and
Br,k = {(1+q1, Q2sres G qs 00 (1> Qosevvs Gy y) eBr-l,k-l} U 3
{(0, Q1> Q25«--» 4y 0, 0,&-1) 0): Q1,925+ --5q ) € Br,k-r}
fr<k,r=z1,k=>2,
then
h h
% =By = @ e ) g, > 0,2; uq, = h)
i= u=

(th =1, 2, 3,...)is obtained.

Now let 11 ; k be the number of k-tuples in setBI i and let 11, be the number of k-tuples in set Q, .
Then ||, is determined algorithmically from Eqs. (3) as follows:

Nox =0, k=0,1,2,...,

n1',k

0, if r > k, rk nonnegative integers,

YL11=1,and

B

Nek = Nr-1k- + Norker? fr<k,r>=21,k > 2.

Hence

o

=2 nie k=123

i=1
Further, the number of memory locations required to store Q;, Q;,..., Qsz is given by the expression

Q

;knk,2=l,2, 3, ...,
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It will be seen that the V| ko YLk play an important role in the generation of the elements of the Q, .

The 11 k (1 < 1, k < 20) are generated at the beginning of the program and stored in the array IA.
The 11, (1 k < 20) are then computed and stored in the array ISUM. The matrix [1) rx] andk
against 11, are given below.

11111111111 1 1 1 1 1 1 1 1 11
0112233445 5 6 6 7 7 9 10
00112 3 45 7 8 10 12 14 16 19 21 24 27 30 33
0 001 1 2356 9 11 15 18 23 27 34 39 47 54 64
0000112 35 7 10 13 18 23 30 37 47 57 70 84
000O0O0OT1 12 35 7 11 14 20 26 35 44 58 71 90
000O0O0O0OT1 123 5 7 11 15 21 28 38 49 65 82
000O0O0OO0OOT1 12 3 5 7 11 15 22 29 40 52 70
000O0O0OO0OO0OOTI1 1 2 3 5 7 11 15 22 30 41 54
0o 000O0O0OO0OO0OO0OTI1 1 2 3 5 7 11 15 22 30 42
0o o0oo0o000O0OO0OO0OO0O 1 1 2 3 5 7 11 15 22 30
o o0o000O0OO0OO0OOCO O 1 1 2 3 S5 7 1 15 22
000000O0O0OO0OO0OO0O O 1 1 2 3 5 711715
0oo0000O0OO0OBOO0OOO0 O O 1 1 2 3 5 71
0o o0oo0oo0o0o0o0000 0 0 0 O 1 1 2 3 5 7
0000O0OO0OO0ODO0OO0OCO O 0 0 0 O 1 1 2 3 5
0o 00O0O0OO00GOO0OCO O 00 00 o0 1 1 2 3
0 0000O0OO0O0OO0OCO O O O OO 0 0 1 1 2
0 000O0O0OO0OODOO O O O O O O O O 1 1
0 00O0O0O0OO0OOO O O O O 0 O 0 0 0 1

k|12345 6 7 8 91011 12 13 14 15 16 17 18 19 20

nkll 2357 11 15 22 30 42 56 77 101 135 176 231 297 385 490 627

The elements of 3, X (r 2 2, k > 3) computed from Br-l k.1 Will be called diagonal elements, the
elements computed from B _, shift elements.

Bt 1k-1 contains 1, k-1 elements, ¢ ket contains 1l rker elements. The ith element A<i<
N -1 k- 1) of B Lk will be computed from the ith element of B 1k-1 . Similarly, the i + 11 k- 1)th
element (1 < i < 1 k) ©f B « Will be computed from the ith element of B ; k.r (provided of course
that B, P )

In order to see more clearly how the computation of the Q, are made, the first few BI x are given below.

¥IOND

L4l
£t
[y

4313
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Hence

3,3

(3,0,0)

Q =B, ={on.col

i=1

A.R.MILLER

B1 4 B1 ,5
000.1) (0,000,1)

B2,4 B’Z,S
(10,1,0) (100,10
(0,2 ,0’0) (0,1 ’1 ’O’O)

B3,4 B3,5
(2,1,00) (2,0,1,00)
(1,2,0,0,0)

B4,4 B‘. 9
(4,00,0) (3,1,000)

B5 D
(5,0,000)

3
Q: =l B;5 = {(0.0.1),(1,1,0), 300},
i=1

B16

(0,0,0,0,0,1)
B

(1,0,0,0,1,0)
(0,1,0,1,0,0)
(0,0,2,0,0,0)
B3,6

(2,0,0,1,0,0)
(1 ’1 ,1 ’070’0)
(0’3 ,0’0,0’0)
By.6

(3.0,1,0,0,0)
(2,2,0,0,0,0)
B5 ,6

(4,1,0,0,0,0)
B6,6

(6,0,0,0,0,0)
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4
Q4 = U Bi 4 = { (090’0:1)’ (1,0’1 ,0)’ (032’0:0), (2,1 30,0)9 (430:0’0) }a
. i=1

Qs = U B.1s = {00..0.1), .., (180,..00)}.
The one-dimensional array (or vector) B is defined to store the elements of the setsB I<r<
k < 18. The elements of thel3 r  are to be stored in this array in the following way:
1,0,1,2,0,0,0,1,1,1,0,3,0,0,0,0,0,1,1,0,1,0,...,0,0....,0,1,...,18,0,...,0,0,
so that
B(1) = 1,B(2) = 0,B(3) = 1,B(4) = 2,B(5) = 0,B(6) = O, ...,
B(24147) = 18,B(24148) = 0, ..., B(24164) =

So the coordinate of the vector B which is reserved for the first coordinate of the first element of B

isgivenby 1ifr = k = 1,
k-
l+2pn# ifr=1,k>2

u=1
4
k- 1-1
1 + un“+ kYLu’k if 2<f<k.
u= u=

Note that the coordinate of B reserved for the first coordinate of the first element of Q,2<h<x<19)
is given by

The expressions of (4) are computed repeatedly in various parts of the program. For suppose that the
elements of the sets 3 1k (r=>2%k>3) are to be computed and stored in B. The elements of B £, kA
determined from the elements of B -1, k-1 and Br k-r- But it must be known where in array B the first
coordinate of the first element of each of B 1, k-1 and B Lkt is stored. Also, it must be known where in
array B the first coordinate of the first element of B 1k is to be stored.

GITITECYTIONN
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Therefore, in order to compute the expressions of (4) without having to write the same instructions
repeatedly the subprogram BCOORD is defined and has the following calling sequence:

CALL BCOORD(I,J,ISUM,IA IS)
where

I is the value of #(1 < 1 < 18)

J is the value of k(2 < k < 18)

ISUM is the array 11, ]

1A is the array [ 11 r,k]

IS is the coordinate of the vector B which is reserved for the first coordinate of the first element of

Tgg)r,k :

To start the generation of the Q; (ie., the3 . x)» B(1) = 1is defined. Then the element of each of the
Bl Kk = {(0,0,...,0,1)} ,k =2,3, ..., 18is generated and stored in vector B. B(4) = 2and B(5) = 0
are then defined.

Flow charts for the part of the main program which generates the BI 2 S1r<183 <k < 18are
given in Figs. 1,2,and 3. In these flow charts and in the corresponding parts of the main program,

I is the value of r,
J is the value of k,

SD s initially the coordinate of vector B where the first coordinate of the first (diagonal) element of
Br K isto be stored,

SDP is initially the coordinate of vector B where the first coordinate of the first element of Br-l k-1
is stored, ’

NDP is the value of (k-1) er_l k.1 i-€-, the number of memory locations of B occupied by
B »
r-1,k-1°

SS is initially the coordinate of B where the first coordinate of the first shift element of BI i istobe
stored, ’

SSP is initially the coordinate of B where the first coordinate of the first element of B: kg 1S stored,

NSP is the value of (k) 11 i.e., the number of memory locations of B occupied byBr ke’

r.kr’

L,M, and N are indexes,

SW1 is a “logical switch” and is either O or 1.
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a1 31
. =11 Compute . NDP = ]
N =J1 SD, SDP Al 1AL * S > =1 N =1
30
SD = SD+1
B(SD) = B{SDP - - = -
(SD) = B(SDP) SDP - SDP31 B(SD) = 1+B(SDP)
\
M = M+1
N = N+t
yes - no SD = SD+1 .
SDP = SDP+1 ' GO TO 30
(2
32 ) a3 ves
B(SD+1) =0 SD = SD+1
A
B(SD) = 0
M=M+1

—

SD
SDP

SD+1
SDP+1

Y

GO TO 31

Fig. 1 - Flow chart for the computation of the

diagonal elements of Br X

[aatd
=
<
P
i
[
[
Iown
e
ooy
e
Lt
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no
Compute NSP =
= g- = — = — >
A K = J- SW1 =0 §5=8D+2 SSP IALK)*K
yes
GO TO 34 M=0
35 37 y
M=M+1 -
= - =85+1 - B(SS)=0 N=0
N=nN+1 B(SS)=B(SSP) 85 =8
no no SS = SS+1
SSP = SSP41 GO TO 35

SW1 =1 [ L=1 —| S8 = 8S+1 } BISS) = 0

GO TO 34

S5 = sS4
SSP = SSP+9
\ 4
GO TO 37

Fig. 2 - Flow chant for the computation of the
shift elements of B[ X



—_— - —]

a1

Compute
diagonal
elements

1 =2
J=3
GO TO M1

NRL REPORT 7225
K=J-1
42
no
yes

yes

Fig. 3 - Flow chart for the computation of Br K’

2<r1r<18,3<k<x18

15

Compute shift
no elements of
b1
yes
34
-
no
I =1+1
\
GOTOM

<z
o4
<
e
=8
Lo
Lkl
Ll
L
Lol

L
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Recall that

£ 3
[] [\/Jr
i
=
®
1]
.

S, = {(81,82,1..,Sh)1 0<s, <q,

(5152, « - - 5,00, 8%b): 0 < s, < g, i ps. = k).
=
To compute the elements of the sets S, , the subprogram SUBSK is defined and has the following calling
sequence:
CALL éUBSK(IQ,IH,K,INl JSIN,ISW1)

where

IQ is the vector (qy, qz,+- ., qh)

IH is the value of h

K is the value of k

IN1 is the coordinate b of vector B where s, is stored

IS is the vector (s, $3,..., 8.0, 0, (hl',) 0): (s1,8%,..., ) € Q

IN is the value of b + k - 1,i.e., the coordinate of vector B wi.ere 5 is stored

ISW1isOor 1.

IfISW1lis 1, then0 < S, < q,, is not satisfied for some u such that 0 < u < k. If ISW1 is O, then

the double inequality is satisfied for each u. Note that the first four parameters are inputs; the remaining

ones are outputs.

The subprogram ARGSUM computes the a, 0 < p < g-1 and the ﬁu’ 1 < p < gt+2. It has the
calling sequence

CALL ARGSUM(IQ,IS,N,K,IP,IH,Q,IA IB,ISIGN,ISW1)
where
IQ is the vector (q;, q2,-- ., qh)
IS is the vector (s, $5,..., sh)

N is the value of n
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K is the value of k

IP is the value of p

IH is the value of h

Q is the value of q

IA is the vector (ag, a1,-- -, aq_l)
IB is the vector (8, B2, :- - q+2)

ISIGNis 1 or -1

ISW1isOor 1.

ISIGNis1ifq -t + liseven, -1ifq - t + 1isodd. ISW1 is 1 if one of the a, = Oandis 0 otherwise.

The last five parameters are outputs.

It is clear that a subprogram is Peeded to {.educe fractions to lowest }erms. Let a and b be integers,
a>0,b > 0,andleta/b = i/b where i, b are relatively prime and b > 0. The subprogram GCD has
the calling sequence

CALL GCD(11,12,J1,12)
where
11 is the value of a
12 is the value of b
J1 is the value of &
J2 is the value of b.
11 and I2 are inputs, J1 and J2 outputs. Note that when control is returned to the calling program I2 is

the value of the greatest common divisor of a and b. The g.c.d. of a and b is found using the Euclidean
Algorithm.

Recall that
q-1 q-1
[w — & +wp] a
af-lpnz (31’827"'9811)= ;I:(I: ="=0 K ,
q+2

ﬁggl')l (Sl5s2a-"-ssh) h
P —kp) TT3,1q, -5t TT 8,
u=1 -

AITITCLVIOND
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where a(%)l ng) are relatively prime integers and B(p) > 0. The subprogram REDFRC computes the
(p) ﬁ(Pl} It has the calling sequence

CALL REDFRC(IA,IB,IQ,ISWE,I1,12)

where

IA is the vector (ag, a4,-. ., aq_l)

IB is the vector (8, B2,.. ., q+2)

IQ is the value of q

ISWEisOor 1

I1 is the value ofa,fgr)1 (51, 82,4.., sh)

12 is the value of 6P (s, s5,..., 5) > 0.

ISWE is 1 if Ia(P) | or B(P) exceeds 247— 1 and is O otherwise. One might ask: How is it determined that

an integer quantlty exceeds 2 747_ 1 when in fact an integer quantity greater than 247_ 1 cannot exist in the
memory of the machine? A quick look at this subprogram will reveal that in the course of this computation

comparisons with 247_ 1 are done in the double-precision mode.

Let a/b + d/b, = a/8 where (a,b), (4,b), and (a,8) are pairs of relatively prime integers and b,5,8 > 0.
The subprogram COMFRC combines fractions; its calling sequence is

CALL COMFRC(I1,12,31,32 1A IB,ISWE)
where
I1 is the value of a
I2 is the value of b
J1 is the value.of 4
J2 is the value of b
IA is the value of @
IB is the value of 8

ISWEisOQor 1.
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~=-—>1 Nt =N/ w { )eQ > {89805}
) F1A2 A h =(0,0,...0)
yes’
61
GOTO62 [« ay = v
Compute Compute q,
{p) _ (@n,Cq,....a_ ),

yes 1 = 11*SIGN - anm(0,0,...,O)—H (p061 ﬁq_,)

ﬁ:l’:’,(0,0,...,O)=|2 122
NI = sigN
no
Compute -
=1 b {57505y Error: Each a“>0,
= (1,0,....0) stop computation
67 \
Compute q,
Print

m

(q1 rQ2:---:qh)

cle! (aq.9g--ap)=11/12,

Have

all the
elements
of Qh been

GO TO 73

1

= K1
= K2

(ag.ay sl q ),
(ﬁ1 lﬁz""’ﬁq+2)l
19t - gieN

GO TO 66
Y
Compute
= - (p} _
J1 = J1*SIGN @ 11.0....,0) = J1
B,‘#r), (1,0,...,0) = J2
no
66
n,a_K o on=x K= K+1
2 J2 K2 > 12 = K2 >
65 Y
Compute
A (5950005, )€Q)

Fig. 4 - Flow chart for the computation of C;l:])]
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Compute q, Compute
{ag,@q e ’
" gyt q) P (s 5y, ) = 01
(B BorniB 1) o
1F2 +2'1
1 d ﬂ(p) (“"1’52""'sh)= 2
(19t - giGn nm
\
J1 = J1*SIGN
Have
all the
GO TO 65 Y
ﬂ + ﬂ. = ﬁ
2 J K2
\
i1 =K1
12 = K2

GO TO 67

GO TO 66

Fig. 4 - Flow chart for the computation of Cg;),l (Continued)
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ISWE is 1 if in the course of this computation an integer quantity greater than 247

ISWE is 0. Clearly, this subprogram is needed to compute the partial sums of

— 1 occurs; otherwise

Bﬂ q-t+1,(p)
('l) a‘nm (S], 82540

22

k=0 S,

(qla q2,‘--a qh)-
ﬁggg (51982,‘--: sh) o

In Fig. 4 a flow chart is given for the computation of Cfg%. No attempt at detail is made here since this
would tend to obscure the logic. In this flow chart and in the corresponding part of the main program N is
the value of n, P is the value of p, H is the value of h, and K is the value of k.
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Appendix A
PROGRAM FOR COMPUTATION OF C;I;x)l

PROGRAM GRUNSKY
INTEGER B
INTEGER SDeSDP+5S+55SPSWI
INTEGER PsHsH1+STHeQesSaALPHAGWBETA
INTEGER SWeSQeSIGNsSWE + STK e FNK s HCOUNT
DIMENSION B(24164)
DIMENSION T1A(20,420)
DIMENSION 1SUM(20)
DIMENSION Q(18)
DIMENSION §(18)
DIMFNSION ALPHA(18)
DIMENSION RETA(20)
COMMON B
a9 FORMATI(1H1)
100 FORMAT ( 1HO)
I=1
1 TA(Is1)=1
IF(leEQe20) GO TO 2
I=1+1
GO To 1
1=2
J=2
4 IF(JeEQe21) GO TO 5
K=J=~1
IF(KelL Tel) GO TO 3
TACLs ) =TA(TI-1ed=1)14+TA(T+K)
J=J+1
GO TO 4
3 IA(Ta)=TA(TI=14J=1)
J=J+1
GO TO &
5 IF(IeEQe20) GO TO 6
I=1+1
J=1
GO TO 4
6 1=2
J=1
8 TA(14J)=0
1=1+1
IF(leEQe21) GO TO 7
GO TO 8
7 J=J+1
IF(JUsEQa20)y GO TO ©
I=0+1
GO ToO 8
9 WRITE (6499)
=1
12 WRITE(6+410) (TA(TLed)sJ=1420)
10 FORMAT(20(1X+13))
I=1+1
IF(l1eEQe21) GO TO 11
GO TO 12
11 I=1
J=1
16 1S5UMJ)Y=0
14 ISUMIU)=TISUMINDI+TA(T «J)
I=1+1

i\
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13

15

19
17

18

21

20

22

27

24

23
26

25

28

41

30

23

IF(1«EQe21) GO TO 13
GO TO 14

IF(JeEQe20) GO TO 15
J=J+1

I=1

GO TO 16

WRITE(6+100)

I=1

WRITE(6417) T+41SUMCT)
FORMAT (24H NUMBER OF ELEMENTS IN Qs13+42H =e14)
IF(1+EQe2C)YGO TO 18
I=1+1

GO TO 19

I=1

1SUMM=0
ISUMM=1SUMM4ISUM( T ) *1
IF(1+EQe20) GO TO 20
I=1+1

GO TO 21

WRITF (64100
WRITE(6+.22) 1S5UMM
FORMAT (16H MEMORY NEEDED =417)
WRITE(6499)

B(1y)=1

K=1

I=1

J=1

J=J+ISUM(T)#1
IF(1eEQeK)Y GO TO 23
I=1+1

GO TO 24

L=J+K

8(Jy=0

J=J+1

IF(JeEQsL)Y GO TO 25
GO TO 26

BlJy=1

IF(KeEQel17) GO TO 28
K=K+1

GO TO 27

B(4)y=2

B8(5)=0

1=2

J=3

I1=1-1

Jd=d-1

CALL BCOORD{(14+4JeISUMsI1A+SD)
CALL BCOORDI(IITsJJsaISUMIAWSDP)
NDP=TA(TIT+JJ)¥JJ

M=1

N=1

B(SD)Y=1+B(SNP)
SD=5D+1

SDP=SDP+1
B(SD)=B(SDP)

M=M+1

N=N+1

IF{(MeEQNDP)Y GO TO 32
IF(NeEQe JJ)Y GO TO 33
SD=SD+1

SDP=SDP+1

GO TO 3¢

=
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33 SD=SD+1
B(SD) =0
M=M+1
SD=SD+1
SDP=SDP+1
GO TO 31
32 B(SD+1)=C
K=J-1
IF(KelLTel) GO TO 34
Sw1=0
SS5=5D+2
CALL BCOORD(1+Ks ISUMs1AsS5P)
NSP=TA (] K) %K
M:O
37 N=U
B(SS) =0
S55=585+1
35 B(SS)=B(S5P)
M=M+1
N=N+1
IF(MeEQeNSP) GO TO 38
IF(N«EQ. K) GO TO 36
S5=55+1
S5SP=SSP+1
GO TO 35
38 Swil=1}
36 L=1
30 S5=8S5S+1
B(SS)Y=0
IF(LeEQeIl) GO TO 40
L=L+1
GO ToO 39
40 1IF(SW1eEQel) GO TO 34
55=585+1
S5P=55P+1
GO TO 37
34 IF(]eEQeJ) GO TO 42
I=1+1
GO TO 41
42 1F(JeEQe18) GO TO 43
J=J+1
1=2
GO TO 41
43 J=2
4R Jl=J+1
WRITE(6444) J
44 FORMAT (SH Qe 13
WRITE(6+100)
CALL BCOCORD(1lsJs ISUMsIAKS)
CALL BCOORD(1+eJ1 «I1SUMTAWKL)
Kl.=K_~-1
46 K=KS+J~1
1=x5
L=0
51 L=L+B(1)
IF(l1eEQeK) GO TO 52
I=1~+.
GO TO &1
52 WRITE(6+45) La(B(1)sI=KS5.K)
45 FORMAT(1X I3 ¢3H¥%%,1813)
IF(KeEQeKL) GO TO 49
KS=KS+J
GO TO 46



49

47

55
53

54

58

59
57

73

63

62

66

WRITE(6+99)

IF(JeEQe18) GO TO 47

J=J+1

GO TO 48

N=1

mM=1

P=1

WRITE(6+53) P

FORMAT (&H P=s12)

LNCT=6

WRITE(6+1C0)

1=N+M

H=1/P

Hl=1T-H*P

IF(H1+4EQeC) GOTO 59
WRITE(6+54) NoM

FORMAT (5H Ce212¢4H = 0)
WRITE (6+499)

IF(MeEQe16) GOTO 58

M=M+1

GOTO 55

IF(NsEQe16) GOTO 56

M=1

N=N+1

GOTO 55

WRITE(6+57) N«M

FORMAT (SH Ce212+¢2H =)
WRITE (64 100)

HCOUNT =1

N1=N/P

IF(HeEQe1l) GOTO 61

CALL BCOORD(1+HsISUMsTA«STH)
I=1

Q(I)1=B(STH)

IF(I«EQsH) GOTO 62

I=1+1

STH=STH+1

GOTO 63

CALL SUBSK{QsHsCeNeSs INeSW)
CALL ARGSUM(QeSeNsCePsHaSQALPHAWBETAWSIGNsSW)
IF(SWeEQel) GOTO 81

CALL REDFRC(ALPHAWBETA+SQeSWE«I1412)
IF(SWE«FQetl) GOTO 77
11=11%#ST1GN

IF(N1eFNe)y GOTO 67

=1

CALL SURBSK(QsHsle1leSe INeSY)
IF(SWeFEQel) GOTO 68

CALL ARGSUM(Q+SsNs 1P aHsSQeALPHASBETA«SIGNSW)
IF(SWeEQsl) GOTO 68

CALL REDFRC (ALPHA'BETA+SQ«SWELJ1+J2)
TF(SWEeEQe1)Y GOTO 77
J1=J1*¥S1GN

IF(N1«EQel) GOCTO 69

CALL COMFRC(I1e4124J10J2+K14K2+5WE)
IF(SWE«FQel) GOTO 79

I11=xK1

17°=KP>

K=k+1

CALL RCOORD(1+4K4ISUMsTALSTK)
K1l=k+1

CALL BCOORDI(1+4K14ISUMsTASFNK)
FNK=FNK-1

25
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65 CALL SUBSK(QiHIKsSTKesSsLAST s SW)
IF(SWeEQs1)GOTO 7C
CALL ARGSUMIQeSeNsKsPsHeSQsALPHA«BETAWSIGN«5SW)
IF(SWeFQel) GOTO 70
CALL REDFRC(ALPHAWBETA+SQesSWE+J10J2)
IF(SWE«EQe1) GOTO 77
J1=J1#STGN
CALL COMFRC(I14124¢J14J29K1+K24SWE)
IF(SWE+EQs1) GOTO 79
11=K1
12=xk2

70 IF(LASTEQ.FNK) GOTO 64
STK=L_LAST+1

GOTO 65

64 IF(Nle«FEQeK) GOTO 67
GOTO 66

68 IF(N1+EQel) GOTO 67
GOTO 66

69 CALL COMFRC(IloIEnleJaoKviZOSWE)
IF(SWE«EDel1) GOTO 79
11=K1
12=Kk2
67 WRITE(64¢71) I1e]2¢(Q(I)el=14sH)
71 FORMAT(2Xs11601H/s116+4H #%41813)
LNCT=LNCT+1
IF(LNCTEQeS55) GOTO 101
102 IF(HCOUNTWEQe ISUM(H)Y) GOTO 72
HCOUNT=HCOUNT+1
STH=STH+1
GOTO 73
72 WRITE(6499)
IF(PeEQel) GOTO 74
GOTO 66U
61 Q(1)Y=8B(1)
GOTO 62
74 IF(MeEQe®@) GOTO 75
M=M+ 1
GOTO 55
75 IF(N«EQs9) GOTO 76
M=1
N=N+1
GOTO 55
76 P=2
M=1
N=1
GOTO 55
101 WRITE(6+99)
LNCT=6
GOTO 1C2
77 WRITE(6478)
78 FORMAT (2X s 26H%¥*¥*¥ERROR IN SUB, REDFRC*¥%%)
GOTO 556
79 WRITE(6+80)
80 FORMAT(2Xs26H¥**¥¥ERROR IN SUBe COMFRCH#%%)
GOTO 56
81 WRITE(64+82)
82 FORMAT(2X+28H%*¥#¥ERRCRe ARGSUM=0 WHEN K=Q%%¥)
56 STCP
END
SUBROUTINE BCOORD(1+Js ISUMeTIANIS)
DIMENSION 1SUM(20)
DIMENSION 1A(20420)
K=d=1
M=1
15=1
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IS=IS+ISUM(M) #M
IF(MeEQeK)Y GO TO 2
M=M+ 1

GO TO 1

IF(IeEQel) GO TO 4
M=1

N=I1-1
IS=IS+IA(MeJY#J
IF(MeEQeN) GO TO 4
M=mM+1

GO 70O 3

RETURN

END

SUBROUTINE SUBSK(IQsIHsKsIN1+ISsINsISWI)
DIMENSION 1Q(18)
DIMENSION 15(18)

INTFGER B
COMMON R(24164)
1SW1=0

IN=1IN1

IF{KeEQeO) GOTO 1
I=1

IS(I)Y=B(IN)
IF{leEQeK) GOTO 4
I=1+1

IN=IN+1

GOTO &

I=K+1

IScr)y=C

IF(1eEQeIH) GOTO 7
=1+1

GOTO 8

I=1
IF(IS(I)eGTLIQ(IY)Y GOTC 2
IF{l.EQeIHY GOTO 10
=1+1

GOTO 11

RETURN

ISwi=1

RE TURN

I=1

I1SC1)y=0

IF{T«EQelIHYy GOTO 10
I=1+1

GOTO 3

END

SUBROUTINE ARGSUM( I Qe IS aNeKeIRPaIHIUWsTA«IBSISIGNSISW])

DIMENSION 1Q(18)

DIMENSION 1£(18)

DIMENSTION 1A(18)

DIMENSION 1R(20)
INTFGER Q+sQl1sT+OMEGAWR
I1Sw1=0

I1Sw2=0

1=1

Q=u

Q=0+10C1)
IF(1.EQeIH)Y GOTO 1
I=1+1

GOTO 2

I=1

T=w
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16
11

12

10

14

15

T=T+1S(1)

IF(1eEQe1H) GOTO 3
1=14+1

GOTO 4

OMEGA=N+(G-T)*1P

Ql=Q-1

I=v
IA(I+1)=OMEGA—(K+T)*IP
IF(IA(I+1)eEGeQ) GOTO 7
IF(leEQeQl) GOTO 5
=141

GOTO 6

IB(1)=1P¥*¥%xQ
IB(2)=1A(1)

1=3

J=1

=
=L

IF(IS(J)eEQeO)Y GOTO 12
IBRCIY=1S(N) =R
IF(IB(1)eEQsl) GOTO 8
I=1+1

R=R+1

GOTO 9

I=141

IF(JeEQeIH)Y GOTO 10
J=J+1

GOTO 11

IF(JeEQe IH) GOTO 10
J=J+1

GOTO 11

IF(ISW2sEQel1) GOTO 14
ISw2=1

M=1

IS(MI=ZIQ(MY—-T1S(M)
IF(MeEQeIH) GOTO 16
M=M+1

GOTO 13

IEX=Q=-T+1

L:IEX/Z

M= TEX—-2%L

IF(MeEQe0) GOTO 15
ISIGN=~1

RETURN

ISIGN=1

RETURN

ISwi=1

RETURN

END

SUBROUTINE REDFRC(IA+IBsIQsISWEI1s12)
DIMFNSTION TA(18)
DIMENSION TR(20)
DOUBLE PRECISION UsAeB
INTEGER D

ISWE=0

iQ1=1Q+2 »
U=14073748R355327D0
I=1

J=1

N=1A(1I)

IF(NeLT-0) GOTO 10
ISIGN=1
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D=18(J)

CALL GCD(NsDsIA(I)YIR(J))
TA(CI)Y=TA(IY*ISIGN
IF(l1eEQel1Q) GOTO 1
I=1+1

GOTO 4
IF(JeEQeIQ1) GOTO 3
J=J+1

I=1

GOTO 4

A=1DC

It=1

I=1

A=A¥TA(1)
I1=T1#TAC(1)
IF(AeGTeU) GOTO 5
IF(leEQeIQ) GOTO 7
I=1+1

GOTO 6

B=1DU

12=1

J=1

B=B¥18(J)
12=12%18(J)
IF(BeGTeU) GOTO S
IF(JeEQeIQ1) GOTO 9
J=J+1

GOTO 8

ISwE=1

RE TURN

ISIGN=-1

N=TABS(N)

GOTO 11

END

SUBROUTINE COMFRC(I1+I2¢J1¢J2¢1A4IB+ISWE)
DOUBLE PRECISION UsAleA2+A B

INTFCGER SIGNI1+4SIGNJI
U=14030737488355327D0
ISWE=0

IF(I14LT&0) GOTO 1
SIGNI1=1

IF(Jlel.TeCy GOTO 2
SIGNJ1=1

CALL GCD(I1eJ1sL1eM1)
L1I=L1%¥SIGNITI1

M1 =M1*#SIGNJ1

CALL GCD(I2¢J24L24M2)
CALL GCDI(J14J24K14K2)
Al=1DuxL 1

Al=A1*%M2

A2=1DO*L2

A2=AP%*M1

A=A1+A2

B=1DU*.2

B=B*M2

Al1=DABS (A1)
A2=DABS(A2)

A=DABS (A)

IF(Al eGTeUsORsA24GTaU) GOTO 5
IF(AeGTeUeOReBeGToU) GOTO 5

IN=L1¥M2+LP%*M1

ID=L2¥M2

IF(INeEQeO) GOTO 6
IF(INeLTeO) GOTO 7
CALL GCD(INsKZ2s1A1+1I81)

29
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N

CALL GCD(K1+IDs1AZ2s1B2)
A=1D0O*TA1

A=A¥TA2

A=DARS (A)
B=1DC#IR1

B=B*1B2
IF(AeGTaUsOReBeGToU) GOTO 5
IA=TA1*1AZ
IB=1B31%1B2

RE TURN

SIGNI1=~1
11=1ABS(1I1)

GOTO 3

SIGNJl1=-1
J1=1ABS(U1)

GOTO 4

ISWE=1

RETURN

1Aa=C

1B=1

RETURN

IN==1IN

CALL GCD(IN«K2s1A141IB1)
IA1=-TA1

GOTO 8

END

SUBROUTINE GCD(I114124J14U2)
I1A=T11

IB=12

IF(I1-12) 3s201
1Q=11/12
IR=I1-12%1Q
IF(IR«FQe<) GOTO 4
11=12

12=1R

GoTO 1

Jl=1A/12

Je=1B/12

RETURN

J1=1

Jz2=1

RFETURN

12=11

11=18

GOTO 1

END
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