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AB STRACT

The atmospheric propagation of pulsed, focussed, laser
beams is calculated. The beam intensity is obtained by solv-
ing the equation of geometric optics and the equation of
energy conservation simultaneously using a perturbative scheme.
In this way the modification on propagation due to change
caused by the index of refraction absorption of energy from
the beam itself is included in a linear approximation. The
problem of calculating the index of refraction change in a
quiescent atmosphere is formulated generally with detailed
expressions, valid for all times, given for the case of a
paraxial Gaussian beam, Formulas for beam intensity are
given as graphical results presented for the on-axis inten-
sity of a focussed Gaussian beam,
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A PERTURBATIVE TREATMENT OF THERMAL BLOOMING
IN PULSED LASER BEAMS

I, INTRODUCTION
The purpose of the present report is two-fold. First it presents a
general method for handling problems of geometric optics in weakly inhomo-
geneous media, i.e. problems where the inhomogeneity may be considered to
be small and treated as a perturbation on a homogeneous background. The
method presented yields the intensity of the light beam being considered
directly, without ray-tracing being necessary in the inhomogeneous medium
once the relatively trivial case of straight line propagation in the homo-
geneous medium has been worked out, Focusing is thus readily included.
Second, the method is applied to the problem of thermal blooming,
i.e. to the distortion of a light beam caused by energy deposition from
the beam itself.(l’z) The non equilibrium case of thermal blooming of
a pulsed laser beam in a quiescent atmosphere (taken to be a perfect gas)(3’4’5’6)
is considered in detail, and applied to the case of a beam with Gaussian
intensity profile.
Section II contains an exposition of the perturbative geometric optics
method. Section III is a detailed outline of the hydrodynamics resulting
from the beam-medium interaction. Section IV contains the results, while

some of the calculational details are relegated to Appendices A through D.

IT. GEOMETRIC OPTICS

The equation of geometrics optics is (ww)® = o, or

v = nt (1)

-~

where w is the eikonal, n the index of refraction, and t a unit vector
"~

YP)

tangent to the light ray paths. In addition we have the conservation
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of energy

v:(1I7) = -o1 (2)
where T is the beam intensity and ¢y the absorption coefficient.
The perturbation scheme now proceeds by expanding all quantities as a

series of terms of zeroth order, first order, etc. and solving the resultant

equations order by order., 1In zeroth order we have

Yo, =10, T, (3)
V(1 1) = -01_. (%)

We shall suppose the solution of these equations to be known. That is, the
light rays have known trajectorie;r(ro;so) where r, is the initial point of
the path and s, is the &istance measured along the path. The initial point
r, shall always be taken to be in the x-y plane. The intensity at an arbi-
trary point is then found in terms of the intensity in the x-y plane by

solving Equation 4. This is done by using the fact that Io-z:= 4 so that

ds
o
Equation L is.
dI
o

—‘+ T =-a
dso I° Z"‘0 Io : (5)

If Jo is the Jacobian of the transformation from variables x,y,z, to X Yo

dJ e}
S, then E;g = (yzlo)JoS)so Equation 5 may be integrated to yield
0
=0's
e (o}
To(rgr %) = (L3, (s - o). (6)

The zero order equations are discussed in more detail in Appendix A,



The first order equations are

= + T
le no ”Il nl ~0 (7)
Ve T + T = =
(1, 1, +1.7,) or_ . (8)

Taking the scalar product of Equation 7 with To and remembering that :0 and
dw
Tl must be orthogonal in order that T be a unit vector gives Egi =n .
— 1
o
Integrating this equation yields
]

o
= + !
wl(ro,so) Wl(ro,o) { n ds_ . (9)
o
Equation 7 now yields“'[l in the form‘Il = %—,zwl - nlIo . This may be simpli-
o

fied by resolving the gradient operator into components along and perpendicular

to the zero order trajectories. Writing

= d
= T T . - T T = T ————— + V
Z_ ..,.0(..-.0 ,Y) ) X (*OXY) ~0 dso -~p
then
T =Ll vy | (10)
w1 no ~p 1

The first order intensity equation, Equation 8, is integrated in the same way

as the zeroth order equation was to yield

- J V(s T )dso' . (11)

Equations 9, 10 and 11 yield the first order intensity for any given zero order
problem, in which the first order index of refraction change is known. We

shall consider only the case of paraxial beams focused a distance ¥ down the
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z-axis. As discussed in Appendix A the distance 5, is then just z and JO =

1

(1_%)2, while effectively V = Vo with V, denoting differentiation with

Py

o~ln

respect to the initial variables . We also impeose Il =0 at z = 0. The

equations appropriate to the case of paraxial beams are then

z
1 1 7
‘11 = ';1— Z YO nl dz (12)
o (1-7%)
o
and
z
e -z az' z, Y
I1 = —____E—E € (1 - Zﬁ)j%'(ldll)dz ‘ (15)
(1 -%)
o

It should be remembered that the integrations are to be carried out along the
- rays, i,e. with r held fixed.

Equations 12 and 13 will be applied to the case where the first order
index of refraction modification, n, is due to heating of the propagation
medium by the beam itself, The hydrodynamical calculations necessary for the
description of this index change are outlined in the next section. Before
proceeding with the main development however, it is interesting to note a
different application of these equations where the correct answer is known.
That is, to the problem of diffraction of a paraxial, Gaussian beam propagating
in a medium of constant index of refraction. To first order, that index of

(9)

refraction change which will reproduce the effect of diffraction is

n_li;'.i_lo__ (1)_;)
1 2 k® T '
V7o
w
Here k is n,<c the wave number in the medium of constant index n_ . Taking



the zero order intensity as

o . _ r2/[a2(1_i’) ]2

™ (1-7)°

and assuming no absorption, Equations 12 and 1% yield

2 _E_)Z

r 5
I =1 (-2-1) —ka (16)
1 o' a (1 - %)2
so that
I=10[1+(T‘§-1) kazg]. (17)
(1 -7)

Equation 17 is just the first order expansion in powers of %5 of the correct

wave optics expression

P - 2/ 2D2
I=;;—2—-;§e r/a (18)
with
P4 z Y
D= (1 - 1)2 2] - (19)

ITI. HYDRODYNAMICS
The hydrodynamic equations of a perfect gas in the presence of a beam of

radiation I (r,t) which heats the medium are

—_ 4 v =
5w TPy =o (20)
t o
dp _ ¥ dp 1) o )
dt P dt=(y1) I (22)
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where p, p, and v are the density, pressure and velocity of the gas, ¥ is the
ratio of specific heats, and & is the linear absorption coefficient of the

. U .
medium, The time derivatives are substantial derivatives 5 vV . Writing

-

P= P + Prs B =P + P,X¥X=VY + v, we linearize about the constant Po,
Po assumed to be present in the absence of the radiation. Restricting the
treatment to a quiescent medium,xo is taken to be zero. Also, consistent
with the perturbative approach, the intensity I responsible for the heating

will be taken to be that of the undistorted beam. The linearized hydrodynamic

equations are then

apl
== + v = ’
at po 2 Yl 0 (20)
dv
=1 _ . 1)’
po ot ~ 'yp]_ ( )
aPl c2ap ,
rral —a't—l = (7-1) aI. (22)
Here cZ = 2%2 is the square of the speed of sound. Using Equations 20’ and
o

21’ we eliminate p, from Equation 22’ obtaining
V2P _.];___];__w_g_; (2)4_)

This equation may be solved by using the appropriate Green's function,
o oI r 2 1ot '
Pl(r,t) = - (y-1) c—25 G(rt,r't") Sc7 (r’,t") a®‘at (25)

and then 23’ may be integrated directly to obtain p1
t

p (r't) = - (7-1) %‘ES I(r,t")dt’ +;1:—2- P (r,t) . (26)

-0



The boundary conditions are that all first order quantities are zero at

t = -® and the retarded Green's function is to be used. Since the velocity
of light is so much larger than the velocity of sound the simplest approxi-
mation is to take the light velocity to be infinite. The beam is then re-
garded as an infinitely long heat source that is turned on and off at given
times, Taking the z direction as the beam axis we assume beam gradients

in the x-y plane to be much larger than those in the z-direction so it is
appropriate to ignore all derivatives in z, in which case the problem is
two dimensional, and the appropriate Green's function is just

-1 _ 6(T-R/c) (27)

ST
NT2 - RZ/c2

where R = r - r', T=t-t and c is the velocity of sound. All vectors are
now to be taken as two dimensional and lying in the x-y plane. 6 is the unit

step function, 6(x) = 1 for x > 0; 6(x) = o for x < o. The pressure is now

. ~ 8(T- 1,1
P (r,¢) - g ”;‘g (T-R/c) gi, (r',t') a®'at’.  (28)
¢ VTZ - R2/c2

The problem can also be treated in 3-dimensions with finite light velocity,
and Appendix B has such a treatment. Essentially, Equation 28 remains valid
with times t being changed to t—z/cL where ° is the speed of light. We will
continue to use Equation 28 as it stands, but remember that t means time
measured relative to the time of arrival of the pulse at the z-plane being

considered. Taking I as being turned on at t = O and off at t = T with con-

stant magnitude between,

I(r,t) = I(r)6(t)8(T-t) . (29)
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Then
1

5= T(r)L8(t)-8(c-)] (30)
and t
p (r,t) = - (7-1) %ég I(r)f(T-t)dt’ +%§ P (r,t) . (31)
For t < T then,
6(t - R/c)
p,(r,t) = (g;lf‘s  1(r e (32)
¢ Ne2 - R®
c2
and
pre) = D% 1(rye v Lop (re) . (53)

Equation 32 may be rewritten in a slightly different form for clarity of inter-
pretation. Since the observation point r is fixed we may transform the variable

of integration in Eq. 32 to R = 5'15. Then

6(t - R/c)
- W‘”“‘ (e - M) I(rtR)d%R . (32)

Pl(r,t) = "oz
Vtz - R2/c2

The pressure pulse at a point r is thus seen to be produced by the heat de-
posited by the beam at all points R which lie within the distance ct of the

point r, i.e. which can be reached by a sound wave from point r,



The long time behavior of the hydrodynamic variables can be readily
derived from these equations. Assume that the beam intensity falls off
fast enough in the x-y plane, so that there is an Rmax beyond which we can
take the intensity to be essentially zero. Then for times so large that
a sound wave from the most distant part of the source has had a chance to

. Rma: . .
pass over the point r we have t > P X | The square root in Equation 32

may then be expanded in powers of R/ct and the dominant term yields

p - izl F (54)

1 oM 2

with P = gl d® r being the power in the beam. Thus the pressure dies out

(4,5,6)

and leaves the density with a linear behavior, pl = (y-1) %5 It.
The behavior for small times is more complex. However for distributions
I(r) that can be expanded in a power series in r the pressure can be
expanded in a power series in time, The details of the expansion are given

in Appendix C. The results are

@

P56 = (+1) @t Gy (0™ ()1, (35)

n=0

o (r, 1) = (ZLjo 21: oy (0% ()" 1. (36)

Note that the n = o term of the pressure has cancelled the first term in the
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(h,5,6) It would

density as given by Eq. 33 leaving at least a t® dependence.
be expected that any physically reasonable intensity distribution could

be expanded as has been done here, but if a model is used in which the
beam is truncated, then these expansions are only valid for points r which
are at least a distance ct from the edge. Thus for short enough times,
all but the outer layers of a truncated beam can be represented this way,
while for ct greater than a, the radius of the beam, no point can be thus
represented.

As an important example of the preceding development consider a

Gaussian intensity profile,

mm'rgo

I=T§5e (37)

with P the power in the beam and a the l/e radius which is in general a

function of z. Appendix D gives the details for this example. The re-

sult is
P, (r,t) = (y~-Lat e Tn—gg-z (2n+1)' (2cé:r) M(n+l, n+ - ( )2) (38)
n=0

where M is the confluent hypergeometric function in the notation of Abramowitz

(10)

and Stegun. The density is

- r° |
6y = - (’Vzl)Q' L . "?'t[l -M(l--(—)z)]

X e’ 392
(39)
112 -~}
(y-Da p - = 1 2ctr.,” 3 ctys.
+ = —Ze @ E Dy G M(n+1,n+ 5= (5P
n=1

10



a . . t
For small argument, m{a,bx) — 1 +'g x, so for short times, i.e, for i—

small, we find

2 2
P, = (7-1)ot e = r/a ;gz (Lo)

p, = (y-1ot® e ~ r®/a® ﬂ—iE(%)((ag) - 1) (41)

in agreement with what is found using the lowest terms of Equations 35 and

[a

v

36. The behavior for large times can be obtained using the properties of

o T
the hypergeometric functions for large negative argument, m(a,b,x) _‘TT%%%Y

a 2
-1 .(10) Then, for ct large we find
X ’ a

p - L%L) C”—t) (k2)

17 m2c2

and

- -
_ (et @ - r/a% | (y-1)P (43)

p =
1 c® m2 2ctem

in agreement with the general results following from Equations 3% and 3l ,

The response to a uniform beam
P
I='T? 6 (a-r)

may also be worked out. The result is a complex expression in terms of

hypergeometric functions of one and two variables. However, the pressure

and density on the z axis, r=o, are simple, and serve again to illustrate the

general situation. The results follow directly from Equation 52' and are

for ct < a

P
(7‘1)a 'ﬂ-_aE t,

a-]
1

P =0

11
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P =
and for ct > a Pl = ()ul)a-ﬁzﬁ (t - ”ktz _ %E) )
and p = - (Y1) _P > a2

1 maZc® 't - c2

Expanding the radicals in powers of %E we see that the results for the long
and short time regions are in agreement with the general expressions ob-
tained previously.

The density changes given here can be related to index of refraction

changes using the Lorentz-Lorenz law, which we write in the form
c1=2
n-1-= 5 Np

where N is the refractivity. If the ambient density is Po and has associated
with it an index of refraction n , thenn - 1= 2 NP . Soifn=n +n
o o 2 o o] 1

and P = P+ P  we have
o 1

n =2N0p . (L)

1 2 1
Thus the first order density change defines a first order index of refrac-
tion change which is used to calculate beam intensity changes as outlined

in the previous section,

IV. RESULTS
The results for the case of a paraxial, focused Gaussian beam will be

presented in some detail. The zero order trajectories are

z
I= (1 - I)}:o (b45)
and the zero order intensity is
P Trz
= - 2
I = maEpE e a®D (46)

with

D2 = <1 - '%)2 . (""7)



We remark that a is now just a constant, the 1/e radius of the beam at the
aperture, The z-dependence of the 1/e radius has been included in the factor
D, so the notation has been altered from that used in Equations 37 through
b3, Also, in all the results to be presented the exponential absorption fac-
tors have been neglected.

The general results, valid for all r and z are given first. For the

short time case where

we find
r2
_ -9 2 4 s .
Lg% . 3No-peeM " a2 () 5 o o ){1-b0%45D% (48)
IO_ 9” 2 at 3_2+a4 D4 .
For the long time case where
(y-L)ot
P = - s— I
1 c o
we find |
g ) P 2 r2 2
I__ 2.2 ’)’-lat_-r/a o\z"
el RreN s e o (2R e (49)

Integrated intensities may be compared as well. Consider the total intensity

inside the circle r < 0 D a, i.,e. the intensity originating from the area

r < oa at the aperture, We find
o

P 1 3izn4
S - 1 - 3 w(y)entampo2 (UET) 207 (L)

P o 1-e

and

2
Z (51)

|
i
—
[}
=] [)V)
ok

13
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for the short and long time cases respectively. In these expressions Ps is the
integral of I, Poc that of Io. The limit O = o reproduces the on-axis inten-
sity ratios obtained by putting r = o in Equations 48 and 49, The limit 0= o
gives P/Po = 1, which is just a statement of energy conservation. For the
on-axis intensity it is also feasible to use the complete time dependent ex-
pression, Equation 39. To calculate the on-axis intensity, the density is

needed to the 2nd order in r. From Equation 39 we have

L .3 (7—(1:)2a/t P e-re/azpz[l_M(l 3 (c_t)2>]

1 Ta2D> ’2’ aD

n

(52)

3 o (y-at P -r®/a®p?®1 f2ctr\? 5 _fct 2
t5 N c2  T2a=pz© 6 \ a3p2 M{2,%( 2D .

The two hypergeometric functions may be combined using Equation 13.4k. L4 of

Reference 10, and defining V = %E = ——l;—g then Equations 12 and 13 yield
(3)
: v
I 7 2
- - AV
1 _ _ 2 Nﬁl%gﬁ_f_z o042 [_____'\/: 1-M 2,2, LEE) v)lav) (53)
Io 2 c= - Ta X 2 a

The expansion of this expression for early and late times gives just the r = o

limits of Equations 48 and 49. The form appropriafe to aﬁ unfocussed beam is
readily obtained from Equation 53 by letting V - 1 + 2 % and dv’ —o%-dz'. We
note also that in all cases the long time behavior is linear in time. This
is not observed in the laboratory experiment of reference 11 for which the
linearized hydrodynamics of this report is presumably inadequate.

Of primary interest is the intensity in the focal plane, 1In order to get

finite results, diffraction must be included in some approximation. Unfortunately

14



inclusion of diffraction to the first order, Equation 17, is no help in this
regard. The procedure adopted here will be to take the distance 4 at which
the rays cross the axis to be slightly larger than the focal length f. Taking

L= f/(1 - ifz) yields trajectories

£=(1"%+-1(Z_2)50 . (,"'S)I

This gives the beam a spot radius of {2 at the focal distance, in agree-

ment with the wave optics expression, Equation 18. The procedure adopted here

z
should be a reasonable approximation in those cases where a2 is small. The

procedure is not unique, however, and a discussion of this point is contained
in reference 12 as are results obtained by different treatments of diffrac-

tion. 1In discussing results in the focal plane, it is convenient to make

2\2
several changes of variables. We define V' = (k%—) o’ so that ¢’/ goes from

zero to one, and also introduce the transit time of a sound wave across the

beam at the focus

t. = —— (5k4)

and finally, a combination of constants having the dimension of power,

ﬂbs a

P£ T IN (r)ak £ (59)

The on-axis intensity ratio is

1
2 o.
Lo eg_e) (—E—) L-_A/_?[l ) M(g,g, (it:_) c)] a0’ . (56)
o £ f VT o\ £
£ 2
ka2

15
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Using the properties of the hypergeometric function given in the pré-
vious section the short time and long time limits of Equation 56 may be

derived. They are

=1 -

O+

L
I
o]

o (—E—-) (57)

and
I /P t
-1 -20= 1% . (58)
I \Pf)tf

In the short time expression, Equation 57, higher order terms in EEE have been
neglected.

Although time has been scaled according to tf in the above equations,
this is not the time unit most appropriate to the long time behavior. An
examination of Equation 56 shows that the long time limit is only reached
for times greater than the transit time of a sound wave across any part of
the beam. The largest such transit time is % , the transit time across the’
aperture of the beam. Thus Equation 58 is only valid for times larger than
% , which is a more appropriate scale for the long time behavior. This fact
also places a restfiction on the beam powers for which the present theory
can be expected to be valid, Since 2 %;-E— must be less than 1, putting the

A
time equal to % yields

1 1 _f
P<2P =3 5

Since EEE has been taken to be small, this critical power is much less than

P Figure 1 shows a plot of the on-axis intensity ratio for Eﬁg = 0.126

£ -

P
and-a-:: 0.01. The curves labelled short time and long time are plots of
£

16



Equations 57 and 58 respectively., The unlabelled curve is a graph of
Equation 56 obtained by expanding the hypergeometric function in a series,
integrating term by term, and numerically evaluating the resultant series,

The horizontal axes show the time as scaled by t_ and by % . It is evident

£

that the long time linear behavior is accurate to within a few percent for
all times.
The approach to the long time limit shows up more readily when the
power is not held constant, but rather the total energy in the pulse is fixed.
Define
e

E = P t = T — -

Then taking the time t to be T, the total pulse length, we have

Pt E

Pt~ E,

£t °f

where E is the total energy in the pulse. Equations 56, 57 and 58 are modified

accordingly, and we have for the short and long pulse length behaviors

1 e [T\
I _1_2E(T (60)
L 9Ef(tf)
and
I E
-I—=1-2-E—. (61)
o £

The energy E_ is independent of the optical parameters of focal length and

f

diameter so that Equation 61 predicts a long time limit which is dependent
only on the pulse energy.
A criterion for the maximum pulse energy for which the present theory may

be expected to be valid can be derived from Equation 61. Since 2 %— must be
f

17
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Fig., 1 - On-axis intensity ratio
for fixed pulse power
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Fig, 2 - On-axis intensity ratio for fixed pulse energy
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less than 1 the criterion is simply

1
E < 5 Ef .

For example, for a 10.6 Mm laser beam propagating in air with an absorption

coefficient of 2 x 10_6 cm-1 the energy E_. is approximately 60 joules.

f

Figure 2 shows a graph of the on-axis intensity ratio for fixed pulse

ka® ka2 ~
horizontal axis is pulse length measured in units of tf. The crosses indicate

the short pulse intensity ratio as given by Equation 60. Since the pulse

energy with %}-: 0.1 for beam parameters of £ = 0.126 and £ 0.01%, The
f

Equation 60 is independent of EEE and the

crosses denote the short pulse length behavior of both curves. Similarly,

length is plotted in units of te

Equation 61 is the long pulse length limit of both curves and for %— = 0.1
f

this 1limit is just the line %— = 0.8 .
o
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APPENDIX A
GEOMETRY OF THE UNPERTURBED RAYS
The geometric relations for the unperturbed rays are quite simple because
they are not curved. The fact that the rays are focused does cause some comp-
lication, however, especially since the paraxial approximation is not made until
the end. This appendix serves to define the geometry and give some of the

details which ensue because of the focusing. To avoid an over abundance of
subscripts, the subscript zero denoting zero-order quantities will not be
written., Figure Al defines the quantities being used. The trajectories are
simply

r=r +s7T (A1)

with the tangent vector given in terms of the initial coordinates by
b-r

20 (42)
L7 7g
where 4 = lez and &® = ro2 + 42, In terms of the spatial coordinates ,
v b - r
T . (43)
=~ J - )2
In terms of coordinate components
s
x=(1- E)xo
s
y=(1-9y, (Ak)
z =23
~d

from which the Jacobian is computed to be

Xy Z Xyz 5 \2 &
J = -={1-—7 - (a5)
xoyos XOYO

d1
It is instructive to calculate this also using the relation P (ViI)J

with VT given by - -

(;'ji;;; d-s

20



from Equation A3. The operator Vp of the text is calculated using the rela-

tions inverse to Al,

Xo =‘X/(1 - %)
v, = v/(1 -3 (A7)

s = 2V + (x® 5701 - 5)7

After some manipulation we find

1 2, ri d To d
= —— +22 V) 2 e =— +22 2
j% (l-s/d)[éb 4 (Eo %o) Td€23s a 3s|° (a8)
X
The paraxial approximation neglects terms of the order 2 which results in
d=41 and s = z. |
Then
1 Ly X0 3
= +22 ¢ v +32 |,
2 E [&’ T Jo=0 77 2] (49)

In the text the 2nd term is neglected since it eventually occurs quadratically

while the last term is neglected since it operates on the intensity which is
assumed to have negligible gradients in the z-direction. However, to obtain
the correct tangent vector, it is Equation A9 which should be used not merely

the first term as used in the text.

X,y '
[
r
[ \\”\\~\\\ Fig. Al - Geometry of zero order rays
rr < \\\\
S~
—
—=z
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APPENDIX B
PULSES WITH FINITE LIGHT VELOCITY
In this appendix we present the details of the calculations which lead
from the treatment of a beam of arbitrary shape traveling with the velocity
of light to a two-dimensional beam traveling with infinite velocity as used
in the text. We ignore all spatial dispersion and treat the source as having
a sharp front in space. Taking the pulse to be turned on at t = O, off at

t = T in step function fashion, and to be steady in between we have

I(r}zJ t) = I(r)z)[e(t)e(T’t)e(th'z)e(z) (B].)
+ O(t-T)e(th-z)e(z-cL(t-T))e(t)] .

This gives

g_‘I:= I(r,t)[a(t-z—L) - 8(t-7- &) 16(2) . (B2)

Cylindrical coordinates are used here with r denoting a vector in the x-y
plane.

The retarded Green's function in 3 dimensions is
, R '
1 (t-t 'E)
T 6 ) (33)

with R the magnitude of the 3 dimensional vector from point r,z to point
4 4 : .
r ,z . Using Equations A2 and A3 in the expression for the pressure, Equation

5, we have

Pl(r: 2, t)

ol

hma? )I(r’,z’)[&(tl- E—) - é(tl-T - %;)]G(ZI)dzr'dz,dtl (Bh)

L

4
_ (Y1) S S(t't - !
- "

i “'—)—u;ifﬂs( = 2)- a( . 1‘)] Weoed oahyae'sn’ . (35)

Only the first term of Equation A5 survives for t < T, but in any case the

second term can be obtained from the first by the substitution t -t - T, To
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7
carry out the integration over z define

’ c
g=(z-z) — + R, (B6)
L
Then
-g £ :!:Jg2 - (]_ - (_Q_ 2)R2
, v
z =z + L L (B7)
1 - ()2
(ﬁ)

with the plus sign appropriate for 2’ >z - and the minus sign for

. ()
L

/
z <z -—— ., In these equations R denotes the magnitude of the

5

P
2-dimensional vector from r to r . In the transformation to integration over
I

g the quantity Q%_ is replaced by

_x - dg (88)
“/gz - (1-(%—) )R?

with the plus and minus signs chosen as .above. The integration is thus

dz’ _
z

g

. ’ .
divided into two regions according to the value of z and the result is
olez - e )R

CL C1, c

BT
z-sc;t-c«/_ )

[I(T’, G ‘) 6 (z - %f t - cw
NeE)
s-Staed e( . J_)]
+ I r’, 2 4 5 z-—¢t+c a3’
( 1-(°—) ) L

L

.Pl(r) z,t) = (Y-I)Q’g

Tc 2

(89)

(term with t - t-T),
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The symbol /~ stands for the same square root appearing immediately after

S SO RS

the integral sign,

L

The terms <%l-)2 are of course extremely small and will be dropped in what
follows. The step functions appearing with the beam intensity factors are the
result of solving the half space problem, i.e., imposing z > 0. For z > ct
both of these step-functions are 1 for all R, This is due to the fact that
the influence of one portion of the source on another travels with sound
speed, and for z > ct the edge effects due to terminating the source on the

z = 0 plane are not felt. For small distances, such edge effects are present,
and for dn’.stance3<:(S ) ct the first terms in the bracket of equation B9

ceases to contribute at all, For distances z > ct then we have

(7-1)a I o(t-2 -3)

Pl(r,z,t) = [ \/(t AV B; (Bll)
o)
(i, z - %S t-c/ )+ 1(e!, t - —ﬁﬁ t+c/ )] a3’
L
with
/— =[(t-%‘)2- ‘%:]%- (312)
L

Finally, assuming that the intensity changes negligibly in a distance ct we

can take the intensity to be independent of R and to be equal to its value

24



at z R

(7-1)a S ot - = - <

i «/(t-fzz--%z

1(r’,z) @@’ (B13)

P (r)z:t) =
1 2rc

- (term with t = (t-T) ,

The approximation of the text consists in assuming the variation of the

intensity to be slow enough so that this result is true for all z > o,
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APPENDIX C
POWER SERIES EXPANSION OF THE PRESSURE

In this appendix we give the details of the expansion of the

pressure as a power series in time, Equation 32 ’ of the text gives

the pressure as (7-1)a
Pl(r,t) =

'e(t-%)

22 A t2-R%/cZ

Expanding the intensity about the point r, we have

I(r+R) =E (BT.‘,Z)——— I(xr). (c1)

n

I(r+R)d®R . (32)°

Inserting Equation Bl into Equation 32' and writing the integration over
R in terms of polar coordinates with ¢ being the angle between vectors R

and r, the angular integrations needed are

f(g-z)“m(r)dcp. (c2)

-

e a\n
writing (R'Z)n as Rn(;osq)sg + sing 5;) and expanding the gradient term
by the binomial theorem leads to integrals expressible as Beta functions,(lo)
which are in turn expressed as products of Gamma functions. The result is

1 . n an n g

—IR*Y) 1dp = —————, R (V¥)= 1 (c3)
)= 2°(2) (D).

2 2

for n even. The integral is zero for n odd. The remaining integrals to

be carried out in Equation 32' are then of the form

N o(t-3)
fR —————— RdR. (ch)
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Defining R® = c®t®x this takes the form

1
L (epyhere [ Xledx
2 N o l-x
o
‘" @
which is also a Beta function'lO) and is just 27 (ct) c®t —(EIT77>°

The use of Equations Cl, C3, and C5 in Equation 52' leads immediately

to Equation 35 of the text,.
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APPENDIX D

PRESSURE AS A SERIES OF HYPERGEOMETRIC FUNCTIONS
Although Equations 35 and 36 of the text can be used to derive the
density and pressure expressed in terms of hypergeometric functions, it

is much easier to go back to Equations 327,

_ R
- l)afe (t0) __ j(emyer (32)

2
1 27c¢ t2-R% ¢
2
-
writing I(r) = Ne and defining R® = c®T°x the pressure is
o 1
T 2 2.2 4.2
- - 2ctr coswp/a - c“t“x/a
P (r) = (r-at 32/ : o cossla” dxdp . (D1)
1 2

o Ji-x

The angle ¢ is the angle between the vectors r and R.

The angular integral is just the Bessel function Io,(lo)so
* (2ctr c2t2x/a2
- D2
(y-1)at _ra/azf Iz /e i (p2)
= ———"e .
1 2
0 1-X
1 k
2 t%)

is used in Equation D2

If in turn, the expanmsion I (t) = E (
o kik!
k

the pressure is

(=]
k
> (7-1)at -r2/a? E : ctr 2 1
= — —_
1 2 a= k!

k=0

1

K -c2t3/a®
e dx .(D3)
o /1-%

ol

(10)

Each integralis expressed as a confluent hypergeometric function using

r (b) X a- -a-
M(a,b,x) = f?ZSTTETES—:[ e t t 1 (1-t) b 1Qt )

This leads directly to Equation 38 of the text.
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