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ABSTRACT

The problem of determining the shape of a cable towed
in a ecircular path is considered both by experimental and
theoretical techniques. The egquations of static equilibrium,
referred fo a rotating coordinate system, are derived and
nondimensionalized to isolate the important parameters.
Certain order-of-magnitude simplifications are obtained.
The remainder of the study is restricted to cases where the
effect of hydrodynamic drag is negligible. The experimental
results indicate thatfor certain combinations of the govern-
ing parameiers no stable equilibrium solution for the cable
shape exists, Rather, at these combinations, the sysiem is
marked by a violent dynamic motion between two adjoining
nodal configurations. To examine this phenromenen analyti-
cally, the static equations are idealized to a vacuous towing
medium. It is shown that these eguations possess several
poasible solutions, The questions of stability of equilibrium
and onset of transition are resolved from these solutions by
reference to the experimental observations. Since no drag
forces are present in a vacuum, it is concluded that the
centrifugal loading is the principal agent responsible for
producing the unsteady dynamic behavior of the cable.
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AUTHCRIZATION

NRI: Problem F02-24
Project RR-005-08-45-5807

Manuscript submitted January 8, 1970.

ii
- 0 222 s
I —



ON THE SHAPE OF A CABLE TOWED IN A CIRCULAR PATH-

SYMBOLS

The symbols used in this report are defined as they appear in the text. The most
important ones are listed here for reference.

Symbols Appearing in Dimensional Equationg

the acceleration of the cable as seen by the fluid

the cross-sectional area of the cable

the cross-sectional area to which drag on the fish is referencéd
the drag coefficient of the cable

the drag coefficient of the fish

the diameter of the cable

the external load per unit length on the cable

respectively, the apparent mass force, the centrifugal force,

the hydrodynamic force, and the weight force, all per unit length,
acting on the cable

the external load on the fish

respectively, the apparent mass force, the centrifugal force,
the hydrodynamic force, and the weight force acting on the fish

the constant of gravitational acceleration
respectively, unit vectors along the X, ¥, and Z axes
the length of the cable

the mass of the figh

the appropriate component of the apparent mass tensor of the
fish due to its radial acceleration through the fluid

the position vector of a point on the cable
the position vector of the fish

the radius of the circle along which the towpoint of the cable
moves
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the arc length measured along the cable

the fension at a point along the cable

the speed with which the towpoint of the cable moves
the velocity of the cable as seen by the fluid

the component of v which is normal to the cable

the velocity of the fish as seen by the fluid

the weight of the fish

the weight of the fluid displaced by the fish

the axes of a rotating, right-handed, Cariesian coordinate
system :

the mass per unit length of the cable
the mass density of the fluid
the rotational frequency of the rotating coordinate system = ¥/8

the vecior angular velocity of the rotating coordinate system = gk

Symbols Appearing in Nondimensional Equations

C
Cy
E{x)

ms

Rop{aCowp

Rﬁg(h,w{}
5

T

the drag constant of the cable = (1/2) oCpdR/ (i + p4)

the drag constant of the fish = (1/2)6Cp4,/(p + p4)

an error function-

the pondimensional mass of the fish = (¥ + #')/[(u s p4) B

the nondimensional position vector of a point on the cable = P/R
the nondimensional resultant force vector = T %

the components of §

the value of R, at s = ¢

the value of B, immediately following transition of the cable to
its nth nodal shape

an abbreviated notation for R j(1,C.w,;) when C= 0
the nondimensional arc length measured along the cable = 5/8

the nondimensional fension at a point along the cable =
T/{(p + pA) 4R
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v the nondimensional normal velocity of the cable through the
fluid = v, /V
w the nondimensional weight of the cable = (u - pd)/ (4 + p4)
wg the nondimensional weight of the fish = (W~ % )/[(x + p4) 8R]

X, ¥,z the nondimensional axes of a rotating, right-handed Cartesian .-
coordinate system = X/R, Y/R, Z/R, respectively L

Y the nondimensional rotational frequency = 9 /R/g = V/~/Rg

Yen (A.C,wp) the value of y at which transition of the cable to its nth nodal
shape occurs

Yen (A wp) an abbreviated notation for y_,(A».C,w;) when ¢ = 0
A the nondimensional length of the cable = L/R
Ae the value of A below which only zero-node cable shapes are
possible ‘
INTRODUCTION

With the work of Pode (1), Wilson (2), and Skop and O'Hara (3), the quasi-static
problem of determining the shape of a flexible, extensible cable towed in a straight path
has been well resolved for a large variety of hydrodynamic loadings. The remaining
outstanding quasi-static question concerns the shape of a cable towed in a circular path.
A recent bibliographic survey (4) of studies on the configurations of cable systems indi-
cates that little, if any, work has been done on the circular towing problem.

Aside from its theoretical interest, this problem has practical significance because,
for certain combinations of the governing parameters, the free end of the cable takes a
position at a given depth below the center of the towing circle. Thus, the possible use of
the circular towing concept for an intensive search or photographic mission of a particu-
lar area is of interest,

This report considers, both by experimental and theoretical means, the shape of a
flexible, inextensible cable towed in a circular path. The equations of equilibrium and
the boundary conditions which govern the cable shape are derived and nondimensionalized
to isolate the important parameters. A discussion of these parameters follows, and cer-
tain order-of-magnitude simplifications are obtained.

Even with these simplifications, the governing equations are still quite complex;
therefore, to determine some parametric values for which the free end of the cable is
stationary below the center of the towing circle, an experiment was performed. The
results of this experiment showed many unexpected phenomena, of which the most im-
portant is that for certain combinations of parameters no static solution for the cable
shape is possible.

Obviously, the static equilibrium equations cannot be used to study the dynamic be-
havior of the cable. This does not, however, negate their validity for predicting the
onset of unstable behavior and for determining the cable shape when static solutions are
possible. To ascertain whether the theoretical equations possess these properties, the
numerical studies in this report have been restricted to determining the cable shape in a
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vacuum. This restriciion is in acecord with the reported experiment for which the effect
of drag was negligible.

The assumption of a vacuous medium reduces the equilibrium problem from a highly
intractable set of six first-order, nonlinear differential equations to a set of two first~
order, nonlinear differential equations. Meanwhile, this assumption maintains the basic
characteristic which distinguishes towing in a circle from towing in a straight line. This
is the presence of a centrifugal force acting on the cable,

The resulis of this study clearly show that, with the proper interpretation, the egui-
librium equations are fully capable of predicting both the static cable shape and the onset
of cable insiability.

EQUATIONS OF EQUILIBRIUM

Let X, ¥, and Z be the axes of a rotating, right-handed, Cartesian coordinate system
{Fig. 1), the origin of which coincides with the center of a circie of radius R along which
a ship moves with speed V. The 7 axis is specified as the axis of rotation. Z -0 is
taken as the water surface, and Z is considered as increasing down into the water., The
X axis of this system rotates along with the ship. The unit vectors along the X, ¥, and 2
axes are represented by i, j, and k, respectively.

R
] = X
ik
Fig. 1 - Rotating Cartesian
coordinate system
N
Y ’

I the position vector of a point on the cable is denoted by P, where
P=Xi+ ¥+ 2k, {1)

then the equations of equilibrium for a flexible, inextensible cable are given by

i(?gg + f
d8 S

where T is the tension in the cable, f is the external load per unit length, and S is the
arc length measured along the cable. To the equalions of equilibrium must be added the

geomeiric constraint
.Ef.g . i{—’ = 1. (2b)
l’ d8 dS

g, (2a)
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If S is taken as zero at the ship and as L at the towed body (fish), the appropriate
boundary conditions for the problem are : .

pl = Ri : (33.)

S=0
)
ds

In Eq. (3b), F, denotes the external force acting on the fish. The expression for this
force will be considered presently. SR

and

Fy . (3b}

S=L

THE EXTERNAL FORCE ON THE CABLE

The external force per unit length f acting on the cable can be resolved into four
parts: gravity and buoyaney forces, centrifugal forces, apparent mass forces, and hydro-
dynamic drag forces.

If the linear density (mass per unit length) of the cable is given as ., then the gravi-
tational force per unit length is pgk, where g is the gravitational acceleration. Also,
applying Archimedes' principle, the buoyancy force per unit length can be written ag
-pAgk, where 4 is the cross-sectional cable area and p is the mass density of the water.
The gravity and buoyancy forces can be combined into one weight force given by

£, = (u-p4) gk . 4)

Before deriving the centrifugal, apparent mass, and hydrodynamic forces, it is nec-
essary to determine the velocity and acceleration of the cable as seen by the water,
which is at rest, Since the coordinate system is rotating with the ship about the Z axis,
the vector angular velocity @ of the system is given by S

Q= ak , ) (53)
where the rotational frequency @ is
Q= V/k . (5b)

To obtain the proper sign for @, v must be taken as positive if the center of the towing
circle remains to the starboard of the ship. On remembering, that in equilibrium, the
cable has no motion relative to the rotating coordinate gystem, the velocity v and the
centripetal acceleration a as seen by the water of the cable point P are found from
Coriolis' theorems as

v=0xP =QkxP  (6a)
and ‘

a=Gx (@xPy = 02k x (kxP) . (6b)
As is well known, the centripetal acceleration leads to the presence of a centrifugal

force per unit length f.. This force is equal in magnitude to za but acts in the opposite
direction; consequently, from Eq. (6b), '

f.= -k x (kxPy . {7
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The centripetal acceleration also leads o the presence of apparent mass forces on the
cahle, Since a cable can be approximated as a eircular cylinder, the apparent mass
force per unit length £, can be obiained from Lamb (5} as -p4a. Again from Eq. {6b),
the apparent mass force becomes

£, o= -pAR%k x (kxPy . {8}

Consider now the hydrodynamic drag force. The usual method of specifying this
force (B) is to resolve it into components along three mutually perpendicular directiong
known as the hydrodynamic axes. These three directions are, respectively, parallel to
the component of relative velocity which is tangent to the cable, parallel to the compo-
nent of relative velocity which is normal to the cable, and paraliel to the direction which
is mutually orthogonal to the former two directions. In this coordinate system, the com-
ponents of the hydrodynamic force are known, respectively, as the tangential drag, the
normal drag, and the side drag. The relative velocity is the total velocity of the cable
ag seen in the rest frame of the fluid, Since, for the problem under consideration, the
fluid is already at rest, the relative cable velocity is given by Eq. (6a).

A number of researchers {1,2,7) have discussed the forms and magnitudes of the
drag components, Their results show that the effects of side and tangential drag on the
equilibrium cable shape are negligible compared with the normal drag effects. Conse-
quently, for the purposes of this report, the tangential and side components of drag are
set equal to zero, The hydrodynamic force then consists entirely of its normal drag
component. H v, is used to represent the component of relative velocity which is nor-
mal to the cable, the magnitude of the normal drag is known to be (1/2) oCpd|v,|?, where
d is the cable diameter and Cp is the cable drag coefficient, Since the normal drag acls
to resist the normal motion of the cable, its direction of action is given by -v,/]v,|.

The hydrodynamic force per unit length f, is thus obtained as

£y = ~(1/2) pCpd | v, 1y, {9a)

Further, since the unit tangent to the cable is given by dP/dS, the normal and total veloc-
ities of the cable are related through the equation

A AV § | 8
Vn-—V ¥ dS ds’ '. {b)

which, by using Eq. {62), becomes

vn:QkxP—n[{kxP} Q]%

= .. {9¢)

%

The static equilibrium equation referred to the rotating coordinate system, Eq. 2a,
is now developed by setting the external force per unit length f equal to €, + . + £, + [
At this point, it is perhaps worthwhile to remark that the equilibrium equations obtained
herein can be alternatively obtained from the equations of motion derived by Reid for an
arbitrarily towed cable (8} by specializing the equations to an inextensible cable and
transforming them to a rotating coordinate system. '

'THE EXTERNAL FORCE ON THE FISH

To complete the specification of the equilibrium probiem, the external force of the
fish F; must be determined. As with the force on the cable, the load on the fish can be
divided into gravity and buoyancy forces, centrifugal forces, apparent mass forces, and
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hydrodynamic forces. For simplicity of argument, assume that the fish is a nonhftmg
body and has an axis of symmetry that aligns itself parallel to the flow fleld. ‘

The weight force on the {ish ig then given by %
= (W-W')k : : f'}'(iba-')
where W is the weight of the fish and ¥’ is the weight of the displaced fluid. .Aiso, follow-

ing the same reasgoning used in deriving the cable forces, the centrifugal force on the: S
fish becomes S

F;o = -#02k x (kxPg) | _— (10b) )

where # is the mass of the fish and P, is its position vector. Similarly, the a.pparent
mass force is given by :

Fr, = -#'Q%kx (kxP;) , ':'—_ (10c)
where #' is the appropriate component of the apparent mass tensor of the fJ.sh due to 1ts
radial acceleration through the fluid. S

Because of the nonlifting and symmetry assumptions the hydrodynamic forée on the-
fish is equal in magnitude to (1/2) oCpsA,|¥¢|? and acts in a direction opposed to the ve-
locity of the fish, Consequently, the vector drag force is given by

Frp = ~(1/2) oCppAf| V| Vs . . -(106)'
where Cpr is the drag coefficient of the fish, 4, is the appropriate cross- sectmnal area

of the fish, and Vv, is the velocity of the f1sh. From Eq. (6a), the velocity of the f1 h:is:
obtained as ‘

Vez 0k x Py . S (10e)

The total external force on the fish F; is now given by Fp, + Fp. + Fy, + Fz;. Sub-
stituting this in the boundary condition at S = L (Eqg. {(3b)) and further assuming that
Py = P(L) {fully specifies the boundary value-equilibrium problem which determines the
shape of a cable towed in a circular path.

A NONDIMENSIONAL FORM OF THE EQUILIBRIUM EQUATIONS

To determine the important combinations of parameters that appear in the problem,
it is necessary to nondimensionalize the equilibrium equations and boundary conditions,
This is accomplished by dividing all lengths by the towing radius ® and by dividing the
cable tengion by (p+p4)gR. This quantity is chosen rather than the cable weight in wa-
ter or the fish weight in water because, in particular cases, either or both of the latter
two weights may be zero. With these deflmtlons the nond1mens1onal arc length s, the
nondimensional position vector P, and the nond1men51onal tension T become

s=S/R, P=P/R, T=T/[u+pA) gk

Similarly, the nondimensional coordinates x, y, and z of the cable point s are related to
the dimensional coordinates by

x = X/R y = Y/R z = Z/R ,
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and the nondimensional position vector is given by
p-xi+y;+ok. {11}

After substituting these dimensionless quantities into Eq. {2a) and replacing f by the sum
of Egs. (4), (T), (8), and {9a), the complete static equilibrium equation becomes

92 k- 2k x (kxp) = Cyly| Iv*]v® = 0
G\ lgo)rwk-y {kxp) = Cyly| Ivilve = 0., {12a)

where v’f, is the nondimensional normal velocity obtained from Eq. {9c) as

dplde
vi:kxp—[(kxp).d—s]d_s. (lzb}

The nondimensional weight w, rotational frequency y, and drag constant ¢ are defined by

w= (- pAY (g +pAY (13a)

y = 9vE7g = V/Fg , {13b}
ang

C = (1/2) oCpdR/(n + pA) . {13¢)

Coupled {o the equilibrium equations, the geomeiric constraint, Eq. {2b), becomes

dp dp _
Voo qo= b {14}

The boundary condifion at the towpoint, Eg. (3a), now reads
Pl= i | (152)

On substituting for F the sum of Egs. {10a, b, ¢, and 4}, the boundary condition at the
fish, Eq. (3b), becomes in full

()

where the nondimensional fish weight w,, fish mass m=,, and fish drag constant €, are
defined by

= wek = [mp?k x (kxp) + Ceyly| 1k = pl(kx ]| {15b)

s=A e

wp= (W= W)/ [(n + pA) R, (16a)

mp s (WY T(p+ pA)R], {16p)
and

Cr= (V2 oCppAy/(n + pA) . {18¢)

The nondimengional cable length A is defined hy
A = L/R . {17
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Note that » is the only parameter which contains the actual cable length L. Consequently,
this nondimensionalization of the problem ig particularly suited to answering the ques-
tion: If a ship runs at a speed V in a circle of radius #, then what length of cable is
needed to place a towed fish at a certain depth below the center of the towing circle ?

A DISCUSSION OF THE NONDIMENSIONAL PARAMETERS

For the most general case of a cable pulled in a circular path through a dense me-
dium (such as water), seven parameters —four cable parameters w, y, ¢, and A and
three fish parameters wy, m;, and Cy—arise in the equilibrium problem Actually, this
is quite an overs1mp11f1cat10n since the fish has been assumed symmetric and nonhftmg.
and the relation p, = p(a) has been assumed true. Obviously, the latter assumption’ . -
must be mcorrect since the fish is a distributed body; and, to obtain the correét bound-
ary coanditions at the fish, it is necessary to consider its dlstrlbuted configuration and
the actual point of cable attachment The complete set of boundary conditions for an
arbitrary fish have been derived by Strandhagen and Thomas (9); however, these condi-
tions add only complexity and more parameters to an already complex problem and will
be ignored. Even for the simplified boundary conditions given by Eq. (15b), two of the
parameters, =, (Eq. (16b)) and ¢, (Eq. (16c)}, are usually unknown except for very ele-
mentary geometric bodies such as spheres, ellipsoids, etc, This is because of lack of
knowledge of the quantities #' and Cp,. Frequently, however, the apparent mass of the
fish ¥' can be estimated very accurately by analogy with a body of similar shape for
which this quantity has been calculated, Several useful examples are contained in
Lamb (5).

The drag coefficient Cp, is another case, depending extensively on the shape and
alignment of the fish., Fortunately, for solutions of the type desired (the radius of the
fish approximately zero), the term containing C; in Eq. (15b) can be neglected in com~ -
parison with the term containing »r. Note first that the vector quantities k x p and
k » (kxp) are given by

kxp=-yi+xj
and
kx (kxp)=-xi-yj.

Consequently, the centrifugal term in Eq. (15b) is on the order of msy*r;, where ry is
the radius of the fish, whereas the drag term is on the order of C;y?r/4 The ratio of
the drag force to the centrifugal force is then Csry/m, and since it is desired to find
solutions such that r; =~ 0, this ratio becomes vanishingly small. Thus, with little loss
of accuracy, the boundary condition at the figsh can be simplified to

Tﬂ+ 2k x (k = k |
oo ey (kxp) = wrk . -(18)

s=h

By eliminating the drag force on the fish, the equilibrium problem in a dense medium
has been reduced to one with six known (or easily obtainable) parameters.

In a nondense fluid (such as air), where it is permissgible to neglect buoyancy and
apparent mass effects, the number of parameters is reduced to four. In such a medium,
the cable weight w (Eq. (13a)) becomes identically equal to unity, and the fish parameters
w¢ (Eq. (16a)) and m; (Eq. (16b)) become identical, since the weight of the fish W is equal
to Mg.
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In a vacuum {0=0}, only three parameters appear, since the drag constant ¢ {Eq.
{13c)} of the cable vanishes identically,

Furthermore, for the case of a cable to which no fish is attached, the number of pa-
rameters for a dense fluid, nondense fluid, and vacuum become, respectively, four,
three, and two, since in this case w; and mr are both zero, These resulis are summa-
rized in Table 1.

Table 1
Independent Parameters for Particular Towing Mediums
: Boundary Independent :
Medium Conditions Parameters Special Values
Dense Fiuid With fish w, ¥, C, A For desired
Wg, Wy solution Cf =
Without fish w, ¥, C,A wrp =0, mg= D
Nondense Fluid With fish v, C, A w= 1
. Wy My = Wgr
Without fish ¥, C, A w= 1
g = Wg = o
Vacuum With Tish YA w=z1, C=0
Wy mf = Wy
Without fish Y. A w=1, C=0
By = Wp = 0

RESULTANT FORCE TRANSFORMATION AND THE EQUILIBRIUM
EQUATIONS IN COMPONENT FORM

To determine the solution to the set of equilibrium equations, Egs. {12a}) and (14},
subject to the boundary conditions, Eqs. (152} and {18), the eguations must first be ex-
pressed in their component forms. However, it is obvious that a numerical solution is
necesgary, and, congsequently, i is useful o simultaneously reduce the equilibrium equa-
tions to an equivalent set of first-order differential equations. A particularly useful
reduction to a set of first-order equations was introduced by Skop and O'Hara (3) and
termed the resultant force transformation. To effect this transformation, the resuliant
force vector R is defined by

dp
B=7 - {19a)
or inversely by
d
e . R/T . {19b)

ds

Substituting Eq. (19b) into the geometric constraint, Eq. (14}, the tension T is expressed
in terms of the resultant force through the relation

T-R -R. {19¢)
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Eqgs. (12a) and (19b), coupled with the diagnostic equation, Eq. (19¢), form a set of six
first-order differential equations for the three components of p and the three compo-:
nents of R. Ey

Writing
R-Ri+Rj+ Rk,

substituting for p from Eq. (11}, and performing the indicated vector operations in Eq,
{(12a) result in the equations of equilibrium in component form;

X kT
o= R (20a)
—== R/T (20b) . .
and
dz
'&;: /T s (200)
where
T=vVRZ+ R2+ RZ. (20d)
Also,
dR, xR, - YR\ R, -
—_ 2 Cyly] —_ = = 21
ds+yx+ Yly]A[( - )T+Y} 0, (21a)
dR xR, - yR \ R
_K 2 C Y___...x _..y - = 21b
ds+yy+ y!yiﬂ[( 7 )T x} 0, 7 ( )
and
di, XRy - yRAp
— +w+ Crlyla | —]Z= 0, (21c)
ds T
where

3 :
A= 1%2 + y? - (———XRY - YRX) . (214)
T

To complete the specification of the problem, the end conditions must be written in
component form. At s - o, Eq. (15a), these become

x(0) = 1, | (22a)
y(0) =0, (22b)
2(0) = 0, (22¢)
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and af s = a, Eq. (18), they are

R Ay - my2x{(}) = 0, {23a)
Ry - mpyiy(ay =0, {23b)
B (ay - wp=20. {23c)

SCME EMPIRICAL RESULTS

Even in air, there are four independent parameters {see Table 1) that can have an
effect on the equilibrium shape of the cable-fish system. Thus, before attempting an
analytical (numerical) solution of the equilibrium equations, it was decided to perform a
simple experiment to determine some ranges of parametfric values for which the free
end of the cable is stationary below the center of the towing circle. The results of this
experiment showed several unexpected phenomena which are discussed in this section.

The experimental setup, Fig. 2, consisted of a vertical shaft coupled to a motor
driven by a variable autotransformer. A horizontal disk plate, containing a number of
holes to be used as cable towpoints, was attached io the end of the shaft. The cable mo-
tion was stopped by externally triggered siroboscopes, and photographs of the cable
shape were cbiained. The frequency of revolution of the vertical shaft was readon a
motor-controlied counter.

VARIABLE
- AUTOTRANSFORMER
MOTOR COUNTER
Fig. 2 - Experimental setup

Yertical

Shaft

DISK PLATE :

STROBOSCOPES

GABLE

The cable used was a 1/32-in. braided dacron fishing line weighing 0.1824 g/ft. Two
different towed bodies, represented by lead fishing sinkers weighing 14,132 g and 16.416
g, were used. The towing medium was air, and to calculate the drag constant ¢ (Eq,
{13c)), a drag coefficient Cp of 1.2 was assumed. For the results detailed in this report,

the towing radius was 11/186 in.

The behavior of the cable aystem as a function of the independent cable and fish pa-
rameters is best discussed and illustrated with reference {oc some of the pictures which
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were obtained. Figs. 3, 4, and 5 show photographs of the cable projection on th
plane together with the values of the parameters v, A, C, and wy correspondin
particular figure. :

The most important and unusual conclusions to be reached from this exp
concern the nodal point pattern of the cable-fish system. Note that in Fig. 3,
of nodal points (points where x = 0) increases from one to two as y increases from:1.64
to 5.94. Similarly, in Figs. 4 and 5, the number of nodal points increases from two to. -
three as y increases from 2.46 to 4.77 and 2.60 to 7.23, respectively. However; this-
shift in nodal numbers is not marked by a continuous transition with incveasing y.. That
is, theve ave critical values of the votational frequency v at which the cable attempls lo
"ump'' from one nodal configuration to the next. This violent transitional behavior is
vividly demonstrated in Fig. 6 where the system corresponding to Fig, 3 {x=37.8;0
C =0.018, w; = 1352) is attempting to jump from its one-node to its two-node configuration
at y = 3.9. )

Several other physical phenomena which must be predicted by the equilibrium equa-
tions are readily discernible from Figs. 3 to 5. To place these in an appropriate mathe-
matical form, let v, (}, C, w;) represent that value of y for which a fixed system {a, C,
and w, constant) jumps from its (n- 1)st to its nth nodal configuration. Also, et Ry
be the value of the x component of the resultant force at s = 0 (the attachment point of '
the ship and the cable), and let RSN().C,ws) be the value of R,, immediately following

transition to the nth nodal shape. Then, with reference to Figs. 3, 4, and 5, the follow=

ing conclusions can be drawn from the present experiment: : o

1. For fixed € and ws, the critical values of y decrease as » increases. (Fig. 3]5",‘
one node at y = 2.97 vs Fig. 4a, two nodes at y = 2.46; and Fig. 3c, two nodes at y = 5.94
vs Fig. 4c, three nodes at v = 4.77.) This result can be expressed mathematically as

Yen (A1 Cowp) < Yon (AgnCowp) O (24a)

A2 A, - {24b)
2. For fixed C and », the critical values of y decrease as wr decreases. (Fig. 4c,
three nodes at ¥ = 4.77 vs Fig. 5b, two nodes at v = 4.77.) Mathematically, this result -
can be summarized as '

Ven (A Cowpg) < ¥onlACowgy)

' 5:-}_.5‘ .

Wey < Weg oo . (25h)

3.‘Immediate1y following transition dx/ds is negative at s = 0 (Figs. 3a, 4a, 4c, and
5a). Since, from Eq. (20a), the sign of dx/ds is the same as the sign of ®,, this result
gives ‘ S

RROLCowp) <0 L (262)

As ¥ ir‘lcrea.ses, dx/ds at s = 0 becomes continuously more positive until the ne
tion point is reached. (Compare Figs, 3a and 3b, Figs. 4a and 4b, and Figs. 5a anc
Again using Eq. (20a), this means that ..

dR,,

dy
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(@) y = 1.62 dYyy = 2.97 {e} v = 5.92

Fig. 3 ~ Experimental x- z projections for the circularly towed cable system

A= 37.8. C= 0.018, W, = 1352

{a)y = 2.48 B}y = 4.24 )y = #.77

Fig. 4 - Experimental x-z projections for the circularly towed cabie system

A= 52,4, £ = b.01B, W, = 1352

{(ay r = 2.560 yy = 4.77 {eyy = 7.23

Fig. 5 - Experimental x-z projections for the circulariy towed cable system
A= 32.4, C= 0.018, we = 1571
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Fig. 6 - One- to two-node transitional
behavior at v = 3.9 for the ecircularly
towed cable system » = 37.8,C = 0.018,
we = 1352

for .
yc(n—l)('\’c’w!) <Y S Ve (A.Cowp) (260)

No conclusions can be drawn from this experiment concerning the effects of the drag
constant C on the critical values of y. In fact, for most of the cases discussed in this
section, the effect of drag on the equilibrium cable shape is negligible as shown in the
y-z planar projections of Figs. 7 and 8. (As will be shown later, the influence of drag
can be surmised by the amount of deflection of the cable away from y = 0.) The y-z
projection of Fig, 7a corresponds to the x- z projection of Fig. 3a, and similarly for
Figs. Tb and 3b, 7¢ and 3¢, 8a and 4a, and 8b and 4c. It is seen that only in the latter
case has the mﬂuence of dra.g become significant in determining the equilibrium o

ON THE SHAPE IN A VACUUM

The equations of static equilibrium cannot, of course, be used to study the complex
dynamic transitional behavior of the cable, This does not, however, negate their validity
for predicting the onset of unstable behavior and for determining the cable shape when
static solutions are possible. To ascertain whether the theoretical equations do indeed
possess these properties and the additional properties described by Eqs. (24) to (26), it
is useful to make all of the rational simplifications which are possible.

Since the experimental results detailed in the last section indicated small deﬂectloué-_
of the cable away from y = 0 (Figs, 7 and 8), the most natural theoretical mmpllflcatwn
is to assume that

yeo. (a1a)
Substituting Eq. (27a) into Eq. (20b), then, gives
R, =0 . ' (271,)

The null results given by Eqs. {27a and b) identically satisfy the y-directional boundary
conditions at the ship and fish, Eqs. (22b) and (23b), respectively. However, these re-
sults do not satisfy the equation of equilibrium in the y direction, Eq (21b), unless the -
drag constant ¢ = 0. This means, of course, that the assumption y = 0is equlva.lent to
assuming a vacuous towing medmm (see Table 1). Since the experimental value of C was
0.018, the assumption of a vacuous medium for a preliminary study of the equations of
equilibrium seems justified. Note that this assumption, while greatly simplifying the
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{a) y = 1564 by v = 2.97 {c) v = 5.04

Fig. 7 - Experimental y-:z projections for the circularly towed cable system
A= 37.8,C = 0.018, we = 1352

{(a} v = 2.46 Yy = 4.77

Fig. 8 - Experimental y-z projections for the circularly
towed cable systema = 52.4,C = 0.018, w, = 1352

equilibrium equations, retains the basic characteristic which distinguishes towing in a
cirele from towing in a straight line. This is the presence of a centrifugal force acting
on the cable,

The equilibrium equation in the z direction {Eq. {21c})}, when specified to & vacuum
{c =0, w= 1), becomes

dk,
—_— 1+ 1 =0.
ds

The integral of this equation which satisfies the z-directional boundary condition at the
fish, Eq. (23¢), is given by

R, = we+ (A-s) . (28)
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By substituting the values of R, (Eq. (2Tb)) and R, (Eq. {28)) into Eq. {20d).for the: .-
tension T, the solution for the shape of a cable towed in a circular path throughi:a vacuum
can be reduced to integrating two first-order differential equations for x and -k _gbtja-in'e'd _
from Egs. (20a) and (21a}, as oA d

ax _ * S (29a)
ds Jlug v (=) + B2 :
and
dR,
= —}’ZX .
ds

At s = 0, the solution of these equations must satisfy the boundary condition given'by -
Eq. (22a); and since in a vacuum mg = wy, the boundary condition at s = » is derived
from Eq. (23a) as

R (M) - wey?x{Aa) = 0 . (30)

Once the solution for X, has been obtained, the solution for z which satisfies the
boundary condition Eq. (22¢) can be found from the integral of Eq. (20c) as

_ s Wf+ (?\‘é‘-)
N

z

METHOD OF SOLUTION

The formal integral of Eq. (29a) which satisfies the boundary condition x(0) = 1 (Eq.
{22a)) is given by S

1 +J’s B de R
X = B . 32
0 lﬁwf + (,\—f)}? + RS2 . ( 2)

Similarly, the formal integral of Eq. (29b) can be written as

5

SR om

0

where now, however, R, is a constant of integration which must be chosen so that the
boundary condition at s = A, Eq. (30), is satisfied., :

(Note that once some value of R,, has been assumed, the values of x(x) and R, ()
can be obtained by a numerical integration of Eqs. (32a) and (32b). In this report, the
fourth-order Runge-Kutta method (see Ref. 10} has been used to perform the integrations,
and all calculations have been done with the cable length divided into 100 segments.) -

In general, for an arbitrary guess at ®,,, the boundary condition at, s = A is'not .
satisfied. If the error at A, E()), due to this guess is defined by ' S

EQA) = Ry(A) = wpy?x(A) - (33)



18 SKCP

the method of solution then consists of making repeated guesses at R,, until a value {or
values} is found for which E(¢A) = 0. Since this is a hit-or-miss method, it is desirable,
if possible, to bound the values which %, may take so that the search can be Iocalized.
This is easily accomplished.

Consider first x. Since the integrand in Eq. (32a) is bounded between +1, the value
of x{s) can be bounded as

1-58<x{s)y<1l+ s,

Now consider the boundary condition Eq. (30). Using Egs. {32b) and (33), this condition
¢an be rewritien as

A

E(A) = By - wfyzx()L) - y?2 J- xds = 0. (34)
(s

Using the lower and upper bounds of x (s), the term

2

wpy2 x(A) + yzf x ds
o

can be limited to the range

I8 A

H
weyd(1- a3+ yzf {(i-s)ds < wey? x(2) + yﬁf x ds < wfy?(h,\)wij {1+ s) ds .
(i3 0 0

In this inequality, the left-hand side {1.h.s.) gives the minimum value which must be sub-
tracted from R,,, and the right-hand side {r.h.s.} gives the maximum value which can be
subtracted from R,,. Consequenily, from Eq. {34), £(») must be negative if R, is less
than the left-hand side of the inequality. Similarly, E(1) must be positive if ®,, ig
greater than the right-hand side of the inequality., Thus, the range of values of R,, for
which E (1) can possibly equal zero is bounded to

ILhs <R, <rhas
Evaluating the integrals which appear in the inequality, this condition can be expressed
analytically as

2 A? 2)‘2+A(w+i)+w . 35
AR IR/ AR /) ERE T IR A b ! f (35)

All possible solutions of Eqs. (32a and b), subject to the boundary condition Eq. {34),
can now be found by obtaining a plot of E(») vs E,, over the range of values of R,, given
by Eq. (35). Such a curve is called a "solution curve™; and, as stated previocusly, those
values of R,, for which E(a) = 0 are consistent solutions of the boundary value problem.
Note that, within this range for ®,,, there exists at least one consistent solution. This
fcllows from the fact that £()) changes from negative to positive as ®,, proceeds from
the left-hand to the right-hand side of the range.
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THE CHARACTER OF THE SOLUTIONS FOR i < i,
(ZERO-NODE SOLUTIONS)

it is geometrically obvious that no equilibrium cable shape containing a nodal point
can exist if A < 1. However, it does not necessarily follow that a nodal equilibrium so-
lution can be obtained if » > 1. Thus, the condition that » > 1 is a necessary, but not
sufficient, condition for the existence of nodal solutions. In this section, a best value of
A, A, is determined such that for A < . no nodal solutions are possible. Conversely,
since this is a best value, it must follow that nodal solutions can exist if A > A... That
this is true will be shown in the next section of the report.

Recall the experimental result that R,, is negative immediately following:transition
to a higher order nodal solution, Eq. (26a}, and let it be postulated that the best condition
for the nonexistence of nodal solutions can be obtained by limiting the possible equilib-
rium values of R,, to a positive range. According to Eq. (35), this situation can-occur
only if the left-hand side of the inequality bounding R,, is positive. The postulate then
assumes the form that nodal solutions cannot exist if A < A,, where A, is the solution of

)\2
c
"E"Jr Ag(we=1) = wp = 0 .

The physically acceptable solution of this equation (positive A ) is

Ao = L= we 1T+ wf . (36)

The curve of A, vs w, is plotted in Fig, 9. Noie that A, is always greater than unity.

Lo RANGE of ZERO-NODE SOLUTIONS
- T T

0 2 4 & 8 10

=
z

Fig. 9 - The critical value of A, a ., vs w,

'_I‘he proof of this postulate is, unfortunately, numerical rather than analytical and
consists of obtaining solution curves for the triplet (wg, A Sh., v) over a wide ra.ngé of
values. In particular, solution curves have been obtained for all possible combinations of
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we = 0, 10, 20, ..., 100 .

A=A A, ~0.01, A_- 002 ..., 1,
and

y =1, 19, 29, 39, ..., 99 .

By using these solution curves, the eguilibrium values of ., have been found and the
corresponding equilibrium cable shapes determined,

The general shape of the solution curves obtained in these calculations is shown in
Fig. 10, In particular, curve {a) corresponds to wp =0, X = . = 2, and ¥ = 39; and
curve (b to wr = 10, A = A, = 1.05, and y = 19. The curves for all other values of wy,
A = A., and v are similar, as are the solution curves for » < a.. For the latter curves,
of course, the lefi-hand side of the possible range for R,, is greater than zero. A typi-
¢al example is shown in curve {c) for w, = 0, A = 1.8, and » = 39,

E{n)x1073

s/ /

{el w =0,x=1.8,7=38

{0) wp =D hehg 2,7733

b) w210, k) 7LOS, Y19

T T T 1 T > Rx0x10'3
&} [ ¥4 3 4 5 ) 7 8

Fig. 10 - Typical solution curves for » £

T

The most important thing to notice about these solution curves is that for each curve
there exists only one value of £,, for which E(x) = 0. That is, for x ¢ A, there is
only one possible equilibrium cable shape. In Fig, 11, a typical equilibrium configuration
generated by this solution is shown. For this particular example, wy = 0, 2 = A, = 2,
and y = 1. The equilibrium value of R, is given by 3.79886. Note that in thig configu-
ration the x coordinate of the cable is monotonically increasing from x = 1. Obviously,
such a shape corresponds to a non-nodal solution, thereby verifying the postulate that
nodal equilibrium configurations cannot exist if A 2 A..
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Fig. 11 - Typical zero-node cable
stape for » < a_; in particular,
we = 0, A= A, = 2, vy =1

i~

THE CHARACTER OF THE SQLUTIONS FOR A > A,
{(NODAL SOLUTIONS)

To examine the behavior of the solutions for A» > A., a series of solution curves
have been determined for the triplet (wr, A=A.+0.1, y). The values of ws again range
from 0 to 100 in steps of 10, and the curves have been calculated at various values of v.
The character of these sclution curves is drastically different from the curves obtained
for » £ ».. A typical series of curves is shown in Fig. 12 for wr = 0, A = 2.1, and
y = 3.8, 5.0, and 6.2,

Note that for y = 3.8 and 5.0, only one value of R,,, denoted by RZ,, exisis for
which the boundary condition E(») = 0 is satisfied. The cable shape corresponding to
this solution is similar to the shape depicted in Fig. 11; that is, the cable swings outward
from x = 1. However, as v itncreases o 6.2, three solutions which satisfy the boundary
condition becomes possible. These are denoted by RZ,, R, and R2.. The cable shape
corresponding to the solution RY, is again similar to Fig. 11. The shapes corresponding
to R27 and R2! are shown in Fig, 13, Note that the latter equilibrium configurations each
contain one nodal point,

For all of the cases studied with » = a. + 0.1, this three-solution behavior (with the
corresponding zero- and one-node cable shapes) initiates at y < 20 and persists to
y = 100, which is the largest value of y used for calculating the solution curves. Thus,
these results indicate that for » = A, + 0.1 no solutions exist which can generate cable
shapes having more than one nodal point.

As A becomes increasingly greater than ., the nature of the solution curves be-
comes increagingly more complex and interesting. Fig. 14 details a series of these
curves for wy = 0 and A = 10 at values of y equal to 0.5, 1.0, and 1.5. Note that for
y = 0.5, there are three possible solutions of the equilibrium problem. As before, these
are denoted by RZ,, Rf;g, and R2!, and generate, respectively, zero-node, one-node, and
one-node cable shapes. As y increases to 1.0, the number of solutions (and corre- - .
sponding shapes} remains the same. However, the solution Rﬁ{, has become niore nega-
tive while the solution R2; has become more positive, Finally, as v increases to 1.5,
five solutions become possible. These two additional solutions are denoted by RZ5 and
RIL and generate the two-node equilibrium shapes shown in Fig. 15,

Note that these two additional solutions fall between R2f and B2, As has been
demonstrated by other calculations not reproduced in this report, this is a typical and
consistent behavior of the solutions curves, In other words, additional possible equilib-
rium solutions always avise in paivs, and these two additional solutions ave always the
first two solutions divectly to the left of the previous median solution. Thus, in Fig. 14,
when y = 1.5, RY5 and R} are the first two solutions to the left of 25 which is the me-
dian solution when y = 1.0, Similarly, in Fig. 12, when y = 6.2, R2 and k%! are the
first two solutions to the left of R7, which is the median (and only) solution when y = 5.0, .
This behavior, coupled with the fact that £ () changes from negative to positive as R.,
proceeds from the left-hand to the right-hand side of its possible range of values. (Eq.
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Fig. 12 - A gseries of solution curves fora = 2.1, wy = 0

125 -100 -0.75 050 -028 0 0.25 050 075 100
: ; : : : 2%«
Y]
R0 ___’j
br
Rxo 0.25
z

Fig. 13 - One-node cable shapes generated by the equilibriom
values R% and RElford = 2.4, 9 = 0, v = 6.2
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{35)), is sufficient to guarantee that each sclution curve can have only an odd number of
roots, one of which may be a double (tangent) root. Note, for example, that in Fig. 14 the
solution curve for y = 0.5 has just passed the condition of tangency.

Since for i > . it is possible to generate more than one equilibrium sclution, a
small perturbation dynamic analysis about each solution would be necessary to analyti-
cally determine which of the cable shapes are stable and which are unstable. This treat-
ment is quite complex, especially since the equilibrium configurations are known only
numerically. Fortunately, in lieu of a small perturbation analysis, the experimental re-
sults can be used to develop an interpretation of the solution curves.

In the experimental results for fixed » and wr, recall that the number of nodes in-
creases as ¥ increases, that immediately following transition the vaiue of R, is nega-
tive (Eq. (26a)), and that between transitions the equilibrium value of R,, becomes con-
tinuously more positive with increasing y (Egs. (26b and ¢)}. The following interpretation
of the solution curves is then logical and consistent. For fixed 4+ and wg, then,

1. For small y, only one solution, the zero-node solution, is possible.

2. As y increases, and for » > A, a double root is approached. This root is always
to the left of the previous median (and only) solution. The value of ¥ for which the double
root occurs represents a transitional instability. In fact, this value of y is ¥ (2. we)
since the double root generates a one-node equilibrium configuration.

3. As y increases further, the median root (R2] in Figs. 12 and 14) determines the
stable configuration,

4. As v increases still further, the solution curve again approaches a tangency con-
dition if A is sufficiently large, (Recall that for » = . + 0.1 this second tangency con-
dition does not appear.) This double root always occurs between the previous median
solution and the solution directly to the lefi of the previous median solution. The value
of ¥ for which this double root occurs is y.,(}.ws), since this root marks the transition
from a one-node to a two-node solution.

5. As y increases from y.,(x.wr), the new median solution (RYY in Fig. 14) deter-
mines the stable configuration,

6. For sufficiently large A, steps 4 and 5 are a continually repeating process.

To demonstrate the validity of this interpretation, the problem of predicting the
cable shapes shown in Fig. 3 is considered. The calculations are, of course, idealized
to a vacuous medium. For the set of photographs in Fig. 3, the dimensionless cable
length  is equal to 37.8 and the dimensionless fish weight ws i8 given by 1352, Figs.
3a, b, and ¢ correspond, respectively, to rotational frequencies v of 1.64, 2.97, and 5.94.

The solution curves for this problem are plotted in Fig. 16, and the value of the me-
dian root obtained for each y is

for v = 1.64, RXD = 5.543629 ;

for y = 2,97, R,,= 552.265381 ;
and

for y = 5.94, in) = 534.242818 .
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Fig. 16 - Solution curves for » = 37.8, w; = 1352

These roots have been calculated to an accuracy of |E(a)| < 1075, The cable shapes
generated by the median solutions are shown in Fig. 17. The marked similarity between
the theoretical shapes in Fig, 17 and the experimental photographs of Fig. 3 is obvious
and verifies the above interpretation of the solution curves,

SOME QUALITATIVE CONSIDERATIONS

In order to construct a table showing perhaps x(A) and z(A) vs v, A, and wy, it
would first be necessary to construct an auxiliary table which would give the critical
values of y, y.,(»,wr), and the corresponding critical values of R,,, R5(x.w;), 8ince
these values mark transitional points of the stable solution. This represents a masgive
computational problem and will not be pursued here, However, certain qualitative re-.
marks concerning the auxiliary table can be made. '

First, to be in accord with the experimental results, the table should show that for
fixed wy the critical values of y decrease as a increases (Eqs. (24a and b)). That the
theoretical calculations do predict this behavior may be seen by referring to Figs. 12
and 14. From Fig, 12, it is seen that y.,(2.1, 0) ~ 6.2, whereas from Fig. 14,
¥e1(10., 0) = 0.5, Also, irom previous discussions, r_,(2.1, 0), if it exists, is greater
than 100; while, again from Fig. 14, v.,(10., 0) ~ 1.5. ’

The second experimental conclusion (Eqs. (25a and b)) that

ycn(”\‘wfl) < ycn(h‘wf?) if Wry S Weg
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is not always true. That this is 8o can be readily shown. Suppose r» = 2 and wgy = ©
while wgy = 100. Then for wgy, » = A, and no critical rotational speed exists; whereas
for wgy, &+ » A, and thus a critical {inite rotational speed does exist. On the other hand,
as i increases, this character may change. Thus, from Fig. 14, v,,¢10., 0) = 1.5, Con-
sequently, from Egs. {24a and b}, ».2(37.8, 0) < 1.5. Meanwhile, from Fig. 16, it is
geen that y.p(37.8, 1352) > 2.97, Thus

¥e2(37.8, 0) < y.5(37.8, 1352) ,

in accordance with the experimental observations.

CONCLUSIONS

This report has considered, both by experimental and
theoretical means, the guasi-static problem of determining
the shape of a cable towed in a circular path. For the
present, these studies have been restricted to cases where
7 the effect of hydrodynamic drag is negligible.

The results of the experimental approach show many
surprising phenomena, of which the most important is that
for certain combinations of the governing parameters no
stable equilibrium sclufion for the cable shape exists.
Rather, at these combinations of parameters, the system
is marked by a violent dynamic motion between two adjoin-
ing nodal configurations.

To study this phenomenum theoretically, the static
equilibrium equations have been idealized {o a vacuous
medium, It has been shown that the solution to these equa-
tions is not unique. That is, for a given set of parameters,
several equilibrium configurations are possible. The
guestions of stability of equilibrium and onset of transition
have been resolved from these solutions by reference to
the experimental observations. '

7=1,64 ¥=2.97

Unfortunately, the results in this report have been ob-
tained by necessity from extensive numerical calculations.
This leaves as rather undefined the essential physical and
analytical reasons for the behavior of the cable-fish sys-
tem. Noteworthy as missing is a theoretical stability
analysis of the possibie equilibrium shapes, However,
since no drag forces are present in a vacuum, it can be
concluded that the centrifugal force on the cable is the
principal agent responsible for producing the unsteady
40 transitional behavior.

The extension of the methods and arguments in this
report {o the more realistic problem with drag included is

B e tions voned o the by no means trivial. When drag is introduced into the
median root interpreta- equilibrium equations (Egs. (21a, b, and ¢)), there are

tion for the cable system three, rather than one, unknown reaction components at the
A = 37.8, w, = 1352 towpeint. Consequently, the calculation and interpretation

H
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of a solution surface in a three-dimensional reaction space present obvious diffi-
culties,

The results of this report should also serve as a considerable warning to those in-
terested in studying the behavior of a cable towed in an arbitrary path. The fact that the
dynamic boundary value problem can be non-unique poses several questions of. both nu-:-
merical and mathematical stability which should be closely examined. ' e
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