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ABSTRACT

A computer program has been written to evaluate the
effective elastic moduli of a quasi-isotropic (random) poly-
crystalline aggregate, in terms of the single-crystal elastic
constants. These moduli are calculated using the variational
methods developed by Hashin and Shtrikman, and establish
stringent limits on the upper and lower bounds for the effec-
tive elastic moduli. The program may be applied to crystals
of cubic (all point groups), hexagonal (all point groups),
trigonal (point groups 3m, 32, and 3m) and tetragonal (point
groups 4/mmm, 42m, 4mm, and 422) symmetries.

PROBLEM STATUS

This is a final report on one phase of the problem; work
on other phases is continuing.

AUTHORIZATION

NRL Problem MO1-23
Project RR 002-01-46-5430

Manuscript submitted July 22, 1971.
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A COMPUTER PROGRAM FOR DETERMINING THE POLYCRYSTALLINE
ELASTIC MODULI FROM THE SINGLE-CRYSTAL ELASTIC CONSTANTS

INTRODUCTION

The problem of determining the effective elastic moduli of a quasi-isotropic (random)
polycrystalline aggregate in terms of the single-crystal elastic constants has received a great
deal of attention over the past eighty years. The first contribution was that of Voigt (1),
who assumed that when a polycrystalline specimen is subjected to a gross uniform strain,
,the crystals would all adopt the same state of applied uniform strain. An analogous approach
was then developed by Reuss (2), who assumed instead that the crystals would all adopt the
same state of uniform stres& Hill (3) has shown that both models are only approximate, be-
cause in Voigt's model the forces between the grains would not be in equilibrium, and in
Reuss' model the distorted gains would not fit together. Hill has also shown that the Voigt
and Reuss moduli represent a set of upper and lower bounds, respectively, for the effective
elastic modulus, and has suggested that the arithmetic or geometric mean of these bounds,
now often referred to as the Hill average, might closely approximate the true value. Although
no theoretical justification for the Hill average exists, this average appears empirically to be
correct for a number of materials (4,5). It should be noted, however, that experimental
measurements of moduli for certain materials may be highly variable, particularly when they
are derived from static or low-frequency dynamic techniques. Both of these techniques are
subject to serious errors arising from anelastic grain-boundary relaxation, viscous creep, and
dislocation motion - effects which become increasingly important at elevated temperatures
(6). Also, slight crystallographic texturing in the specimens can lead to high variable elastic
moduli (7).

Various other attempts to refine and improve the theory can be cited. These include
the efforts of Bruggeman (8), Boas (9), Laurent and Eudier (10), Hershey (11), Kroner (12),
Kajamaa (13), and Huber and Schmid (14). The latter authors' procedure for calculating
the Young's modulus is equivalent to assuming that, in any grain, the stress is a pure tension
parallel to some fixed direction and of an amount sufficient to produce a unit extension in
that direction. A Young's modulus is defined for each direction in the crystal and is
averaged over all possible directions. In the Reuss theory, on the other hand, it is the in-
verse of the modulus that is averaged. Therefore, the Huber-Schmid Young's modulus must
exceed the Reuss estimate of the Young's modulus. However, it has not been proved that
the Huber-Schmid modulus is less than the true Young's modulus, or even less than the
Voigt estimate of the Young's modulus.

More recently, Hashin and Shtrikman (15,16) have developed variational principles for
anisotropic and nonhomogeneous elastic media. These principles establish a rigorous method
for obtaining more stringent limits on the upper and lower bounds for the effective elastic
moduli than provided previously. Hashin and Shtrikman avoid any assumptions about the
grain shapes in the polycrystal and merely require a random distribution of crystallographic
orientations. Although the method was presented as a general one, the theoretical results
of Hashin and Shtrikman were applied only to crystals of cubic symmetry. In the case of
cubic symmetry the Voigt and Reuss bounds of the bulk modulus coincide; thus, only the
bounds for the shear moduli had to be considered. The results of Hashin and Shtrikman
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yielded considerably improved bounds for the effective shear moduli of cubic materials. The
Hashin-Shtrikman method has recently been extended by Peselnick and Meister (17,18) to
cases of lower crystallographic symmetry, where the effective bulk modulus, as well as the
effective shear (or Young's) modulus, must be calculated from the single-crystal elastic
constants.

METHOD

This report will present a computer program, written in 3600 Fortran, used to evaluate
the Hashin-Shtrikman variational bounds of the elastic moduli for crystals of cubic, hexa-
gonal, trigonal, and tetragonal symmetries. For details concerning the theory of the pro-
cedure, the reader is referred to the original work of Hashin and Shtrikman (15,16), and of
Peselnick and Meister (17,18). In short, the greatest lower bound and the least upper bound
of the elastic moduli are expressed in terms of the variables GiKi. The procedure employed
to find the values of GiKi = G1 ,K1, which produce the greatest lower bound of the modulus,
and GiKi = G2 ,K2 , which produce the least upper bound of the modulus, must be consistent
with the positive (or negative) definite requirements of a fourth rank tensor Rijkl, defined by

Rijkl = Cijkl - C ijkl (1)

where Cijkl and Coijkl are the anisotropic and the average isotropic elastic moduli tensors,
respectively. The equations necessary for arriving at the appropriate values of GiKi, and
subsequently the variational bounds of the bulk and shear moduli, are summarized in the
following sections. The variational bounds for the Young's modulus E1* may then be com-
puted from the isotropic linear elastic relation

EI 3K* + G* (2)

The following definitions apply:

Kv = Voigt estimate of the bulk modulus

KR = Reuss estimate of the bulk modulus

Gv = Voigt estimate of the shear modulus

GR = Reuss estimate of the shear modulus.

CUBIC SYMMETRY (All Point Groups)

For crystals exhibiting cubic symmetry, the independent Cij's are C11 , C1 2, and C44.
Here,

KV = KR = (Cl 1 + 2C12)/3,

2

(3)



NRL REPORT 7333

Gv = (C1 - C12 + 3C44 )/5, (4)

and

GR = 5C4 4 (C 11 -C 1 2 ) (5)
4C44 + 3(C1 1 - C1 2 )'

The variational bounds for the shear moduli are given by

G* G + (B2 )(6)
1 +2f3i(B2)i'(6

where

-3(Ki + 2Gi) (7)
5Gi(3Ki + 4Gi)

and

(BA = C1 1 - C1 2 - 2Gj
5 1- Oi(Cl1 -C 1 2 -2Gi)/

+3 (3 C44-)Gi ) (8)

For the greatest lower bound, GiKi = G1 ,Ki where

GI = C44 , or G = (C 11 - C 1 2 )/2, (9)

whichever is smaller, and

Ki= (Cl1 + 2C1 2 )/3. (10)

For the least upper bound, GiKi = G2,Ki where

G2 = C4 4, or G2 = (C 1 - C1 2 )/2, (11)

whichever is larger, and Ki is given by Eq. (10).

HEXAGONAL SYMMETRY (All Point Groups)

For crystals exhibiting hexagonal symmetry, the independent Cij s are C1 1, C1 2, C1 3,
C33 , and C44 , with

C66 = (Cl1 -C 12 )/2.
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Here,

KV = (2(C1 I + C1 2 ) + C33 + 4C1 3 )/9

KR = C2 /M

C2 = (Cii + C1 2)C3 3 - 2Ch3

M = C11 + C1 2 + 2C3 3 - 4C1 3 .

GV = (12C66 + 12C44 + M)/30

and

5 C4 4 C6 6C2

GR = 2 (C44 + C6 6 )C2 + 3KVC 4 4 C6 6 )

The variational bounds for the bulk moduli are given by

Kv-K.-1-i(C + C12+ C33-3KV-2Gi)'
and the variational bounds for the shear moduli are given by

G* = Gi + (B2

= -3(Ki + 2Gi)
5Gi(3Ki + 4Gi)

30(B2) = M -6Gi
1 - pi(Cl 1 + C12 + C3 3 - 3Ki - 2Gi) - 9,yi(Kv - Ki)

+ 12(C6 6 - Gj) + 12(C4 4 - G)
1-2gi(C6 6-Gi) 1-2gi(C44 -Gi)

and

where

(12)

and

(13)

Also,

(14)

(15)

(16)

(17)

Here,

(18)

(6)

and

(19)

(20)
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where

= (ai - 30i)/ 9, (21)

and

a= - (22)

3Ki + 4G*(

For the greatest lower bound, GiKi = G1 ,K1 where

GI = C4 4 or G1 = C 6 6 , (23)

whichever is smaller, and

K C2 - 6GjKV 24
K1 = M6 *(24)M-6G1

For the least upper bound, Gi,Ki = G2,K2 where

G2 =C 4 4 , or G2 = C6 6 , (25)

whichever is larger, and

K2 M-6G2KV (26)M-6G2

TRIGONAL SYMMETRY (Point Groups 3m, 32, 3m)

For crystals exhibiting trigonal symmetry (Laue class 3m), the independent Cij 's are
C1 1, C1 2 , C1 3 , C1 4 , C3 3 , and C4 4 , with

C 6 6 = (C1 1 - C1 2 )/2.

Here,

Kv = (2(CI1 + C1 2) + C3 3 + 4C1 3 )/9 (12)

and

KR = C2 /M (13)

where

C2 = (C1 1 + C1 2 )C3 3 - 2Cf 3 (14)
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and

M = C11 + C12 + 2C3 3 - 4C13 . (15)

Also,

GV = (12C6 6 + 12C4 4 + M)/30 (16)

and

5C 2 (C 4 4 C6 6 - Ch4 )
R [6KV(C4 4 C6 6 -Ch 4 ) + 2C2 (C44 + C6 6 )] (2)

The variational bounds for the bulk moduli are given by

i = K+ C1 + C1 2 + C3 3 -3KV -2Gi)' (18)

and the variational bounds for the shear moduli are given by

G*1= Gi + (B2 )A (6)
1 1+2j3 1(B2 )i(

In these expressions

30(B = M-6Gi
30(B~h1 - M1 CI 1 + C1 2 + C3 3 - 3Ki - 2Gi) - 9 ,yi(KV - Ki()

+ 12(C44 + C66 -2Gi) (28)
1-Pi(C44 + C66 -2Gi)'

and gi, ai, and 'yi are given by Eqs. (7), (22), and (21), respectively.

For the greatest lower bound, Gi,Ki = G1 ,K1 where

G1 = 1/2(C4 4 + C6 6 ) -(1/4(C 4 4 - C66 )2 + Cl 4 )1 /2 (29)

and

K C2 - 6GI KV (24)

M M-6G 1

For the least upper bound, Gi,Ki = G2,K2 where

G2 = 1/2(C4 4 + C66 ) + (1/4(C 4 4 - C66 )2 + C?4 )1 /2 (30)

~i 6
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and

C2 - 6G2KV
M - 6G2

(26)

TETRAGONAL SYMMETRY (Point Groups 4/mmm, 42m, 4mm, and 422)

For crystals of tetragonal symmetry (Laue class 4/mmm), the independent Cij 's are
C 1 1 , C1 2 5 C 1 3 , C3 3 , C4 4 , and C6 6 . Here,

KV = (2(C 11 + C1 2 ) + C3 3 + 4C 1 3 )/9 (12)

KR = C2 /M (13)

(14)C2 = (C1 1 + C1 2)C33 - 2C23

M = C11 + C12 + 2C3 3 - 4C1 3. (15)

GV = (M + 12C4 4 + 6C6 6 + 3C1 I - 3C12 )/30

GR=15 (18KV+C33)+ + 66 + 3 -1 (R- \ C2 C11-C12 C44 C66/
The variational bounds for the bulk and shear moduli are given by the expressions

Ki' = Ki + 1-KV - Ki
1 I 1- 11 Cl+ C1 2 +C3 3 -3KV -2Gi)

(31)

(32)

(18)

G* G + (B2 )i(6)

and

where

and

Also,

and

and

7
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respectively, where ,Bi is defined by Eq. (19), and

15(Bi = M - 6Gi + (C11 - C1 2 - 2Gi) [3- 2Pi0i - 27,yi(KV - Ki)]
2[1 - Pi(C11 -C 1 2 - 2Gi)] [1 -Piji - 9yi(KV -K1 )]

+ 6(C44 -Gi) + 3(C66-Gi)
1-2pi(C 4 4 -Gi) 1-2Pi(C 66 -GGi)(

In Eq. (33)

M = C11 + C12 + 2C3 3 - 4C13 (15)

0i = 9 KV -(9/2)Ki - 6Gi + (3/2)C 3 3 - 6C1 3 , (34)

ti = CII + C12 + C33 - 3Ki - 2Gi, (35)

yj = (ai - 30i)/9 (21)

and

-3(22)

3Ki + 4Gi(

For the greatest lower bound, Gi,Ki = G1 ,K1 where

GI = C6 6, orG 1 = C4 4, or G1 = (C1 1 C1 2 )/2, (36)

whichever is smaller, and

K1 C2 - 6G1KV (24)
I M-6G 1

For the least upper bound, Gi,Ki = G2,K2 where

G2 = C 6 6 , or G2 = C4 4 , or G2 = (C11 - C1 2 )/2, (37)

whichever is larger, and

K C2 - 6G2KV (26)
z M-6G2 (6
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APPENDIX A

"PROGRAM BOUND"

DATA CARD FORMAT

Field Identifier Format

1 Q A8 Alphanumeric Identification Characters

2 N I2 N = 1 for Cubic System
N = 2 for Hexagonal System
N = 3 for Trigonal System
N = 4 for Tetragonal System

3 C1 1 F10.4

4 C12 F10.4

5 C1 3 F10.4 Single-Crystal
Elastic

6 C14 F10.4 Stiffness
Constants

7 C3 3 F10.4

8 C4 4 F10.4

9 C6 6 F10.4

NOTE: All elastic stiffness constants for any given system must be entered, both independent and de-
pendent. Unused fields may be left blank.

10
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PROGRAM BOUND
6 FORMAT(A8,1297F10.4)

129 FORMAT(3XA8)
130 FORMAT(3X*12HCUBIC SYSTEM/3XIOHINPUT DATA95X95HCll =sF9.493Xq

15HC12 =.F9.4.3X.5HC44 =4F9.4/)
14C FORMAT (3X,12HBULK MODULUS932XoF1O*4/

13X*36HVARIATIONAL BOUNDS OF SHEAR MODULI *8X.2F10.44
220Xo9HAVERAGE =iF1O4/
33X.36HVARIATIONAL BOUNDS OF YOUNGS MODULI *8XqZF1O*44
420Xs9HAVERAGE =.F10.4)

150 FORMAT(3X.39HVOIGT AND REUSS BOUNDS OF SHEAR MODULI 95X92F1O*49
120Xo9HAVERAGE =.F10O4)

160 FORMAT(3X.39HVOIGT AND REUSS BOUNDS OF YOUNGS MODULIB5X*2F1O.49
120X.9HAVERAGE =F10.4////)

240 FORMAT(3X-16HHEXAGONAL SYSTEM/3X.IOHINPUT DATAB5X95HCll =.F9.4.3X.
15HC12 =F9.493X95HC13 =qF9.4.3Xq5HC33 =*F9.4o3X*5HC44 =.F9.4.3X.
25HC66 =oF9.4/)

250 FORMAT(3Xq36HVARIATIONAL BOUNDS OF BULK MODULI *8X.2F10.4t
120X,9HAVERAGE =vF1O.4/
23Xi36HVARIATIONAL BOUNDS OF SHEAR MODULI i8X.2F10.4*
320Xs9HAVERAGE =oF1l.4/
43X.36HVARIATIONAL BOUNDS OF YOUNGS MODULI o8X*2F10.4,
520X,9HAVERAGE =*FIO.4)

260 FORMAT(3X939HVOIGT AND REUSS BOUNDS OF BULK MODULI s5X*2F10.4,
120X,9HAVERAGE =.F1O.4/
23Xo39HVOIGT AND REUSS BOUNDS OF SHEAR MODULI 95X92F10*4 9
320X.9HAVERAGE =.F10.4/
43X.39HVOIGT AND REUSS BOUNDS OF YOUNGS MODULIt5X92F10o4*
B2OX.9HAVERAGE =*F1O.4////)

310 FORMAT(3X*15HTRIGONAL SYSTEM/3Xq1OHINPUT DATA5Xo5HCII =.F9.4.3X.
15HC12 =.F9.4.3Xo5HC13 =.F9.4.3X95HC14 =vF9*4.3X95HC33 =4F9.493X.
25HC44 =.F9.493X.5HC66 =.F9.4/)

480 FORMAT(3X417HTETRAGONAL SYSTEM/3X*IOHINPUT DATA*5Xs5HCI1 =qF9.4*3X
1,BHC12 =9F9.4*3X.5HC13 =9F9.4.3X95HC33 =*F9e493X*5HC44 =qF9.4i3X9
25HC66 =*F9.4,/)

5READ 6' OQNqC11.C129C139C149C339C449C66
IF (EOF960)50010

10 IF (N.EQ.1100v20
20 IF (N.EO.2)200930
30 IF (N.EQ.3)300*40
40 GO TO 400

100 CONTINUE
C CRYSTAL SYSTEM IS CUBIC (ALL CLASSES)

UV=(C11+2*C12)/3.
UR=(C11+2*C12)/3.
GV=(CII-C12+3*C44)/5.
Ul=(CII+2*C12)/3.
U2=(CI1+2*C12)/I.
GR=( 5.*C44*(CII-C12))/(4**C44+3**C1--3.*C12)
IF(C44.LE.(CI1-Cl2)/2.)110.120

110 Gl=C44
G2=(CII-CI2)/2.
GO TO 125

120 Gl=(CII-C12)/2.
G2=C44

125 BETAI=(-3.*(UI+2.*Gl))/(SB*G1*(3.*UI+4.*Gl))
BETA2=(-3.*(U2+2.*G2))/(5.*G2*(3.*U2+4.*G2))
B21=((CI1-C12-2.*Gl)*(I./5.))/(I.-(BETAI*(CII-C12-2.*Gl)))

1+((3-/5.)*(C44-G) )/(1.-(2**BETAI*(C44-Gl)))
B22=((CIl-C12-2.*G2)*(1./5.))/(l.-(BETA2*(Cll-C12-2**G2)))
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1+((3./B5)*(C44-G2))/(1.-(2.*BETA2*(C44-G2)))
GSTARI=Gl+(B2l/(I.+(2.*BETA1*B21)))
GSTAR2=G2+(B22/(1.+(2.*BETA2*R22)))
YSTARI=(9.*U1*GSTARI)/(3.*UI+GSTARI)
YSTAR2=(9.*U2*GSTAR2)/(3.*U2+GSTAR2)
YV=(9.*UV*GV)/(3.*UV+GV)
YR=(9.*UR*GR)/(3.*UR+GR)
YSTARAVE=(YSTAPI+YSTAR2)/2.
GSTARAVE=(GSTARI+GSTAR2)/2.
YHILL=(YV+YR)/2.
GHILL=(GV+GR)/2.
PRINT 129*0
PRINT 1309CIIoC12,C44
PRINT 140.UIGSTAR29GSTAR1 GSTARAVEYSTAR2qYSTARI YSTARAVE
PRINT 150OGV9GRqGHILL
PRINT 1609YV9YR.YHILL
GO TO 5

200 CONTINUE
C CRYSTAL SYSTEM IS HEXAGONAL (ALL CLASSES)

UV=(P.*(CII+C12)+C33+4.*C13)/9.
Z=CIl+C12+2.*C33-4.*C13
CSQR=(C33*(CII+C12)-2o*C13*C13)
UR=CSOR/Z
GV=(12.*C66+12.*C44+Z)/30.
GR=((5./2.)*C44*C66*CSOR)/((C44+C66)*CSQR+3.*UV*C44*C66)
IF(C44.LE.C66)210.220

210 Gl=C44
G2=C66
GO TO 230

220 Gl=C66
G2=C44

230 Ul=(CSOP-(6**GI*UV))/(Z-6.*GI)
U2=(CSQR-(6.*G2*UV))/(Z-6**G2)
BETAI=(-3**(UI+2.*Gl))/(5.*GI*(3.*UI+4.*Gl))
BETA2=(-3.*(U2+2.*G2))/(5.*G2*(3.*U2+4.*G2))
BSTAR1=Ul+((UV-UI)/CI.-BETAI*(CII+C12+C33-3.*UV-2.*Gl)))
BSTAR2=U2+((UV-U2)/(l.-BETA2*(CII+C12+C33-3**UV-2**G2)))
ALPHAI=(-3.)/(3.*UI+4.*Gl)
ALPHA2=(-3.)/(3.*U2+4.*G2)
GAMMAI=(ALPHAI-3.*BETAI)/9.
GAMMA2=(ALPHA2-3.*BETA2)/9o
B21=((Z-6.*Gl)*(I./30.))/(I.-8ETAI*(C1l+C12+C33-3.*UI-2.*GI)

1-9.*GAMMAI*(UV-Ul))+C(12.*(C66-G1))/30.)/(C1-2.*BETAI*(C66-Gl))
2+((12.*(C44-GI))/30. )/1(-2.*BETAI*(C44-GI))
B22=((Z-6.*G2)*(1./30.))/(I.-BETA2*(CII+C12+C33-3**U2-2.*G2)

1-9.*GAMMA2*(UV-U2))+((12.*(C66-G2))/30.)I/1.-2.*BETA2*CC66-G2))
2+((12.*(C44-G2))/30.)/C(1-2.*BETA2*(C44-GI))
GSTARI=GI+B21/(1*+2**BFTA1*B21)
GSTAR2=G2+B22/(1.+2.*8ETA2*822)
YSTAR1=(9.*8STARI*GSTARI)/(3.*BSTARI+GSTAR1)
YSTAR2=(9.*BSTAR2*GSTAR2)/(3.*BSTAR2+GSTAR2)
YV=(9.*UV*GV)/(3.*UV+GV)
YR=(9.*UR*GR)/(3.*UR+GR)
YSTARAVE=(YSTARI+YSTAR2)/2.
GSTARAVE=(GSTARI+GSTAR2)/2.
YHILL=(YV+YP)/2.
GHILL=(GV+GR)/2.
BSTARAVF= C8STAPI+BSTAR2)/2.
6HILL= UV+UP)/2.
PRINT 12990
PRINT 2409 Cl1IC129C139C339C44*C66



NRL REPORT 7333 13

PRINT 250.BSTAR2,BSTARIBSTARAVEGSTAR2,GSTARI.GSTARAVE.
1YSTAR2*YSTARI1YSTARAVE
PRINT 26b.UVoUR.BHILL.GV.GR*GHILL YVYR.YHILL
GO TO 9

300 CONTINUE
C CRYSTAL SYSTEM IS TRIGONAL (CLASSES 3/M, 3BAR Me 32)

UV=(2.*(CII+C12)+C33+4**C13)/9*
CSQR=(C33*(C1I+C12)-2.*C13*C13)
Z=CII+C12+2.*C33-4.*C13
UR=CSOR/Z
GV=(Z+12.*(C44+C66))/30.
GR=(5.*CSQR*(C44*C66-C14*C14))/((6.*UV*(C44*C66-Cl4*C14))+(2.*
ICSOR*(C44+C66)))
Gl=0.5*(C44+C66)-SORT(Oo25*((C44-C66)**2)+C14**2)
G2=0.5*(C44+C66)+SORT(O.25*((C44-C66)**2)+C14**2)
Ul=(CSOP-6**GI*UV)/(Z-6.*GI)
U2=(CSOR-6.*G2*UV) /Z-69*G2)
BETA1=C-3.*CUI+2.*Gl))I/5C*Gl*(3.*U1+4**Gl))
BETA2=(-3.*(U2+2.*G2))/(B.*G2*(3.*U2+4**G2))
ALPHAI=-3./(3.*U1+4.*Gl)
ALPHA2=-3./(3.*U2+4.*G2)
GAMMA!=(ALPHAI-3**BETAI)/9.
GAMMA2=(ALPHA2-3o*BETA2)/9.
BSTAR1=Ul+(CUV-Ul)/(1.-BETAI*(CC1+C12+C33-3**UV-2.*GI)))
BSTAR2=U2+((UV-U2)/(I.-BETA2*CCI1+C12+C33-3**UV-2**G2)))
821=(CZ-6*Gl)*(l./3O.))/(l.-BETAI*(Cll+C12+C33-3e*U1-2.*Gl)-9.*

IGAMMAI*(UV-UI))+(12.*(C44+C66-2.*GI))I(30.*
2(1*-2.*BETAI*(C44+C66-2.*GI)))
B22=C(Z-6*G2)1*C./30.))/(I.-BETA2*(Cl1+C12+C33-3.*U2-2**G2)-9**
IGAMMA2*(UV-U2))+(12.*(C44+C66-2.*G2))/(30.*
2(1.-2.*BETA2*(C44+C66-2.*G2)))
GSTARI=GI+621/(I.+2.*BETAI*B21)
GSTAR2=G2+B22/(I.+2.*BETA2*B22)
YSTARI=(9.*BSTARI*GSTARI)/C3.*BSTARI+GSTARI)
YSTAR2=(9.*BSTAR2*GSTAR2)/(3.*BSTAR2+GSTAR2)
YV=(9.*UV*GV)Z/3.*UV+GV)
YRP=9.*UR*GR)/C3**UR+GR)
YSTARAVE=(YSTARI+YSTAR2)/2.
GSTARAVE=(GSTARI+GSTAR2)/2.
BSTARAVE=(BSTARI+BSTAR2)/2.
YHILL=(YV+YR)/2.
GHILL=(GV+GR)/2.
SHILL=(UV+UR)/2.
PRINT 1?9*0
PRINT 310qCI IC12,C13*C14qC33qC44*C66
PRINT 250.BSTAR2,8STAR1 BSTARAVEGSTAR2.GSTARIGSTARAVE,
1YSTAR2*YSTAR1.YSTARAVE
PRINT 260 UVeUR.BHILL.GV.GR.GHILL YV.YR*YHILL
GO TO 5

400 CONTINUE
C CRYSTAL SYSTEM IS TETRAGONAL (CLASSES 4/MMM. 4BAR2M. 4MMM. 422)

UV=(2./9.)*(CII+C12)+CC33/9)+(4./9.)*C13
CSQR=(CII+C12)*C33-2*(Cl3**2)
Z=CII+C12+2*C33-4*C13
UR=CSQR/Z
GR=15I./C18.*UV+C33)/CSQR+6./(CII-C12)+6./C44+3./C66)
GV=(Z+112.*C44+6.*C66+3.*C11-3.*C12)/30.
IF(C44.LE.C66)4104435

410 IF(C44.LE.(CC1-C12)/2)415943O
419 Gl=C44
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IF(C66.GE.(CII-C12)/2)4209425
420 G2=C66

GO TO 460
425 G2=(CII-C12)/2

GO TO 460
430 GI=(CII-C12)/2

G2=C66
GO TO 460

435 IF(C66oLE.(CII-C12)/2)440*45B
440 Gl=C66

IF(C44.GE.(CII-C12)/2)4459450
445 G2=C44

GO TO 460
450 G2=(CII-Cl2)/2

GO TO 460
455 Gl=CCII-Cl?)/2

G2=C44
GO TO 460

460 Ul=(CSQR-6*UV*Gl)/(Z-6*G1)
U2=(CSQR-6*UV*G2)/CZ-6*G2)
BETAI=-C3*U1+6*Gl)/(15.*GI*UI+2O.*G1*Gl)
BETA2=-(3*U2+6*G2)/(15.*G2*U2+20.*G2*G2)
BSTAR1=Ul+(UV-Ul)/(I-BETAI*(CII+C12+C33-3*UV-2*G1))
BSTAR2=U2+CUV-U2)/(1-BETA2*(CCI+C12+C33-3*UV-2*G2))
ALPHAI=-3/C3*U1+4*Gl)
ALPHA2=-3/(3*U2+4*G2)
GAMMAI=(ALPHAI-3*RETAI)/9
GAMMA2=(ALPHA2-3*BETA2)/9
Xll =CII+C12+C33-3*UI-2*GI
X12 =CII+C12+C33-3*U2-2*G2
THETAI=9*UV-(9*/2.)*UI-6*GI+(3./2*)*C33-6*C13
THETA2=9*UV-(9./2.)*U2-6*G2+(3./2.)*C33-6*Cl3
B21=(Z-6*Gl+(CCI-C12-2*Gl)*(3-2*BETAI*THETAI-27*GAMMAI*(UV-Ul)))/

1(30*(1-BETAI*(CII-Cl2-2*G1))*(I-BETA1*XII -9*GAMMAI*(UV-Ul)))
2+(6*(C44-Gl))/C15*C1-2*BETAI*(C44-GI)))
3+(3*(C66-GI))X(15*(1-2*BETAI*(C66-GI)))
B22=(Z-6*G2+(CCI-C12-2*G2)*(3-2*BETA2*THETA2-27*GAMMA2*(UV-U2)))/
1(30*(1-BETA2*(CII-C12-2*G2))*(1-BETA2*XI2 -9*GAMMA2*(UV-U2)))
2+(6*(C44-G2))/C15*(1-2*BETA2*(C44-G2)))
3+(3*(C66-G2))/(15*(1-2*BETA2*(C66-G2)))
GSTARI=GI+(B21/(1+2*BETAI*B21))
GSTAR2=G2+(R22/(1+2*BETA2*B22))
YSTARI=(9*BSTARI*GSTARI)/C3*BSTAR1+GSTARI)
YSTAR2=(9*BSTAR2*GSTAR2)/C3*BSTAR2+GSTAR2)
YV=(9.*UV*GV)/(3.*UV+GV)
YR=(9.*UR*GR)/C3.*UR+GR)
YSTARAVE=tYSTARI+YSTAR2)/2*
GSTARAVF=(GSTARI+GSTAR2)/2*
BSTARAVE=(HSTARI+RSTAR2)/2.
YHILL=(YV+YR)/2.
GHILL=(GV+GR)/2.
BHILL=(UV+UR)/2.
PRINT 12990
PRINT 480,CII*C129C13*C33*C44.C66
PRINT 25B0BSTAR2.BSTARI.BSTARAVE.GSTAR2.GSTARIGSTARAVE.
IYSTAR2*YSTAR IYSTARAVE
PRINT 260 UV.UR.BHILL.GV.GR.GHILL.YV.YRYHILL
GO TO 5

500 STOP
END
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APPENDIX B

REPRESENTATIVE OUTPUT
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IRON
CUMIC SrsTF-i
INPUTl llA I Cli = P3.1oit CIl = 14.iO0J C44 = 11.6000

RtlLK mO]ilLtJS
VARIATIONAL HUUIjSl OF SHL4iP 40OUL I
VARIA1 1O'NAL ROUNtlS ()F YOU,'I(eS MOOULI
VOIGI A4i mISS 11E11 NlilNS OF SHF.Ae r'0OOULI
Vnflfil A'll HEIISS Ht J-41i;S OF YOUiNGS 400uLI

COHAL T
HEXAbONAI SYSTt M

INPUI rAIAl C)1 = 30).1000i C12 = lb.b5o0 C13 = 10-3000 C33 = 35.8100

VARIATrIONAL NOUhflt OF WIJLK t1000LI
VARIATIONAL H)OUNOS OF SHEAR MWOULI
VARIATIONAL. HOUNNIj OF YOUNGS MO)OLILI
VnlIGT AN!] RFLUSS wNiNrns OF HtLK MONULi
vnlGI Atol klIJSS t40N1n5 OF SeHLAR MOoULI
VOIGT ANo 8FUSS 14011NOS nF YOtNGS -0OVULI

19. "435
s. I m79

21 .-4k4b
19. 0456
d.4393

?2. O597

19.0435
d.1828
21.4729
19.0422
8.0050
21.0635

C44 a 7.5300 C66 =

AVERAGE x
AVERAGE =
AVERAGE =
AVERAGE =
AVEHAGE =
AVERAGE z

19.043h
8.1854

21.4787
19.0439
8.2222

21.5616

RTSMUTH
TRIGONAL SYSTEM
INPUT DA1A C1I = 56.1000 C12 = 23.900o C13 = 2492000 C14 a 6.oo00 C33 a 34.9000 C44 3 9.0000 C66 z 16.1000

VARIATIONAL ROUNDS OF F4UL'< MUOULI
VARIATIONAL HOUNOS OF SHEAR MOI)ULI
VARIAlIONAL ROUNDS OF YOUN(US MOOULI
VOIGT AND REUSS ROUNDS OF 8ULK MOUULI
VOIGT AND REUSS ROUNOS OF SHEAR MODULI
VOIGT AJt) WEOSS HOUNPS OF YUUlNGS MODULI

31. NA ii
10.h431
28.4872
32.4111
1 1 *t067
31.5848

31.3909
9.7118

2b.4116
30.5796
8.6064

23.6048

AVERAGE a
AVERAGE =
AVERAGE a
AVERAGE =
AVERAGE =
AVERAGE =

31.6260
10.1275
21.4494
31.4954
10.206b
2.5948

TIN
TETRAGONAL SYSTEM.
INPUI OATA C11 = 82.1410 C1 2 2 571.8bot C13 =

VARIATIONAL HOUNDS OF BULK MODULI
VARIATIONAL ROUNDS OF SHEAH MODULI
VARIATIONAL ROUNOS OF YOLJaGS MODULI
VnlGT ANn RFlJSS 1RtJUNrS OF HUJLK Mo0ULI
VOIGT ANI) REUISS HOUN[nS OF SHEAR MOUULI
VOIGI ANI1 REtSS POUNDS OF YOUN~i'GS MUL)ULI

S 1.t8962
?4.8076
W). 121°
57.9022
25.9033
t.7.6?56

34.2100 C33 * 103.1000

5798943
24.3113
63.9785
57*8908
22.5772
59.9395

C44 2 26.9500 C6h = 28.1800

AVERAGE =
AVERAGE =
AVERAGE =
AVERAGE =
AVERAGE a
AVERAGE =

57. 8952
24*5594
64.5500
57.8965
24.2403
63*7825

1 1.300u
8 ,:n 74

?1. I4R35
8. .i4 N 0

?2. /479

8. 04b1
20.8962

'.4043
19.4395

AVERAGE s
AVERAGE =
AVERAGE =
AVEkAGE =

8.1763
21.1899
8.1421

21 0931

7.1000

tC.

0
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