NRL Report 7038

Atmospheric Propagation with Thermal Blooming
J. W. Tucker AND R. N. DEWITT

Applied Optics Branch
Optical Sciences Division

December 31, 1969

NAVAL RESEARCH LABORATORY
Washington, D.C.

This document has been approved for public release and sale; its distribution is unlimited.

B1

“““““““



CONTENTS
Abstract
Problem Status
Authorization
INTRODUCTION
THE MODEL EQUATION
Normalization of the Distribution
The Eikonal Equation
Solution of the Eikonal
Numerical Applications

EFFECT OF OPTICAL FOCUSING

THE FAR FIELD OF A THERMALLY
DEFOCUSSED BEAM

ASYMPTOTIC BEHAVIOR OF THE MODEL
EQUATION

CONCLUSIONS AND SUMMARY
REFERENCES

APPENDIX — Far Field With Finite Aperture

ii
ii
ii

[\

[ B w3 oV

12

14

15

16

L

—

L

i
(&g

Laois]
P
Nouwarerd
7
[



ABSTRACT

Thermal blooming of a laser beam is described by a
model equation for the trajectory of a selected profile ray.
The model equation is applied to an examination of optical
focusing for increasing transmitted power density. It is
shown that the model equation is asumptotic in the far field
to the geometric far field solution based on Snell's law for
a stratified medium.
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ATMOSPHERIC PROPAGATION WITH THERMAL BLOOMING

INTRODUCTION

Thermal defocusing of high-energy laser beams in liquids is a well known phenom-
enon (1-11) that has been used to measure weak absorptions (2). The analogous phenom-
enon in the atmosphere has been investigated in a simulated experiment (12).

As an intense laser beam propagates through the atmosphere, part of its energy will
be absorbed by constituents of the air. This absorption will cause local heating with de-
crease in air density and refractive index in the beam. The bending of light rays toward
regions of higher refractive index will cause the beam to spread. This phenomenon is
referred to as thermal blooming or thermal defocusing, and it is the purpose of this re-
port to develop simple equations descriptive of this effect under certain assumed condi-
tions.

It is assumed that there is no wind and that convection and conduction can be ne-
glected. True conduction is negligible, and conduction by microturbuience will be considered
negligible for truly static air. Gravitational convection will be present but may be ne-
glected for short time regimes because severe thermal blooming requiresbutavery small
density differential.

As the atmosphere is rarely static, one might wonder what utility there is to a de-
scription based on such an assumption. The point is that static air represents the worst
situation from the standpoint of thermal blooming and yet is the one situation that allows
a simple closed form description of the development of thermal blooming. When wind is
taken into account, a completely different and somewhat more approximate approach is
needed. The figures for static air serve as references for the improvement due to wind,
which will be considered in a later report.

It is assumed that the beam power density and the refractive index are radial Gauss-
ian functions with the same spread parameter at a particular range and time. The as-
sumption that the beam distribution remains Gaussian implies that there is no ray cross-
ing, whereas the far field solution shows that ray crossing must be complete, that is, that
the beam is turned inside out. It is important therefore to select as the profile ray one
that is compatible with the far field solution. One can then hope that ray crossing will
tend to balance out at intermediate ranges and that a solution that is asymptotically ac-
curate at z = 0 and z - » will be reasonably so at intermediate ranges.

Incidentally it is not necessary to use a Gaussian function for this method of solution
to apply. It is, however, necessary to assume that the functional form of the radial dis-
tribution remains the same as the beam spreads. Alternate convenient distribution func-
tions are

2
P:1+cos—r-_—,0 t <N7m b,
b (1)

and
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2
P=1+cost—, 0<rc< ‘/11 b,
b2 2
P - >‘/ﬂb.
0O, r 2

It is assumed that the total power in the beam is independent of range. With an ab-
sorption coefficient of 8 X 1077 cm ™!, high-power beams will have done most of their
bending in the first few kilometers before an appreciable fraction of the total beam power
has been lost. For example at 2 kilometers the overall path transmission is

@)

e %% = 70.16 = (5,85 . 3)

THE MODEL EQUATION
Normalization of the Distribution
Consider a spreading beam as shown in Fig. 1. Let a(z, t) be the characteristic

beam radius with value a, at z = 0. The ray r = a will generate a flared tube which
will be considered the beam profile.

\—/ z Fig. 1 - Beam geometry

0o o Ir

Assuming that the radial distribution of power is Gaussian and remains Gaussian,
the power flux can be written

P=nNr?/a 4

»

where ¥ is a normalization constant. The total beam power ¥ is then

0

W=2nN f et L dr = ma?h . (5)
0
Therefore
W _r2/452
P= Ta? e’ /2 ) (6)

The Eikonal Equation

The change in refractive index An due to a change in density Ap is
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Ap
An = (n0-1)7 (7)
atP
S oD T (8)
at W 2,52
= (nym1) o e : ©)

2
CPGp ma

where o is the absorption coefficient, C, is the specific heat at constant pressure, p is
the density, ¢ is the ambient temperature, and ¢ is the time.

It will be noted that in Eq. (8)

t

[ ra
0

has been replaced by Pt. The nature of this approximation may be judged from Fig. 2,
which shows a plot of P for r = a as the envelope of a set of Gaussian distributions. For
example consider some down-beam point with radial coordinate r, where a < r at ¢t =0
and 2 = r as the profile ray bends and passes through the point r. It is when r = a that
the profile ray solution applies. For definiteness let r = 15 cm and let a = 10 cm at

t =0. From Fig. 2, P=1.07at + =0 and P = 1.63 when a = r. For a linear decrease
of P with time,

t
f Pdt=P t=135¢,
0
whereas P, ¢ = 1.63 t. Thus the approximation increases the predicted severity of
blooming,

With the beam propagating along the z axis the deviation of the beam toward a higher
refractive index is expressed in the equation (from Ref. 13) for the radius of curvature R,

1 _1dn dn
® tdr  dr’ (10)
since n = 1. The index of refraction n is
n=ong - An
SO
n=n (n 1) ot -ri/al (11)
- Mo T 0 ~ L ma2 € .
Cpé’p ma
Then the radial index gradient is
d
Do ng-1y e W2 ez (12)

— =
CPG,D Ta? a2

o
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a=8 —‘
61— 2

p . 1000
az

P
e o2

51— CIRCLES PLOT P FOR r=o

Fig. 2 - Profile power density as an envelope
of a set of Gaussian distributions

Combining Egs. (10) and (12) gives

2(ny- 1) aWtr

1 _r2/a2

- ——— e , 13

R mCL0p0at (13)
and, at r = a,

2(n,-1) aWt
.0 : : (14)
R meC_0p a3
p

But

1 d2%a

= 29 15

R dz? (15)

and Eqgs. (14) and (15) combined give the Eikonal equation for the ray r = a:

d2a  2(ng-1)alt

= 16
dz? meC,0pal (16)
or
d’a _ k2 (17)
dz? a3

where
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2(ng - 1)yaWt

k2?2 =
ﬂecpep
Solution of the Eikonal
If
da d2a dp
= d = —_, 18
P2 ™ a2 Paa (18)
Eq. (17) becomes
d 2
p Pk (19)
da a3
Integration with p = 0 at a = a, gives
_ 1 1
p? = k? <:2 - a_2> (20)
0
and
da k
p~c—1;:‘50 a? ~ al . (21)
Integration with a = a, at z = 0 gives
k2
a? = — z2 + a02 s (22)

aq

which may be recognized as a hyperbola starting from r = a  at z = 0 with dr/dz = 0 at
z = 0 and asymptotic to the cones

r2= K 23)

Numerical Applications

Assigning the appropriate numerical values to the atmospheric parameters in Eq.
(16) gives

k_z . 2(n0—1)aWt_ Wtx 1077 (24)
aj WeCp()pa02 513 a?

where
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(n,-1)= 3 x1074,

153
11

8§ x1077 em™1,

Cp, = 0.96 joule-g~1,
9 = 300°K,
p=10"3 g-cm 3,
W = watts,

t = seconds.

From Eq. (22)

, Wt z2x 1077
a

T e———— . 2 .
513 a2 O (25)
For Wt =5130 and a, = 10 cm Eq. (25) gives
a? = z2x 1078 + 100 , (26)

and for Wt = 51,300 and a, = 10 cm Eq. (25) gives
a? = z2x 1077 + 100 . 27

If P is the power flux at the center of the beam at z = 0, then

Pt =L, (28)
7780
and for the preceding cases
5130
Pt = 00 7 - 16.3 joule-cm™ 2 (29)
and
51300
P = = 1 - ~2 . (30)
m b 100 = 163 joule-cm

The beam profiles are plotted in Fig. 3 from Eqs. (26) and (27).

The effect of initial diameter on a constant-energy beam is shown in Fig. 4.

In Fig. 5, the energy density at the beam center is kept constant as the initial beam
diameter is varied. In the far field it is seen that the direction and consequently the
diameter is set by the energy density of the beam at z = 0.

In the far-field approximation when

2. Wt z2x 1077

513 ao2 31)
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Fig. 3 - Effect of the beam energy on blooming
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Fig. 4 - Effect of the initial diameter on a
constant-energy beam (Wt = 513 joules)

and thermal blooming is dominant, it is seen that delivered energy is independent of beam
energy Wt and is determined by the solid angle of the source aperture as seen from the
receiver. Thus

Wt 513 602

mz2x 1077

N

n

163x 1077 w , (32)

where o = 22/2? is the solid angle subtended by the source aperture at the receiver.

{5l
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60}—
50—
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301
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RADIUS {CM}
o

Fig. 5 - Profiles for constant energy density at
the center of the initial beam (P, ¢t = 16.3 joule-cm™?2)

EFFECT OF OPTICAL FOCUSING

It is natural to investigate to what extent optical focusing may be useful in increasing

the power density at a distant receiver.

As before, the energy deposited in the atmosphere is assumed to have a Gaussian

radial distribution. Let the slope of the profile ray be m.

2 k2
L + A .
2 2 a2

Substitution of the boundary conditions p = m at a = a, gives

4:==2

Thus

b = da [L? k2
dz a_? a?

where L2 = k2 + m? a02. This can be written

2L2a da
_Lfdzz_lf_—__
a, 2L2

L2 a2 - k2 ao2

to give

Then Eq. (19) integrates to

(33)

(34)

(35)

(36)
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VL?a? - k?2al = a_z + B . (37)

1
L2 0
With z =0 at a = a , Eq. (37) gives

a

B = L_‘; VLT T k? (38)
which, when substituted back into Eq. (37) leads to

a? = :—22 2?2 + (mz + 30)2 . (39)
0

For the atmosphere, Eq. (24) gives

and Eq. (39) may be written
at = ————— 22 + (mz+ay)? . (40)

It is immediately obvious from Eq. (39) or Eq. (40) that 2 is a minimum at a particu-
lar range if the beam is focused for that range. Thus a is a minimura at range z when

m:_"_ZO. (41)

As a practical matter the improvement achievable by optical focusing may be trivial.
This will be the situation if the spread due to thermal blooming (or other mechanisms)
is large compared to the original aperture. In Eq. (39), a is little affected by a, if
kz/a >> a,. This will be illustrated by a numerical example. For Wt = 1850 joules and
a, = 10 cm, Eq. (40) becomes

a2 = 36x 101922 + (10 + mz)? . (42)

This equation is plotted in Fig. 6 for the three slopes m =0, m = -2.5 X 1075, and
m = -5 X 1074 corresponding to no focusing, a 4-km focal point, and a 0.2-km focal point.

THE FAR FIELD OF A THERMALLY DEFOCUSSED BEAM

The far field refers to the final angular distribution of beam energy relative to the
beam axis. In this analysis, diffraction effects are neglected, and the initial beam is as-
sumed to be a plane wave with a Gaussian radial power distribution at the aperture. The
assumption of a Gaussian distribution is not necessary but is consistent with the earlier
model. (The appendix treats a non-Gaussian, finite distribution.) Because of the cylin-
drical symmetry, each ray travels in a plane passing through the beam axis, and the re-
fractive index gradient direction lies in this plane. Under these conditions Snell's law
for a stratified medium may be applied if the down-beam flaring of the heated region is
neglected. Snell's law says that if the direction of the refractive index gradient is

Lo

<

L
ot
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Fig. 6 - Effect of optical focusing
on the beam profile

constant for a ray passing through a nonhomogeneous medium, then n sin ¢ is constant,
where ¢ is the angle between ray direction and gradient d1rect1on and n is the index of
refraction of the medium. Let y be the angle between a ray and the beam axis in the far
field, and let the ray start parallel to the beam axis from a aperture point where the in-
dex is n. Applying Snell's law to find the far-field angle in terms of the near-field in-

dex gives

n
cos ¢y = — -
,

From Eq. (11), for small y

2 1 at W -r2sa2
l_i/l—:n_\:"o_(no_l)—_ 2 © °

Cpep 7 ag

and, with »n  ~ 1,

1/2
/ -r2/2a 2
e

2

€
t
—
N
~~
:J
|
—
~r
.-,
=
—

Also

Now if S(y) is the far-field radiant intensity,
S () 2y (=dy) = P(r) 27r dr

or

(43)

(44)

(45)

(46)

47
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d
¥S () di -P(ryr, (48)

and from Eq. (46)
r
S () <‘ 2 ¢> = -P(r)r
or
sy = 28 p (49)
(¥) = ? (r) .

Substituting for P and ¢ from Eqs. (6) and (45) gives

C 6 2
S(y) = 2_}.,—,080—— (50)
(ny-1)at

with

1/2

W
os¢s[2(no—1)c‘“ 2J
pG,o Tag

and S (y) = 0 elsewhere. The upper bound for y follows from Eq. (45) with r = 0. The -
rays from the point with greatest index change show the maximum angular deviation.

The far field is described as starting from a point of infinite intensity and spreading
as a disk with radius proportional to ¢1/2, The intensity within the disk is spatially uni-
form but varies with time as +~1. In the far field the beam is radially inverted, or turned
inside out. The edge of the beam is formed by the rays from the center of the initial beam,
and ray crossing is complete.

When focusing is used, ray crossing may be induced in the near field, and in many
situations the far-field equations will allow quick estimates of what to expect. An exam-
ple is given below of the application of the far-field equations to the situation where the
receiving area is smaller than the initial beam. Focusing is assumed.

When the received beam is smaller than the receiving area, the total beam power
may be considered to be delivered. Let the receiving area be a disk of angular diameter
2¢. From Eq. (45) the beam will expand to the receiving area in time

2 42
(o 20T (51)
2(ng - 1) alW

and the total energy delivered at some subsequent time ¢ will be
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t C,lpaz
E= Wt +me? I _P7PT0 dt
t12(n0—1)a t

= Wt + Wt log, — , t, <t
1
=Wt , 0<t < ty
t
= th (1 + loge T> y tl < t . (52)
1
Letting
a, = 100 cm,
d = receiving diameter = 100 cm,

R = range = 106 cm, and

t, = 1sec,
one has
¢ = 5x107%
W= 1.5x%x 10% watts ,
and
E=1.57x10%t , 0<¢t<1,
(53)
E= 1.57x10%(1+log,t) , 1<t .

Equations (53) are plotted in Fig. 7. Energy on target increases linearly until the beam
area equals the target area at time t;. After ¢, the effect of thermal blooming slows
energy deposition to a logarithmic increase with time.

ASYMPTOTIC BEHAVIOR OF THE MODEL EQUATION
The derivation of Eq. (39) insures that in the near field, i.e., as z -» 0, the predicted
slopes and curvatures will be correct. It is easily shown that this description is asymp-
totically valid in the far field, i.e., as z - .
Applying Snell's law for a stratified medium gives
n cos B, = n; cos f3, , (54)

where n is the index at z= 0 and r = a;, g, = m is the initial slope of the profile ray,
and g, is the far-field slope of the profile ray.
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NRL REPORT 7038
16
IS}—
14—
13
12—
T E=471X10%t, 0< 1<
E=4.71 X 104 (I+1ogg 1), 1> 1
_ 10
wn
w
. ERN
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k 2 .
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2 a2

This is the asymptotic form of Eq. (39) as z - o, i.e.,

13
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(56)
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B, = lim —

1
k2 (mz+ a0)2
= lim |— + ——
a02 72

/2

CONCLUSIONS AND SUMMARY

A model equation (Eq. (39) has been derived to describe the phenomenon of thermal
blooming in static air. The equation describes the path of a profile ray with the correct
slope and curvature in the near field and the proper direction in the far field. In the in-
termediate field the solution to the ray path is approximate.

Aside from the approximations made in the derviation of the model equation, which
should not invalidate qualitative or rough quantitative predictions, one important environ-
mental assumption is made. This is the assumption of no wind and static air, which rep-
resents the worst situation from the standpoint of thermal blooming. The figures obtained
for static air will be extreme numbers that can serve as references for the improvement
due to wind., The static air solution is a transient solution involving time. When wind is
present, it will be more convenient to look for steady state solutions. This will be done
in a future report.



10.
11.
12,

13.

NRL REPORT 7038 15

REFERENCES

. J.P. Gordon, R.C.C. Leite, R.S. Moore, S.P.S. Porto, and J.R. Whinnery, Amer.

Phys. Soc. Bulletin 9, 501 (1964)

. R.C.C. Leite, R.S. Moore, and J.R. Whinnery, Appl. Phys. Letters 5, 141 (1964)

J.P. Gordon, R.C.C. Leite, R.S. Moore, S.P.S. Porto, and J.R. Whinnery, J. Applied
Phys. 36, 3 (1965)

K.F. Rieckoff, Applied Physics Letters 9, 87 (1966)

. R.C. Leite, S.P.S. Porto, and T.C. Damen, Applied Physics Letters 10, 100 (1967)
. W.R. Callen, B.G. Huth, and R.H. Pantelle, Applied Physics Letters 11, 103 (1967)

. S.A. Akhamanov, D.P. Krindach, A.P. Sukhorukov, and R.V. Khophlov, Zh ETF Pis.

Red. 6, 509 (1967) (JETP Letters 6, 38 (1967)

. J.R. Whinnery, D.T. Miller, and F. Dabby, J. Quantum Electr. 3, 382 (1967)

. L.R. Carman and P.L. Kelley, Applied Physics Letters 12, 241 (1968)

H. Inaba and H. Ito, J. Quantum Electr. QE-4, 45 (1968)
E.A. McLean, L. Sica, and A.J. Glass, Applied Physics Letters 13, 369 (1968)
F.G. Gebhardt and D.C. Smith, Applied Physics Letters 14, 52 (1969)

Born and Wolf, "Principles of Optics,” 1959, p. 123.



Appendix

FAR FIELD WITH FINITE APERTURE

The far-field pattern refers to the directional intensity distribution of the aperture
considered as a point source, and, since diffraction is being neglected, it is here gen-
erated solely by the geometrical optics of the heated atmosphere. The detailed distribu-
tion in the far field is expected to be a function of the radial power distribution at the
aperture. The far field for a radial Gaussian distribution has been found to be a disk of
uniform spatial intensity but starting as a point and spreading in time. It will be of in-
terest to examine the far field for another functional distribution of power density and in
particular for a distribution that sharply defines a finite aperture. Let

F2
P=0<1~—r2>,réro
0 (A1)

where r  is the radius of a finite aperture.

0

In place of Eq. (45) we will now have

t r?
w? = 2 (n, - 1) 2 P(lw— A2
(1, >cp0p o o (A2)
or, with
2(ng-1)at
CpOp
2 r?
¥? = KP, <1 ;—2) = KP (A3)
0

which, when differentiated with respect to r, gives

KP r
" 4 __02_ . (A4)
dr rs
Equation (48) still applies, i.e.,
S /s LA i d
W)y ——- = =P(r) dr,

and making use of Eq. (A4) gives

16
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KP r 2
0 &
S - = -
€2 < r02> ra (A5)
or
(46)
S = s,
) X2p ¢
0
where from Eq. (A2)
1/2

To compare Egs. (A5) and (A6) with Eq. (50) let a, be related to r, so that beam
power ¥ and maximum power density P, are the same for the two distributions. For the
finite aperture,

= 2mP fro <r - ’_2> dr (AT)

or

For the Gaussian aperture it has been shown that
W= mP al, (A8)

and the condition for matching W's and P 's is that
o | (A9)

Rewriting Eq. (50) in terms of kK and r_  gives for the Gaussian distribution

0

a02 ro2
S(y) = AT 0 <y < VKP,
(A10)
Sy =0, y > VKP,

and for the finite aperture

TSSYTOND

-y
L]

a3
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where in each case

S ()

S ()

TUCKER AND DeWITT

1
]
<
Y
<
=
e}

2 (nyg-1)at
Cpﬂp

(A11)

At the same instant of time, it is seen that the far-field disks have the same diam-
eters as expected but that the intensity within the disk is not uniform for the finite aper-
ture. It varies as ¢? from S = 0 for y = 0 to S = r2/Kk for y = VKP,. The disk edge
intensity is thus twice the uniform value of intensity found for the Gaussian distribution.
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