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ABSTRACT

A computer program has been written to evaluate the
effective elastic moduli of a quasi-isotropic (random) poly-
crystalline aggregate, in terms of the single-crystal elastic
constants. These moduli are calculated using the variational
methods developed by Hashin and Shtrikman, and establish
stringent limits on the upper and lower bounds for the effec-
tive elastic moduli. The program may be applied to crystals
of cubic (all point groups), hexagonal (all point groups),
trigonal (point groups 3m, 82, and 3m) and tetragonal (point
groups 4/mmm, 42m, 4mm, and 422) symmetries.

PROBLEM STATUS

This is a final report on one phase of the problem; work
on other phases is continuing.
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A COMPUTER PROGRAM FOR DETERMINING THE POLYCRYSTALLINE
ELASTIC MODULI FROM THE SINGLE-CRYSTAL ELASTIC CONSTANTS

INTRODUCTION

The problem of determining the effective elastic moduli of a quasi-isotropic (random)
polycrystalline aggregate in terms of the single-crystal elastic constants has received a great
deal of attention over the past eighty years. The first contribution was that of Voigt (1),
who assumed that when a polycrystalline specimen is subjected to a gross uniform strain,
.the crystals would all adopt the same state of applied uniform sirgin. An analogous approach
was then developed by Reuss (2), who assumed instead that the crystals would all adopt the
same state of uniform stress. Hill (8) has shown that both models are only approximate, be-
cause in Voigt’s model the forces between the grains would not be in equilibrium, and in
Reuss’ model the distorted gains would not fit together. Hill has also shown that the Voigt
and Reuss moduli represent a set of upper and lower bounds, réspectively, for the effective
elastic modulus, and has suggested that the arithmetic or geometric mean of these bounds,

now often referred to as the Hill average, might closely approximate the true value. Although

no theoretical justification for the Hill average exists, this average appears empirically to be
correct for a number of materials (4,5). It should be noted, however, that experimental
measurements of moduli for certain materials may be highly variable, particularly when they
are derived from static or low-frequency dynamic techniques. Both of these techniques are
subject to serious errors arising from anelastic grain-boundary relaxation, viscous creep, and
dislocation motion — effects which become increasingly important at elevated temperatures
(6). Also, slight crystallographic texturing in the specimens can lead to high variable elastic
moduli (7).

Various other attempts to refine and improve the theory can be cited. These include
the efforts of Bruggeman (8), Boas (9), Laurent and Eudier (10), Hershey (11), Kréner (12),
Kajamaa (13), and Huber and Schmid (14). The latter authors’ procedure for calculating
the Young’s modulus is equivalent to assuming that, in any grain, the stress is a pure tension
parallel to some fixed direction and of an amount sufficient to produce a unit extension in
that direction. A Young’s modulus is defined for each direction in the crystal and is
averaged over all possible directions. In the Reuss theory, on the other hand, it is the in-
verse of the modulus that is averaged. Therefore, the Huber-Schmid Young’s modulus must
exceed the Reuss estimate of the Young’s modulus. However, it has not been proved that
the Huber-Schmid modulus is less than the true Young’s modulus, or even less than the
Voigt estimate of the Young’s modulus.

More recently, Hashin and Shtrikman (15,16) have developed variational principles for
anisotropic and nonhomogeneous elastic media. These principles establish a rigorous method
for obtaining more stringent limits on the upper and lower bounds for the effective elastic
moduli than provided previously. Hashin and Shtrikman avoid any assumptions about the
grain shapes in the polycrystal and merely require a random distribution of crystallographic
orientations. Although the method was presented as a general one, the theoretical results
of Hashin and Shtrikman were applied only to crystals of cubic symmetry. In the case of
cubic symmetry the Voigt and Reuss bounds of the bulk modulus coincide; thus, only the
bounds for the shear moduli had to be considered. The results of Hashin and Shtrikman
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2 CARL L. VOLD

yielded considerably improved bounds for the effective shear moduli of cubic materials. The
Hashin-Shtrikman method has recently been extended by Peselnick and Meister (17,18) to
cases of lower crystallographic symmetry, where the effective bulk modulus, as well as the
effective shear (or Young’s) modulus, must be calculated from the single-crystal elastic
constants.

METHOD

This report will present a computer program, written in 3600 Fortran, used to evaluate
the Hashin-Shtrikman variational bounds of the elastic moduli for crystals of cubic, hexa-
gonal, trigonal, and tetragonal symmetries. For details concerning the theory of the pro-
cedure, the reader is referred to the original work of Hashin and Shtrikman (15,16), and of
Peselnick and Meister (17,18). In short, the greatest lower bound and the least upper bound
of the elastic moduli are expressed in terms of the variables G;,K;. The procedure employed
to find the values of G;,K; = G1,K1, which produce the greatest lower bound of the modulus,
and G;,K; = G9,Ks, which produce the least upper bound of the modulus, must be consistent
with the positive (or negative) definite requirements of a fourth rank tensor Rjjk), defined by

Rijk1 = Cijk1 — Cjk1 (1)

where Cjji and C°;jk) are the anisotropic and the average isotropic elastic moduli tensors,
respectively. The equations necessary for arriving at the appropriate values of G;,K;, and
subsequently the variational bounds of the bulk and shear moduli, are summarized in the
following sections. The variational bounds for the Young’s modulus E* may then be com-
puted from the isotropic linear elastic relation

9KFG*

Fo 171
B RFrar

(2)

The following definitions apply:
Kv = Voigt estimate of the bulk modulus
Kpg = Reuss estimate of the bulk modulus
Gv = Voigt estimate of the shear modulus

Ggr = Reuss estimate of the shear modulus.

CUBIC SYMMETRY (All Point Groups)

For crystals exhibiting cubic symmetry, the independent C;;’s are C11, C12,and Cyyq.
Here,

Ky =Kg = (C11 +2C12)/3, (3)
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Gy =(C11 —Cy12 +3Cy4)/5, (4)
and

5C44(C11 —C12)
= . 5
Cr 4Cyq4 + 3(011 —C12) (%)

The variational bounds for the shear moduli are given by

GF =G+ g, (6)
where
—3(K: + 2G:
hi= 5G?((31§i +24((;31.i)) )
and
(Bg)i = & ( C11 —C12—2G; )
5 \1-6i(C11 —C12—2Gy)

5 (1 e rovEey ) | ©)
For the greatest lower bound, G;,K; = G1,K; where
Gy = Cyg4, 0r G; = (C11 — C12)/2, (9)
whichever is smaller, and
Ki = (C11 *+ 2C12)/3. (10)
For the least upper bound, G;,K; = Gg,K; where

Gg = Cyyq,0r Gg = (C11 —Cq12)/2, (11)

whichever is larger, and K; is given by Eq. (10).

HEXAGONAL SYMMETRY (All Point Groups)

For crystals exhibiting hexagonal symmetry, the independent C;;’s are C11, C12, Ci13,
C33, and C44, with

Ces = (C11 —C12)/2.

FITITSSVIIND
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Here,
Kv =(2(C11 + C12) + C33 + 4C13)/9
and
Kgr =C2/M

where

C2 = (C11 +C12)C33 —2CE3
and

M=Cjy1 +Cyg +2C33 —4Cy3.
Also,

Gy = (12Cgg + 12C44 + M)/30
and

Gr _5 ( C44Ce6C2 ) .
2 \(C44 + Cg6)C? + 3Ky Cy4Ces

The variational bounds for the bulk moduli are given by

Kv - K;
* =K. + 1
K=K 1-Bi(C11 +C12 +C33 — 3Ky — 2G;)’

and the variational bounds for the shear moduli are given by

G} =G, + (B2)i

1+26:i(Bg); -
Here,
B = —-3(K; + 2G)
' BGi(8K; + 4G;)
and '

M — 6G;
30(Bg); =

12(Cee — Gi) + _12(Cq44 — Gj)
1-28i(Cee —Gi) 1-—2Bi(Cqq —Gj)

1-Bi(C11 +C12 + C33 — 3K; — 2G;) — 97i(Kv — Kj)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(6)

(19)

(20)
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where
i = (&5 — 361)/9,
and
3K; + 4G;

For the greatest lower bound, G;,K; = G1,K; where
Gy =Cy44q or Gy = Cgs,
whichever is smaller, and

_ C2 - 6G1Ky
M-6Gy

Ki
For the least upper bound, G;,K; = Gg,Kgo where
Gg = Cq4, or G2 =Cegg,
whichever is larger, and
_C2-6GgKy
2" M-6Gy

TRIGONAL SYMMETRY (Point Groups 3m, 32, 3m)

(21)

(22)

(23)

(24)

(25)

(26)

For crystals exhibiting trigonal symmetry (Laue class 3m), the independent Cij’s are

C11,C12,C13, C14, C33, and Cy4, with

Ces = (C11 —C12)/2.

Here,
Ky =(2(C11 + C12) + C33 + 4C13)/9
and
Kgr =C2/M
where

C2 = (Cyg +C13)C33 — 2CE5

(12)

(13)

(14)
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and

M=Cy1 +Cyg +2C33 —4Cy3.
Also,

Gy = (12Cgg + 12C44 + M)/30
and

5C2(C44Ce6 ~ C14)
[6Ky(C44Cg6—C4) + 2C2(Ca4 + Cgp)]

Gr =

The variational bounds for the bulk moduli are given by

Ky - Kj
K.*: .+ 1
oK 1-6i(C11 + C12 + C33 — 3Ky — 2G;)’

and the variational bounds for the shear moduli are given by

Bo )i
G* = @ _(L
S A TR

In these expressions

M - 6G;
1—-6i(C11 +C12 + C33 — 3K; — 2Gj) — i(Ky — Kj)

30(Bz); =

12(C44 + Cge — 2Gy)
1-B;(Cq4 *+ Cee — 2Gi)’

and §;, o4, and v; are given by Egs. (7), (22), and (21), respectively.
For the greatest lower bound, G;,K; = G1,K; where
G1 =1/2(Cs4 + Cge) — (1/4(Ca4 — Cgg)2 + C§4)1/2
and

_C2-6G;Ky
1™ TM-6G;

For the least upper bound, Gi,K; = Gg,Ko where

Go =1/2(Cqq + Cgg) + (1/4(C14 — Cgg)? + C24)1/2

(15)

(16)

(27)

(18)

(6)

(28)

(29)

(24)

(30)
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and

_C% ~6GgKy

2= M= 6G, (26)

TETRAGONAL SYMMETRY (Point Groups 4/mmm, 42m, 4mm, and 422)

For crystals of tetragonal symmetry (Laue class 4/mmm), the independent C;;’s are
C11,C12,C13, C33, C44, and Cgg. Here,

Ky =(2(C11 + C12) + C33 + 4C13)/9 (12)
and
Kgr =C2/M (13)
where
CZ =(C11 +C12)C33 —2C%; (14)
and
M=Cy1 +Cy2 +2C33 — 4Cy 3. (15)
Also,
Gy =(M +12Cy44 + 6Cgg + 3C11 — 3C12)/30 (31)
and
Gg =15 <(18KVC;C33)+CHE(;12+(—;f_4+c_ig> —1. 32)
The variational bounds for the bulk and shear moduli are given by the expressions
K = Oy Gaa ¥ Cos = 3y 7 (19)
and
G = Gy + 2 (6)

11+ 26(Bg);’

3TITSSYTIINN
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respectively, where f; is defined by Eq. (19), and

M —6G; + (C11 —C12 — 2G;) {3 — 26;0; — 277i(Ky — K;)]

1502 ) = T = B(C11 — Cr2 — 2G)1 1~ ki — Im(Ky — K]
f1- ‘;;?(4614; (—} i()?ri) 1 _3;;??36—6(32)@&) ' (33)
In Eq. (33)
M=Cy1 +Cy9+2C33 —4C13 (15)
0; = 9Ky — (9/2)K; — 6G; + (3/2)Cz3 — 6C1 3, (34)
& =Ci11 + C12 + C33 — 3K; — 2G;, (35)
i = (5 — 36;)/9 (21)
and
= TG (22)
For the greatest lower bound, G;,K; = G1,K; where
G1 =Cegs, or Gy = C44, or G1 = (C11 — C12)/2, (36)
whichever is smaller, and
St
For the least upper bound, G;,K; = Gg,Kg where
Gz = Cgs, Or Gg = Cq4, or Gg = (C11 —C12)/2, (37)
whichever is larger, and
K, = C2 — 6GyKy (26)

M- 6Gg
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APPENDIX A

“PROGRAM BOUND”

DATA CARD FORMAT

Field Identifier Format
1 Q A8 Alphanumeric Identification Characters
2 N 12 N =1 for Cubic System
N = 2 for Hexagonal System
N = 3 for Trigonal System
N = 4 for Tetragonal System
3 Ci1 F10.4 |
4 Cio F10.4
5 Cis F10.4 Single-Crystal
Elastic
6 Ci4 F10.4 Stiffness
Constants
7 Css F10.4
8 Cs4 F10.4
9 Cee F10.4 |

NOTE: All elastic stiffness constants for any given system must be entered, both independent and de-
pendent. Unused fields may be left blank.

10
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PROGRAM BOUND
6 FORMAT(ABI2+s7F10e4)

129 FORMAT(3X+A8)

130 FORMAT(3X+12HCUBIC SYSTEM/3Xe10HINPUT DATASXesSHCI1 =eF9e4 43X
1S5HC 12 =4F9e443XeS5HCA44 =4FGe4/)

14C FORMAT (3Xs12HBULK MODULUS32X«F10e¢4/
13X« 36HVARIATIONAL BOUNDS OF SHEAR MODULI1 1 8Xe2F 1064
220X« GHAVERAGE =+F10e4/
33X +36HVARIATIONAL BOUNDS OF YOUNGS MODULI +8Xa2F 1044
420X+ GHAVERAGE =4F10e4)

150 FORMAT(3X+39HVOIGT AND REUSS BOUNDS OF SHEAR MODULII +5X+2F 1064
120X +GHAVERAGE =4F10e4)

160 FORMAT(3X+39HVOIGT AND REUSS BOUNDS OF YOUNGS MODULIs5X+2F10e4
120X +9HAVERAGE =+F10e4,//7)

240 FORMAT (3X s+ 16HHEXAGONAL SYSTEM/3Xs 10HINPUT DATA+SXaSHCI1 =eF944+3X
1SHC12 =3F94413Xe5HCI3 =eFFe4¢3XeSHC33 =4FGe4¢3XeSHCE4 = eF9 e84 +¢3Xo
25HCEE =4F944/)

250 FORMAT(3X+36HVARIATIONAL BOUNDS OF BULK MODUL1! e 8Xe2F 1064
120X +9HAVERAGE =4F10e4/
23X+ 36HVARIATIONAL BOUNDS OF SHEAR MODULI 1 8X+2F 1064
320X«9HAVERAGE =+F10e4/
43X+ 36HVARIATIONAL BOUNDS OF YOUNGS MODULLI +8Xe2F 10640
S2C0XsOHAVERAGE =+F10e4)

260 FORMAT(3Xs39HVOIGT AND REUSS BOUNDS OF BULK MODUL 15X e2F 1064
120X +OHAVERAGE =+¢F10e4/
23X +39HVOIGT AND REUSS BOUNDS OF SHEAR MODUL I +5Xs2F 1064
320X +9HAVERAGE =+F10e4/
43X+ 39HVOIGT AND REUSS BOUNDS OF YOUNGS MODULL1+SX12F 1064
S20X+9HAVERAGE =4F10ea4//7/7)

310 FORMAT(3Xs 15HTRIGONAL SYSTEM/3X+10HINPUT DATA+SXeSHC11 =4FQe443Xy
1SHC12 =4F Q¢4 93Xs5HC13 =4F9e443X1S5HC14 =4F9e4 43X 15HCE3 =+F9e4 93X
25HCA4 = 4F9e 443X sEHCHE6 =9FGe4 /)

480 FORMAT (3X+ 1 7THTETRAGONAL SYSTEM/3X+ 10HINPUT DATA+SXsSHC1 1 =4F9Qe 4 ¢ 3X
1+5HC12 = eFQe443Xa5HC1I3 =9F944+3XsSHC33 =sFFe493XeSHCE4 =eFQe g s3Xe
25HCEE =4F9444/)

5 READ 6¢ QeNeCl119C12+C139C14+C33+C444+C66

IF (EOF+60)YS50C+10

10 IF (N«EQel1)100420

20 IF (N4EQe2)2004+30

30 IF (NeEQe3)300440

40 GO TO 400

100 CONTINUE
CRYSTAL SYSTEM 1S CUBIC (ALL CLASSES)
UV=(C1142%C12)/3.
UR=(C1142%C12)73,
GV=(C11~-C1243%C44) /5.
U1=(C11+2%C12)/3,
U2=(C1142%C12) /3
GR=( S¢¥CAg4%(Cl11=Cl2))/(4e%CL443a¥C11-34%C12)
IF(CA44,LE«(C11-C12)/2+)110+4120

110 G1=C44
G2=(C11-C12)/2
GO TO 125

120 G1=(C11-C12)/2
G2=C44

125 BETAI=(=3e%(Ul4+24%G1))/(Se¥G1¥ (34 ¥U14+4e%G1))

BETA2=(—3e ¥ (U242e%G2) ) /(S XG2H (3¢ ¥ U244 e%G2))
B21=((C11-~C12-2+%G1)%¥(1e/5))/{1s4~(BETA1¥(C11-C12-2%G1)))
14{ (3 /5 )% (C44-CG1))/(1e—(2+%¥BETAL1*¥(C44-G1)))
B22=((C11-Cl12-2%¥G2)%¥(1e/5e))/(1s—(BETA2*(C11-C12-2+%G2)))

ITITSSVIOND
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1+((3e/S5e)¥(CA44=G2)) /(1 e=(2.%BETA2¥(C44-G2)))
GSTARI=G14+(B21/(1.+(2.%¥BETA1%¥B21)))
GSTARZ2=G2+(R22/( 1.+ (2. ¥BETA2¥B22)))
YSTARI= (O« ¥U1%¥GSTAR1 ) /(3 «¥U1+GSTARL)
YSTARZ2= (G e #¥U2XGSTAR2) /(3 *%¥U2+GSTAR?2)
YV=(9eRUVEGV) /(3 XUV+GV)
YR=(9 e *UR*¥CGR) /(3 e *UR+GR)
YSTARAVE=(YSTAR1+4+YSTAR2) /2.
GSTARAVE=(GSTAR1+GSTARZ2) /2.
YHILL=(YV+YR) /2,
GHILL=(GV+GR) /2
PRINT 129.0
PRINT 1304C114C12+4C44
PRINT 140+U]1 ¢+GSTARZ2+GSTAR]1 +GSTARAVE s YSTARZ2+YSTAR1 + YSTARAVE
PRINT 1504GVsGRGHILL
PRINT 160+YVsYReYHILL
GO TO S
200 CONTINUE
CRYSTAL SYSTEM 1S HEXAGONAL (ALL CLASSES)
UV=(2e%¥(C114C12)4C334+4.,%C13)/9.
Z=C11+4C1242%C33-4.%C13
CSQR=(CA3*¥(C11+C12)~2+%C13%C13)
UR=CSQR/Z
GV=(12+%C66+12e%C44+7)/30,
GR=((5e4/2¢)#C44%COE6XCSAR) /( (CA44+CEE ) ¥CSAR+3 e ¥UVHCH4XCES)
IF(C444LE«C6612104220
210 G1=Ca4a
G2=C66
GO TO 230
220 G1=C66
G2=C44
230 Ul=(CSQR-(6e*G1¥UV) )/ (Z~66%G1)
U2=(CSAR- (64 ¥G2X¥UV ) )/ (Z2=6e*#G2)
BETAI=(=3e# (Ul+2:%#G1) )/ (Se %G1 ¥ (3e¥UL1+4e%G1))
BETAZ2=(=3eX(U2+2e%#G2) ) /(S XG2¥ (3¢ ¥U2+4¢%#G2) )
BSTARI=U14+( (UV=U1) /11 -BETAI*(C11+C12+C33-3+¥UV-2e%G1)))
BSTAR2=UZ2+((UV=U2) /(1«-BETA2*¥(C114C12+C33-3¢*UV=2¢%G2)))
ALPHALI=(-36)/(3e%#U1+4.%G1)})
ALPHA2=(=34)/(3s%U2+4¢%G2)
GAMMA ] = (ALPHA1-3+%¥BETA1) /9,
GAMMAZ2=(ALPHA2~3.*BETA2) /9,
B21=((Z~6e%#G1)%(16/30e))/(1e-BETAI¥(C114+C124C33=3e%U1~26%G1)
1 -9« ¥GAMMAI ¥ (UV=U1) I+ ( (12 % (COH6-G1)) /301 /(1 e-2+%¥BETA1*(C66~-G1))
24((12e%(C84-G1))1/30e)1/(1e~2«%¥BETAL1¥(C44-G1))
B22=((Z-6e%G2)¥(16/30e)) /(1 «=~BETA2¥(C11+C12+C33=-3e*#U2-2+%G2)
1 =9 ¢ ¥GAMMAZX (UV=U2) )+ ((124¥(CEE6-G2) ) /30e¢)/(1e~2.*BETA2¥(C66-G2))
24 (12e%(CA4-G2))1/30e)/(1e~2.*BETAZ2%*(C44-G1))
GSTARI=G14B21/(1 42+ *¥BFETA1¥B21)
GSTARZ=G2+B22/(1.4+2+.*BETAZ2¥B22)
"YSTARI=(9.*¥BSTARI¥GSTAR!1 ) /(3. ¥BSTAR1+GSTAR1)
YSTARZ2=(9+#BSTAR2*¥GSTARZ2) /(3. *BSTAR2+GSTAR2)
YV=(Q e ¥UVHGV) /(3 XUVHGV)
YR=(9 ¢ ¥UR¥GR) /(3¢ *¥UR+GR)
YSTARAVE=(YSTAR1+4YSTAR2) /2
GSTARAVE=({GSTARI1+GSTAR2) /2.
YHILL=(YV+YR) /2,
GHILL=(GV+GR) /2
BSTARAVE=(BSTARI1+BSTAR2) /2.

BHILL=(UV+UR) /2.
PRINT 129.0Q

PRINT 240+ Cl11¢C12+C13¢C334C444C66
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PRINT 250.BSTARZ+BSTAR]1 +BSTARAVE +GSTARZ2+GSTARL « GSTARAVE o
1YSTAR2+YSTAR1 s YSTARAVE ‘

PRINT 260+UVsURBHILL+GVeGR+GHILLsYVsYRsYHILL

GO TO 5

CONTINUE _

CRYSTAL SYSTEM IS TRIGONAL (CLASSES 3/M, 3BAR Ms 32)
UV=(2e%(C114C12)4+C33+44%C13) /9
CSQR=(C33%(C11+C12)=2,%C13%C13)

Z=C114C12+2+%C33=4.%C13

UR=CSQR/Z

GV=(Z+12.%(C444+C66)) /30,
GR=(5.*CSQR*(C44*C66—C14*C14))/((6.*UV*(C44*C66-C14*C14))+(2.*
1CSOR* (C44+C66)))

G1=0e5%(C44+CE6)-SQRT(0e25%( (C44~ C66)**2)+C14**2)
G2=0e5%(C444CE6)+SART( 025X ((Ca44~CE) X¥¥2)+C14%%2)
Ul=({CSQR~6¢*G1%*UV) /(Z—-6e %G1 )
U2=(CSQR~6¢ %G2*¥UV) /(Z—6e #G2)

BETA1=(=3e% (Ul1+2e%G1)) /(5 *G1¥(3e%U1+4e%G1))

BETA2=(=3+% (U242 %G2)) /(S5 ¥G2H (3o ¥U24+4 e *G2) )

ALPHALI ==34/(3e%Ul+4+%G1)

ALPHAZ= =34/ (34 %U2+4 ¢ ¥G2)

GAMMA ] = (ALPHA1-3,%BETA1) /9.

GAMMAZ2 = (ALPHA2-3.,%¥BETA2) /9

BSTARI=U1+({ (UV=U1)/(1~BETAI*(C11+C12+4C33-3e*#UV—-2e%G1)})
BSTAR2=U2+({ (UV~U2) /(1 e=BETA2%¥(C11+C124C33-3e¥UV-2e%#G2)))
B21=((Z~6%G1)%(1e/30))/(1e-BETAI*¥(C11+C12+4C33=3+%U1-2e%G1)~9e¥*
1GAMMA T # (UV=U1))4(12e % (CA4+CEE6~2+%G1)) /(30 %
Pl]1e—24*¥BETAIX (CA4+CEH6-24%G1)))
B22=((Z=6%¥G2)*¥(16/30e))/(1s~BETA2%(C11+C12+C33-3#U2-2%G2)~Fe*
1GAMMAZ* (UV=UZ2) )+ (12 #(CE4+COE6~2%#G2)) /(30 %
Pl1e=2+*BETA2X(C444+CEHE6~2e%G2)))
GSTAR1=G1+4B21/(1.+2.*BETA1¥*B21)
GSTARZ=G2+B22/(1++2 ¢+ *BETA2%B22)

YSTARI = (9. *BSTARI*GSTAR] ) /(3. *BSTAR1+GSTAR1)
YSTARZ=(9.%¥BSTARZ2XGSTAR2) /(3 *BSTAR24+GSTAR2)

YV=(9a XUVHGV) /(34 ¥UVHGV)

YR= (9 ¢ ¥URXGR) /(3¢ ¥UR4GR)

YSTARAVE=(YSTAR14YSTAR2) /2.

GSTARAVE=(GSTAR1+GSTAR2) /2.

BSTARAVE=(BSTAR1+BSTAR2) /2.

YHILL=(YV+YR) /2,

GHILL=(GV+GR) 724

BHILL=(UV+UR) /2.

PRINT 129+Q

PRINT 310+C11¢C124C13+C14+C33+C44+CE6

PRINT 250+8STARZ2+8STAR! +BSTARAVE «GSTAR2+GSTAR1+GSTARAVE »
1YSTARZ2+YSTAR] s YSTARAVE

PRINT 260 UVsURBHILLIGV+GRsGHILL s YVeYReYHILL

GO TO 5

CONTINUE

CRYSTAL SYSTEM 1S TETRAGONAL (CLASSES 4/MMM, 4BAR2M, 4MMM, 422)
UVE(2e/9e 3% (C114C12)4+(C33/9)4(4e/9+)%C13
CSOR=(C11+C12)%C33-2%(C13%¥%2)

Z=C114C12+2%C33-4%C13

UR=CSQR/Z

GR=15e/( (184%UV+C33) /CSAR+64/(C1 1~ C12)464/C48+34/CE6)

GV (Z¥12e%¥CU4464%CE6+3e%¥C11-3e%C12)/300
IF(C44+LE«C66)4104435

IF(C444LEW(C11-C12)/2)4154+430

G1=Cas
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IF(C66eGEL(C11~C12)/21420+425
420 G2=C66
GO TO 460
425 G2=(C11-=C12)/2
GO TO 460
430 G1=(Cl11-C12)/2
G2=C66
GO TO 460
435 IF(CE64LEL(C11~C12)/2)440+455
440 G1=C66
IF(C44.GE«(C11~C12)/2)4454+450
445 G2=C4a4
GO TO 460
450 G2=(C11~-C12)/2
GO TO 460
455 G1=(C11~-C12)/2
G2=C44
GO TO 460
460 Ul=(CSQR~-6*¥UV*G1)/(Z~6%*G1)
U2=(CSAR~6*UV*G2) /(Z~6%G2)
BETA1=-(3%¥U1+6%G1)/(15+*¥G1*U1+20+%G1%G1)
BETAZ2=-(3%U2+6%G2) /( 15+ ¥G2XU2+20e %G2*%G2)
BSTARI=UI+(UV~U1)/(1~BETA1*(C114+C12+C33-3%YVv+2%G1))
BSTAR2=U2+(UV-U2) /(1 ~BETA2%(C114C124+C33-3%¥YVv-2%G2))
ALPHA1=—3/(3%U144%G1)
ALPHA2=-3/(3%U2+4*G2)
GAMMA1 = (ALPHA1~-3%¥BETA1)/9
GAMMAZ2=(ALPHA2-3*BETA2)/9
X11 =C11+C12+C33~3%U1-2%G1
X112 =C114C124C33-3%U2-2%G2
THETAl =9¥UV=(9e /2 ) ¥U1—-6XG14+ (3 /24 ) ¥C33-6%C13
THETAZ2=0%UV=(O94¢ /2. ) ¥U2~EXG2+ (3¢ /24 ) ¥C33-6%C13
B21=(Z-6%G14+(C11-C12~-2%¥G1 ) ¥ (3-2¥BETAI*THETA1-27%¥GAMMA 1 ¥ (UV-U1))})/
1(30%(1-BETA1¥(C11-Cl12-2%G1))%(1-BETA1*¥XI1 —-9¥GAMMA1¥(UV-U1)))
24(6*¥(C44~G1) ) /(15¥ (1 -2¥BETA1*#(C44-G1)))
3+(3*¥(C66~G1)) /(15 (1 ~2*¥BETA1*¥(C66-G11)))
B22=(Z-6%G2+(C11-C12-2%G2) ¥ (3-2%BETA2X¥THETA2-27*¥GAMMA2* (UV-U2)) )/
1(30%(1~-BETA2¥(C11=C12-2%¥G2))*(1-BETAZ%XX12 -9¥GAMMAZ2¥(UV-U2)))
2H(6%(CA44-G2))/(1S5* (1 ~2¥BETA2%¥(C44-G2)))
3+ (3% (CH6~-G2))/(15*¥ (1 -2¥BETA2¥(C66-G2) 1))
GSTARI=G1+(B21/(1+2*¥BETA1¥B21))
GSTAR2=G2+(B22/(1+2¥BETA2%¥B22))
YSTAR1=(9¥BSTAR1#GSTAR1) /(3¥BSTARI+GSTAR1)
YSTAR2=(9%*¥BSTAR2X¥GSTAR2) /(3*BSTAR2+GSTAR2)
YV=(9 e ¥UVXRGV) /(3 #UV+GV)
YR=(9e¥UR#GR) /(34 *UR+GR)
YSTARAVE=(YSTARI+YSTARZ2)I /2
GSTARAVE=(GSTARI14GSTAR2) /2
BSTARAVE=(BSTAR14BSTAR2) /2.
YHILL=(YV+YR) /2,
GHILL=(GV+GR) /2.
BHILL=(UV+UR) /2,
PRINT 129.Q
PRINT 480+4C114C12+C13¢C334¢C44+C66
PRINT 250.BSTAR2+BSTAR]1 +BSTARAVEZGSTAR2+GSTAR1 s GSTARAVE

1YSTARZ«YSTAR1 « YSTARAVE
PRINT 260+sUVesURIBHILLsGVesGRIGHILL s YV YRWYHILL

GO TO S
500 SToP
END
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REPRESENTATIVE OUTPUT
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TRON
CURIC SYSTEA4
INPUY Dain Cty = 23«7000 c12 =

RULK «0mILusS

VARTIATIONAL HOUNDS OF SHEak «00ULT
VARTATIONAL ROUNDS OF YOUMNGS MODUL L
VOIGT At REUSS AUNGS OF SHEAR MODULI
VOIGT aNn REUSS =OUIGS OF YOUNGS ~MOuULT

CORALY
HEXAGONAYL SYSTEM
INPUT DATa C1t = 30e¢/p80 Cle =

VARTATIONAL ROUNDS OF BULK MODULT
VARTATIONAL HOUNDS OF SHEAR MOpULT
VARIATIOwNAL ROUNDS OF YOUNGS MOpDUL]
VOIGT Aas REUSS K0UINNS OF KULK MOuULL
VATGT A RFUSS @nNUNAS OF SHEAR MOOULL
VOIGT ANO RFUSS ROUNDS OF YUUNGS «aupuLl

RISMUTH
TRIGONAL SYSTEM
INPUT DATA Cil = 5641000 cle =

VARTATIONAL ROUNDS OF BULK MODULIL
VARTATIONAL BOUNDS OF SHEaR MODULI
VARTIATIONAL ROUNDS OF YOUNGS MODULIL
VOIGT AnD REUSS BOUNDS OF wULK MODULI
VOIGT Anp REUSS ROUNDS OF SHEAR MODULI
VOIGT AnD REUSS ROUNNS OF YUUNGS muLULI

TIN

TETRAGONAL SYSTEM™
INPUT DATA Cy1 = B2e740g Cie =

VARIATIONAL HOUNDS OF BULK MODULL
VARTATIONAL BOUNDS OF SHEAR MODULI
VARIATIONAL ROUNDS OF YOUNGS MODULI
VOIGT ann REUSS RNOUNDS OF WULK MOnulLl
VOIGT anh REUSS ROUNDS OF SHear MOLULIL
VOIGT AND REUSS ROUNDS OF YUUNGS MOOULL

1441000

16e2000

239000

57890y

Coa =

173000
BeAnl4
?1e4R35
BenHUOU
PR 1479

cl3

1941435
Beln79
2le4n46
19.0456
444393
2249597

cl3 =

ERRYLY Y
10,5431
28.4872
32,4111
11.4067
31,5848

€13

Qle8962
248076
651216
979022
259033
6746256

116000

Be049]
20eR962
7144043
194395

103000

19.0435
HelB28
2144729
1940422
8¢ 0050
210635

2442000

313909
9.7118
2644116
V5796
Be6064
23,6048

3442100

574943
2443113
63.9785
578908
2245772
5949399

AVERAGE
AVERAGE
AVERAGE
AVERAGE

C33 = 39,8100 Cé4 =

AVERAGE
AVERAGE
AVERAGE
AVERAGE
AVERAGE
AVERAGE

Bel763
2101899
8elb2l
2100937

T+5300 Ce6

190435
8el854
2144787
190439
Be2222
215616

Clé = 6,0000 C33 = 34.9000 Cé4

AVERAGE
AVERAGE
AVERAGE
AVERAGE
AVERAGE
AVERAGE

3146260
101275
2704494
3104954
102065
2745948

C33 = 103.1000 Cé4 = 26495090 Cé6

AVERAGE
AVERAGE
AVERAGE
AVERAGE
AVERAGE
AVERAGE

578952
2445594
6405500
578965
2402403
63+7825

T«1000

9.0000

2841300

C66 =

1641000

91
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