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A NOTE ON INCOMPLETE INTEGRALS OF CYLINDRICAL FUNCTIONS

INTRODUCTION

The class of cylindrical functions C includes Bessel functions of the first kind J, modified
Bessel functions 7, Bessel functions of the second kind or Neumann functions Y (or N), Bessel func-
tions of imaginary argument or MacDonald functions K, and Bessel functions of the third kind that
include Hankel functions of the first and second kind, H M and H?.

The general incomplete Lipschitz;Hankel integral of cylindrical functions C ,(z) is defined as the
function of two complex variables:

C, (a,2) = 5: % thC (1)t . )

Here the symbol e denotes the preseace of the exponential function and g, » may be complex.
Analogously, we define integrals that contain the functions sin (az) and cos (at) in place of exp (at):

G, a,2) = | sin (@) t*C,(0)dr )
C. @,z = jg cos (at) t*C ,()dt . 3)

To assure convergence of C, (a, z) and C; (a, z), it is necessary that Re (x + 1) > |Re »| when

C=K,Y,HY, H®; Re (1 +u+ ) > 0 when C = 1,J. When p = », we define, for exam-
ple, C, = C, where for convergence Re g > —1/2 for all C.

Integrals of the type given by Eqgs. (1) to (3) occur very often in applied mathematics. Agrest
and Maksimov [1] have found representations for C, (a z), C; (a z), and C, (a Z) using incomplete

cylindrical functions. In this report we give representatlons for C, (a z) G (a,2),

CC (a, z) using only the Kampé de Fériet double hypergeometric functions FY: 9:2; 20 Sx, y]

PRELIMINARY RESULTS AND DEFINITIONS

To begin, we summarize some results that are found in Ref. 2, p. 85: Let a and b be arbitrary
constants,

F,(z) = al(2) + bei”’rK,,(z)

G,z) = aJ (2) + bY ,(2)

i:H=F 1:
*=ltH=6 F=o

H=F
H=G

Manuscript approved February 24, 1638.
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Then

-Z;

B
jzt“H,,(t)dt ¢ 2 [+ v — DeH,@s, 1, ,-1(@2) + 28 — DazH,_ (s, (a)], (@)

where the Lommel functions s, , are given by

Tl u—v+3 pu+p+3 —z2
= Fy 11, ) ; 5
S, A2) (u—v+1)(u+v+l)l2{ 2 2 4 )
Now defining
1: ¢C=1,K 1: C =K
§=1-1.c=H,0,y "S-t C=H11JY
we may deduce from Egs. (4) and (5) the result
z 2+t p—v+3 put+vrv+1 £7?
t'C(t)ydt = ——— 1 C Fy | 1; , -
(REHO) #_Hl{mlz{ > > 4
nzC, _ 1(2) - 2
+ 1 F 1;” V+3,[L+V+3;EL ' ©)
p+v+1 2 2 4

We define the Kampé de Fériet double hypergeometric functions L and Q and give associated
generating relations [3, 4]:

L a; B |
Lo, 857, 8 x, y] = F3§) x,y |, lx] <o, |y| <o
Ly, 6 |
o, By
Ola, B, v py v, N x, y] = FI3) x,y |, x| <o, |y <o
|, v N |
ot (a)m x'"

Llo, B3y, 0, x, y]1 = Y]

Fy[B;m + v, m + 6.y
m =0 ('Y)m(a)m m! 1 2[6 m v, m \]

. . _ b (a)m (B)m ﬂ . ..
Qla, B, vip, v, N; x, y] = mzz:o ——(ﬂ)m(l’)m()\)m 1 Folvim +p,m + viv]. @)

It is easy to see that the function L is a special case of Q:

Olo, N\, B; 7,0, M, x,y]1 = Lio, B85 7, 6; x, y].
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For brevity we define the parainei.r lists

+v+1 - v+ 1 + v+ 1 -—v+3 1
Al(l"’ay)EIL 2 1M 2 al;”’ 2 7lL ; 15
+r+1 p-v+1 +v+3 p-v+3 1
A, v) = £ > , £ > 1 £ ; , £ ; =y
+ v+ 2 —v+2 +v+2 —v+4 3
Bl(.u’ﬁ V) = & 2 > = 2 51; L ; s £ ; ’E
+ v+ 2 —v+2 +v+4 —-v+4 3
By m AEEHD L ED g p¥vid porvid 3
1 1 3
DI(M)EE+”’1;E+”’E
1 3 3
Dywy =5 +m i+
EI(M,V)E1+;2/.+V,2+;21,+V’1;2+g+1/’3+/21:+V,1+V
EZ(M’V)E1+g+v,2+g+v’1;3+g+v’4+g+v’1+y
1 3
Fl(#)55+#,1;1+u,3+u
1 3

REPRESENTATIONS FOR Ceu. (a, z), Cs“‘ (a, z), ch (a, z)

Substituting the Maclaurin series for exp (ar) in Eq. (1) and splitting into even and odd terms
we obtain on integrating term by term

oo 2n 1 +2n

C, @z)=Yx — S;t"+2"C,,(t)a't + ff |

Z
(bt et 2ne (dr .
&L @) & 2m) A*)

0

Then using Eq. (6) and the generating relation Eq. (7) we obtain after a tedious but straightforward
computation the principal result of this note
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C, (a.2) =2

we may write

C. (a2 =

4

57 G @, 2) — €, (—ia, z)}

2 {Cew(ia, z) + Cew(—ia, z)}

244 _ 2.2 2
az a<zc &
=% By s
Csp.v(a’ Z) #—V+2 {CV(Z)Q{ 1 4 2 4 :,
2.2 2
7z . —azt &
——C,_ B,; y = —

C., (a,z2)=—=

_mn
pt+v+1
For p = », Egs. (8) to (10) reduce to

C,la,z) =z T#C,(2) {L [Dl;

1+p —a%? g2
——— 5 C Ay , ——
" V+1{”(Z)Q{‘ 4

4

_ 2.2 2
CV_1<z)Q{A2; o %B

a“z &2 az e
—_— = + —_— B 5 ; —_

1 a’zs?  £7? az
+ﬂ22+“cu~1(2){1+2uL{D2; 4 ’%‘ "

La%? &@?
mQ [BZ(/"H /‘L)’ 4 4 J}

4 4

—a2? g2
G la,z) = %az2 e {Cﬂ(z)Q [81(#, Wy —== ELJ

Nz

2,2

 za’? &
+ m C;L - I(Z)Q I:BZ(/‘La /l')’ 4 > 4 :,}

1 Ca’? g2 az )
p u+1Q[A1’ 4 4 |7 Q1B
1 a’z? £
2 TEC, Ay L &
ey I(Z){(u+p+1)(u—v+1)Q[ 2

N az 0|B.: a’z? £2
(n+v+2)(u—»+2) 24 ‘
Since

I

®

(10)

(11

(12)

®)
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—q2,2 2 _ 42,2 2

Defining J* = J,J~ = [, it is interesting to note that we may also write [6]

1+p+v,az 2 2,2 2 2,2
JE (@, ) =—= ¢ O |E; T &8 & __glg, T &L
2°(1 + u + »)I'(A + v) 4 4 24u+v 4 4

2/2)g % 772 a%? az 72 a??
J* S L|F; %, -—% L |Fy; , . 14
R IR LT 20+p 7P T4 T4 (1

Here the Bessel functions J,* do not appear.

REDUCTION FORMULAS FOR L AND Q

Many special cases of Eqs. (11) to (14) may be obtained in one form or another, provided we
know a reduction formula for either L or Q. We summarize some known relevant reduction formu-
las [3-6]:

Lla, B; v, 6; z, 2] = {Fala + B; v, §; 2]

2 2 ;
L[Dﬁ%,z_}:ﬂh_z

4 z
I D'i _zi _ _ 2 sinh z + cosh z
by g 1+2u 2 1+ 2u

2 72 1+u 4 2 "
Q [Bz(l/«, n; i T} =17 » 2_2 {coshz - [_z_] r'a + wi,(z)

2 2 r
z z 2 1 cosh z . 2
B P, — | = — <52 + sinhz — | — 1+ wI, .
Q[ 1 13 4} 1T 2 2 {u . sinh z [Z] r'a+wil, 1(1)}

Other properties and reduction formulas for L and Q are found in Refs. 3-6.

APPLICATIONS

Of interest in applications are the functions J,(a, 2), L (a,2), Y, (a, 2), and K, (a, 2).
Je(a, z) and Y, (a, z) occur in problems in the theory of diffraction in optical apparatus [1, p. 227].
The function I, (a, z) plays an important role in the study of oscillating wings in supersonic flow and
arises in the study of resonant absorption in media with finite dimensions [I, p. 195]. K, (a, z)

occurs when the statistical distribution of the maxima of a random function is applied to the amplitude
of a sine wave in order to calculate the distribution of its ordinate. This latter distribution is of
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interest in the study of the scattered coherent reflected field from the sea surface [7, 8]. Since the
functions C, (a, z) are of some importance, by using Eq. (11) and defining

1 1 3
Lix,y)=L|—,1;, =, —;x,
1, ) 2 ) xyJ
1 3 3
Lox,y)=L|5, 1 5, 55x,
0(x y) 2 2 2 xyj
3
OQix,y) =0 1,1, 151, 2, 2%y

O, y) =0 |1, 1,1;2,2, %;x,yJ

we obtain

2.2 2 2.2 2
a“z Z az a‘z Z
K. (a,z) = zKy(z) {Ll[ 4 ,—4J +—2 Ql[ P ,—4J}
2.2 2 2.2 2
z 1(z>{0[4 A2l ety
2.2 2 2.2 2
az —Z az a“z —Z
Y, L —_— + — , ———

Y, (a,z2) =
+ 227 4(z) {LO [aZZ2 ’ _TzzJ " % Qo [aizz ’ _Tzz}}
Jo(a, z) = 2Jyz) {Ll [a:zz : _TZZJ * %Z— 2 {azzz ’ —TZZJ}
+ 2,2 {Lo [“?2 : ;fiJ t e O [azﬁ ! _TZZJ}
L(a,2) = doz) {L1 {aZﬂ , 24_2J + % 0, [azzz | %ZJ}

2.2 2 2.2 2

2 a“z Z az az Z
I L Lo+ & TS
Z I(Z) { 0 [ 4 s 4 J + 4 QO { 4 > 4 J }

)
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The equations for He(ol) and He(f) are the same as those for Y, or J, with Y or J replaced by H D or
HP._ Further, from Eq. (14) we have

1 3 a*? —7? az 1 3 a’z? -2
Jfa,2) =2e® VL1, = = 1 ==, —— | = <X L|1L 5,2 ==,
ela, z) = ze { [ X 4 4 2 2’2 4 4

1 3 azz2 z2 az 1 3 a?z? 22
L(a,z) =ze“3L |1, o5 5, 1; s 5 L L 55,2 == [
e(@> ) Ze{[zz 4 4 2 2° 2 4 4

Here we have used the properties of L that

Lla, B; v, 8;x,y] = Lle, 85 6, v; x, y] = LIB, a; 7, 85y, x1.
The latter results for C, (a, z) should prove useful in numerical computation of these functions.

SUMMARY

Representations for incomplete Lipschitz-Hankel integrals of cylindrical functions using only the
Kampé de Feériet functions in two variables F 3%3 [x, y] are given. In addition, known relevant
reduction formulas for these functions are provided.
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