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ABSTRACT

In this first phase of a study on photon-induced beta decay, the
reaction rate for y + p—n + e* + v, is determined for conditions ap-
proximating those in stellar interiors. It is shown that the lifetime of
the proton in such conditions drops from 1nf1n1ty to only microseconds
as the temperature varies from 0 to 1012°K. Hence the stability of the
proton against this reaction is not seriously altered and will not affect
nucleosynthesis (which depends on the availability of protons). How-
ever, the reactions y + n -p+ e  + 7, and e + p —» n + v, are not
restrained by threshold energy requirements. If the neutron's lifetime
is drastically reduced by this latter reaction to the point that it cannot
live long enough to react with nuclei, then nucleosynthesis in stars will
be curtailed at very high temperatures. Attempts in this latter case to
proceed with calculations along the same line as the y + p calculation
run immediately into a divergence problem, as is shown here. The
correct handling of this reaction will be the sub]ect of another report
when completed.

PROBLEM STATUS
This is a final report on one phase of a continuing problem.
AUTHORIZATION
NRL Problem H01-06

Project RR 002-06-41-5003

Manuscript submitted May 21, 1970.
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ON THE PHOTO-INDUCED BETA DECAY OF PROTONS
AND NEUTRONS IN STELLAR INTERIORS

INTRODUCTION

The theory of stellar structure and stellar evolution that has been developed in re-
cent years calls upon the data of nuclear physics very extensively (1); in particular, the
luminosity of a star depends very directly upon the rate of energy production in the in-
terior of a star through nuclear reactions. The kinds of nuclear reactions that act as the
source of energy depend upon the star and on its stage of evolution. But in virtually all
stages of evolution, proton reactions play a significant role, and in the late stages of
evolution neutron reactions are important. In all models of stars, the pertinent nuclear
reactions are studied under the assumption that the proton and the neutron are stable
particles, i.e., they maintain their identities for times much longer than the times re-
quired for the pertinent nuclear reactions to occur in the stellar milieu. It is thus very
important to determine the validity of this assumption.

There are, in fact, some reactions which will occur in the stellar medium which
cast some doubt on this assumption. For protons, there are two reactions which render
the proton unstable, namely

y+ p—ontettov,

and

e + p—n+yv,,
while for the neutron the reactions

y+nap+ e + v,
and

et +n—p+ ¥,

render the neutron unstable. Now at ordinary room temperatures and densities, these
reactions are completely negligible. Even at these temperatures and densities repre-
sentative of the core of stars on all portions of the main sequence we expect them to be
negligible. For example, for the y, p reaction a threshold of (m, +m.~m,) c? is required
for the reaction to proceed — an energy which is of the order of 1.80 MeV. If the photon
at the peak of the Planck spectrum has this energy, the temperature must be of the order
of 2x 101°°K, which is a temperature not reached in stars on the main sequence (2). ‘For
the e.p react1on temperatures of 1x101°°K are required for this reaction to be signifi-
cant in depopulatmg the protons in a star. For the neutron reactions, there is not a sig-
nificant neutron population in the main sequence stars to render these reactions impor-
tant. .
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2 J. N, HAYES

However, in certain of the red giant stages" and in phases subsequent to the red giant
stage, such high temperatures are approached.* It is true that chemical evolution of the
star has depleted the hottest regions of their original hydrogen content, which would sug-
gest that the above-cited proton reactions would be unimportant once again; however, this
need not be the case. First, one must take into account the fact that thermonuclear reac-
tions which take place in this evolved matter will cause protons and/or neutrons to be
ejected as final-state products, and these in turn will react with the ambient nuclei.
Whether or not they react with these nuclei as protons and/or neutrons, or vice versa,
depends upon the lifetime of these particles against the reactions cited above, as com-
pared to the lifetimes of protons and neutrons against the specifically nuclear reactions.
Second, there is good evidence that convection currents may carry large quantities of
virtually pure hydrogen into the deep interior even in the red giant stage (3); such con-
vective currents could become a prolific source of neutrons if the photo-induced beta
decay of the proton has a lifetime constant which is short compared with the convection
time scales and with the diffusion times in the interior of the star.

Finally, in the collapse of the interior of a star evolving to the supernova stage, ex-
tremely high temperatures are reached with a prolific production of neutrons. In some
theories of nucleosynthesis, too many neutrons are produced; it would appear that the
v, n reaction cited above, which has never been included in such theories, will place lim-
its on neutron production and consequently affect the distribution of the elements produced
in such an explosion. For these reasons, we feel that a study of these reactions is war-
ranted.

In this report, we will calculate the lifetime of the proton against photo-induced beta
decay as a function of the ambient temperature, the source of the photons being the black-
body radiation in the ambient medium. The result is found to be independent of all stellar
parameters except the temperature. While the e,p reaction has a lower threshold, and
might therefore be expected to be dominant over the y,p reaction, we note that the life-
time of the proton against the e,p reaction depends directly upon the density of elec-
trons, while this is absent in the problem at hand. Further, the number of photons per
unit volume increases with the temperature; hence, for a given density there will be a
temperature at which this reaction will be more important than the e,p reaction. Bahcall
has treated the electron-proton reaction (4).

In the next section, the necessary field theoretic preliminaries that set the method of
calculation are discussed; in the section following that, the integrations required to de-
termine the lifetime are developed. Finally, the last section is devoted to a discussion
of results and related problems.

FIELD THEORY PRELIMINARIES

To determine the scattering amplitude for the reaction y + p—n + e* + v,, we shall
use standard field theoretic methods (5) and the usual perturbation expansion of the
S-matrix which is good for the cases of electromagnetic interactions and for the weak
interactions. The electromagnetic field interacts with all charged particles and is there-
fore coupled to both the electron field and the proton field. The four fermions p, n, e*,
and v. interact directly with one another through the weak interaction, which we take to
be in the form of the V-4 theory of Marshak and Sudarshan (6), and of Feynman and
Gellmann (7). The fact that the axial vector coupling constant for neutron decay is not
identical in magnitude with the vector coupling constant is ignored here. To treat this
case exactly complicates the calculation without being particularly illuminating, and our
result will not deviate significantly from that in which |c,/c,| = 1.18.

*See, for instance, Ref. 1.
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The perturbation Hamiltonian is thus taken to be
H(t) = H, (t) + H, (t) + H,(t) (1)

where

Ho (t) = -ie fd3x:Ee(x) YN (%) Ay (x) W
14

H _(t) = +i d3x:4 Ay A :
pYy 1e '[: X p(x)y p(x) }\(X) . (2)

H,(t) =if d3x: i, (x)(1= %) YEY,(x) §, (1 = 7 5) v (%) :
NI

+ adjoint J

with e = -4.803%x10"1° esu and g = 1.418x10749 erg-cm3.

The field operators will be expanded in plane waves as follows:

c? . .
40 = v {Us(q)bs(q) el X+ V (q) d(q) e"q'x}
T s
_ c? . B |
70 = L\ fmg Tt V@ dy e )
d.s
A (x) - Z 277%{20 {am(k) Gﬂm(k) eikex, a,:(k) E#M*(k) e-ik-x}

where the subscript f stands for any of the four fermions p, n, e*, and v.. Here, we
give the neutrino a finite mass at the outset of the calculation, taking m,,— 0 after the
calculation is concluded. Clearly, our plane waves are normalized to un1ty in a box of

volume V.

The initial state will be characterized by the wave numbers and polarization numbers
k,m and p,u of the photon and proton, respectively. The wave and spin numbers of the
final state particles are designated by n,r for the neutron, e,s for the positron, and v, ¢
for the neutrino. To the lowest order in the coupling constants, the S matrix elements
for this process are given by

(FIS]4) = V mky M, Vs 4
Ish V2K ‘ﬁka\/ﬁwV Hw V\/ﬁwV\/ ATV T80k nvery (4)

where

—
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4 Jd. N. HAYES

M, = Me + e,
_ _ iy (e~ k) -
fm; = +U (n)(1-¥5) y*U, (p) U, (v)(1 - y5) y* < 4 (e2 ) ,u> ysz(e),
(e- k)" + nl2

. (5)
_ iy *(ptk)y - p _
MP = -0, (m)(1-y%)y* 2 =Y YL Ty (r)(1- 75 ¥RV, (e
(pt k) + pt

and
Hg = mec/H .

The terms N,* and N, correspond to the Feynman diagrams shown below.

(n,r) W, t) (e,s) (n,r) (¥, t) (e,s)
\T

(p+k)

(p,u) (k, m) Puw)  (K,m)
e P

THE LIFETIME OF THE PROTON IN A BATH OF
BLACKBODY RADIATION

Collision Probability and Transition Rate «

The quantity < f|S|i) specified in the previous section is the scattering amplitude
for the process y + p—n + e* + v described above for the initial and final states, The
quantity |(f|S|i)|? represents the probability that given one photon per unit volume, and
one proton in this same volume v, a collision will occur between the two within a time ¢,
leading to this particular specified final state. The total probability that this particular
initial state will give rise to a collision in time ¢ leading to any allowed final state is
obtained by summing up the probabilities for all final states: ‘

Z |<f|s[i)|2

final
states f

3 3 3
Zf dn;/fdeV dv‘; |(f|S|i)]2 ]

0 om Y oent Y em

dP;(t)
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Now if N,(k,m) is the number of photons of polarization = per unit volume in wave num-
ber space, then

AITITCLYTIIND

dP,(tY

d3k
VN (k,m) dP; ()
Z 7 (2m?

v4
12

N, (k,m) d3k [d3n [ d3e [ d3|(F|S| )] .
m,r,s,t (277)

(For a Planck distribution, N, (k,m) is really independent of m, of course.) Summing
over all possible photon momenta gives the probability that the proton (p,u) will trans-
form, together with some photon, into some final state of the desired configuration in
time ¢t:

V4

myr,s,t (277)1

P,(t) = _ d3kN, (k,m) [ d*n d3e [ d3|(£]S|i)]* .

If the probability is ¥(p,u) d3p that the proton is in a state (p,u) to (p + dp, u), then by
averaging over initial proton states we get

Pty =1 v

2 rstu (277)

— [ d3kN (k,m) { d3pN(p.u) | dn [ d3e [ d3|(f|S| )],

For an equilibrium photon and proton distribution, ¥, and ¥ are independent of = and u,
respectively, leaving

4
P(t) =% 4

— [d3%N (k) [ d3pN(p) [ d®n [ dde [ dv[(f|S| i)’
rstu (277)

with
[N(pyd®p =1
and

[N, (k)d® = % N (T)

where N, (T) is the total number of photons at a temperature T in a cubic centimeter.

As is well known, the quantity

P(t)

w= lim
>
V-

is finite, independent of ¢ and V, and is the well-known transition rate whose reciprocal
is 7, the lifetime which we seek.
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L1 v
t

fd3n [ d3e [ d3|(f]S|i)| .
2 rstu (277)

w = [d3N, (k) [d3pN(p) Vlim

£-300 12

Utilizing Eq. (5) of the previous section, we may write the transition rate in the form

_ [d3% d3p
o= [ M [ 57 1w 6tpi0 (6)

where

€242 Mol fholt 3 3 3
G(p,k)zw 8 pneyf-d—tl ifjd—zz |e”'-m[28(p+k-n—e—'u).
2 ‘ﬁ3C2 (2,".)8 nO e0 VO

rstu
m

Here q, = «,/c, the u's are reciprocal Compton wavelengths, and we have used

@m’
lim V8 —— 8(ptk-n-e~-v) .

o ptk,n+e+v

As a kind of check, one can easily show that the dimensions of « are indeed sec~!.
Using the customary properties of the Dirac delta function, one may readily cast G into
the form

E##u# J d*n[ die[d*%
2(27)8 #2c P

7T

G(p, k) =

x 6(n)8 (n?+p,2)0(ey) 5(e+p2)0(vy) 8 (v2)

x Z |e):"(k)°3ﬂ)‘|28(p+k-n—e-v) . ¥))

rstu
m

where « = e?/#ic is the fine-structure corstant.

The above expression is an invariant function of p and k; hence it can only be a
function of p?, k%, and p - k. But p?= p? and k2 = 0, so G may be regarded as a
function of p - k only. Equivalently it may be regarded as a function of (p+ k)2 only.
Putting (p+ k) = q, we can designate G(p, k) now by G (q?), abusing our notation only
slightly.

Without actually evaluating G (¢?), its Lorentz-invariant character enables us to
reduce the expression for » somewhat. We have

_ [d3% d3p 2
w = ';()‘Ny(k)jp—o N(p) G(q?) .
Now
Sk .
N(py= —— exp [(m,,cZ/kT) - hopo] (@)

(2mpp)
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H

where
Ac

>

and

AITI16CVYIaND

is the Boltzmann distribution for the protons. Although this form is not exact, it is
nevertheless indistinguishable from the correct one for the temperatures inserted in all
astrophysical problems, The photon distribution is that of Planck:

N (k) = [exp (+hgk,) - 1]7°

where 1, is the same as in Eq. (8) and &, = «,/c. Then

Ag?2 mpC?\ [ g3g [ d3 exp [Ag(po t k)]
w = exp — | 5 G(q%)
kT ))&,

(277#,;)3/2 Po 1 - exp (-2 k)
42372 m,c?
= 33 ©XP fd4k0(ko)8(k2)fd4p9(p0)8(p2+pp2)
(2mp,) kT
exp (-A,4,)

2
x 1 - exp (-Ayk,) ( )
More convenient choices of variables of integration are ¢ = p + k and k; thus

0(k) 8 (k?)0(ay-ky)d[(qa- k)2+y_p2]
1 - exp (-rpkg)

4}\3/2 mp'c2
w = 375 €XP T [d%qG(q?) exp (-Aoq,) S d%k
(27my)

where the last factor is an integral which may be evaluated exactly. Indeed,

0 (ko) 0 (aq ko) 6(k?)8((q-k)?+p2)

1 - exp (-A k)

[d*%

-No <#p2 +q2>
exp | — -1
ICH) 2 \9,- 4|
- = In L .
2 Al - -, pg? + g .
exp | —2 -
2 \9,+ |dq|
L

Then the transition rate becomes

T - 0(4q,) G(g?) exp (-A,q,) In

|l l: Ao <#p2+q2 :I
exp |- — -1
2 \q,+* ||

3/2 exp |- io_ ,up2+q2 -‘ 1
277< » > exp(mpc2> d*q 2 \q4- |q|
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Because the integrand is independent of the direction of the vector q, the angular inte-
gration may be done immediately. Putting

- 1
diq|q|7! = dq,|q|d |q| da, = 5 dq, dx dQ

where x = q2, we get
A gt X - qy?

exp|- — [———— |- 1

2\ 4, -Vx

Ao [bp X qyf '
exp |- — [—————]-1

2\ q, tVyx
In this expression we have placed no limits on the integrations over x and q,- There
are natural limitations on the domains, however, that will appear when the function G is
actually evaluated, but it is easy to see what these domains are without detailed evalua-
tion of G(q?). First, we note from the definition of ¢ that it is a Lorentz-invariant
function; hence we may choose an inertial frame that makes its evaluation easiest, ex-
press the result in an invariant fashion, and thereby have the integral for all inertial
frames. Second, we note that G expressed as an integral over neutron, electron, and

neutrino variables has a delta function in the integrand. Now this restricts the variables
n, ¢, v and their corresponding energies to those values such that

a2 mpC2 A, 3/2
w=- 2 exp - Jda [ dx6(q,)G(x-qg)exp (-2,q,) In
4

g=n+ e+ vy

and

In the inertial frame that coincides with the center of momentum of the initial state, we
have q = 0. Thus for the momenta n = e = v, we have i

9y = Hp t e -

For any q, < (p,+u.), the 5 function must necessarily vanish, and then G(qg?) will
vanish. Hence

G(—q02) =0, if Gy < pg t He s
or
G(-q?) = 6(ay) 0(q,-1)G(~qs2) ,

=0 (qo) 0(+q02 -#2) G(—q02)
where
Kot He T 1 -

Casting this result in a covariant form, we get

G(q?) = 6(a,) 6(-q%- p?)G(+q?) .
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Now in terms of our new variable x,

G(a?) = 0(qy) 6(ag - #?=x) G(x-q,?)

= 0(qg) 0(qg - 1) 0(qg? ~p?-x)G(x-q) -

This shows that G(q2) # 0 only if ¢, > x, while 0 < x
the g, and x integrations. Thus

3/2

2
4,”2 mpc )\0
w = - exp
Ay kT 27p,

o (Mo *X-af
2 exp——2——— -1

< g2- p?% these are the limits on

A
qO_\/;

@ gy TH
x f dq, f dx G(x - q?) exp (-2yqq) In
K 0

2
Ao [Bp *x-af
exp |- — | ———— |- 1
2 9, tVx i

This expression may still be reduced to a single integral. First interchange the order of

integration so that -

- n c? N 3/2
w= - — exp
Ay kT 2mp,

® ® R
x f dxf dqu(x— qoz) exp (_)‘oqo) In
0 x+;L2

Make the change of variable from ¢, to w where

w=q? - x2p?;

2772 mpcz )\0 3/2
w= - — exp
Ay kT 27u,

thus

i)
exp |- —{——]| -1
L 2 \Vwix +VX

@ ® dw
x dx ———— G(-w) exp (A, VW ¥ xX) In
.}; _[Lz Vw + x - o
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Next put w = p?¢; then

02,2 A 3/2 m_c? o
kia
W= - i < 0) exp<:T>!dfG("#2f)

Ao 27,

- 2 2
fﬂ( B = n2é >] .
5 f‘” dx exp ('Xo Vn2é+ x) In P 7 2 \VuZer x - x
0 Ve + x [ A
exp

M A p2é .
Vir2é+x + \/_
The further transformation x = u?¢y is useful; since ¢ # 0, y ranges from 0 to infinity

Further, dx = u2?¢ dy, so

<

< by - B .,

N

A
exp -
r exp (-2 VATET %)
dx In
() Ve + x [
exp

Fea)]

wlo’

[_ Ao /#p-/ﬂf)}
exp (Aon VEVTHY) 1| 2y EWTry - V5 )}

= 5 ® dy
#\/_jo. J1+ y )‘o 'upz - p2¢ .
PN Ve Wiy ey )|

These tedious transformations will be drawing to an end soon, but first we put 1+ y = 2
then the right-hand side of our last equation becomes

ox At (6~ £4) 1 1
. i Y ( _ /—2_1>
2;;\/Ef dt exp (—}\op,\/? t) In :
1 |: Ar(€-45) \/—1]
exp -

2€
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where p2/u? = £, and we have used the identity (¢ - Vt2 - 1)(¢t +/t? - 1) = 1. We next
integrate by parts. The above expression becomes

Agu(€-€4) 1
exp |{-~A ;L\/:f_ t)+
(E-€&4) po  dt [(0 , < 2J€ ><t—\/t2—1>:l 5 -1
P ,( = Kxou(f—m)( . >}1 (e -ver -
? 2V¢E t -tz - 1

i Aokt (€= £5)
(£-£) exp li—)\op\/-é-' t +<———~—-> (t -t2 - 1):|
+’u§€° fm dt 2V¢ (t - Jt2-1).
Je Ve exp[w (t—\/t2——1):|—1
i 2VE

Let t -/t? - 1 = Z; then the above expression becomes

[ )‘0#\/? 1 AOI“L\/? 1
/J'(f_‘fo) Idz exp L— 2 <Z + -Z—):I . exp|:- 5 <Z + E)

_ =+
A -& A -
\/E'- ) Z2 l—exp [— olu‘('f o)] 0 l—exp olu'(f 50) 7
2/ z 2/

In the first integral put Z = 1/¢; then the above expression becomes

ApVE 1 Ao VE 1
exp |- (é + —) -exp |- (Z + —)
/-"(f‘fo) bl d{ , 2 C ® dz , 2 VA

_ +
VE 1 1-exp |- _—_Aop(f—fo) é:l 0 1- exp {— ————)\0#(6_50) Z]
2/¢ 2J€

o I:_ }‘0#\/?(2 l)}
:#(f—fo)fmdz P 2 t7

N (E- &) |
\/f— 0 1- exp {-— -——0#( 0 Z:l

2VE

Finally, put (A u(£-€,)/2V/&) Z = x; then our last expression becomes

| A s :fof\
, . exp - fo ——4§X /
;\_O—J; ax 1 - exp (-x) ’

and our transition rate becomes

AITITCCVIOND
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4722 Ay 372 mpc2 @
w = | ——)f deG(ue
A2 27K, kT 1

2\
£ < + A€ £4)
- x
e atx (9
xf dx .

o 1 - exp (-x) '

It can be shown that this last factor that we have been transforming, the integral over x,
can, for temperatures below 1012°K, be approximated by the modified Bessel function
K 1()\0# \/E) , Which in turn may be approximated by its asymptotic values

~Ogu VO exp (~Agu VE) ;

this reduces «» to a single integral over ¢. We shall see, however, that G (»2¢) is suffi-
ciently complicated such that a good analytical evaluation of the integral becomes possi-
ble only in a temperature region that is far too low to be interesting. Hence we shall
resort to a numerical computation of the integral over ¢, and therefore we shall do the
same for the x integral above. We note that the above expression for « is exact, within
the framework of first-order perturbation theory.

Matrix Element Evaluation

Because the final state of the reaction v + p—n + e* + v, is a three-body state, the
evaluation of the matrix elements is quite tedious and difficult. In this subsection, only
the highlights of the calculation are presented, the details being relegated to an appendix
or, if they are consequences of standard field theoretic techniques, being left to the
reader to establish.

The sequence of expressions to be evaluated is readily discerned by reference to
Eq. (7) which defines G(+q2). The quantities ¥, were given by Eq. (5). Because the
theory must be gauge invariant,

2,
Z Z (k) €T I, e (k) €™ (1),

rstu m=1 rstu m=1

8
Z s (-1 MM, = Z W (-1)7 e (10)

rstu rstu

where a repeated Greek index is understood to be summed. The first step in the evalua-
tion of G is therefore the determination of

This can be done from the standard trace technique of field theory; in the appendix, we
show '
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ar

¥

*._1y9na 24 n-v 2p- kY2 + u2c(e - k)2q - (k-
) DT s e Sy [k 0 ¢ e T - o)

rstu

AITITCCYIOND

—e-kp-k[(q'(k—e))2 +‘(e-(q—k))2]} . (11)

After converting three-dimensional integrals to four-dimensional integrals by introducing
the appropriate Dirac delta functions, G may be cast in the form

1 ag?

27 72 Jd%0(ey) 8 (e2+pk2)
c

G(q?) =

[2p 10 + wiCe 0% ]a~ (k=) = e ko k[(q (k=% + (e (a=k))']
X{ (p k) (e k) }
x [d*n fd*0(ny) 0(vy)8(n?+p?)8(v?)8(g-e-n-v)n-v .
The neutron and neutrino integrations may be done exactly:

fetn [divo(ng) 6(v,) 8(n?+p2)8(v?)8(qg-e-n-v)n v

[a- oy + 2]’

A
= -

9(%-#0)0(-(61-6)2-#"2) :
(g9-e)

The expression for G is thus reduced to just an integral over the electron variables:

2
1 @8 2 2
G(q2)= 24—“'776 Efd4e9(90)3(32*“/‘:)0(‘70",“'0)9'(Q‘e) = Hn

X

[(q-e)2 +}Ln2]2{_e,k peiq* (k-e) + 2p-ke-q
+
(a-e)’ p-k (p- K’

, 1 <_‘<q-(k—e)>2+<q-e>2>+#e’q%k-e> ‘
ek p-*k (e‘k)z

Recall that G is an invariant function of the invariant q2; it will be easier to do the re-
maining integrations in the center-of-momentum reference frame. In this case, ¢2 = -q.
To get the value of G in any other reference from its value for the center-of-momentum
value of g we need only replace ¢, by /~q2 everywhere; in fact, however, we shall only
require its value in the center of momentum. Hence we set q = 0; then the separation of
the various terms into factors independent of the direction of e and those dependent on
the direction of e is evident; the direction of e appears only in those factors involving

e - k. Such a separation facilitates the evaluation of the integrals over the angular co-
ordinates of e. The step functions are independent of the angular coordinates and there-
fore pose no restrictions on them, but they do pose restrictions on the limits of integra-
tion of the variable e ; clearly u, < e, < [qg?+ ue? - (4,2/2q,)]. The Dirac delta function
5(e?+ p2) will enable the integration over the variables |e| to be done immediately.
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The integral is thus reduced to a three-dimensional integral. In the center-of-momentum
frame, q = 0, and

1

Q'k:p'k=§-(#p2—q02),

ko

q-k/qy = (ql- p2)/ 2q, .

With 7 = cos (k,e), we also have

q
ek =+

-k
a, (eo— ]e]'f)) .

From these results, we may cast the terms of the integrand of the right-hand side of
Eq. (10) into the following forms:

ek S0~ le|n
p-k q,
peq - (k-e) +2p-kerq  2u] 4ade, )
2 T2 2 2 611>
(p - k) 90 "~ Hp (g - p2)
2 2 8q.2e?
_{a-(k-e)) +(q-e) _ _ 90 _ 9 99 €
e-kp -k €y - le|m e, - |eln (q02_#p2)2
q 4q4¢ 9 1 4q,€, 8qes
- . = - + + ,
e, - |e|m qf - #pz e, ~ |e[n ad - lu'p2 (q02 -Iu,p2)2
and
9
S - — 8111
e, - lelm
:U'e2q - (k_e)_ qoz 2#'e2 41“e2qoeo
' 2 2 _ .2 2
(e 'k) (eo- Ieln) qo #P (q02_/-"'p2)
qé

We continue‘with. the evaluation of G(-n2¢) by noting that
Jd%e6(ey) 0(ay~p) 9(—(q— e)? '-#,3) 8(e2+pu2) Fle,, |e|, Qs q,)
Cag +et-n,")/ 24,

4]

He

degJel? - pg fdﬂgF(eo, Vet - gt Qz; qo>
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=
=
<
-
and that =
&
&
[ do e, - [e]7):477e0 , o
e a, 9, —
: rr
e
fdo, 1= 4m,
1 2m ey +Ved - pd
fdo; = In s
eo = Vel = 2 Ve - ul €y = Ve ~ kg
2 2
a (e, - nyved - 1l He
then ‘
2, 2_ 2
tu e, /2 2 2
P (a0 ) T [(a- e + 2]
(=90) = 5% 72 CoVeq T K 2
™ c %, -(g-e)

2
e

_ 2
€0 Ko

2e, ‘28, 4 9o I & tVeg - pud p 2q4
11 n —— | 8111 t— £&1v
qo e0 - eo2 - /j’ez H

In this last expression, replace e, by p.x and g, by #\/E ; then, G(-u2¢) becomes

ag?
G(-p2) = —— —— 3 e(&)

2375 p2c
where
P2+ p2 -2 2
- e Ty
WPe+n 2o 2/ 200 NE 2up, JE
g(§)=\/é_f dx x* - 1 f\[—z
1 wrE+ pg
_ X
2, VE

2u, x 4(£+£) 164, x£3/2
kVE €- 4 H -£)°

X

2
P # VE 1+ 4 x\/f_ . 8#: x2£ ) in x + \/x"; - 13|
Fe /x2 - 1 ko£- & BE O (€-£9) x - yx?2 -1

1
If it were not for the presence of the factor [(u2&+u2)/(2uee V& - x]7), this integra-
tion could be perfdrmed analytically. This factor varies in value from u./£/2u. at x = 1
to u/2pe VE at x = (u2€+p2 - p2)/(2un. VE). For ¢ very nearly unity, this factor re-
mains nearly a constant. For low enough temperatures, g(¢) is multiplied by
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{ [(mn+me>c2¢?]]
exp | -

kT

so that values of g for ¢ significantly different from unity are reduced over those near
unity by exp [-(m, + m¢)/kT] c2(/€-1), a very small number. It would appear that we
could thus approx1mate £(£) by evaluating the factor [(u2¢+p2)/(2up.vE) - x]7" at
some point near x = 1. But caution is necessary since such an approximation scheme
will not give results valid for temperatures that might be interesting in cosmological
theories and also because g(1) itself is zero. Further, the remaining integral, though it
may be evaluated exactly, does not yield a function that renders the ¢ integration tract-
able at all. To get any results, in this fashion, that are at all convincing appears to re-
quire restricting the temperature to values below 109°K, whereas we know that a large
value for « is likely only at 10°°K or higher. For these reasons, we leave g(¢) in the
last form and resort to a numerical computation of the integrals to give « as a function
of temperature. The results of the computation are compiled in Table 1.

DISCUSSION AND SUMMARY

It is important to note that the transition rate and lifetime as tabulated is in need of
a correction that is temperature dependent. The correction has not been made in this
report, but even so, the trend of the results is clearly delineated by the given values of »
and 7. The necessary correction to the given results stems from the fact that at high
enough temperatures, the radiation field creates its own positive-negative electron pairs,
and these are always created in the lowest allowed energy states. The probability that a
given positron state will be occupied will be between zero and one-half; hence the avail-
ability of final states to the emitted positron is limited. Indeed, the positron phase space
factor must be modified by subtracting the number of occupied positron states. Hence
if p(e) represents the density of positron states at an energy ¢, as used in this report,
the correction to the density amounts to subtracting o (¢) + (e’ ¥ +1)~1, or by replacing
p(e) by p(e)e/kT(ee/kT 1)"1; ¢, of course, includes the rest-mass energy. For tem-
peratures less than 6x102° K, this correchon is very small (=5%); for temperatures
greatly in excess of 6x109° K the correction amounts to multiplying « by one-half, or
to doubling the lifetimes . Hence, the orders of magnitude of the results are not af-
fected, and the qualitative features of the results are preserved.

J. N. Bahcall (4) has given the lifetime of the proton against the reaction e~ + p~n+ 1,
as ,

1175 £ 30

To, ®————
cp X sec

where, for nondegenerate matter, K is given by
K=~285eve ™ *(x?2+6x4+12) ,
with
’B = mec2/kT

and
x ~ 2.548 .
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Table 1

Numerical Computations Give the Following
Values for «» as a Function of T

T, w (sec™1) Vw= 7 (sec)
0.100 6.34x10-96 1.58%1095
1.000 4.17x10-16 2.40X1015
2.000 1.47x10-11 6.80x1010
3.00 2.47x 1079 4.05x108
4.00 4.92x10°8 2.03x107
5.00 3.83x10°7 2.61 x 106
6.00 1.79x10-6 5.57x105
7.00 6.10x1076 1.64x105
8.00 1.68x10°5 5.93 x10*
9.00 3.98X10"5 2.51x10%
10.00 8.38Xx10"5 1.19x104 °
11.00 1.61x10°4 6.18x103
12.00 2.91x 1074 3.43x103
13.00 4,96x10°4 2.02x103
14.00 8.05x10°4 1.24x103
15.00 12.58x 10"4 7.95x102
100 69.7 1.43x10"2
1000 1.39x 107 7.20x10-8

17

Nondegeneracy is assured if p/T3/2 < 1.52X10¢; we shall restrict ourselves to a range
of o and T where the nondegeneracy criteria are met in order to get a qualitative com-

parison of this reaction to the y + p reaction. Under these conditions, 7., reduces to

6.54 -
PTep =~ 8.63x 10° + —— (12.90+ 5.14 Ty + . 341 T,2) ! (gm-sec/cm3) .

The following short table of values of pTep Versus T, indicates how pTep, behaves

T,

pTep (gm=-sec/cm3)

0 B AN

10
100
1000

1.63x1015
1.22x1012

9.44x10°9
1.56x10°9
7.53x108
3.95x108
2.20%x106
2.50%x102

—
<3
[,
o
o

ropn
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Figure 1 shows a plot of 7(y +p), as well as of 7., for p = 10° and o = 104, The ex-
pected crossover does indeed occur, clearly at lower temperatures for lower densities.
At temperatures of 10!2°K, the stability, or lack thereof, of the proton is determined
almost solely by the y,p reaction, except for extreme densities.

The instability of the proton cannot be an important factor for a star unless the tem-
peratures where protons abound are of the order of 6x109°K or higher. Hence, the
process has no effect on main sequence stars at all, as was shown in the introduction.
Such high temperatures are reached in stellar interiors only in those stars that are in-
cipient supernova; Chiu (8) has shown that the relaxation time of such a star for cooling
due to neutrino emission is of the order of 107 sec or less for temperatures greater than
109°K. While = and =, have the same order of magnitude, 7, is not the proper number
with which to compare the proton lifetime; that number should be the collision time of
the proton, which is many orders of magnitude smaller at these temperatures and densi-
ties than is 7,. Hence we conclude that the reactions y+p-n+e*+y, and e" +p-n+tv,
are not of importance to problems of stellar interiors and nucleosynthesis in stellar in-
teriors. We mentioned in our introduction the possibility the hydrogen could be convected
into stellar interiors and that under such an eventuality, these reactions might be im-
portant; however, in presupernova stars, the hot cores are not convective (8). There-
fore, once again the proton may be regarded as stable.

The reactions cited here may be of relevance in certain cosmological theories of the
early stages of the universe, where temperatures of the order of 1012°K are postulated.

1010

10°

108

107

* {sec)

108

10°

10*

Fig. 1 - Graph of proton lifetime vs
ambient temperature T for the y,p
and e”,p reactions
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Even though we concluded that the photoinduced S-decay of the proton is of no im-
portance for astrophysics, this study raises some rather interesting questions that are
being studied further. We have seen that in spite of the rather large threshold for the
y + p—n+ e’ + v, reaction and the smallness of the coupling constant, 7, possesses
such a steep temperature dependence as to shorten the lifetime of the proton to the order
of 1 day at 6 x109°K. Now the neutron is supposed, in many theories of stellar nucleo-
synthesis, to be quite abundantly produced in stellar interiors and is needed to synthesize
the elements of high atomic numbers. The neutron in these theories is taken to be stable;
in fact of course, it is not, having a natural lifetime of the order of 104 sec; but since
this is a very long time as compared with the lifetime against all nuclear reactions in
the stellar material, the neutron stability is a good assumption. However, when we in-
clude reactions such as ' '

y+n—p+e +v,
and

et+ nop+ 7,

we may once again question the validity of the assumption of neutron stability. Disre-
garding the second reaction, which requires positrons to be present, photons are always
naturally present in great abundance; we emphasize that now there is no threshold to
overcome. Hence the natural g-activity of the neutron should be enhanced by the black-
body bath surrounding it. Now if the lifetime of the proton is cut from infinity at 0°K to
105 sec at 6 X10°°K, when a threshold barrier must be overcome, to what degree will the
neutron lifetime be cut at the same temperature? To calculate this, the natural proce-
dure is to begin with the same interaction Hamiltonian as used in the second section
above. The pertinent Feynman diagrams are given below.

The calculation proceeds along the same lines as the present one did. One important
difference present however is that due to the lack of a minimum threshold energy; hence
photons of zero momentum may be absorbed. Determining the matrix element and its
square is tedious but straightforward. The transition rate is then the integral of the
Planck distribution for the photons with the square of the matrix element, the integration
extending from « = 0 to » = » where « is the circular frequency of the photons.

From the Feynman rules for writing the matrix elements from the diagrams and the
fact that the final state momenta p + e lie on the mass shells, the frequency dependence
of the matrix elements is »™3/2, so the square of the matrix elements is » 3. Hence
-our integral over dw is of a function whose behavior near « ~ 0 is given by

e A e = e,
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Therefore the integral will diverge because of the singularity at » = 0. This renders
the transition rate infinite and the lifetime of the neutron zero for any tempevature T # 0.
The singularity does not appear to be renormalizable. It owes its origin in part to the
frequency dependence of the Planck distribution and in part to the use of perturbation
theory. If the Planck spectrum is replaced by a laser beam whose frequency is allowed
to go to zero, the matrix element still possesses this anomalous behavior. The source
of the trouble appears to lie in the use of perturbation theory for the electromagnetic in-
teraction. Fried and Eberly (9) have studied Compton scattering by a laser beam, by
means of perturbation theory in the external potential, and have shown that in any finite
order, as » — 0, the cross section becomes infinite; however, if the scattering is calcu-
lated to all orders and summed exactly, the singularity at » = 0 disappears and, for low
energy densities, one recovers the Thomson cross section. The success of this tech-
nique lies in the fact that the laser beam possesses a unique frequency; this allows the
infinite sum to be evaluated (as a continued fraction). It would appear that the Planck
spectrum affords us no such advantages. The problem is still under investigation, but no
conclusions can be drawn at the present time.
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Appendix

COMPUTATIONAL DETAILS

In this section we give some of the computational details of the evaluation of Eq. (11).

From Eq. (5) we have

(=iy * (e = k) - o)
(e-—k)2 + /./.e2

Me* = (-1 MG, () Y1+ yS) U, (myvg (o) yP YR+ Uy (v)

and r (A1)

Gy - (p+E) - py)
W = (-1)° My, pyyH P

(p+k)2 +op2? y#(1+)’5)Ur(n);s(e)y“(1+yS)Ut(v) . J
P

We shall need the following relations:

Z up(n) up(n) = %71

£=1,2
(A2)
— + iy
- Z ye (n)yz(x> :%_1’.
2=1,2 ¥
Then, setting », = 0 in the numerators, we obtain
3 -2-4
MEME*(-1) ™M = —=
r;u g X( ) HptnHelty,
x ——— Tr[(1-y%) y*¥(u, = iy - pYyP(1+¥5)py, - iy * n)]
(e k)
x Tr[(1-y3)y*(iy * (e~ k) +pe (2, - iy * e)(iy * (e- k) +pu ) yPiy * v] (A3)
and ‘
e A Hptntett, (p .k)z

X Tr[(1-yS) vy = (P+K) = o X2p, + dy * PXEY = (P+K) = ) vP - (L4 yS)p, - iy - n)]

xTr[(l-—ys)y“(p.eJr iy - e)yPiy -v]. V (A4)

21

—

=
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Also,

-6
(p " k)(e k) ppnpieps,,

MM (- 1)67‘4 =

rys, t,u
x Tr[(1=yS)yr#(p, ~ (v " pyyMy (P+ k)= ppyyP(L+y5)(p, - iy - nY]

x Tr [(1-yS)yP(=iy - (e-K) = pod yMp+ iy - e)y?(L+y5) iy - v] . (A5)

The evaluation of the traces is a straightforward but tedious task. We merely state
some needed intermediate results and the traces themselves:

{iy - (e-k) + p Y(2u,—~ iy - )iy " (e~k) + pu,) = 2u (u2+e k)

+2uliy re-2(ul-e-k)iy <k .
‘ (A6)
(y « (p+k) = pp)2up+ iy *pY Uy *(P+k) = py) = 2u,(u2 -k - p)

-2upliy *p-2(put +k-p)iy -k .
Then

-1

5
MeEmeE*(-1) M = — o
M P pughintohy

r,s,t,u

x = Tr[(1-Y5)v™uy = iy - Y yP(L+¥5)(p, = iy = n)]

(e k)

x Tr[(1-yS)v*Quo(u2 + € - k) + 2pliy e~ 2(pd~ e k)iy - kdyPiy - v] ,

E] -
Z MPMP*(~1) M = _4_;
2% piphtn g by,

r,s,t,u

1

-k

Tr[(1-y5) y#(p  + iy - eyqPiy - v]

X

x Tr[(1-v3)vFQuy(ult-p k) = 2p2iy +p - 2(p2 +p kD yP(1+yS)y(u, - iv - n)],

and

5
Z MEMPH(-1) M = — 1
S 2%l i phots, (P k) (e - k)

x Tr[(1-y%) v (u, = iy - pYy My = (P+ k) = ) ¥P(1+¥5) (u, - iy - n)]

x Tr[(l- y3) yi(iy - (e-k) + /ue);/7‘(,u.e +iy edyP(l+ySyiy-v] .
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Now we evaluate the traces, some details of which will be given. First let

Tr ( 1- ys) y/-‘yay)\yﬁypy'y = TROABPY

and

Tr(1-ySyytyryPye = Rubpo
All the above traces may be expressed in terms of these tensors. Thus,
Tr[(1-¥%) Y, = dy s pYyPLE Y5, - dy n)] = -2p*nRetec
Tr[(1-¥3)y™2u(u2+e k) +2uliy - e-2(ul-e- k) iy ~kyyfiy -v] =
[-2uleM + 2(u2 - e« k) KM | REMPT
Tr [(1-¥%) y*u2(u2 -k p) - 2uliy " p= 2(u2 +k )iy - K yP(1+y5) (uy = iy - m)] =

2[-2u.2p " - 2 (u 2 + p - k) kK O] REMPT

r [(1-73) ¥, - iy < pYyMiy(p+ k) = pdyP(1+¥5)(uy, = iy » n)] =
-2ip*(p+ k)ﬁan#amper 2ipp2n"R”7‘P°' ,
and
r[(1=-y%) y¥liy - (e= k) + pd yMu + iy - e)yP(1+yS) iy - v] =
-2i(e - k)%ePY THOMPY 1 2iy 2 RFIT

Therefore,

Z Mem*(-1yM - — =L
#pﬂn#e#v

r,s,t,u

pP[u2er v’ — (u 2~ e+ k) kM o' RubeoRuN po !

X

(e k)’
*_1y0na -
WANPH-1)M = — L
o 22 e by
x — g M2 7 4 (a2 +p - k)M 0o [REMORRN 0
(p - k)

and
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=
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e
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2 Re Z WEMP*(-1)°M = L
ety NN

1

* ke ko (P“(p +k)Pn” (e - k)% By "TRONBOY LA/ NB ¥ !

~uin7(e - k)% eB'yY ' RudpoTRA A oY

- p? V”’p“(p + k)YBnYTroMBpYRuNpO! | ;Lp2/L62 ny° ' REMPOR1 Ao ’)
The following list of identities are needed:
Tr[yty yPy%) = 4(8HM6P7 - shPENT 4 snoghey |
TrySytyryPy®] = 4ertoo |
YovBYY = yRSRY - yBaY% 4 yY50B 4 gXBYoy5yT

e MTEhBBY o 11 (5N 5PBETY - 55T
+8M(8P757% - 5PETYY 4 §M(5P5TE - 5PB5TXY)

et Moo uNBY 2!(59,3307.. 59730/3) s

erMPTERIPY = 31597

etMoerhoo = 41
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THOANBPY - snoRpMBPY _ suNROBPY 4 SOARLEPY _ nONTRIBPY

From these relations one can prove that
Reroopurec’ o 4 g8go!
TROMPYREAT! _ | n75085Y0 "

THoMPYTRA M Py o gs5aa’spBlgYY!
ReMOREN P o 4 0650 go0 !

Then
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Z m)\em)\e*(_l)b‘mzﬂ +24 . n-v [(#62—e-k)p'k;ueze'p] ,
e el
Z m){,mf*(_l)%& - #p;j:epy (-n kvz [(pl+p-k)e- k+/.Lp2p el
£, 8, tyu (p* k)
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2 Re Z Memp*-1)Pre . __*2t . (oo w) [2p - (e-kye - (p+k)-ple - ktulp-k].

HpHatetty pke-k

r,s,t,u

From these results we obtain
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P Fpkakety (o iy (e« k)
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