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ABSTRACT

A method of determining the predetection signal-to-noise power
ratio in a receiving system by measurement of average postdetection
signal-plus-noise and noise-only voltages (DC output of the detector)
is described. The principle has actually been known for many years,
but does not seem to be well known or widely used, possibly because
of some associated computational difficulties. Some digital-computer
tabulated results are presented which remove these difficulties, and
measurement techniques are discussed. The calculation of expected
signal-to-noise ratio for radar and radio systems is briefly reviewed.
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A POSTDETECTION METHOD OF MEASURING PREDETECTION
RF SIGNAL-TO-NOISE RATIO

INTRODUCTION

The RF signal-to-noise ratio of a received signal is a quantity of
considerable practical and theoretical interest in many radio and radar
applications, particularly in evaluation of system performance. It is
therefore important to be able to measure this quantity. But that is
not easy to do by direct methods. A direct approach would be to use a
power-sensitive device such as a bolometer or thermocouple directly in
the RF circuits of a receiver. If a reading of the noise power in the
absence of signal is designated by Pn' and a reading in the presence of
signal is Ps + Pn, then of course the signal-to-noise ratio Ps/Pn can
be calculated. Alternatively, the measurement can be made by comparing
the receiver output when a calibrated RF signal generator is connected
to the input with that of the actual received signal. However, the
apparatus required to make measurements of this kind is expensive and
complicated.

This problem recently arose in connection with a project assigned
to the Radar Geophysics Branch. The method presented here for solving
the problem, although based on a noise measurement technique that was
described in the literature many years ago, does not seem to be well
known, and the description of it given here may be useful to others.

The readily available output of a receiving system is of course
the detected output, which can be in the form of audio, video, or DC
current and voltage, depending on the use to be made of the output.
It is desirable to be able to make a signal-to-noise ratio measurement
using this output. As will be shown, the DC detector output can be
used for this purpose. However, the relationship between the noise-
only power and the signal-plus-noise power is profoundly altered by
the detection process, and therefore the simple arithmetic that can be
utilized for predetection measurement no longer applies.

The mathematics of the problem have been worked out and are well
known to engineers who specialize in signal-and-noise problems. More-
over, the application of the theory to laboratory noise measurements
was reported by North (1) as long ago as 1943. But subsequent appli-
cation of this knowledge in practical measurements has not been common,
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probably because of the computational difficulties involved. The
purpose of this report is to relate the theory specifically to measure-
ment of predetection signal-to-noise ratio, to present some tabulated
and graphical digital-computer results which solve the computational
difficulty, and thereby to make practical a simplified procedure for
signal-to-noise-ratio measurement.

DESCRIPTION OF THE DETECTOR

The usual form of detector* in practical receivers is a diode
rectifier. The diode characteristic is usually linear; that is, the
relationship between the instantaneous input voltage E£ and the in-
stantaneous output voltage Eo (developed across a load resistor) is
described by the equations:

Eo - k Ei, Ei > 0

(1)
EO = 0 , E 1 s 0

where k is a constant depending on the diode and load impedances.
Actually, this assumed linearity is only approximately realized; a
more nearly square-law characteristic is observed if Ei is very
small. However, the usual diode detector is operated at a voltage
level that results in practically linear operation, (The linearity
depends on the voltage level and not on the signal-to-noise ratio.)

MATHEMATICAL RESULTS

The mathematics of the relationship between the input signal-to-
noise ratio and the output current (or voltage) of such a detector
have been worked out independently by North (l) and Bennett (2).
Rice (3) also published the result. The basic equation, which will
not be derived here, is (from Rice's Eq. 4.2-3):

E- = e -S/2 91 +S) bo(S1 2) + S II(S/2) , (2)

- 2 -

The term detector here refers to what is sometimes called the "second
detector" in superheterodyne receivers. "Demodulator," or simply
"rectifier, t ' would be a more precise terminology.
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in which E is the DC voltage output of the detector when the input
signal-to-noise power ratio is S, and Eo is the DC output when S = 0
(no signal, or noise only). The symbols Io and I1 denote the modified
Bessel functions of orders zero and one respectively.* This result
is obtained for a steady sinusoidal signal (CW) and for noise of
Gaussian probability density (thermal noise, for example). (ordinary
receiver noise fits this description.) It is applicable to modulated-
sine-wave systems, with proper interpretation of the meaning of S,
including pulsed carrier systems.

If S is sufficiently large, a simplified approximation formula
can be used. It is obtained by using the asymptotic expressions for
Io and I,. The result can be expressed in the following form:

£E 2 - (2S +1) , (S>> 1). (3).

This can be inverted to give:

S 4 ( Eo 0.5 (3a)

If S is sufficiently small, the following approximations can be
used. They are obtained by replacing e-S/ 2, Io(S/2), and I3.(S/2) by
their power-series expansions and dropping terms of higher than second
order:

E z 1 + S/2 - S2 /16, (S< 1). (4)
E0

Solving for S gives:

S z 4 (E/Eo - 1) (4a)

1+ 2 - E/Ko

- 3 -

*The modified Bessel functions Ioand Ii are related to the ordinary
Bessel functions JO and JI by: Tobx) = Jo(ix), Il(x) = -i Jl(ix),
i = F- .



For very small values of S, the square term in Eq. (4) can be dropped,
and Eq. (4a) becomes:

S - 2 (EIEo - 1) (4b)

APPLICATION TO PRACTICAL NEASURENENT

With these equations, it is possible to determine S (or as it is
often written, S/N) by measuring E/Eo, using an ordinary DC voltmeter.*
The only difficulty is the computational one of inverting Eq. (2) to
solve for S in terms of EB/o.

This problem can be solved by using a digital computer to produce
a tabulation of values of S and resulting values of E/Eo. This has
been done** in terms of decibel values (10 log0 S) in 0.1-decibel
steps, from -9.9 to +26 dB. The columns in Table I headed DR are
10 log,0 S; the second column is S itself; the third column is R a E- Eo
The approximations given by Eqs. (3a) and (4a) can be used for values
of S larger or smaller, respectively, than those given by Table 1.

The results are also given in graphical form by Fig. 1. This
graph was made by machine plotting the digital computer results on the
NRL Gerber Plotter.

The simplest application of this method is to the case of aW
radio reception. In this case EO is measured either with the trans-
mitter turned off or with the antenna (if it is sufficiently direc-
tional) pointed away from the transmitter. Then E is measured with

*Actually Eq. (2) is derived for the average voltage output, which
would be measured by a d'Arsonval type meter. But it matters not
whether the "average'4 is that of the peaks of the rectified RF cycles,
their rms level, or some other value. The result also applies to the
output current of the detector.

**The computations were programmed in Fortran for the NRL CDC-3800 by
the author. A CDC CO-OP Library subroutine, designated C3-UCSD-BES,
written by Gene Gilbert and George Raker of The University of
California at San Diego, was used to compute the modified Bessel
functions. The computational accuracy considerably exceeded the number
of digits given in Table 1.
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Table 1.

Digitally computed values of R = E/Eo from Eq. (2), in 0.1-decibel
steps of DB = 10 log S, from -9.9 to +26.0.
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the transmitter on, or with the antenna pointed toward the trans-
mitter. The measurement must be made with a DC instrument, in the
detector output circuit prior to the insertion of any blocking
capacitors. If the second method is used, care must be taken to
avoid two possible sources of error: (1) sufficient signal may enter
via sidelobes of the antenna pattern to give a wrong "noise only1
reading; (2) the galactic noise is different in different parts of the
sky, therefore care must be taken not to move the. antenna pointing
direction to a significantly noisier or quieter part of the sky.
(Sky noise maps which have been published can be used to avoid this
error.)

The method can also be readily adapted to measurements on
pulsed signals (e.g., radar echoes) by measuring E during a time-gate
centered on the received pulse, the duration of the gate being compa-
rable to or shorter than the radar pulse length. E, is then measured
with the gate shifted to a no-signal portion of the interpulse time
interval. For other types of modulation, the measurement method can
be varied to suit the particular modulation conditions. In all cases,
the measurements must be made of quantities equivalent to the detector
DC output in the CW case.

With a CW signal, the use of a DC instrument results in a
smoothing of the noise fluctuations that are actually present in the
detector output, because of the time constant of the meter response.
Additional smoothing can be accomplished, if deemed necessary, by
filtering in the detector output circuit. (A capacitor shunting the
load resistor and meter is usually an adequate filter.) The noise
fluctuations result in a statistical error of measurement, which is
decreased by filtering (smoothing). The time constant of the usual
DC meter is a quite adequate filter for the accuracy required in
practical measurements when S is of the order of one or greater.

When measurements are made on radar pulse signals, the voltage
reading of a single pulse does not give a smoothed result, and the
statistical error may be appreciable. It can be decreased by averaging
a number of successive pulses; the statistical error is inversely
related to the number of pulses averaged. It is also inversely related
to the signal-to-noise ratio. A quantitative discussion of this
subject is given in Ref. (4), Part 2.

If the signal-to-noise ratio is not too small, it is practical to
make rough estimates of the ratio E/E. by observing an A-scope radar
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display, since the A-scope vertical deflection is proportional to
detector output voltage. The average values of E and Eo can be
estimated fairly well by the eyeball method, if the radar pulse rate
is not too low. The value of S can then be found by using Table I
or Fig. 1. This procedure is probably practical for rough estimation
of S for S F 1 or greater, corresponding to E/Eo R 1.5 or greater.

Accurate measurement of small signal-to-noise ratios by the
postdetection method is difficult. However, this is also true of any
other method. It is possible to measure small values of S accurately
by using a long-enough averaging time. The accuracy of the actual DC
measurement can be improved by noting that Eq. (4a) can be rewritten
in the form:

4 (tE)/Eo (4c)

1+ -()/Eo

and Eq. (4b) written in this form is:

S o 2(AE)/Eo, (4d)

where hE - E - E0 . The measurement of hE can be accomplished with
improved accuracy by "biasing out" the Eo component in the metering
circuit, so that a more sensitive meter can be used. However, this
must be done in such a way that the bias is not applied to the
detector, but only to the metering circuit. This requires a de-
coupling device between the detector and the meter (e.g., a DC
cathode-follower or emitter-follower).

RELATIONS FOR A NOISE-LIKE SIGNAL

In some radio systems, the received signal is simply an
additional amount of noise power. This case occurs, for example,
in radio astronomy. It also occurs in reception of the radar return
from the ionosphere - the so-called Thomson scatter signal. Other
examples could be cited.

Equation (2) does not apply in this case. The applicable
equation is in fact much simpler. The output voltage is (1,3):

E = k Fn , (5)

where Pn is the noise power at the detector input and k is a
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constant. If E0 is the value of E when Pn is the basic system
noise, then if an additional noise power APn is applied as an input
"'signalt ' and the new value of E is denoted by El,, then

Do iJ Pn+ 'SP (6)

The numerator on the right-hand side reflects the well-known
fact that if two noncoherent random noise voltages are linearly
added, power addition results. Equation (6) yields

,2 a2~
PI1 (\ El E k(E} + ESF.(7)

The left-hand side of this equation represents the "signal-to-noise
power ratio" for the reception of a noise-like signal. In the I
form of this equation, the first (squared) term can be omitted when
the signal-to-noise ratio is very small, and the second term can be
omitted when the ratio is very large.

SQUARE-lAW DETECTOR

Although the usual radar-receiver second detector is a linear
rectifier, it is of some interest to consider the results for a
square-law detector, corresponding to Eqs. (1) through (7) for the
linear detector. The defining relation for a square-law detector
corresponding to Eq. (1) is:

E4 = kEi2. (8)

Incidentally, this defines a "full-wave" square-law detector,
which is usually assumed in theoretical analyses, rather than a
half-wave square-law rectifier. However, use of the latter would
give the same output; only the value of k would be affected.

Rice (3) gives an expression for the DC output of a square-law
detector (his Eq. 4.1-14). In terms of the quantities defined in
Eq. (2), the ratio of output voltage E for a sine-wave input signal
with signal-to-noise ratio S to the no-signal value E. for this
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detector is:

B _ 1+ (9)

This expression is of course much simpler than that for the linear-
rectifier case, Eq. (2), and allows S to be calculated directly
from measurement of E/Eo; that is:

S = E _. (10)

This result holds also for the case of the noise-like signal.
(Note that it is not the same as Eq. (7), in which the ratio E/EO
is squared.) This follows from the fact that the noise-only output
voltage of the square-law detector is proportional to the input
noise power (as shown by Rice's Eq. 4.1-14) rather than to the
square root as in Eq. (5).

THEORETICAL CALCULATION OF SIGNAL-TO-NOISE RATIO

The usual reason for desiring to make a signal-to-noise ratio
measurement is to compare the measured value with a theoretically
calculated value. Therefore the equations for making such calcula-
tions will also be given here, for convenient reference. Their
derivation is given in Ref. (5). For a radar system the applicable
equation is:

P GG r '2 2F2
Pt Ct CrUX Ft Fr2 (11)

(42t)3 Rt 2 R 2 k Ts Bn L

in which the symbols have the following definitions:

S -- signal-to-noise power ratio at the output of the pre-
detection portion of the receiver,

Pt -- radar transmitter power, watts,

Gt -- transmitting antenna power gain in beam maximum,
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Gr -- receiving antenna power gain in beam maximum,

a -- radar target cross section,

X -- radar wavelength,

t-- transmit-path pattern-propagation factor,

Fr a- receive-path pattern-propagation factor,

Rt -- radar-transmitting-antenna-to-target distance,

Rr -- radar-target-to-receiving-antenna distance9

k -- Boltzmann's constant, 1.38 x 10-23 watt-second per degree
Kelvin,

Ts- system noise temperature, degrees Kelvin,

Bn-- receiving system noise bandwidth, hertz,

L -- system loss factor.

The definitions of these quantities are discussed in some detail
in Ref. (4). The same units must be used for a, X, and R - e.g.,
meters. Ft is defined as the ratio of the wave intensity (electric
or magnetic) at the radar target to that which would be observed in
free space at the same range in the transmitting-antenna beam maximum.
It thus takes into account the antenna pattern as well as propagation
effects such as multipath interference, refractive focusing and de-
focusing, below-the-horizon earth shadowing, and the like. In princi-
ple it should also account for absorption, but ordinarily it is
permissible and more convenient to account for absorption loss in the
system loss factor L. Fr is defined analogously -- that is, it is
calculated in terms of the receiving antenna as if that antenna were
transmitting. For monostatic radar with the same antenna used for
transmitting and receiving, St = G0r Ft = Fr, and Rt = Kr. If the
radar propagation path is "free space" and the target is in the
maxima of the antenna patterns, Ft = Fr = 1.

The loss factor L is the total loss by atmospheric absorption,
and transmission-line loss between the receiving antenna and the
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reference point for Ts. If the receiver passband is too narrow to
pass all of the significant frequency components of the signal,,"L
must also account for the effective loss of signal power that results.
The factor L includes transmitter line loss if Pt is evaluated at
the transmitter terminals, but not if Pt is the actually radiated
power. If Pt is evaluated as pulse power, in the pulse-radar case,
then S is the received-pulse-power-to-noise-power ratio; if Pt is
average power, S is the average signal-to-noise ratio. For CW or sine-
wave-modulated CW systems the average power is of course the appro-
priate concept.

The corresponding equation for a one-way radio system (e.g.,
point-to-point communication) is:

Pt Gt Gr )2 F2 (12)

(4T R)2 k Ts Bn L

Here F and R are unsubscripted since there is only one propagation
path. F is now defined as the ratio of the signal voltage at the out-
put terminals of the receiving antenna to that which would be measured
if the two antennas were in free space at the same separation distance,
with each antenna in the beam maximum of the other. The pattern
factors of both antennas are therefore contained in F.
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