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ABSTRACT

The purpose of this report is to provide an analytical basis for evaluation of
the internal wave system generated by a moving body in stratified fluids which
can be represented by a two-layer structure. In view of the standard representa-
tion of rigid bodies by a distribution of hydrodynamic sources, we achieve our
objective by developing analytical expressions for the disturbance due to a single
source.

Expressions are derived for the velocity field produced by the source, which
may be moving at any depth in the fluid; these expressions require for their val-
idity a disturbance of small amplitude. The method of stationary phase, when
applied to these expressions, yields a simplified description of the velocity field
far behind the source and indicates that the internal wave system possesses sig-
nificant amplitudes in a region limited to the vicinity of the track of the source.
An additional quantity, the displacement function, is introduced in order to
describe the amount by which fluid particles are displaced (in the vertical direc-
tion) from their equilibrium position. We also discuss the physical significance
of the form of the displacement function and the manner in which various para-
meters affect its behavior.
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THE WAKE OF A SOURCE IN A TWO-LAYER FLUID

1. INTRODUCTION

A rigid body moving in a stratified fluid which possesses a strong thermocline (a region in which the
density changes rapidly from one essentially constant value to another constant value) generates a system
of internal waves in addition to the usual surface wave system. This situation represents the operational
environment of conventional surface vessel in many areas of the world. In particular, it applies to areas
such as the Scandinavian fjords and the Canadian inlets where glacier runoff provides a layer of fresh water
over a much deeper layer of salt water.

Our main objective in this report is to develop an analytical basis for the interpretation of the internal
(dead water) waves which occur in such areas. We achieve a certain analytical simplification by replacing
the typical environmental stratification with two homogeneous fluids having constant densities. The effects
of a rigid body moving through such a fluid are approximately equivalent to those of a source, associated
with the bow, and a sink, associated with the stexn. Since the source and sink are equivalent except for
sign, the analytical determination of the disturbance created requires only knowledge of the disturbance
produced by a source moving in a two-layer fluid.

The present work treats the problem of the uniform motion of a two-layer fluid past a point source held
fixed in the flow. Both the top layer, which has finite thickness, and the bottom layer of infinite depth are
regarded as incompressible, inviscid fluids that have constant, but different, densities. As usual, the inertia
of the atmosphere is assumed to be negligible and this yields the condition of constant pressure there. A
further assumption made is that we may linearize the governing equations. An equivalence exists between
this problem and that of the source moving at constant horizontal velocity in the fluid which is undisturbed
far ahead of the source as long as the initial transient features of the starting process are ignored.

This case of fluid flow provides a basis for the treatment of the wave system generated by a rigid body,
such as a ship, moving in an ocean possessing two fluid layers of different densities. It is a standard tech-
nique to replace the body by an appropriate distribution of sources and the addition of the effects of each
source then yields the wave motion accompanying the given body. As for the actual density structure of
the ocean, it changes continuously with depth; but, often an adequate approximation to the continuous
stratification is provided by two layers of different densities. This results in considerable simplification of
the analysis and proves instructive for more complicated situations.

Hudimac (1) dealt with the two-layer system but considered only the case where the effective depth of
the source was less than the thickness of the upper layer; he found a solution for the velocity potential in
this layer and the displacement of the interface. However, his analysis has certain deficiencies. Most trou-
bling are the numerous misprints which occur and render the analysis unfit for use in numerical studies of
actual motions. Also, he based some of his statements about the general nature of the asymptotic solution
on the results of numerical investigation of a few particular cases. In several respects, Hudimac’s treatment
must be considered incomplete. It appears that the problem of the source in a two-layer fluid requires
further development in order to achieve the desired completeness.

Problems related to the above involving more complicated examples of density stratification have been
considered by other investigators such as Grosch (2), who provides further references. Of more interest to
the present work is the problem treated by Crapper (3) of a pressure point moving over the surface of a
two-layer fluid in which attention is focused on general features of the motion.
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The main purpose of this paper is to correct Hudimac’s analysis and to extend it to allow treatment of
the wave pattern due to a source located at any depth. The analytical method employed and much of the
notation follow Hudimac rather closely, thus making for ease of comparison with his results. Our concern
lies chiefly with the internal wave system, since it has not received the attention given the surface wave sys-
tem; however, we do present some analysis and remarks about the surface waves in order to clarify their
role in the present problem.

In the next section, an analysis is given for the case treated by Hudimac of the source in the top layer.

A similar development in the third section for the source in the bottom layer rests upon the earlier work
and results in a briefer exposition. We determine the velocity potential throughout the fluid in both cases
and then obtain asymptotic representations for the region far behind the source. The displacement func-
tion in the far field then follows directly from the form of the velocity potential. Careful consideration of
the development of the analysis provides a more acceptable basis for certain statements made by Hudimac."
Moreover, some of the results are new and provide a better understanding of the nature of the wave pattern.

2. THE WAVE SYSTEM CAUSED BY A SOURCE IN THE TOP LAYER
Formulation and Formal Solution of the Problem

We consider in this section the uniform flow of an inviscid, two-layer fluid past a source held fixed in the
top layer. The top layer has the constant density p and thickness h, while the bottom layer is infinite in
depth and has a density p'. We regard the atmosphere above the top layer as possessing negligible inertia so
that the pressure there must be a constant, which can be taken equal to zero. The x-z plane gives the loca-
tion of the undisturbed interface and the y axis points vertically upward with the source positioned on it a
distance f above the undisturbed interface. Far ahead of the source the flow consists of a uniform motion
of speed ¢ directed toward the source. The geometry of the flow situation is shown in Fig. 1.

FREE SURFACE

z
h SOURCE @
l f

X INTERFACE

Fig. 1 - Geometry of the flow

Since each fluid is assumed inviscid, the problem involves the determination of potentials &, &' de-
scribing the steady irratational motion in the top and bottom layers, respectively. We note here the use of
a prime on a variable to designate that it refers to the bottom layer, while the unprimed variable refers to
the top layer. The boundary conditions are that at the free surface described by
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y =h+n, (x.2), 2.1)
we must have
gf —y= ']1))% 22)
and the pressure must satisfy
p=20 2.3)
while at the interface, given by
y =mn; (x.2), (2.4)
we must have
v=v 2.5)
and
p=p. (2.6)

We also require that the disturbance to the uniform prescribed state vanish at great depths as well as far

upstream of the source.
The pressure in the top layer is given in terms of the flow by Bernoulli’s integral

1 -
p +—2— p |V 1+ pgy = constant, 2.7

where g denotes the acceleration of gravity, and an analogous equation holds for the bottom layer. Employ-
ing the boundary conditions, we find that Eq. (2.7) takes the form

|
p+op(IVP —c) +pgly —h) = 0. 28)
In the bottom layer, we have
’ 1, -2 2 7
pt5p (1717 —c)+pgy —pgh=o0. (2.9)

A quantity useful for describing the disturbance produced by the source is the displacement function
n(x,y,z) which gives the elevation above its initial level of the streamline which when undisturbed was at
height y. This function is defined throughout the flow and satisfies

(2.10)

==
I}
,<
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we can also write

n, (x,2) = n(x;h,z) (2.11)
and

n; (x,2) = 1 (x,0,2). (2.12)

The above equations specify the exact boundary value problem, which is nonlinear owing to the depen-
dence of the pressure on the square of the velocity shown in Eqgs. (2.8) and (2.9). We shall assume that the
source is sufficiently removed from the interface and the free surface to provide at these surfaces only a
small departure from the uniform flow. Then, with

D = cx + ¢, (2.13)

@I

H

cx + gp',
the potentials ¢, ¢ are regarded as small quantities in order to permit the linearization of the boundary
conditions. Carrying out this process, we find that the kinematic condition of Eq. (2.2) at the free surface

is

¢, =cn, ony =h, 2.19)

and the pressure condition (Eg. (2.3)), through use of Eq. (2.8), is
cp, *gn=0o0ny=h. (2.15)
At the interface, the kinematic condition Eq. (2.5) becomes
Y, = cp;, ony =0, (2.16)
and the pressure condition Eq. (2.6) takes the form
pop, + pgn = p'cp, + p'gn ony = 0. (2.17)
If the displacement is eliminated between Eqs. (2.14) and (2.15), the result is

cchxx + gy, = Oony=h. (2.18)

Likewise, at the interface,

pePo, + pgo, = p'cPol, + plegp, ony =0 (2.19)
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and
g, = ¢, ony= 0 (2.20)
as before. The disturbance to the uniform flow must vanish at great depths, and this provides

lim ¢ = 0. 221)

Yoo
In addition, far ahead of the source, a radiation condition is imposed which requires that

lim x!7? gradp=10 (2.22)

X—>oo

and

lim  x12 grad ' = 0.

X~—>00

These results provide the boundary conditions needed to determine the potentials describing the disturb-
ance to the uniform flow.

Use of the Fourier integral representation will enable us to find the solution to the above boundary value
problem. Transforms in x and z will be employed with the transform of a function v (x, y, z) denoted by

vV E6y) = 51}- Jj vexp [~i(x + {z)] dxdz (2.23)
and its inverse as
1 ~
v (X,y,2) = e jg vexp [i (¢§x + ¢z)] dEd¢. (2.24)

To account explicitly for the presence of the source, we write

(2.25)

where m is the source strength and ¢y, is a regular harmonic function; the source lies in the upper layer at
(0, f,0). The differential equations to be solved are

V2, =0

and
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Taking the transforms, we obtain the equations

Gy ~ @29y =0 (2.26)
and
Gy —@2Y =0, (2:27)
where
o2 = £2 4 ¢2, (2.28)
The solution to Eq. (2.26) is
Ty =AY £ B (2.29)
and that of Eq. (2.27) is
7 = A e9Y, (2.30)

where the boundary condition Eq. (2.21) was used in Eq. (2.30).
The coefficients A, B, A’ depend on the transform variables and are determined by use of the transformed
boundary conditions.

Before transforming the boundary conditions, we must substitute for ¢ the expression of Eq. (2.25).
The source term is then dealt with by use of the representation

t o (v—f
[x2 + ( 1f):z + 2212 :21_77 J] e | é(y ) exp [i(Ex +¢z)] dE d¢ (231
X4 - y — z ))

with the positive sign employed if y < f and the negative sign if y > f. This result is not restricted by
the sign of f and will be used again in the next section, which treats the case of the source situated in the

bottom layer.
The transform of the free surface condition, Eq. (2.18), gives

22

~ ~ ~ mc ~
gPpy — C2E20, =mgexp [~ (h -] + —=— exp [~ & (h — )] (2.32)
for y = h. At the interface, Eq. (2.20) provides
Py tme T =3, withy =0, (2.33)
and Eq. (2.19) gives
ot
pc2g2g, + pc?glm 5 =p'c2E2%" — (o' —p) gy, (2.34)

with y = 0.
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Substitution of Egs. (2.29) and (2.30) into the transformed boundary conditions gives

t —wf

WA~ B-WA =—me (2.35)

from Eq. (2.33),

-~
~p2E2(A+B) + [0 252~ ('~ p) g&] A’ = pc2E2m & (2.36)
from Eq. (2.34), and
@0 = c2£2) &M A — (23 + c282) e B =L (o& + 252) ¢ -0 (2.37)
w

from Eq. (2.32). These three equations serve to determine A, B, and A’ by use of Cramer’s rule. The
determinant Q of the coefficients can be written as

Q=3 28 ~ B {10+ ) 28 ~ ('~ p) g3] " + (' - )T + 2 e " | (238)

and, with the solutions for the three functions, we eventually find

G, =P (2.39)
Yy Q .
where
P = (282 +g3) [~ (o +p) 22 + (0 ~p)gB] exp [-& (h— V)]
~(c2E2 4+ g0) (252~ 5&) (0"~ p) ; exp [~ (h—f-y)] +exp [F& (h—f-y)]
+ (282 ~ &)’ (o'~ p) exp [& (h— - y)] (2.40)
and
¢’ = 2pmc2¢2 %eay , (241)
in which
R = (c2£2 - go)exp [ (h—f)] - (c2£2 + g@)exp [~& (h—1)]. (2.42)

These results provide the transformed potentials.
The above transforms lead via the inversion formula to the potentials

2 =Ln_+_12ﬂ_ Jj Pexp [i(§x + ¢2)] dt dg (2.43)

r 2 Q
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and

., pm 2c¢282Re“Y exp [i(Ex + ¢2)]
Yo =3 Jj 3 d¢dg, (244)
where P, Q, and R are as defined above. We use the subscripts to indicate that these potentials are not
those desired since we have yet to satisfy the radiation condition. The correct potentials, however, follow
from the above after further analysis.

The expressions for ¢y and ¢ can be simplified by noting that P, Q, and R depend only on the
squares of the transform parameters. Thus, if we write

exp[i(¢x +¢z)] = cos(dx +¢z) +isin(Ex + ¢z)

in each integral, it is clear that the sine term does not contribute to the value o&the integral due to the
symmetries involved. Likewise, if we write

cos((x + ¢z) = coséx cos¢{z —singx sin¢z,

the second term does not contribute to the value of the integral for the same reason. Furthermore, the
cosine term leads to an equal contribution in each quadrant so that the integration can be taken over the
first quadrant. If polar coordinates are used to describe the quadrant through

£ =@ cosd

(245)
¢ = ¢sin @
then the potentials take the form
"7 M©,3) cos (& x cos 0 cos (52 sin 6
%0 _m . m f f ©,o coi wicos C(f(wz sin 6) 455 do (2.46)
1 w2, (@~ &y)g0,&)
and
2 "2 e Re%Y cos(&x cosb)cos ((z si 6)
; m e wx cosf)cos(Wz sin ~
vy = =2 f f . 0 T aado. (2.47)
n ) J, @ - D) g (6,3)
In these expressions, we have
By = g2 sec? 9, (2.48)

g(0,&) = cos20(p'c2& coshh& + pc2 & sinh h&) - (p'—p)gsinhhdS, (2.49)
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M(@,&) = sec? Ba(czﬁ cos20 +g) [-(p+p")c2& cos28 + (o' —p)g] exp [T —f—y)]
— (2@ cos28+g)(c2&cos28—g)(p' —p) exp [-B(h+f-y)] +exp [-&h—f~y)]

+ (255 cos2 0 —g)? (o' —p)exp [ (h—f-y)] 2 , (2.50)
and
R(8,5) = & [(c? & cos? 6 - g)ew(h D (25 cos20 + g)exp [-&5 (- 1)]. (2.51)
The singularities of the integrands in Eqs. (2.46) and (2.47), which are associated with the non-

uniqueness of the solution, are of crucial importance in determining the asymptotic behavior of the
potentials. They are given by

&=y = g2 secd (2.52)
and
g(0,3;) = 0. (2.53)

These both specify curves in the transform plane and, from Eq. (2.49), we find that

W, ~ o —p sinh & h
& ' ~ ~
0 P cosh wlh +—B, sinh wlh
p
which implies that
o '
1 - ~

—<2Laman<
&g p

This indicates that the curves do not intersect for 0 < 6 < 7/2. The implicit relation of Eq. (2.53) may be
written as

2 . ~
sec” 0 inh h
W = = e , (2.54)
F® cosh &h +-£; sinh wh
p
where the subscript has been omitted and in which
1.2
pc
F2 = (2.55)
Apgh

and

Ap = p' — p. (2.56)
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We shall find that the Froude number F controls the general nature of the solution. For the case of the
source advancing into the fluid which is otherwise at rest, the Froude number gives the ratio of the source
speed to the maximum velocity at which internal plane waves can propagate in the two-layer system.

Those motions for which the Froude number is less than one are termed subcritical, while motions with a
Froude number greater than one are called supercritical.

Some consequences of Eq. (2.54) follow from writing it as

Glh (coth Glh +-B,—> = F2sec?0,
p

2.57)
where the function on the left is an increasing function of &3, h which is equal to one at &3; = 0. Thus, if

F <1 with § in the first quadrant, a solution 51 exists. However, if F > 1, a solution exists only when

F2 cos? 6 < 1,
which yields the condition

(2.58)
The general behavior of the singular curves is indicated in Fig. 2.

-
-
-s

& [
Sl AL }

8 = cos™!(FT)

Fig. 2 - The singular curves in the trans-
form plane (based on Hudimac (1)).

We now examine the radiation condition in regard to the potentials found above. In considering the
behavior of the potentials far ahead of the source, we shall use the result from Fourier analysis that

b sin [x(s — sg)] -
g(i_r?m f f(s) —-—S:—SO—— ds =7 [f(sy +) + f(sp )]

(2.59)
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if a <s; <b. The result is zero if the cosine appears instead of the sine.
The potentials can be written as

m
% =—q+ I+ 1, (2.60)
and
0o =1, + 1, (2.61)
with
@)
m M cos (& x cos ) cos (& z sin 0)
I, =— o = dado, 2.62
=3 J @G wg)20,5) (262
0 0
and
w2 o
M & 0 @ zsin @
I, = m. J cos (wi( coi ) cos (w~z sin 9) 4340, (2.63)
ﬂcz (CO - (JJO) g (0, CO)
0 52

in which 0'32 is chosen so that.c’S1 <&, < 63’0; a similar decomposition applies to cpb. The subscripts denote
the singular curves involved in the integration. This decomposition enables the singularities to be treated
separately.

Our interest lies in the asymptotic forms of the above integrals for large x, and we shall use standard
limit notation to designate these asymptotic values. Consider, then,

2 e
M cos (& 0 & 7 sin 0
lm Iy = — lim J J cos (G x cosf) cos (B zsinb) vy (2.64)
X—reo et X2 (@ - Wy) 8 0,&)
0 &,

We write

cos (& x cos 0) = cos [(G— &) x cos 8] cos (&5 x cos 0)

(2.65)
—sin (&3 x cos ) sin [(&5 — &) x cosB].
If this is substituted in Eq. (2.64), the cosine term does not contribute, so that
lim 1=~ 2 lim J J M cos (& z sin 9) Sir,l (@Bg x cosB) sin [(CJ’:G(BXCOSB] 45540,
X—>00 2 X—>o0 g (6, CO) (w - wO)
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which gives by Eq. (2.59),

m 2 M (8, 35) cos (&5 z sin 8) sin (&3, x cos 6)
lm Iy =~ — do
X—roo g (9,0.?0)
0

This can be written as

sec” 0 exp [—@, (h—f—y)] cos (& z sin 8) sin (&) x cos 6)
lim I, = 4pmg f 0o _ d6. (2.66)
X—>00 o2 woh L (p’-— ) —th
0 pe p)e

We note that this function can be interpreted throughout the top layer and, as can easily be shown, is a
harmonic function there.
The integral I, is dealt with in a similar manner. First, we write

_ 2 M cos (& z sin 8) cos (& x c0s 0) 45346 2.67)
&,) g (6.) & -,
“o) F=F, !

and then use an expansion as in Eq. (2.65), with &3, instead of &3, to get

m /2 M (0,&3,) cos (&3, z sin ) sin (&5} x cos 6)
lim I, =—— j — — a6 (2.68)
X—boo 2 (&) —@y)G(0,5))
a
witha =0 for F < 1,a=0C for F> 1, and
~ og
G (6 =({—=
0.5) =(38)
“1
= p’'c? cos? 0 cosh @h+p' he? cos? 6 @3, sinh &,h
+ pc? cos? 6 sinh &h+ phc? cos? 6 @, cosh & h
—(p' —p) gh cosh & h. (2.69)

As before, the function represented by the integral in Eq. (2.68) can be interpreted throughout the top
layer and is harmonic there. This completes the treatment of the integrals appearing in ¢,.
When the same process is applied to the integrals in %, the results are
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. , 4pmg M2 sec? 0 exp [—G3(h—f—y)] cos (&,z sin 0) sin (&5 x cos )
im I = — — — dé (2.70)
X—>o0 C woh , —woh

0 pe ° +{(p —p)e

and
r/2 R(G,Gl)ewly cos (&, z sin 0) sin (&3, x cos §)
—2pmJ'

~ = = dé, 2.71)
(‘01 ‘w()) G (6,031)

lim I'1 =
X—>o0
a

with @ and G defined as before. Both of these functions can be interpreted throughout the bottom layer
and are harmonic there.

The above results yield the asymptotic nature of the potentials ¢ and g;. Further consideration of
the integrals would indicate that they represent waves far ahead of the source in violation of the radiation
condition. In order to satisfy the radiation condition, the asymptotic forms are subtracted from the
potentials to get

X >0 X >
and
¢'= ¢y — lim Iy - lim I. 2.73)
X > X >

That these functions represent the desired solution is clear from their harmonic nature and their satisfaction
of the radiation condition; the remaining boundary conditions, which are satisfied by ¢, and ¢, continue
to be satisfied by the potentials ¢ and ¢’ because the functions defined by the single integrals represent a
system of waves which satisfy the same conditions as ¢, and apb. We note that the potentials ¢ and ¢’

are symmetric in z as expected.

Asymptotic Form of the Velocity Potential

The solutions ¢, ¢’ for the velocity potential are not in a very useful form; however, it is possible to
get an explicit form for these quantities by considering the region far behind the source. That is, we want
to evaluate

lim o

X —>—o

and

. !
lim ¢,
X —>—c

where the limits are again to be understood in an asymptotic sense.
First consider the potential for the top layer. The double integral appearing in ¢ is reduced to a single
integral by the same process employed earlier. Thus,
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lim Yy = lim (I, + 1),
o=tm_Go™Hh

X —>—o -

with Iy and I; defined as before. It is easily verified that

lim T = - lim I
X —>—= X —>e0

and (2.74)
X—>—w X ~>w=

These lead directly to the result that far behind the source

¢~ — 2lim Iy — 2lim Iy; 2.75)
X > oo X —> oo
and, similarly,
¢'~—2lim Iy~ 2lm I;. (2.76)
X > X —> o0

In these expressions, we note that the functions indicated by the limit notation are defined for all x but
here are to be evaluated far behind the source. They may be written in explicit terms as

wf2
8 pmg J’ sec2 0 exp [&g (h~f—y)] cos (& z sin6) sin (&g x cosf)
o~ - do
2 ~ , —3qh
<9 pe0" + (p'-pye 0
2.7
2m J‘”/z M (8,&51) cos (&5 z sin ) sin (&3 x cosf) )
4= d
2 (@] —@p)G(0,3,)
and
w2 ~ ~ o~
8 pmg J sec? 0 exp [~&g(h—f—y)] cos (& z sin 6) sin (G5 x cosf)
¢~ - de
2 @ h ! _(’:J h
“ 0 pe“0" + (p'=p)ye 70
(2.78)

w2 & ~
/ R(B,&J’l)ewly cos (& zsinf) sin (&1 x cosB)
+ 4pm J

(51 _50) G (9,0’\51)

a

witha=0,F<l;a=0.F>1.

The first integrals in Egs. (2.77) and (2.78) are only slightly influenced by the density stratification as
seen by the form of the denominators in the integrands. It is also clear that one is the analytical continua-
tion of the other. In addition, the depth of the interface h has little influence on these integrals as long as
h—{ (the depth of the source beneath the free surface) and h—y (the depth of the observation point
beneath the free surface) are fixed. The first integrals describe the usual surface wave system which, apart
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from the slight influence of the stratification, the source would generate in a homogeneous ocean of
infinite depth. For further remarks on the effect of the stratification in contrast to the homogeneous case
but for the problem of the traveling pressure point on the surface of a two-layer system, we refer to
Crapper (3). The surface wave system is not dealt with further since it differs little from the homogeneous
case, which has been discussed by several authors (4).

The second integrals in Eqs. (2.77) and (2.78) describe the internal wave system generated by the
uniform flow past the source; we designate them by 1, and I, , respectively, and drop the subscript on &3;
as it is no longer needed. A simplified form of these integrals is obtained by use of the identity

' 1
sin A cos B =3 [sin (A + B) + sin (A —B)]

and by the introduction of polar coordinates (R, 7) to describe the (x, z) plane through

R cos?Y

X
(2.79)
z = Rsin 7.

We find that
1 ~ ~
sin (X cosf) cos (3zsinfh) = Py Im {exp [iR& cos (8 —Y)] + exp [iRES cos (6 —’)’)]}, (2.80)

Also, since & is known in terms of 6 through Eq. (2.54), the integration variable in both integrals can be
changed to &. The integrals become

o dé
Mis
m
I, = Im —_ exp [iIRS cos (@ —7)] + exp [iIR@ cos (6 +7)]} d& 2.81
2 2 G 50605 {exp [ © =] + exp [ © + )} (2.81)
and

R(H,&)eayF
I, = Imj 2pm ———— Nw {exp [iRG cos (6 —7)] + exp [iRc’Bcos(6+7)]}d§ (2.82)
(G~ 3p) G (0,)

b=a&@©),F<1l;b=0,F>1
If we further introduce the dimensionless variable
Z=ha (2.83)
and the quantities

hy (Z) = Zcos (B —7) (2.84)



16 J. M. BERGIN

and
h_(Z) = Zcos(8 +7), (2.85)
then the integrals may be written as
f” { Rhy (Z) T Rh_(2) {
I, = Im T(Z)yexp|i=——— | +exp|i > dZ (2.86)
2 - | h N
and
B Rhy (Z) [ Rh_(2)
I = ImJ B(Z) exp|:i ] +exp | i — | ;dz, (2.87)
7+ h L h ,
where
Z* = ha3(0) for F< 1,
Z* = 0 for F> 1,
dé
M@.&)
m
TZ) = — —— —, (2.88)
C2 ((U_wo)G(e,Q))
and

~ df
R(6,&)ewy EZ

@ -8)G0O,3)

B(Z) = 2pm (2.89)

The integrals are now in a form appropriate for the method of stationary phase. Because of the sym-
metry of the disturbance with respect to the x axis, we can restrict ¥ to the interval

e
—< 7Y <
2

According to the method of stationary phase (5), the main contributions to the two integrals for large R
arise from the stationary points given by

Wy (Z) = 0, (2.90)

h_(2) = 0, 291)

where the prime indicates differentiation with respect to Z. The general form of the main contribution to
the value of I, made by a stationary point (with a similar form applying to I,)is
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1/2

l 2 7h
m

RhZ) | ir .,
Rhu(Z) + sgn h (Z)]

h 4

T(Z) exp E

17

(2.92)

where h(Z) designates the function of either Eq. (2.84) or (2.85). The stationary points depend on 7,

and, if for a given 7y there is no stationary point, the integral is of the order R71 at most.

The condition of Eq. (2.90) can be written as

which gives

or

with

1 dzZ

tan(@ —7) = — — =
m@-MN=735"%
—tany = a—tanf

T 14atand

) 1/2
AsinhZ +Z F2Z A—sinhZ
—tan?Y = -
2F2ZA2—-AsinhZ-2Z sinh Z

A = coshZ +-% sinh Z.

(2.93)

(2.94)

(2.95)

(2.96)

For each Z in the permitted range, the right side of Eq. (2.95) is nonnegative and we find a ¥ which must
lie in the second quadrant. Thus, the terms in the integrals involving h +(Z) make a contribution to the
asymptotic values for 7 in the second quadrant.
As for the stationary points associated with h_(Z), they are determined by Eq. .(2.95) with the sign of
the left side made positive. We find that h_(Z) has stationary points only for ¥ in the third quadrant.
The terms involving h_(Z) need not be considered further since they lead to a contribution to the integrals
such as to insure symmetry with respect to the x axis. This permits us to limit our attention solely to the
stationary points of h4(Z).
We note that the form of Eq. (2.92) requires the function h’y(Z) for which a simple result can be found.
The second derivative evaluated at a stationary point is

2
h'4(Z) = — cos (6 —7) l:sec2 (] —’Y)Z(i—i) +tan (6-7) — <7 9——6-)] .

But Eq. (2.93) gives

d

dzZ \" dz

where, here, ¥ = v(Z). Thus,
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and we finally obtain, at a stationary point,

1 dy

h',;_(Z) = - ;1(_6——7) TZ- . (2.97)

This simple result will prove useful later, in the discussion of the nature of the wave system.
Returning to Eq. (2.95) for the stationary points of h(Z), we see that it defines a relation. ¥(Z). The

behavior of this function is difficult to ascertain; however, there is a simple consequence for the super-
critical case. We must have in this case

6, <06 <—. (2.98)
2
Write
Y=7— 1t
where
™
0<t< 7
then

tan (8 —7) = tan (8 +1t),

which must be nonnegative by Eq. (2.93). This, together with Eq. (2.98), gives

m
b+ t<0+t<—,

so that
m
0. <—-1t
c = 2
or
s 1> in t
co = —2 sint.
Cc F =
Hence,

or, equivalently,

/1
Y=, = 7— sin 1(;). (2.99)
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This result indicates that in the supercritical case there are no stationary points for angles less than the
critical angle 7, ; consequently, the main disturbance is confined to an angular sector symmetric to the

x axis with limiting angles given by 7.

We shall now make the following assumptions about the nature of the 7¥(Z) relationship:

For the supercritical case, we assume that as Z increases from its minimum vatue of zero ¥
increases from its minimum value 7, and approaches the value 7 asymptotically. Figure 3

gives a sketch of the assumed behavior.

For the subcritical case, we assume that as Z increases from its minimum value ¥ decreases
from the value 7 to a minimum value, which determines the limiting angle 7, of the wake
region, and then increases ultimately to make an asymptotic approach to the value 7 as Z
tends to infinity. Figure 4 gives a sketch of the assumed behavior.

T //__
-
-~
7
Ve
/
// y2)
/
/
/
/
/
7
/
/
/
//

e
.

2

Z—»

Fig. 3 - The behavior of the y(Z) curve for the super-
critical case. The dashed portion of the curve repre-
sents the conjectural nature of the curve in the interval
of Z where neither the small nor large Z behavior ap-
plies.

T /——
7
/7
i 7/
/v iz)
\ /
\ /
\ 7/
\ 7
Ye LGP
", =
) Z—

Fig. 4 - The behavior of the y(Z) curve for the sub-
critical case. The dashed portion of the curve repre-
sents the conjectured form for intermediate values of
Z between Z,, and moderately large Z.

A complete analytical justification of these assumptions does not appear possible; and, to avoid their use in
any given situation, a numerical evaluation of y(Z) could be performed. Hudimac made similar assumptions
based on the numerical treatment of a few cases. In the next section, the y(Z) relationship will be considered
in some detail and support will be given for the assumed behavior.

On the basis of these assumptions, we can give the main contributions to the values of I, and I'2 as pro-
vided by the method of stationary phase. For the subcritical case with

T <Ys T
there are two stationary points Z* and Z** which coalesce at y = v, and

5'

12 = Iml

1/2 Rh,(Z*¥) i |

h 4

27h

m T(Z*) exp [1

(2.100)
1/2 Rh, (Z**)
+

h

27h
Rh_:(Z**)

T(Z**) exp l;
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where Z* < Z**. A similar result exists for I'2 with the function T replaced by the function B. For angles
less than the critical angle, there are no stationary points and the asymptotic values of the integrals are of a

smaller order than the above.
For the supercritical case with

there is only one stationary point Z, and

Izwlm{

with a similar expression for I'2 in which T(Z) is replaced by B(Z). Again we find that for angles less than

the critical angle the integrals are of a smaller order than the above.
The quantities T(Z) and B(Z) appearing in the above results were given earlier; but, a simplification of

their form is possible which we now obtain. From Egs. (2.88) and (2.89), we have

27h |1/2

Rh (Z)

[ Rh, (Z) i‘n':l
T(Z)exp i n +-Z- , (2.191)

do

M@, &) —

0, ) Z
(Z—h&,) G @, )

mh

T(Z) = —

) 2
and

~ d6

R (0,0)e”Y —

6,0)e™ 7

B@Z) = 2pmh Z—h&)) G 6,3)

We can write

sec? §
D (2.102)

where

D = ¢2Zcos? 0 — gh. (2.103)

After some simplification, the result that

@
dz = ! (2.104)
(Z—h&5)) G (6, ®) 2p' DZA tan 8 '

is obtained in which A was defined earlier by Eq. (2.96). It is useful to introduce the quantity

C=c?Zcos?0 + gh. (2.105)
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These expressions enable us to write

1 , f
T@Z) = - = C(pC+pD)exp|:—Z<1 ————}-/->:|
c2h 2p’ DZA sin @ cos 8 h h

+(p'—p)CD {exp [—z (1 + %—%)} exp [—Z (1 - % + _}y]_)] } (2.106)

— (' —p) D? exp‘:Z (1 —%—%):D

and

B(Z) = —”T? m{n exp [z (1 - l—i-)]—Cexp [—z (1 - —}i-)] } eZ%. (2.107)

These equations, with Egs. (2.100) and (2.101), give the asymptotic form for the velocity potential associ-
ated with the internal wave system which is confined to an angular region symmetric with the x axis, out-
side of which the disturbance is of a smaller order. The nature of the wave system is discussed later in
terms of the displacement function, which provides a more direct description of the disturbance than does
the velocity potential.

The Nature of the ¥(Z) Relationship

We have found the asymptotic form of the velocity potential associated with the internal wave system
on the basis of specific assumptions concerning the nature of the y(Z) relationship. In this section, we
examine the continuous function y(Z) with a view to giving support to the assumptions made. The
behavior of this function depends on the Froude number, and we consider the supercritical and sub-
critical cases separately.

For the supercritical case, we found that stationary points only occur for

Ve SYST,

where 7_ is given by Eq. (2.99). The dependence of v, on the Froude number is shown in Fig. 5. Itis
interesting to note that the critical angle for the supercritical case is not influenced by the density ratio but
is solely determined by the Froude number. We have then

YZ) = v,

where the range of Z comprises

It is easy to show by Eq. (2.95) that

7(0) = 7, (2.108)
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CRITICAL ANGLE -y, (RADIANS)

1 1 l
o] 05 1.O 50 100
FROUDE NUMBER-F

Fig. 5 - The dependence of the critical angle on the Froude num-
ber with density ratio unity. The value of the density ratio af-
fects the dependence only in the subcritical region; in setting the
ratio equal to unity, we consider a limiting situation.

and

d
<_l> =L E -2 (2.109)
dZ/ 720 p

which indicate that y(Z) is an increasing function of Z near Z = 0 with a slope there dependent on density
ratio as well as Froude number. At large Z, Eq. (2.95) yields the result that

1 -1/2
Ty ~ ——|:F2Z (1 + —‘%)] : (2.110)
2 p

which gives a fair approximation for moderately large Z as well. This relationship indicates that -y asymp-
totically approaches the value 7 as Z tends to infinity. We also have the expression

“172
Y e (1+2 @2.111)
dZ 423/2 P

for the slope in the region of large Z.

The above results essentially determine the nature of the y(Z) curve for either very small or moderately
large values of Z. A sketch of the typical behavior is given in Fig. 3. For those Z which do not lie in these
limiting regions, further analysis is necessary to determine the behavior of the function. This can be
accomplished by numerical calculation for any given case as was done by Hudimac. For our purposes, we
assume that the forms for small and large Z join smoothly in the manner indicated.
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The subcritical case is more complicated. We have in this case
T
0<0 <—
2

and

0<2, <Z<-~,

where the minimum Z m Occurs at 8 = 0 and is found from

AZ _
;EE==F2. | (2.112)

In terms of vy, this minimum value of Z occurs at y = 7 and, as Z increases from Z_, y must decrease
from 7. Consideration of the derivative indicates that as

-7
dr . constant (2.113)
dZ sin 6

which tends to —=. For large Z, Eq. (2.95) yields

-1/2
T— ~ .}_'[FZZ (1 _;__'[_).,)‘J (2.114)
2 p

as in the supercritical case. This demonstrates the asymptotic approach of 7y to 7 as Z tends to infinity.
Between Z  and infinity there must be at least one minimum value of ¥(Z); and, we assume here that
there is only one minimum, which is denoted by . This angle determines the limiting angle of the wake
since for y <y there will be no stationary points. Fig. 4 presents a sketch of the general nature of y(7)
for the subcritical case. Again it seems that the simplest means for examining the behavior of vy for
intermediate values of Z is by numerical evaluation of specific cases. Hudimac gives a calculated y(Z)
which agrees with the general form we indicate.

The conjectured form of y(Z) can be verified for a restricted range of Froude numbers near zero. In
this case, Eq. (2.112) indicates that Z_ is large and is given approximately by

; - 1
m -
<1 +—'3,->p2
p

This result can be expected to hold up to about F = 1/2. Since Z>Z > 1, Eq. (2.95) can be approxi-
mated by

Zl/2

m 1/2
—t = — (Z—1Z 2.115
iy = 57ig @2y @.115)
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for all Z in the appropriate range. This equation indicates that at Z=Z_ and as Z - > we must have y = 7.
It yields the result that

3
Z—— 7
d 2 m
d—;— = Z:T/lz coszy 5 S (2.116)
z —Zm) z —Zm)
The implications of this result are
dy 3
E <0 forZz < -5- Zm s
dy
_CTZ— >0 forZ > Zm’
and the derivative vanishes in the finite range only at
3
Z =?Zm. (2.117)

This agrees with our conjectured behavior for y(Z) in the subcritical case. It follows from Egs. (2.117) and
(2.115) that the critical angle is found from

1

—tan'yc = —_—,
272

which gives

m—v, = 19°28". (2.118)

This is exactly the same as the classical value for the Kelvin wake.
The general condition which determines the critical angle for the subcritical case is

dy
dz

where the derivative is evaluated by use of Eq. (2.95). It is clear that the critical angle depends on Froude
number and density ratio; thus

= £
7() - 70 (F’ p: .

This result is in contrast to the supercritical case where the Froude number alone determines the critical
angle.

From our previous consideration of the range of small Froude number, we can state that the critical
angle is essentially constant over the first half of the subcritical regime. It is also possible to find an
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approximate expression for the critical angle when the Froude number is near one. For this case,Z_ is
near zero and we assume that the minimum value of y(Z) occurs and for Z near zero—an assumption whose
consistency will be demonstrated. We are thus mainly interested in y(Z) for the small Z range. Since

Z = 7(9), we have

y = v0),  with0 < 9 <%.

The condition for the critical angle now becomes

d
—dg =0
with vy given by Eq. (2.94), where
a = 2tané -A—ggshl—n;_%? (2.119)
We find that
—tany = —Za_—ZtEE—(-’—. (2.120)
Z+Zatan 0

From Eq. (2.120), the condition for the critical angle becomes

72 — Z(Za) + 2(Za)* = 0, (2.121)

where the prime indicates differentiation with respect to 8. Expansions for small 6 can be used to solve
Eq. (2.121). From Egs. (2.54) and (2.119), it follows that

!

zZ =% (e + 62 +..) (2.122)
and
Za = 2-‘;-’ 0 +..., (2.123)
where
e =1— F2. (2.124)

Substitution of Egs. (2.122) and (2.123) into Eq. (2.121) yields
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so that at the critical angle we have

€,

N

Il
(RN
‘clb

v 1/2
p /€

Z = 2_ ey

: P (3>

The consistency of the earlier assumption about the location of the value of Z for the critical point is
demonstrated by these results. They provide, through Eq. (2.120),

m -7, =t 3e) 2, (2.125)
e=1-F2

for the approximate value of the critical angle when the Froude number is near one.

We now have approximations for the critical angle valid for small F and for F near one. In both cases
the critical angle depends solely on the Froude number. The behavior of the critical angle for intermediate
values of the Froude number can be determined numerically; and, in Fig. 5, the results of such a calculation
for density ratio equal to one are given. We note that the critical angle is constant up to about 0.5 in agree-
ment with an earlier conclusion. Also, our approximate result for the critical angle when F is near one fairs
in well with the exact numerical results. Calculations of the critical angle were made for

097 <2 < 1.00,
o

which should include the majority of cases relevant to the oceans. The effect of the density ratio is
extremely small. For example, a 1% change in the density ratio produces at most a 1/20% change in the
critical angle for F = 0.75, with this change decreasing to zero as the Froude number is made larger or
smaller than 0.75.

This completes our consideration of the behavior of Y(Z). An analytical basis has now been given for
the earlier assumptions about the nature of this function which enabled us to find the asymptotic form of
the velocity potential. While not complete in form, it does offer more insight than the mere numerical
calculation of different cases used by Hudimac to justify his solution for the velocity potential. The de-
pendence of the critical angle on the Froude number and the density ratio also was investigated with sim-
plified forms found near the endpoints of the interval of subcritical Froude number. An interesting result
is the slight effect of the density ratio on the critical angle for values of the density ratio appropriate for
the ocean environment. Further remarks related to the behavior of Y (Z) appear in the following section
on the displacement function.

Evaluation and Discussion of the Displacement Function

Using the asymptotic form of the velocity potential found earlier, we can proceed to evaluate the dis-
placement function, which is defined in general by Eq. (2.10). Our interest is confined to the region
inside the wake angle which lies far behind the source. The displacement associated with the internal wave
system in this region is found from
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1 9
~— — ] 2.126
nx ¢ ay 2 ( )
and
' 1 a3
A — I, 2.127
Ny ¢ 3y ) ( )

We shall consider first the supercritical case and then the subcritical case.

The above expressions, together with the results found earlier for I, and I5, yield for the supercritical
case

1/2 1 f y
C(pC+ p' D)exp [—Z(l—— —-—-)]
2p'h DA sinf cos® h h

+(p'—p)CD{eXp[ (1+——;ﬂ exp[ (1——+h)]} 2.128)

rormmwten [z )] [F2502 0 1)

2nh
Rh'_'l_ (Z)

m

c3h

Ny ~ —

and

1/2 p,hDi __ {Dexp K (1—%)]—“"1’ [z (- 'tfl_ﬂ}

(2.129)

2nh
Rh'_'F(Z)

, _ pm
nx~ch

y
y AN R —
e M sin [_—Zcos(e ") +—7Til.
h 4

We consider these as differential equations for the displacement function, and from their form it seems
reasonable to assume solutions having the form

m o Iy [RZcos(G—')’) 17]
=~ Fa BN +— 2.13
T R IR ”( 2 hh 7) cos h 4 (2.130)
and
, m , p f vy [RZcos(G—’)’) 71]
~ Fa “—,,'—“,—‘,7 co + —1. 2.131
TR "( P hh > ; h 4 @.131)

In these expressions, the factor
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and the analogous term for the bottom layer are called the dimensionless amplitude functions; the
trigonometric factor in each expression is referred to as the phase term.

It is necessary to find the dimensionless amplitude terms. This is done by evaluating the derivatives of
Egs. (2.130) and (2.131) with respect to x and requiring the results to be identical with the right sides of
Eqgs. (2.128) and (2.129). It is convenient to use

sin 7y
R

Ny = MR COSY — 1, (2.132)

with a similar expression for 7, . The derivatives are to be evaluated to the lowest order, and Eq. (2.132)
indicates that the differentiations need be performed only on the phase terms. Carrying out this process,
we arrive at the results that

y _ 2w
b h’ 7)

h(2)
+ (p'=p)CD {exp [—z (1 + % ——E)] —exp [—z (1—% +%>J } (2.133)

+ (o' —p) D2 exp [Z (1—-—:1 ——i‘ :I)

n(F,—e,,

: 1/2 1 (C (pC+p'D)exp [—Z O—%__Y_ :]

2p'c2 DZA sin 8 cos26 h.

U‘I*—w

and

2m 112

hi(2)

p
p' ' DAsin 6

' p f y _
n(F,p,,h,h,’)’)—

foos[2 (1 —f]-con [-2 (-]} &

These provide the dimensionless amplitude functions and, by Eqs. (2.130) and (2.131), the displacement
function at all depths for the supercritical case.

The displacement function for the subcritical case also satisfies Eqs. (2.126) and (2.127), where there
are now two terms in the asymptotic approximation of each integral due to the existence of the two
stationary points Z* and Z** (Z* <Z**) for each v > . Employing the same process as in the super-
critical case, we find that

m g P f y os [RZcos(H—'y) Tr]
S — s Ty 9y s C - . T
K ”( b h 7> h 4

(2.134)

=

c R1/2h1/2 Z=17%* .
(2.135)
m (F p,fy > S [RZ cos (0 —'y)+ 77:|
- 2 _I 3—7_—’ CO - . -
crizp2 T\ Y h adl, e

with an analogous expression for the displacement in the bottom layer in which the dimensionless ampli-
tude functions above are replaced by those appropriate for the bottom layer. The dimensionless amplitude
functions are given by Egs. (2.133) and (2.134).
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We now have the asymptotic form of the displacement function for both regimes of Froude number.
Hudimac (1) evaluated the dimensionless amplitude at the interface for specific values of the parameters
and gives drawings of the locations of the constant-phase lines. He also presents illustrations of the behavior
of the displacement of each wave system along a constant phase line. In the supercritical case, the wave
system consists of diverging waves which are convex to the axis of the wake (the negative x axis). For the
subcritical case, there are a transverse wave system represented by the first term in Eq. (2.135) and a diver-
gent system given by the second term in Eq. (2.135). The transverse wave system has its crests normal to
the wake axis, whereas the crests of the divergent system are convex to the wake axis and intersect the
boundary line of the wake determined by the critical angle.

The general situation is essentially the same as that for an ocean of finite depth (6). That this should be
so can be seen by the following argument. Since only the properties of the internal wave system are of inter-
est, the fact that the internal wave amplitude is negligible at the free surface (38) can be used to replace the
free surface by a rigid horizontal plane. If we then imagine the entire configuration inverted, we have the
gravitational force directed upward with the heavier fluid resting on top of a lighter fluid of finite depth
with a rigid boundary below. The direction of the gravitational force, however, is mainly important for
determining the static equilibrium configuration. Thus, we expect that the internal wave problem associ-
ated with the source should correspond to the wave problem of a source in an ocean of finite depth with
an atmosphere possessing inertia. The inertia of the atmosphere, while modifying certain properties of the
system such as the wave speed and amplitude, is not of major significance; it is, rather, the finite depth of
the ocean which must be considered of primary importance in determining the properties of the wave sys-
tem. This argument indicates that there should be a general qualitative similarity between our internal
wave problem and the problem of a source in a finite-depth ocean with an atmosphere of negligible inertia.
It also lends further support to the earlier assumptions about the general nature of the y(Z) relationship on
which our solution is based.

We now proceed to examine the properties of the solutions for the displacement. The structure of the
solution is the same for the two cases of subcritical and supercritical flow, with the essential difference
being that in the supercritical case there is one wave system while in the subcritical case there are two wave
systems. Each wave system is described by the product of three factors, each of which can be associated
with specific physical aspects of the displacement. The first factor represents a simple radial attenuation
and gives the only dependence of the amplitude of the wave system on radial distance from the source.
The dimensionless amplitude function describes the effects of angular location, depth of the observation
point, depth of the source, Froude number, and density ratio on the amplitude of the wave system. Next
is the phase term which defines the actual pattern of the wave system. It depends solely on the dimension-
less polar coordinates R/h and v, Froude number, and density ratio; consequently, the pattern of the wave
system is the same at all depths.

The behavior of the dimensionless amplitude function is of interest, especially near the edge of the wake
and along the wake axis. We treat the supercritical case first. Asy - m, we have Z > = and

h!(z) = 0@z=3?), (2.136)

so that

, £ —f
n <F, —E, ,'}_1,'%,7> - 0[23/4 exp (z yh >i| (2.137)
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with a similar result for n (F, P/p', f/h, Y/» ¥). Hence, the dimensionless amplitude tends to zero at the
wake axis. Asy v, ,Z~0,and from Eq. (2.109) we find

lim 7'(.)=— [wi, F2 (F2 — 1)—1/2} 12 (2.138)
Z-0 P
We also have
im  n(.)=1lm 7 (.) ( ~r l). (2.139)
Z-0 Z-0 p h

These results indicate that the dimensionless amplitude approaches a finite value at the critical angle. A
peculiar behavior of the limit for the bottom layer exists in the fact that it does not change with depth.
Further study is necessary in order to describe the manner in which the wave system interior to the critical
angle joins with that outside the critical angle; this should resolve the above difficulty. We conclude that in
the supercritical case the amplitude of the wave system far behind the source remains finite throughout the
wake region.

In the subcritical case, there are two wave systems to be considered. At the critical angle,

h! =0

for both the transverse and diverging wave systems. This implies that the displacement becomes infinite as
the critical angle is approached, whatever the depth may be. The singularity is due to a failure of the
method of stationary phase in the form employed above. A similar difficulty arises in the classical ship
wave problem (5). To find the correct behavior in the vicinity of the critical angle, a more careful consider-
ation is required; it appears that the result will be that, on the critical line itself, the displacement decays
as 1/¥R with a smooth transition from the solution interior to the wake angle to that in the exterior
region.

The behavior of the wave systems is different as the wake axis is approached. For the diverging wave
system, we have Z - = asy - 7, and we can demonstrate in a manner similar to the supercritical case that

n(...)=>0
and
7' (...)>0.

Thus, the amplitude of the diverging wave system vanishes at the wake axis. For the transverse wave sys-
tem,Z~>Z_ and 6 - 0 asy—>n. It is found that

dy 1
— O
d < sin 6)
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p 1
h,(Z) =0
sin? @

in this limit. This singularity in the derivative is overcome by the other factor in the dimensionless ampli-
tude function, and the result is a finite amplitude for the transverse wave system at the wake axis.

We now proceed to discuss certain consequences of the phase term. As noted above, the phase term
defines the actual pattern of the wave system, which is the same at all depths. The general nature of the
divergent and transverse waves has been mentioned earlier with reference made to Hudimac for detailed
calculations. It is clear from the solutions obtained that for each vy lying in the wake region there is a con-
stant wavelength defined along this ray for both the divergent and the transverse waves. In the super-
critical case, the wavelength A is given by

and

B Zcos (0 —7) _ 27 , (2.140)
h \Z)
it attains an infinite value at the critical angle but decreases to zero at the wake axis. The wavelengths of
the divergent and transverse wave systems in the subcritical case are found by evaluating Eq. (2.140) for
the appropriate values of Z. For the transverse wave system, the wavelength has a finite, nonzero value at
the wake axis and does not change appreciably as the critical line is approached. On the other hand, the
wavelength of the divergent system vanishes at the wake axis and increases to attain the value of the
transverse wavelength at the critical line.

The wavelengths defined by Eq. (2.140) for the various cases are the natural ones to use in describing
the wave pattern because they are constant along a prescribed ray. However, at least two other definitions
of wavelength are useful in describing the divergent wave system; the simplicity of the transverse system
with its crests normal to the wake axis and changing only slightly as the critical line is approached does not
require further treatment. We introduce, then, the wavelength A* of the divergent system parallel to the
wake axis and the wavelength A** of the system normal to the wake axis. Both of these wavelengths de-
pend on position but describe interesting features of the pattern.

In order to determine A* and A**, it is necessary to consider the expression for the phase given by

RZcos(@—vy)

B E——— (2.141)
where the minus sign is used for convenience. The phase is formally the same for the divergent system in
both the subcritical and supercritical case and this permits a unified treatment. We shall only be interested
in finding expressions for A* and A** in a restricted region of the wake where some simplification can be
carried out. In particular, we consider that region of the wake where Z is large. This region lies adjacent
to the wake axis and extends out to an angle v for which Z is sufficiently large. It is, of course, necessary
to be at a sufficient distance behind the source for the asymptotic expressions of the wave system to have
validity.

For this region of large Z, we can find a simplified form of the phase. It is clear from Eq. (2.93) that
for large Z

tan (0 —y) =~ 2tan 0
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and, consequently,

1
0—vy) = — .
cos (@ =) 2tan
This leads to the approximate result that
z
Z 0 —7) ~ — .
cos @ =) 2 tan 6

We want this as a function of y, and Eq. (2.95) yields

tan 0

2F2Z <1 + —p,—>
p

—tany =

which gives

1

4F? (l +L,> tan vy
p

Zeos(0 ~v) ~

This enables the phase to be written approximately as

R

4hF? (1 +—§T> tan y

, (2.142)

T
4

in which the dependence on R and vy is now explicit.
An immediate consequence of Eq. (2.142) is the approximate form of the phase lines in the region.

We have

z
tany = —
X
and sufficiently near the wake axis
R =~ — x,
which enables Eq. (2.142) to be written as
x? 4

- (2.143)
4hF2 (1 + —2’—,) , 4

This expression implies that the lines of constant phase are approximately parabolic in the region of large
Z. We note that the phase increases with distance behind the source.
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The wavelength A* is found from Eq. (2.143) as the distance parallel to the x axis over which the phase
changes by 2m. Thus, we have

(x—)\*)2 x2
— = 2,
AhF2 <1 +—p,-> ;.  4hF? <1 + i,) z
p p
which yields
\* ~ 47hF2 (1 + fi,) Z (2.144)
o' ) Ix|

This gives the wavelength parallel to the wake axis as inversely proportional to the distance behind the
source. Also, at a fixed distance behind the source, the wavelength increases with distance from the wake
axis.

For the wavelength \**, we consider the distance along a line perpendicular to the wake axis over which
the phase changes by 2. We then have by Eq. (2.143)

X2 X2
— = 2,
4hF? (1 + ﬁ,) (z—\*%)  4hF? (1 + ﬁ,>z
P P
which provides

o\ (72

A** ~ 8rhE2 (1 +—,> (—) , (2.145)
o X

upon using the fact that A** << z near the wake axis. The wavelength perpendicular to the wake axis tends
to zero as z2 and is inversely proportional to the square of the distance behind the source.

This completes our discussion of the properties of the wave system described by the displacement func-
tion. The main question not treated here is the manner in which the solution interior to the wake region
joins with that exterior to the wake. Consideration of this matter would modify the present solution in the
neighborhood of the critical line, and reference can be made to the literature for the treatment of similar
difficulties in related wave problems (5,6). However, the solution obtained inside the critical angle remains
valid and permits evaluation of the internal wave system generated by a source in the top layer. It repre-
sents a correction and an extension of the analysis given by Hudimac.

3. THE WAVE SYSTEM CAUSED BY A SOURCE IN THE BOTTOM LAYER
The Formal Solution of the Problem

This chapter extends the analysis already given by dealing with the case of a source located in the bot-
tom layer. Hudimac (1) did not deal with this case at all; however, only slight changes are needed in the
earlier analysis in order to find the disturbance associated with a source in the bottom layer. The similar-
ities involved permit a condensed treatment with the same notation used for the various quantities as
before.
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The formulation of the problem for the source in the bottom layer leads to the Eqs. (2.18) through
(2.22) for the determination of the potentials describing the disturbance of the uniform flow. To account
for the source in the bottom layer, we write the potential there as

! ! N m
1
where ¢, is regular and
1/2

We note that here and in the following analysis f is a negative number since the source is located below the
interface.
For the determination of the potentials, we have
Vigp =0 (3.3)
and

V2= 0 (34)

in the appropriate regions. The Fourier transform representation and the boundary condition at infinite
depth lead to the solutions for the transforms of the potentials in Eqs. (3.3) and (3.4) given by

=A% + BeYY 3.5)
and
gL o= A (3.6)
It remains to find the coefficients A, B, A’, which depend on the transform variables, through use of the

transformed boundary conditions.
From Egs. (2.18) through (2.22) and (3.1), the transformed boundary conditions are found to be

g, = Ppy — mexp(@f) on y=0, 3.7
~ i ~ ’ ~t ' exp Gf)
pc2E23 + (p'=p)gd, = p'c2E2F, + mp'c2£2 ——é— on y=0 (3.8)

w

and

_C2§2a’ +g'¢'y= 0 on y:h (39)
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Substitution of Eqgs. (3.5) and (3.6) into the above leads to the system of equations

TA - BB - &A= —mexp (&), (3.10)

' ] ~TY ! ' ' ~ €X 6’
—p2 2 (A+B)+ [p'2E2 (o' ~p)gdA = —m[p £+ (p ~p) g ) ——pé—f) : (3.11)
(@& — c2£2) @M A— (g5 + 2£2) P B = 0. (3.12)

The left sides of these equations are identical to those in Egs. (2.35) through (2.37), but the right sides
now reflect the change in source location. Equations (3.10) through (3.12) can be solved by Cramer’s rule.
The determinant Q of the coefficients is precisely as in Eq. (2.38) and, solving for the three functions, we
find by Egs. (3.5) and (3.6) that

7 = 2p 'mc2g? S (3.13)
Q

with
S = (c282—gd)exp [ (h+f-y)] — (c2E2 +gd)exp [G(F—h+y)] (3.14)

and
oy = m% ey (3.15)

with
W= (282 +e®) {(o'~p)(2E2-g@)exp [ (E+h)] (3.16)

+ [(p+p) 2 E2+ (o'~ p) 8] exp [ (F -1}

The inversion formula provides the two potentials

oo

20 2§28
0 = — sS LQE— exp [i (Ex +¢7)] dEdg (3.17)

- 00

and

@y
s We © exp i (gx +£2)] dEdt, (3.18)
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where the zero subscripts indicate that these potentials are not those desired, since we have yet to satisfy
the radiation condition. By use of the symmetries involved in the integrands of Eqs. (3.17) and (3.18) and
introducing polar coordinates (33, ) to describe the transform plane, we eventually find that

’ 2 e ~ ~ o i
.0 - 2p mj"’J S©,) cos (fxcosf’)jos ©@zsinf) ~4p (3.19)
L N § (&~ ) g 0,)
and
w2 e _ ~ ~
‘p;) _m _nlj‘ j N(e,w)ewy~cos~(wx cosﬁlcos (&5z sin 9) 45 do. (3.20)
I LIS R | (B-&p)g(0,0)

The definitions of &3y and g(@, &) are given by Eqgs. (2.48) and (2.49), and we have
S@,3) =& ;(c2 & cos? @ —g)exp [B(-y+f+h)] — (c2&cos? 0+ g)exp [ (y+f-h)] ; 321
and

N@,&) = —(@+ ) 3 (0" = 0) (c2 & cos? 6 —g) @@+ (3.22)

+ [(p+p) 2 cos? 0+ (p' —p)g] e @~ % :

In order to satisfy the radiation condition, we proceed to examine the asymptotic behavior of Egs.
(3.19) and (3.20) far ahead of the source, for which the singularities of the integrands have paramount
importance. The singularities are exactly as in the earlier case (see Fig. 2). A process exactly as employed
in the previous section can be used to find the asymptotic forms of the potentials. The inner integration
is split up through introduction of a curve &, such that

By <@, < 3y,

and this enables us to write

v = 1; + I, (3.23)
! m ’ ’

=—+ I +1 24
‘pO rl 1 0’ (32 )

where the subscripts indicate the singularity involved in the integrals. We find that

lim Iy = de, (3.25)

X oo C2

4p'mg J’"/2 sec? 8 exp (&g (v + £~ h)] cos (Byzsin§) sin (&3 x cos )

Soh &b
0 pe 0 + (p'=p)e 0
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m/2 S8, ) cos (&3 z sin 0) sin (631X cos)
lim I; = —2p'm —— — de, (3.26)
X e (&) &) G 0,0y)

] ™2 sec2 8 exp [y (v + f—h)] cos (&3 sin ) sin (&S x cosh)
lim 1) = 4p mg I 0 0 0 4o, (327)

X —>oo c2 ~

Goh , o
pe0t + (p'—pye 0

0

and

J-ﬂlz N(8,87) exp (&, y) cos (& z sin ) sin (&34 x cos )
dé

(51 -Go)G(Q,aﬂ

lim I} = - m (3:28)

X —>e0
a

In these expressions, the limit notation indicates the asymptotic values of the integrals involved and

asin Eq. (2.69), with a=0 for F < 1, a = 6. for F > 1. The angle 6 is again given by Eq. (2.58).
We now define

¢ = ¢y — lim [j —lim I (3.29)
X~»00 X o
and
¢'= ¢y — lim Iy — Lim Ij. (3.30)
X > X —>oo ‘

Here, as before, the quantities indicated by the limit notation represent functions which can be interpreted
throughout the top or bottom layer, whichever is appropriate. The functions defined by Egs. (3.29) and
(3.30) are harmonic and satisfy the boundary conditions as well as the radiation condition; thus, they
represent the potential in the top and bottom layers associated with the disturbance to the uniform flow
produced by the source in the bottom layer.

Asymptotic Form of the Velocity Potential

We now proceed to determine the state of the flow far behind the source where Eqs. (3.29) and (3.30)
may be greatly simplified. First, the potentials in Eqs. (3.23) and (3.24) are simplified by noting that

X—>—e X—>
and

X—>r—o X >oo
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with analogous results for the primed quantities. These results provide

I

lim ¢ = — 2lim (10+Il)

X—>—o00 X—>c0

' /2 2 3 _ ~ o
- 8p'mg rlesec” 6 exp [ (v + £~ h)] cos (&g z sin 6) sin (wo x cos 9) 10
2 wnh —&hh
¢ 0 pe 0+ (p'—p)e “0

2 58, @3 )cos (&) z sin0) sin (&3, x cos 0)

+ 4p — — do 3.31
pm @, — 3, G 6, &) (3:31)

a

with a = 0 for F< 1,a=0c for F> 1. Similarly,

, o) 2 ~ o ~ . s~
. ,  8o'mg 12 sec?  exp [&y (v + f—h)] cos (@, z sin 0) sin (&) x cos 0)
lim ¢ =— = do
0

> oo 2 @qoh , —&gh
g ¢ pe O+ (p'=p)e O

/2 N (0,65,) exp (&, y) cos (&5 zsin 6)sin (&5, x cos §)

+2m j de (3.32)

@, =3y G6,&))

a

with a given above. Comparing Egs. (3.31) and (3.32) with the results obtained for the source above the
interface, we identify the first terms in each equation with the usual surface wave system, slightly modified
by the stratification.

Only the internal wave system will receive further treatment; it is described by the second integrals in
Eqgs. (3.31) and (3.32), and these integrals will be designated by I, and I;_, respectively. A form of these
integrals appropriate for the method of stationary phase results upon introducing the polar coordinates
(R, ) to describe the x, z plane and by changing the variable of integration to 51 , which can henceforth
be written without the subscript. Thus, with

Z = hé,
we have
1 =Imj T(Z)jexp i-}ih,r(Z) + exp iB-h_(Z) l-dZ (3.33)
pmim ) t@jen [ign@] e [ifho]{e
and
I =ImJ B(Z)%exp 15h+(z) + exp iB—h_(Z) sdz (3.34)
) [r@] - o [ifeo)
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where
Z* = h(0)for F<1,
Z¥* = 0forF>1,

h,(Z)and h_(Z)

are given by Egs. (2.84) and (2.85),

. do
20mS EZ
TZ) = ——— — 3.35
@ (w—wO)G(G,w) (3.35)
and
dé
mN exp <Z%>-d—z

@ -3, G0,

Equations (3.33) and (3.34) are formally the same as Eqs. (2.86) and (2.87) with the difference between
them given by the new expressions for T(Z) and B(Z) appropriate for the new location of the source.

The approximate evaluation of Eqgs. (3.33) and (3.34) for large R can now be carried out by the method
of stationary phase according to which the main contributions to the integrals arise from the stationary
points given by

h;(Z) =0
and

h_(@ =o.

These are the same conditions as those that arose for the case of the source in the top layer and have
already been treated in the previous section. The symmetry involved allows us to restrict 7y to the second
quadrant, and this implies that only the stationary points of h, (Z) need be considered. Thus, the stationary
points are determined by Eq. (2.95), which represents a relationship y(Z). In the previous section, the
nature of this relationship received detailed treatment; and, it was found that in both the subcritical and
supercritical regimes of the Froude number there is a critical angle v, such that for y <7, no stationary
points exist and the disturbance is of a smaller order than that interior to the wake region.

In the supercritical case for y, <y <, there is for each y only one stationary point, and the integrals
take the approximate form

1 RL(Z) |
2nh . + im
Rn’(2) T(Z) exp |:1 —-———h + 2 } (3.37)

+

IZNIm
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and

2mh 12 B [ Rh,(Z) im
m (Z) exp | i o + 7| (3.38)

where Z denotes the stationary point. We note that by use of Egs. (2.102) through (2.105), T(Z) in Eq.

(3.35) can be written as
y f y f
-2 + =4+ 1) - Z (<L + —~——
D exp [Z < T T ﬂ C exp [ ( T 1)]

TZ) = — .
z) h DA tanf (3:39)

=~ Im

and B(Z) in Eq. (3.36) as

C{(p'—p)D exp [7<—l§ + 1>]+ (p'C+pD) exp [Z (Tfl — l>]}exp <z%>

B(Z)=—

2'c?h DZA sin 8 cos 8 (3.40)
Equations (3.37) through (3.40) specify the asymptotic form in the supercritical case of the velocity
potential associated with the internal wave system in the wake region.

The subcritical case fory <y < involves two stationary points Z* and Z** (Z* < Z**), which
coalesce at y,. We have in this case
1/2
I I 27h / T@* !: Rh, (Z*) iﬂ]
~Im | === exp || —— — —
2 RR7(Z*) P h 4
(341
1/2
vl 27h T |: Rh, (Z**) + iﬂ]
m (= exp || ——— + —]1,
Rh{(Z*¥) P h 4

where the function T(Z) is given by Eq. (3.39). I'2 has a form similar to the above with T(Z) replaced by
B(Z), where B(Z) is given by Eq. (3.40). This completes our evaluation of the asymptotic form of the
velocity potential associated with the internal wave system.

The Displacement Function

The asymptotic form of the velocity potential provides a means for the determination of the displace-
ment far behind the source through the equations

1 o
~ — — 1 342
L c 3y 2 ( )
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and
nx o= — 12' (3.43)

This displacement, of course, describes only the disturbance produced by the internal wave system.
We first consider the supercritical case, for which the right sides of Eqs. (3.42) and (3.43) may be
evaluated by use of Eqgs. (3.37) and (3.38). As in the second section, the solution for the displacement

function can be immediately obtained in the form

~ g <F L Ly Y cos[—————-————chos(eﬂy) +—ﬂ—] (344)
CRI/th/Z » pl7 hr h: h 4 . K
and
n =~ -0 n'(F £ —f -}i v cos [_—__RZ cos 6 ~v) +—1L] (3.45)
cR1/2p1/2 o' h’ R’ h 43" '
where the dimensionless amplitude functions are given by
<F p fy > o |12
n o ¥ "h—:(zj
(346)
y  f y  f )]
D Z(—=+—+1) [+ = +——1
oo |z (hrar )]ee on[2(F43
DAsin 6
and
(g P LY | on 12
n(:p,9h:h,7>— h;/-(z)
y
Z_ﬁ (347)

C«{(p'—p)D exp [Z(—lfl-+ l>]+ (p'C+pD) exp [Z(—i—— 1>:|}e

20'c? DZA sin 0 cos? 0

We note that Egs. (3.44) and (3.45) are formally the same as Eqs. (2.130) and (2.131); the only difference
between them occurs in the new forms of the dimensionless amplitude functions.
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For the subcritical case, Eq. (3.41) and an analogous expression for the bottom layer are used in Eqgs.
(3.42) and (3.43) to find

N~ m 0 <F,£“i,l’7> COSI:RZCOS(H—’)’)__W:I
RL2p112 p’h’h h 411,
(348)
. BT . Y
cRI/2 12 p h'h h 41| gozex

and a similar expression for the displacement 1’ in which the dimensionless amplitude function

7'(F, P/p', lc/h, Y /s v) appears in place of n(F, p/p/, f/h, Y/h»7). In these expressions, the dimensionless
amplitude functions are defined by Eqs. (3.46) and (3.47). We again note the similarity with the result in
Eq. (2.135) for the case considered in the second section.

The similarities of these expressions and those obtained in the previous chapter permit a brief discussion
of the properties of the displacement for the present case of the source in the bottom layer. We have, as
before, the amplitude of the displacement exhibiting a radial decay of 1/2/ R. Also, the phase terms are the
same as in the previous case, and the discussion given there applies as well. The most important implication
of the phase term lies in the fact that the wave pattern does not change with depth. Thus, we see that the
location of the source only influences the dimensionless amplitude functions and, through them, the mag-
nitude of the displacement.

A matter of some interest is the limiting behavior of the displacement at the wake boundary y = 7, and
at the wake axis y = m. For the subcritical case, we again find that there is a singularity in the displacement
at the boundary of the wake on account of the vanishing there of h:(Z); however, this is associated with a
failure of the method of stationary phase in the form employed above, and further analysis would correct
this difficulty. At the wake axis, we find that the amplitude of the divergent wave system vanishes while
the amplitude of the transverse wave system approaches a nonzero limit, exactly as in the earlier situation.

In the supercritical case, the amplitude of the divergent system tends to zero at the wake axis as before.
However, at the boundary of the wake, we find that

. .p fy

lim 7 (P,—,,—,—, 7> =0 349

Z-0 p " h h (3:49)
and

lim n'(F,ﬁ,,—f-,-Y-,7> = 0, (3.50)

Z—0 P h'h

which imply that the amplitude of the divergent wave tends to zero at the wake boundary regardless of the
depth. The results in Eqs. (3.49) and (3.50) differ from Eqs.(2.138) and (2.139) and indicate a peculiar
dependence of the dimensionless amplitude functions on the source location. The question of the behavior
of the displacement in the vicinity of the wake boundary and the manner in which the solution interior to
the wake joins with that in the exterior region requires a further development of the analysis given above
and is not dealt with any further in this work.
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4. CONCLUSION

The objective of furnishing an analytical basis for the interpretation of “dead water”” waves has been
accomplished through the analysis developed in this report. Although we have dealt with a source moving
in a two-layer fluid, the disturbance generated by a rigid body regarded as a source and a sink can be
determined immediately from the results obtained in this report. Detailed calculations indicating specific
properties of the internal wave system associated with a dipole will be given elsewhere (9). We now proceed
to summarize the specific results developed in this report concerning the disturbance caused by a point
source.

We have obtained expressions for the velocity potential which describes the disturbance of a uniform
flow in a two-layer fluid produced by a source located in either the top or bottom layer. As noted in the
introductory remarks to this report, the situation of uniform flow past a fixed source is equivalent to the
case of a source moving at a constant rate in the fluid which is at rest far ahead of the source. The expres-
sions found for the potential require that the waves have a small amplitude in order to permit linearization
of the boundary conditions. A simplification of the solution resulted by considering the region far behind
the source in which the method of stationary phase yields an explicit, approximate expression for the
internal wave system accompanying the source. The Froude number F, which gives the ratio of source
speed to the maximum phase velocity, significantly influences the nature of the disturbance and should be
regarded as the main parameter for describing the internal waves. There is also a surface wave system
present; however, it differs only slightly from that found in a homogeneous fluid of infinite depth and no
detailed treatment of it was necessary.

The most significant result of the approximate solution is the limitation of the main disturbance to an
angular sector symmetric to the track of the source. Within this region, the magnitude of the disturbance
decays as 1/VR, with R denoting the distance from the source measured in a horizontal plane. Calculations
of the angle defining the wake boundary in the subcritical regime (F < 1) indicated an exceedingly small
dependence on the density ratio when this ratio takes values near one; in the supercritical regime (F > 1),
the Froude number alone defines the angular extent of the wake. Thus, the Froude number essentially
determines the wake angle in all cases.

By use of the approximate expression for the velocity potential, the displacement function was deter-
mined for the internal wave system. The displacement function specifies the vertical displacement of
streamlines from their undisturbed position and provides a direct description of the properties of the
internal wave system. Interpretation of the form of the solution for the displacement function revealed
a situation qualitatively similar to wave disturbances produced in an ocean of finite depth; and, an argument
was presented as to why this similarity exists. In the subcritical regime, we have a converging wave system
and a diverging wave system in the wake region; but, in the supercritical regime, only a diverging wave sys-
temn exists with crests that ultimately become parallel to the wake boundary in the far field. Two wave-
lengths, each differing from the wavelength normally used to describe the wake, were introduced in the
discussion of the diverging wave system. One wavelength is measured parallel to the wake axis, whereas the
other is measured normal to the wake axis. Simple expressions for these wavelengths were found for a
region adjacent to the wake axis where they provide interesting information about the nature of the diverg-
ing wave pattern.

Certain aspects of the wave pattern have not been treated adequately, neither here nor elsewhere in the
literature. The behavior of the displacement in the immediate vicinity of the wake boundary represents a
primary question deserving further treatment. We have previously noted that for the subcritical case
reference can be made to other works which deal with this question in related wave problems. On the
other hand, it appears that the question has yet to receive attention in the supercritical case. One aspect of
the wave pattern omitted from this report, but of limited interest, is the behavior of the wave pattern near
the source—that is, the near-field behavior. However, both the vicinity of the wake boundary and the
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near-field region have a limited spatial extent which restricts their importance for most investigations con-
cerned with the wave pattern of a source.

It has already been mentioned that the problem treated in this work was studied by Hudimac (1). How-
ever, he considered only the case of the source located in the'top layer and evaluated the displacement for
the interface alone. Quite apart from correcting many misprints in his paper, we have also carried out the
analysis for the situation in which the source is located in the bottom layer; and, for each case of source
location, the displacement associated with the internal wave system has been evaluated for all depths.
Moreover, our expressions for the displacement far behind the source have a simpler form than those given
previously.
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