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A FAMILY OF CURVES FOR THE ROUGH SURFACE
REFLECTION COEFFICIENT

INTRODUCTION

Recently, Miller, Brown, and Vegh [1] gave a short derivation that showed the rough surface
reflection coefficient R, or roughness factor, was given by

R=\|E/E;Ty|=exp (—2Q2mwg)?)1,(2Q2ng)?) 0y

where

g = (o sin ¢)/x

Here E is the average electric field, E, the field due to the direct wave, I'y the smooth sea reflection
coefficient, o the standard deviation of the sea surface elevation, § the grazing angle for specular
reflection, A the electromagnetic wavelength, I,(z) the modified Bessel function Jy(iz), and E/Ey T
the normalized coherent reflected field; g is a measure of the effective surface roughness or simply sur-
face roughness [2, p. 10].

Equation (1) was first obtained by Brown and Miller [3] in 1974. This result agrees well with the
experimental results obtained by C.I. Beard [4] in the range 0 < g < 0.3 rad. An earlier theoretical
result of W.S. Ament [5] had agreed with Beard’s experimental curve only in the range 0 < g < 0.1
rad. Ament’s result is simply Eq. (1) without the I factor (Fig. 1).
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g = (o sin Y)/A

Fig. 1—Comparison of theoretical and experimental results
for the reflection coefficient

Equation (1) was derived in Ref. 1 by taking the Fourier transform

E/EyTy= f_: exp [ 4qi % siny | D(y)ady )

Manuscript approvéd March 12, 1985.

AJTITCLYINND



MILLER AND VEGH

of the probability density function D (y) for sea wave elevation y given by Eq. (3). Equation (2) was
obtained by Ament [5] and may be understood by observig that D(y)dy is the frequency of
occurrence of a plane wave that is reflected from the sea surface with a grazing angle i and at a point
between y and y + dy. The expression (4 7y sin y)/\ represents the phase of the electromagnetic
wave after reflection.

The statistical model for sea wave elevation y used in obtaining Eq. (1) is

y=Hsin£A71x 3)

where sea wave crest height H is distributed normally and x is distributed uniformly in the interval
[-A/4, A/4], A, denoting water wavelength. This model implies that the sea surface is divided into a
large number of domains and that within each domain the elevation variation is a single sinusoid with
random Guassian amplitude. Other statistical models of the ocean surface may be found in Refs. 6 and
7.

In this report, we use a theoretical density for H derived by Rice [8] and by Cartwright and
Longuet-Higgins [9], together with the model of the sea surface elevation given by Eq. (3) to obtain a
family of curves for the rough surface reflection coefficient. We obtain an envelope wherin these
curves lie. Additionally, we obtain the distribution function for sea wave elevation under the stated
assumptions.

PRELIMINARY RESULTS

Rice and Cartwright and Longuet-Higgins have derived an expression for the probability density
of H which may be expressed in the form '

2 Iy 2 Ji— 2
K(He) = € exp 2Hz + 1 26 H exp H2 1+ erf V2 H J1-¢€ C))
oyV2w 2e‘o g 20 f 20 2 oy €

Here erf (z) is the error function defined by
4
erf (z) = %fo exp (—1%) dt

oy is the standard deviation of H, and 0 < e < 1. The parameter €, known as the spectral width
parameter, is described fully in Refs. 9 and 10, p. 515. It may easily be seen that

lim K(H.e) = —L— exp | -1 - |H| < oo (5)
el oyl 2 0'121
and
1 1 H?
lim K(He) = — Hexp | -~ = H>0
lim, K(He) =7 p[ 2 o} g ©)
=0 H<O0

In the first instance we have a Gaussian density as a limiting case; in the second instance we have a
Rayleigh density (Fig. 2).
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Fig. 2—Density function for the sea wave crest height H for different
values of the spectral width parameter ¢

It is shown in Appendix A, with the model of sea wave elevation given by Eq. (3) and the density
function for wave crest height H given by Eq. (4), that the standard deviation of sea wave elevation o
is given by

0‘=O'H/('\/§'f))

where 7 is defined by
1

_ 2
n=

1+%(1—€2)I

Then it is shown in Appendix B that the probability density function for y is given by

D(y,e) = — & exp = K i_.
’ 2092 yo 8l | 0 - 8¢2n20°?
/2
=2 ) w — ¢ 32 !
yYloe ~5?) erf 24 d 7
p—— exp ' fo exp (~s?) er . s o s @

where K, is a Bessel function of imaginary argument defined by Eq. (D5) in Appendix D. Graphs for
the cumulative distribution function for sea wave elevation

PG =" Dle a @®)

are given in Fig. 3. An alternate form for Eq. (7) is developed in Appendix D. When substituted into
Eq. (8), a formula for P(y,e) is obtained that is suitable for numerical quadrature. This formula for
P(y.e) is also given in Appendix D. Yet another form for Eq. (7) is given in Appendix E, together
with a formula for the special case D (y,+/2/2) which is of interest and will be discussed.

ATITITCLYINND
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Fig. 3—Cumulative distribution function for sea wave elevation y
for different values of the spectral width parameter ¢

THE REFLECTION COEFFICIENT

Substituting the expression for D (y,e) given by Eq. (7) into Eq. (2), we obtain the following
expression for the rough surface reflection coefficient R:

R(g,e) = e2exp (—2eM? Qmwg)?2)Io( 2¢2m? Qng)?) + V1 — €2 exp (—4n? 2mwg)?)

3

_1 2 (1 —¢€?) @, 5> 1; 2; €2, —4e’n? 2mg)? ‘ C)]

2

Here ®,(a, B8; y; x, y) is a degenerate hypergeometric function in two variables x and y, defined for
Ix] < 1, [y < oo by

i (a,n +m) (B,n) 4o (10)

(Dl(a) Bs Y, X, y) = ('Y n+ m) nt'm! X'y

nm=20
where the Pochhammer symbol (a,#n) is defined by a ratio of gamma functions:
(an)=T@+n)/T(@=ala+1)...a+n-1)

This result for the reflection coefficient is obtained in Appendix C.
Graphs for the reflection coefficient R (g,€) as a function of surface roughness g are given in Fig.
4, The envelope of these curves are effectively R (g,1) which forms the upper envelope, and R (g,0)

which forms the lower envelope. The upper envelope corresponds to the Guassian density given by Eq.
(5) and for which the reflection coefficient is given by Eq. (1)

R(g,1) =exp (=2Qwg)? ), 2Qng)?)

4
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Fig. 4—Theoretical curves for the reflection coefficient for different values
of the spectral width parameter e

The lower envelope corresponds to the Rayleigh density given by Eq. (6), and for which the reflection
coefficient is given by

—8
2+

R(g,0) = exp (wg)?

Bqth these limiting envelopes may be incorporated into the general equation, provided we define the
third term in Eq. (9) to be zero when ¢ = 1.

SOME OBSERVATIONS

Note that for surface roughness 0 < g < 0.1 rad, R(g,e) for all ¢ and Ament’s result
R(g) = exp [-2(2wg)?] are similar and agree with Beard’s experimental curve. This is not surprising
since all theoretical results must be consistent with the Rayleigh criterion [2]. On the interval
0.1 € g < 0.3 rad, numerical calculations reveal that the experimental curve of Beard corresponds
almost exactly to R(g,0.7). Noting that 0.7 = +/2/2, a closed form for D(y,/2/2) is derived in
Appendix E, since this case is of special interest (Fig. 5). Other data points in the domain
0.1 € g < 0.3 rad given by Beard [4, Fig. 2] lie within the two envelopes R (g,1) and R (g,0) (Fig. 6).

CONCLUSION

Statistical models for the sea surface have been put forward and used to derive a family of curves
for the rough surface reflection coefficient. One of these curves fits the experimental data curve.
Other experimental data points lie within the envelope of the derived curves. There is, therefore, a
theoretical basis for the experimental data when the surface roughness exceeds 0.1 rad.

AFTITLLVINNN
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Fig. 5—Comparison of Beard’s experimental curve for the reflection
coefficient and the theoretical curve for € = 1/+/2
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Fig. 6—Comparison of the theoretical limiting cases for the reflection coefficient
and the data given by Beard [4, Fig. 2]



NRL REPORT 8898

REFERENCES

1.

10.

11.

12.

13.

A.R. Miller, R M. Brown and E. Vegh, "New Derivation for the Rough-Surface Reflection Coeffi-
cient and for the Distribution of Sea-Wave Elevations," IEE Proc. 131, Apr. 1984, 114-116.

P. Beckmann and A. Spizzichino, The Scaiteririg of Electromagnetic Waves from Rough Surfaces,
Pergamon Press, 1963. :

R.M. Brown and A.R. Miller, "Geometric-Optics Theory for Coherent Scattering of Microwaves
from the Ocean Surface,” NRL Report 7705, 1974.

C.L Beard, "Coherent and Incoherent Scattering of Microwaves from the Ocean," Trans. IRE AP-
9, 1961, 470-483.

W.S. Ament, "Toward a Theory of Reflection by a Rough Surface," Proc. IRE 41, 1953, 142-146.
B. Kinsman, Wind Waves, Prentice Hall, 1965.

O.M. Phillips, The Dynamics of the Upper Ocean, 2nd ed., Cambridge University Press, 1977.

S.0. Rice "Mathematica! Analysis of Random Noise," Bell System Technical Journal 24, 1945, 46.

D.E. Cartwright and M.S. Longuet-Higgins, "The Statistical Distribution of the Maxima of a Ran-
dom Function," Proc. Royal Soc. London, Series A, 237, 1956, 212-232.

A.R. Osborne, ed., Italian Physical Soc. Proc. of the International School of Physics, "Enrico Fermi,"
Course LXXX, North Holland, 1982.

I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series and Products, Academic Press, 1980.

W. Magnus et al., Formulas and Theorems for the Special Functions of Mathematical Physics,
Springer-Verlag, 1966.

M. Abramowitz and L.A. Stegun, ed., Handbook of Mathematical Functions, National Bureau of
Standards Applied Mathematics Series 55, 1964.

ATTITLCVTANN



Appendix A
THE STANDARD DEVIATION OF SEA WAVE ELEVATION

Consider the random variable y = H sin 6, where H is a random variable with density K (H ,e)
given by Eq. (4), and @ is a random variable, independent of H, distributed uniformly on the interval
l9}<w/2. Let U(6) be the density of 9, so that

U@ =="1 lo|<a/2

Al
0 8] > @/2 (al)

The expected value or mean of a random variable x is defined by
py = Elx] Ef_oo x f(x) dx

where f is the density function for x and the variance is defined by
o2 =E[ (x —EIxD? 1 =E[ (x —pu,)? 1 =E[x?] —u?
If x and y are independent, then
Elxyl = Elx] Ely]
In our case since H and sin @ are also independent,

w/2
wy = EIH sin ] = ELH] [ sino U(6) do = 0

and

2 H? sin? 7 (™ o 1 2

ol = E[H?sin 0]=E[H]f_w/2sm 6 U(6) d9=5E[H]
Hence

20'3=0'1.2{+pc12.1
Since
hat V1_€2 *° 2 1 H2
,u,H—f_mHK(H,e) dH_—TO'}.,—f‘“H exp —75 dH

=2\/70-H\/1—e2f0°° x2exp (=x?) dx = Vm/2 o V1 — €?



we have

where

NRL REPORT 8898
p 12{ — 2,"20.2

c=o0,, N=

-1/2
1+12’—(1—52)]

(A2)

(A3)
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Appendix B
THE PROBABILITY DENSITY FUNCTION FOR y

Consider the random variable y = H sin #, where H is a random variable with density
K(H,), |H| < o given by Eq. (4), and 6 is a random variable, independent of H, with density U ()
given by Eq. (A1). Let D(y,e) be the density function for y. Since  and H are independent, the
joint density g(6,H,e,) of § and H is given by

g(6,H,e) = K(H,e) U®) lo] < =/2, |[H| < o

0 elsewhere

Set v = H so that § = sin"!(y/v) and let £ (y,v,e) be the joint density of y and v. Then

fy,v,e) = |J| g(sin™! (y/v), v,e)
where the Jacobian determinant
17| = 88 3H _ 80 oA

A straightforward computation yields

Ul = (2 =y
and
fO.He) =a' (H = y»)~V2 K (H,e) lyl < |H| < oo
0 elsewhere

Now, integrate f(y,H,e) over H to obtain

1 lle(He)dH 1 K(He)dH

Substituting K (H,e) into this equation and using Eq. (A2) we have

exp [ ——_—IL H exp ——_Lz ] erf HV1— €
P e b L= Kl i o
) a3 a Y b H2— 32 27”' Iyl =2

where o and n are defined by Eq. (A3). A change of variables, namely, H = |y| +/x in the former
integral and H? — y? = s? in the latter integral, gives

10
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2
—)2x
exp | —&—~
- p[ delnls? ]
Vx Jx =1

D(ye) = _e___fl

20 yg

+

‘/1—"62 [ _y2
——— exp

472

™o

) .,/ .2
fo exp(—sz)erf[—f-lTe—

2 1/2
24+ L ] ds

Now, using Ref. 11, p. 319, 3.383-3 to evaluate the first integral, Eq. (7) is obtained.

11



Appendix C
THE REFLECTION COEFFICIENT R (g,¢)

Substituting the expression for D (y,e) given by Eq. (7) into Eq. (2), we obtain

e (T os| A =y Y’
R=—5 fo COS[ IR smtp]exp[ 8einlo? lKol 8eln’o? dy

o
™1l —¢€2 > e 2 —y? 47 . Vi—¢2 |, y
+ —m)—a——— fo fo exp (—s?) exp PR cos [ ==  sin ¥ lerf - s2+ o

The first integral is evaluated by making the transformation x = y%/8¢%n202 and then using Ref. 11, p.
765, 6.755-9. See Ref. 1 for essentially the same computation. We have then

2 [1 — €2 00 oo
= g2 o, P I 2 2.2 2 PSS .
R =€*exp (—2e¥? Qng)? ) I,( 2¢™? Qng)?) + p— fo fo () ds ay

where g is defined by g = (o sin ¢)/x and () is the integrand of the double integral. Making the
transformation ¢ = y/2mo and then changing to polar coordinates gives

2 1"‘62 o & _4‘\/1—62 b * 2 2 Vl—E2 3 p)
—:mo-fo fo (-) ds dy——ﬂ_—fo fo cos (8wmegt) exp (—12— s?) erf —E———~\/t + 52| ds dt
= /2 poo —€?
= ﬁ#f" f rexp (—r?) cos (8wngr cos@) erfl € rlarde
T 0 0
Since by Ref. 11, p. 402, 3.715-19,
w/2 T
fo cos (8mmgr cos §) do = 23 Jo(8mmgr)
we have
R (g,€) = € exp (—2e2? Qug)?2 ) Io( 2e2? Qmwg)?)
oo 1 — 2
+ 2V1 — €2 fo r exp (—r?) Jo(8wmer) erf [ % r ] dr . (cn

12
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To obtain a closed form for R, we show the following: for any real numbers a and 8 # 0,

fow r €Xp (“r2) Jo(ar) erf (ﬁr) dr

p[;:‘—z]—%ﬁ(l+ﬁz)‘3/2 3L e (€2)

1
2CX 2,571+32,4(1+‘32)

where @, is a degenerate hypergeometric function of two variables defined by Eq. (10). Substituting
Ref. 11, p. 931, 8.252-4

242
erf(ﬁ’)_l—“[iexp(—l?”)f W r>0

in the left side of Eq. (C2) and noting that Ref. 11, p. 717, 6.631-4 for p > 0 and any real ¢

(c3)

— pr2 = —
fo r exp (—pr®) Jo(gr) dr % exp 4p

we obtain

%exp ] —éf {f rexp [—(1+p%+ t2)r2].lo(ozr)dr]'BZ‘_‘Zt2

Now applying Eq. (C3) again to the integral in braces we obtain

— 2
—a? p_ 40+ 82+ ) ]
2 0 (1+82+ @B+ A

and on makirg the transformation ¢ = V1 + g2 Vx 1 — 1 we have

L ex
2 p

-1
—a’x
exp

—a?| B8 Y o2l X __Ta’x
4] 2n(1+32)3/2f0‘x e L gy e 41+ B)

Finally, using Ref. 11, p. 321, 3.385 we obtain Eq. (C2).

Letting & = 87ng, 8 = V1 — €*/e in Eq. (C2) and substituting the result into Eq. (C1) gives Eq.

(9). We may also write

R(g.e) = €2 exp (—2e2n? Qmwg)2)I,( 2e™y? Qug)?) + V1 — 2 exp (—492Q2mwg)?)

-7l (1—-€) f X2 (1 = x)"V2 (1 — €Xx)Lexp (—4e™?(2mg)?x ) dx 4

This expression for R is used in Appendix D.

13
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Appendix D
THE CUMULATIVE DISTRIBUTION P(y,e)

Defining @ = (47/)\) sin ¢, we obtain from Eq. (C4)
R(w,e) = €? exp ( —-%— e2n202w? ) I % emiolw?) + V1 — e’ exp (— nl0%?)
1, y (.2 -1/2 2.3-1 2,22 2
-—;r—e(l—e,)fox (1-x)"Y2(1 - €2x)7! exp (—e*n’cw’x) dx

Since we may write Eq. (2)

R@e) = e D) dy
we must have

1 = —iw
D(y,e) = E f_w e '’ R(w,e) do

Substituting the expression for R (w,e) into this equation gives

D(y,e) = -2—372— exp (—yY/ 820D Ko(»Y/8en’a?) + —111_- V1 — €2 fow cos (wy) exp (—n?c%?) do
w7 ‘no

21 _ L2y peo 1
- %ﬁl fo cos (wy) fo V2 (1 - x)"V2 (1 — €2x)7! exp (—eXnlow?x) dx t do

Noting that Ref. 11, p. 496, 3.952-9

fow exp (—B2x?) cos (ax) dx = —\2% exp (—a?/48?)

we may integrate the single and double intégrals with respect to @ to obtain

e(1—€) ! exp (—y¥4e™p’oc?x)
fo A —ex)V1—x a

27 e

for the latter two terms in the equation for D(y,e). On making the transformation x(¢+ + 1) = 1, we
have another form for D (y,e), viz,

14
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2 2 ,/1 _ .2 2
D(y.e) = — Y— 1Ko =5 £ S
(.€ 2773/2710_ exp[ 8¢ 25202 ] 8e2n202 27T1/27)o- exp 4no?
2
}’
exp X
_1-é) exp f 4en?
2m3 20 462 Vx T+ x (1 — e+ x)
Substituting D (¢,€) into Eq. (8), noting that
S exp ) e = YT+ ert )
and integrating with respect to ¢ gives
_ € Y — £ V1—¢2 y
PO = i I exp [ o ]K st | T 1| 5
. erf N1+ x dx
€ -¢€) f°° dx +f°° 2enc
27 0 Xx2(1+4+x)(—e+x) 0 X2 (1+x) (1-eX+x)

Using Ref. 11, p. 289, 3.223-1, we find

et |
0 X2 (1 +x)(1-€e2+x) € 4

Making the transformation x = sinh? ¢ in the last term of Eq. (D2), we obtain

erf dt

Wl+x y cosh t
erf | =——
2eno oo 2eno

fo X2 A +x) (1—-e2+x) - fo cosh ¢ (cosh? t — €2)

Evaluate K((t*/8¢™20?) using Ref. 12, p. 85

Ko(s) = fow exp ( —s cosh x) dx s> 0,

|

|
}

(D1)

(D2)

(D3)

(D4)

(DS)

substitute the result into the first term of Eq. (D2), integrate with respect to ¢, and use Eq. (D1) to

obtain

dt

€ y -2 2
— ex K
2773/2710_ f_w pl 8621‘)20'2 ] [ 852 2,2

y /1 + cosh x
erf | ————— | dx
_ ie [ &, (" NVleno
2 0 /14 cosh x 0 1+ cosh x

15
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MILLER AND VEGH

Now, making the transformation cosh x = 2¢ + 1 and using Ref. 11, p. 289, 3.222-2, we have
[r= ___Lr__da __.m (D7)
Jo T4+coshx V290 Ji(+1) V2

Finally, combining equations (D2), (D3), (D4), (D6), and (D7), we obtain

erf|

y cosh s
€0 -¢€) foo 2eno
™ 0 cosh s (cosh? s — €?)

1 1—¢?
P(y,e)—2+ 5

J

f
er pes

y+v1 + cosh s
2\2eno

V1 +cosh s

erf ds

+

VI
2 do

This expression for P{(y,e), which is suited for numerical evaluation, was used to obtain the graphs in
Fig. 3. :

16



Appendix E
A CLOSED FORM FOR THE DENSITY FUNCTION D(y~/2/2)

To give a closed form for the probability density function D (y,/2/2), we first show that for any
real k and u

/2 fom exp (—s?) erf (k Vu?+ s?) ds

%}Lz(l + k%)

k
— tan—1
= tan™" k+ T3 22 fo e)fp

— k2
el Ko(s) ds (E1)

To show this, note that

a4 erf (kVu? + 52 \/; —7\/_%— exp (——kz ) exp (—k%s 2)‘ |

and hence

Il _
erf (k Vu? + s? ——exp (—k3s 2)f“ %dt+erf(k|sl)
K t

Making the transformation ¢ = |u| +/y gives

erf (k Vu? )——\/y'rexp (—k2s 2)f ex—p(\/%_udy+erf (k|s|)
s? umy

Multiplying this by exp (—s?) and integrating, we have -

fom exp (—s?) erf (k Vu? + 52 ds = -&\/’%—2 fol exp (—k*u?y) [j;m e%p E/—;(l_*__:‘k;)s?] s‘ dy

+ fom exp (—s?) erf (ks) ds

Using Ref. 11, p. 649, 6.285-1, we have

tan"lk

Nz

fow exp (—s?) erf (ks) ds =

The integral in braces is evaluated by making the transformation s> = x and then using Ref. 11, p. 316,
3.364-3 to obtain
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fow exp (—s?) erf (k Vu?+ s?) ds

_tan'lk k2 1 l_z 2
= \/7_r+—y—2\/;f0exp s QA+ y|ay

%,;2 (1—k2)y]1<0

Finally, making the transformation u2(1 + k2 y = 2s, we have Eq. (E1).

Using k = V1 — €€, u = y/2no in Eq. (E1) and substituting the result into Eq. (7) gives

2 2
D(y,e) = ——— =y y
(e 2773/2170' exp 8e2na? ] Ko 8e2n?0?
V1= €2 —2 2/8e20252
+ -—‘”13/2 € exp ) f 5 [cos‘le + eVl —€? foy e’ oxp [ Qe2— Ds 1 Ko(s)ds | (B2)
no n'o

It may be shown by using Ref. 12, p. 87 that
X
J, Kols) ds = Zx[ Kox) Ly () + K100 Lo(o) ]

where K, (x) are modified Bessel functions and L, (x) are modified Struve functions. Defining

a=4/Jd+ 7,
we obtain
—yYale?) ) 2 2 2
2y = e lyfatet) dy g |2y Yoy )Y Ko| —%
D(V’J_/Z) 2027)V? aoc T a’a? ! a’a? 0 alo?
2 2 2
Y Y Y
* a’c? K a’s? Lo a’o? ] ' E3)

which is a closed form for D (y,1/2/2).

The functions foo () dt, K,(x), L,(x) may be computed using tables found in Ref. 13 so
that either Eq. (E2) or Eq. (E3) may be used to compute D (y,+/2/2). We remark that it may be shown
for 0 < la| < 1,0 < x

x * _cos (axt) dt
fo exp (at) Ko(1) dt = sgn o [ exp (ax) [fo a+ tz)a\/m

+f°° tsin (@xt) dt _ cos” (la])
0 1+ A1+ a?? V1-a?
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