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FORTRAN SUBROUTINES TO EVALUATE, IN SINGLE UR
DOUBLE PRECISION, BESSEL FUNCTIONS OF THE

FIRST AND SECOND KINDS FOR COMPLEX ARGUMENTS

1.0 IDENTIFICATION

1.1 Title
BESSEL FUNCTIONS OF THE 1ST AND 2ND KINDS, CMPLX. ARG.

1.2 Identification Name
C3-NRL-CMPJYBES (single precision),
C3-NRL-CMPJYBED (double precision).

1.3 Classification Code
C3-Polynomials and Special Functions, Evaluation of Special Functions

1.4 Entry Points
CMPJYBES (single precision),
CMPJYBED (double precision).

1.5 Programming Language
Language: 3600/3800 FQRTRAN.
n.ouuuie Type: Subroutines.
Operating System: DRUM SCQPE 2.1.

1.6 Computer and Configuration
CDC 3800

1.7 Contributor or Programmer
Lawrence Flax, Code 8132, Physical Acoustics Branch, Acoustics Division, and
Janet P. Mason, Code 4222.5, Software Systems and Support Branch, Research

Comnutation Center.

1.8 Contributing Organization
NRL-Naval Research Laboratory

Washington, D.C. 20375

1.9 Program Availability
1.9.1 Submittal: Subroutine writeup, FQRTRAN source decks, source listings.
1.9.2 On File: RCC Program Library.

Note: Manuscript submitted March 17, 1976.
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FLAX AND MASON

1.10 Verification
The subroutines were run using the following values for the argument:

vInn Inn I Inn InnA I+ f1+ +I n l a I RIn qn

yl 22 24 26 28 ±17±2 0.3 415.514120

The following identity was used to check the answers:

2t = Jn+1(x+iy)Y.(x+iy) - JE(x+iy)Yn+1 (x+iy).
T(x + iy)

In addition comparicsnns woere made with outnut generated hY routines
written elsewhere; see Sections 3.15 and 6.0 See Ref. 1.

1.11 Date
i January 1976

2.0 PURPOSE

2.1 DescriDtion of the Routine
Subroutines have been written in FQRTRAN for the CDC 360013800 to eval-
uate Bessel functions of the first and second kinds for complex arguments.
These routines will compute J,(x + iy) and Y11(x + iy), where x i 0o y ; 0,
and i = --.

2.2 Problem Background
The theory of acoustic scattering from cylinders or spheres involves Bessel
functions. When absorption is included, the imaginary parts of the arguments
of these functions become nonzero. See Ref. 2.

3.0 USAGE

9. 1 fletn Colcnne a nr flnnrn+ionnal Prnrerlire

For single precision:

CALL CMPJYBES (X, Y, N, XJR, XJI, XYR, XYI)

and for double precision:

CALL CMPJYBED (X, Y, N, XJR, XJI, XYR, XYI).

3R2 Areuments, Parameters, andlor Initial Conditions
X is the real part of the argument.
Y is the imaginary part of the argument.
N is the maximum order. TYPE INTEGER.
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NRL REPORT 7997

XJR is the name of a table that will contain the real part of Jo(x + iy) to
J.(x + iy).

XJI is the name of a table that will contain the imaginary part of Jo(x + iy)
to J'(X + iy).

XYR is the name of a table that will contain the real part of Y0 (x + iy) to
Y.(x + iy).

XYI is the name of a table that will contain the imaginary part of Y0 (x + iy)
to Yn(x + iy).

All arguments, with the exception of N, should be typed REAL for single-
precision and DQUBLE for double-precision. The dimension for each of the
arrays should be at least equal to the order plus 50 or to the absolute value
of the argument plus 50, whichever is the larger.

3.3 Space Required (Decimal and Octal)
3.3.1 Unique Storagi

CMPJYBES
LRGBES
RINT
GINT
QNER
QNEI
TWQR
TWQI

CMPJYBED
LRGBESD
DRINT
DGINT
DQNER
DQNEI
DTWQR
DTW4I

octal

- 1253
_ 324
- 121
- 124
- 113
- 121
_ 113
- 122

_ 1433
- 355
_ 144
- 146
- 130
- 130
- 130
- 131

(decimal) locations
(683)
(212)
( 81)
( 84)
( 75)
( 81)
( 75)
( 82)

(795)
(237)
(100)
(102)
( 88)
( 88)
( 88)
( 89)

single
precision

double
precision

3.3.2 Common Blocks

CQMMQN/LF/EN, EX, WY
(EN, EX, and WY are REAL)

CQMMQN/LF/EN, EX, WY
(EN, EX, and WY are DI)UBLE)

in LRGBES, RINT, GINT
QNER, QNEI, TWQR, and
TWQI (single precision).

in LRGBESD, DRINT, DGINT,
DQNER, DQNEI, DTWQR, and
DTWQI (double precision).

3.3.3. Temporary Storage
None.

3.4 Messages and Instructions to the Operator
None.

3
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FLAX AND MASON

3.5 Error Returns, Messages, and Codes
None.

3.6 Informative Messages to the User
None.

3.7 Input
See Section 3.1.

3.8 Output
See Section 3.1.

3.9 Formats
Not applicable.

3.10 External Routines and Symbols
Rinaol-nrecisinn suhbrutines are

CQMPBES* )
MLT
DVD
LRGBES
SQRTF )

TWi1
TWQR

QNER
GINT
RINT

MLT

SINF
EXPF
C;SF
SORTF
EXPF
C9SF

SQRTF
SINF
EXPF

I

S4

}

}

called by CMPJYBES

called by LRGBES

called by RINT and GINT

called by QNER and TWQR

called by QNEI and TWQL

*C3-NRL-COMPBES comprises subroutines CWPBES, MLT, DVI, SRT, PSUBV, and QSUBV.
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Double-precision subroutines are

CQMPBESD*
DMLT
DDVD
LRGBESD
DSQRT

DSIMCQN
DTWQI
DTWQR
DQNEI
DQNER
DGINT
DRINT
DMLT

DEXP
DCIS
DSIN

DSQRT
DEXP
DCES

DSQRT
DEXP
DSIN

}

J

}

called by CMPJYBED

called by LRGBESD

called by DLRINT anud DIINT

called by DQNER and DTWQR

called by DQNEI and DTWQI.

C3-NRL-CQMPBES and C3-NRL-CQMPBESD are the single- and double-preci-
sion subroutines that evaluate Bessel functions of the first and second kinds
for orders zero and one, for complex arguments. See Ref. 3. The following
changes have been made to the routines since Ref. 3 was issued:

C3-NRL-COMPBES

remove lines 0002000 and 0002100
replace lines 0003700 and 0003800 by

PHI=ATAN2(Y, X) 0003700

replace lines 0011800 to 0012400 by

C PUT INTO FIRST QUADRANT
100 IF(X.GE.0.0.AND.Y.GE.0.0)NLAG=1

IF(X.LT.0O0.AND.Y.GE.0.0)NLAG=2
IF(X.LT. 0.0.AND.Y.LT.0.0)NLAG=3
IF(X.GE.0.0.AND.Y.LT.0.0)NLAG=4

0011800
0011900
0012000
0012100
0012200

*C3-NRL-C0MPBESD comprises subroutines CGMPBESD, DMLT, DDVD, DSRT, PSUBVD, AND
QSUBVD.

5
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FLAX AND MASON

X=ABS(X) 0012300
Y=ABS(Y) 0012400

insert

IFfX.NE.0.0)G0 TO 13 0018410
JOI=JII=0.0 0018420

replace line 0018500 by

13 CALL MLT (CCR, CCI, DDR, DDI, FERR, FRI) 0018500

replace lines 0021100 to 0022100 by

C PUT BACK INTO SECOND, THIRD, OR
FOURTH QUADRANT 0021100

IF(NLAG.LT4)GO TO 20 0021125
Y=-Y 0021150
YOI=-YOI 0021175
Ylh-YII 0021200
J01=401 0021225
J1I=-J1I 0021250
RETURN 0021275

20 IF(NLAG.LT.3)GO TO 21 0021300
X=-X 0021325
Y=-Y 0021350
YOR=YOR+JOI+JOI 0021375
YOI=YOI-JOR-JOR 0021400
Y1R=-Y1R-J1I-J1I 0021425
YlI=-Yll+J1R+41R 0021450
JIR=-JIR 0021475
J11=41T 0021500
RETURN 0021525

21 IF(NLAG.LT.2)RETURN 0021550
X=-X 0021575
YOR=YOR+JOI+JOI 0021600
YOI=-YOI+JOR+JOR 0021650
YIR=-YIR-Jl-JII 0021700
Y1=Y1I-JlR-J1R 0021800
J0I=-J0I 0021900
J1R-L=-J1R 002200
END 0022100

SUBROUTINE MLT (XA, YA, XB, YB, XC, YC) 0022200
XX=XA*XB-YA*YB 0022300
YC--XA*YB+YA*XB 0022410
XC=XX 0022410
END 0022600

6
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SUBROUTINE DVD(XA, YA, XB, YB, XC, YC) 0022600
DENOM=XB*XB+YB*YB 0022700
XX=(XA*XB+YA*YB)/DENOM 0022800
YC=(YA*XB-XA*YB)/DEN0M 0022900
XC=XX 0022910
END 0023000

SUBROUTINE SRT (XA, YA, XC, YC) 0023100
fl~...fl~f mi?'A 4~5 A , 57 A .&57 AXfllllll

SS=SQRT I IAAAAT fl 1) UUzAOUU
XX=SQRT(ABS((SS+XA)/2.0)) 0023300
IF(XA)1, 2, 1 0023400

2 YC=-XX 0023500
XC=XX 0023510
RETURN 0023600

1 YC=YA/(2.0*XX) 0023700
XC=XX 0023710
END 0023800

C3-NRL-COMPBESD

replace lines 0004500 and 0004600 by

P1I=UATANi( Y X) 0004500

replace lines 0012800 to 0013400 by

C PUT INTO FIRST QUADRANT 0012800
100 IF(X.GE.O.OD.AND.Y.GE.O.OD)NLAG=1 0012900

IF(X.LT.O.OD.AND.Y.GE.O.OD)NLAG=2 0013000
IF(X.LT.O.OD.AND.Y.LT.O.OD)NLAG=3 0013100
IF(X.GE.O.OD.AND. Y.LT.O.OD)NLAG=4 0013200
X=nABS(X) 003 Q300
Y=DABS(Y) 0013400

replace lines 0022100 to 0023100 by

C PUT B5ACK INTOV SECtANLD, THIRD, O0R FJURtTHi
QUADRANT 0022100

IF(NLAG.LT.4)GO TO 20 0022125
Y=-Y 0022150
YOI=-YOI 0022175
Y1I=-Y1I 0022200
JOI=-JOI 0022225
J1LJ=41I 0022250
RETURN 0022275

20 I(NLAh G.LT.3)GO TO 21 0022300
X=-X 0022325
Y=-Y 0022350
YOR=YOR+JOI+JOI 0022375
YOI=YOI-JOR-JOR 0022400

7
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YIR=-YIR-JlI-J1I 0022425
YlI=-YII+JIR+JlR 0022450
JlR=-J1R 0022475
i1l=-Mil 0022500
RETURN 0022525

21 IF(NLAG.LT.2)RETURN 0022550
X=-X 0022575
YOR=YOR+JOI+JOI 0022600
YOI=-YOI+JOR+JOR 0022650
YlR=-YIR-41 I-11 0022700
YII=YII-JIR-JlR 0022800
401=-40 0022900
J1R=-JIR 0023000
END 0023100

SUBROUTINE DMLT (XA, YA, XB, YB, XC, YC) 0023200
TYPE DOUBLE XA, YA, XB, YB, XC, YC, XX 0023300
XX=XA*XB-YA*YB 0023400
YC=XA*YB+YA*XB 0023500
XC=XX 0023510
END 0023600

SUBROUTINE DDVD(XA, YA, XB, YB, XC, YC) 0023700
TYPE DOUBLE XA, YA, XB, YB, XC, YC, DENOM,

XX 0023800
DENOM=XB*XB+YB*YB 0023900
XX=(XA*XB+YA*YB)IDENOM 0024000
YCO(YA*YB-XA*YB)/DENOM 0024100
XC=XX 0024110
END 0024200

SUBROUTINE DSRT (XA, YA, XC, YC) 0024300
TYPE DOUBLE XA, YA, XC, YC, SS, XX 0024400
SS=DSQRT(XA*XA+YA*YA) 0024500
XX=DSQRT(DABS({SS+XA)/2.ODfl 0024600
IF(XA)l, 2, 1 0024700

2 YC=-XX 0024800
XC=XX 0024810
RETURN 0024900

1 YC=YA/(2.OD*XX) 0025000
XC=XX 0025010
END 0025100

SIMCON and DSIMCON are FOCUS library subroutines that perform numeri-
cal integration. Routines from other libraries can be substituted.

3.11 Timing
The single- and double-precision test runs shown in Section 7.0 took 5 seconds
and 9 seconds respectively, exclusive of compilation time.

8
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3.12 Accuracy
The values for Jn(x + iy) and Y,(x + iy) for n = 0 or 1 and p < 10 could be
checked against the National Bureau of Standards tables, Refs 4 and 5. How-
ever, for n > 1 or p > 10, the identity given in Section 1.11 has been used as a
method of verification. As shown in the following table, up to a value of Z =
100 + 20i

Jn+1(x + iY) Y0(x + iY) -Jn(x + iy) Y,+ 1 (x + iy)

agreed with 2/[ir(x + iy)] to at least seven figures, using CMPJYBED; they
agreed to two figures when Z = 100 + 26i.

Agreement Using CMPJYBED* Agreement Using
Z Value of Jn+I Yn - Jn Yn+1 vs CMPJYBES

2/7r(x + iy) vs CMPJYBED

0.4 + 0.3i 11 figures * 10 figures
4.0 + 4.0i 9 figures 8 figures
7.5 + 5.5i 10 figures 9 figures

50.0 + 4.Oi 11 figures* 10 figures
20 + 20i 8 figures 9 figures
40 + 20i 7 figures
60 + 20i 7 figures
80 + 20i 7 figures
100 + 20i 7 figures
100 + 26i 2 figures
±10 + 0i 10 figures 9 figures

0 ± 1Oi 11 figures 9 figures

*E17.10 format is used, so agreement is probably greater.

3.13 Cautions to Users
None.

3.14 Program Deck Structure

7 JOB card

77 FTN card

main program
subroutines CMPJYBES

LRGBES
RINT

INER -C3 NRL CMPJYBES
ONERONEIl
TWOR
TWOI

9
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-FOCUS (the Control Data Corporation
Users group) library routine Dl UCSD
SIMCON

COMPBES
MLT
DVD
SRT
PSUBV
QSUBV

SCOPE

9 LOAD

7 RUN card

+

-C3 NRL COMPHES

end-of-file card

7 JOB card

FTN card

main program
subroutines CMPJYBED

LRGBESD
DRINT
DGINT
DONER
DONEI
DTWOR
DTWOI

DSIMCON

N

-CS NRL CMPJYBED

'I,

-double-precision modification of
FOCUS (the CDC Users group)
library routine DI UCSD SIMCON

COMPBESD
DMLT
DDVD
DSRT
PSUBVD
QSUBVD

SCOPE

}
-C3 NRL COMPBESD

LOAD

10

SIMCON

7
9
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7 RUN card

wilu-ui-iiae caru
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A A flUrnn rY AT rfUDTT 2x1

A. If the modulus is less than 0.5:

(1) Call COMPBES [Ref. 3] to compute

J0 (Z), JI(Z), Yo(Z), and Y1 (Z).

(2) Compute J2 (Z) to JN(Z) by

J{(Z) = Z) E k P (n-*k+ 1)

(3) Use forward recursion for Y2(Z) to YN(Z) 

B. If the modulus is > 0.5 and Iyl is less than or equal to 5.0 (in subroutine
CMPJYBES, or 10.0 in subroutine CMPJYBED) or if in the single-precision
routinex = 0and IyI <18.0:

11
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(1) Call COMPBES IRef. 31 to compute J0 (Z), J1 (Z), Y0(Z), and Y1 (Z).

(2) Compute J2(Z) to JN(Z) by backward recursion.

(3) Compute Y2(Z) to YN(Z) by forward recursion.

C. If the modulus is > 0.5 and Iyl is greater than 5.0 (in subroutine CMPJYBES,
or 10.0 in subroutine CMPJYBED) (except that in the single-precision routine,
if x = 0 and IvY < 18A0. method B is used'I:

(1) Compute J0(Z) and J1(Z) by

4(Z) =-1 cos (Z sin a - n) dO.

(2) Compute J2(Z) to JN(Z) by backward recursion.

D. If the modulus > 0.5, 1y 12> 5.0 (in subroutine CMPJYBES, or 10.0 in subrou-
tine CMPJYBED), and y is positive:

(1) Compute Y0 (Z) and Y1 (Z) by

Y,(Z) = iJt1Z) - lE)M,

where

H<hzl =) -2ieCi' (Z/2)n °° t2 n e iZ t

yT IIN1!/2 + n) J t

E. If the modulus > 0.5, Iyi > 5.0 (in subroutine CMPJYBES, or 10.0 in subrou-
tine CMPJYBED) and y is negative:

(1) Compute Y0(Z) and Y1 (Z) by

Yn(Z) = _iJ4(Z) + iHI$2)(Z),

where

{2l=) 2i(-l) (Z/2) t2n e-Z dt
n * (/2 +n

12
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5.0 SOURCE LANGUAGE LISTING

SUBROUTINE CMPJYBES(AR,AI,N.,XJR,XJ I,XYR,XYI) 100
C TITLE - BESSEL FTNS OF THE lST AND 2ND KINDS, CMPLX. ARG. 200

C 0IFENT NAME - C3-NRL-CMilPJYBCS 3
C LANGUAGE - FORTRAN 400
C COMPUTER - CDC-3800 500
C CONTRIBUTOR - LAWRENCE FLAX, CODE 8132,PHYSICAL ACOUSTICS G00
C BRANCH, ACOUSTICS DIVISION 700
C JANET P. MASON, CODE 4222.5, SYSTEM SOFTWARE AND 800
C SUPPORT BRANCH, RESEARCH 900
C COMPUTATION CENTER 1000
C ORGANIZATION - NRL - NAVAL RESEARCH LABORATORY 1100
C WASHINGTON, D.C. 20375 1200
C DATE - 1 JANUARY 1976 1300
C PURPOSE - TO EVALUATE, IN SINGLE PRECISION, BESSEL FUNCTIONS 1400
C OF THE FIRST AND ;,FCOND KINDS FOR rOMPLEX A~rIIMENTS AND I 5nfD

C INTEGER ORDERS. 1600
DIMENSION XJRP(1) XJ 1(1), XYR( 1), XYI (i) 1700
CC=2.0 1800
Mri+ 1 1900
KLUE-n 2000
SRARG=SQRT(AR:PAR+A::A I) 2100
IF(SRARG.GE.0.5)GO TO 21 2200
CALL COMPBES(AR,AIXJR(1),XJI(l),XJR(2),XJ](2),XYR(l),XYI(3), 2300

1 XYR(2),XYI(2)) 2400
EPS=5.OE-11 2500
CSR=1.0 2600
rs~ff T-O n 2700
DJFAC= 1.0 2800
NN1 l=l+ 1 2 900

DO 12 L=1,NN 3000
iJO=L-l 3100
IF(L.EQ.1)GO TO 7 3200
CALL i1LT(CSRCSIARAICSRCSI) 3300
CSR=0. 5-CSPR 3400
CS!=0. 5n Csl 3500

C CHECK FOR IrDERFLOW 3600
IF(CSR.HF.0.0.UR. CSI.NE.O.O)GO TO 14 3700
lorl=l 3800
PRINT 6.N.AR. A, ION 3900

14 UFACSDFAC-CNiO 4000
C CHECK FOR OVERFLOW 4100

IF EXPONENT FAULT 9,7 4200
9 1O11=2 4300

PRINT 6,NAR,AI,ION 4400
7 XKK 0 . 1500

AAR=FORTTR=1.0/DFAC 4600
FORTTI=0.0 4700
AAI=0. 0 4800
VK=NO q9oo
FINIR=-0 . 2 5:(APS-AR-AI:A I) 5000

F1il 1 = -O . S (AD:ZA !T) r n n

10 VK=iVK+1.0 5200
XKK=XKK+1.0 5300
DFNOM=VK-"XKK 5400
CALL MLT(AAR,AAI,FNR,FNI,AAR,AAI) 5500
AAR=AAR/DENOM 5600
AAI =AAI /DEN0M 5700

C CHECK FOR UNDERFLOW 5800
IF(AAP.NE.O.0.OR. AAl.NE.0.0)G0 TO 9 5900
IoN=3 6000
PRINT 6,N,AR,AI,ION 6100

13



FLAX AND MASON

8 TTR=AAR+FORTTR 6200

TTI=AAI+FORTTI fi6o0

IF(TTR.EQ.O.O.AND.TTI.EQ.0.0)GO TO 11 6400

CALL 0VD(AAR,AAITTRTTIYSAR,5AI) 6500
IF(AGS<SAR).LT.EPS.AND.AUSCSAIX.LT.EPS)GO TO 11 660t
FORTTR=TTR A6700
FORTTI=TTI 6800

CO TO 10 6900

11 IF(L.LE.2)GO TO 12 7000

XOR(L)=CSR::TTR-CSi XTTI 7 10

X I (L)=S I"'TTR+CSR'-TTI 7200

C CHECK FOR tJNDERFLOW 7300

1f(XJRCL).HIE.0.O.0R. XJICQLINE.0.O)GO TO 12 74a0

I ON= 4 7500

PRINT 6,NAR,AIION 76Do

22 CO)NTJNtUE 7700

GO TO 4 7800

6 FORMAT (/,2Xi5,2(2XKE,7.l0),2X,15,/) 7900

21 IE(AREtS..0.9AN4D.ABS(AI).LLAi8.0 .OR.AR.NE.0.O.ANU.A8S(AI).Le"5.O) 9000
1 GO TO 16 8100

C FIND J AND Y VALUES FOR ORDERS ZERO AND ONE 8200

KLUE=I 8300

00 17 0=1,2 8400

NORD=J-1 85u0

CALL LRGBES(ARAINOROXJR(O),XJiJXdXYR(tUJXYd))v
17 COIIJTINJUE 8700

IF(AR.NE.0.0)GO TO 16 8800

X2I(I )=XJR(2=0 .0 8900

16 iN=SRARG-+50 90a0

IF((N+5D) .GT.1411)N4N=N+50 9100

XJPR(bNN>XJI(NN>990. 9200

XJR(NIi-1)=XJI(NN-1>1 .06-10 9300

IF(KLIJE.EQ.1})&0 TO 5 . 400

CALL COMPSES(ARAIXJR(l),XJ I1),XOR(2),XUI(2),XYR(l),XYl(1), 950O

l XYR(2)XXYI(2)) 960i3

5 GDR=XJR(2) '0700

GCO=XJl2 )
NM=T1111-2 990

DC 1 Kz2,NM 10000

KK=MN-K 1010
CALL FDVDCXJR(KK+l),XJ(lKKtI),AR,AI,XJR(KK) ,XJICKK)) 10200

XOR(KK)=CCfl1CKK XUJR(KK)-XJR(CKK+2) 10300

XJI(KK)=CC=KK':XJ1 (KK)-XJI(KK+2) 104004

I CONTINUE 10500

CALL DVO(GPRGOI sXJR(2)XXUI(2),RAR,RAI) 10600
DO 2 K=3,M 10700

TR=XUR(K) 10800

TI=XJi(K;) 10900

2 CALL MNLT(TR,TIRARRA1,XUR(KhXJitK)) 1100

13 XJR(2>)GDR 11200
X>31 (2)=GD1 11200

4 DO 3 Kz3,M 11300

CALL 0VO(XYR(K-1),XYI(K-1),AR,,A1,XYR(K),XYI(K)) 11400

XYR(K)zCC::(K-2)5XYR(K)-XYR(K-2) 11500

3 XYIr(K)CC,(K-2)>XY1(K)-XYI(K-2) 11600

ENitD 11700

14
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SUBROUTINE LRGBES(XYNA,B,C,D) 11800
EXTERNAL RINT,GINTONER,ONEI,TWORTWOI 11900
COMMON/LF/EN, EX,WY 12000
TEST=1.GE-8 12100
EX=X 12200
WY=Y 12300
EN=N 12400
Xl=0O0 12500
XD=20 .0 12600
LIM=16 12700
P1=3.1415926536 12800
C :I lGRAT lFO J VALUE i29uO

CALL SIMCONI(XI,PI,TEST,LIM,AR,NO,RD,RINT) 13000
A-AR/PI 13100
CALL SIMCONCXI,PI,TEST,LIM,AV,NI,RD,GINT) 13200
BrAV/PI 13300
IF(WY.LE.O)GO TO 5 13400

C 1s!HTEGRATE FOR H SUPER ONE VALUE 13500
CALL SIMCONl(XI,XD,TEST,LIM,Bl,14A,RD,ONER) 13600
CALL SIMCON(XI,XD,TEST,LIMB2,NA,RD,ONEI) 13700
IFCN.EQ.1)GO TO 7 13800
TR=O .0 13900
TE=-2 .0/Pl 14000
GO TO 8 14100

7 TP.=-2.0 :WY/P1 14200
TI=2.0::EX/P1 14300

8 CALL NLT(TR,TI,B1,B2,HR,HI) 14400
Cr-B+HI 14500
D-A-IIR 14600
RETURN 14700

C INTEGRATE FOR H SUPER TWO VALUE 14800
5 CALL SIMCON(XI,XD,TEST,LIM,B3,NA,RD,TWOR) 14900

CALL SIMCONI(XI,XD,TEST, LIM,BL4,NA,RD,TWOI) 15000
IFCN.EQ,1)GO TO 10 15100
TR=0 * 0 15200
Tl=2.0/PI 15300
GO TO 11 15400

10 TR=2.0::WY/P1 15500
Tl-2-.?:EX/PI 15600

11 CALL IALT(TR,TIB3,B4,HR,HI) 15700
Cr8-111 15800
D=-A+HR 35900

IrGoo
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FUNCTION RINT(T) 16100
COMMONJyLF/EN, EX, WY 16200
SINT=SINCT) 16300
ALPH=IEXtS I NT 164Oa
8ETA=WY-SI NT 16500
COSHB=(EXP(BETA)+EXP(-BETA))/2.0 166u0
RINT=COS(E1t'ThT) --COS(Ai-PH)1 ¢cOSHB+S IN(ALPH) ^5COSHB--S1 NC(EN-rT) 16700
F NO 16800

FUNCTION GINT(T) 16900
COMOHI/LF/EN, EXWY 1 7000
SINT=519(T) 1710O
ALPH=EX:"S I HT 1 7200
BETA=W'W'SINT 17300
SINIHE=(EXP(BETA)-EXP(-BETA))/2.70 27400
G1NThCOS(ALPH):tSIHBSH SIN(EIV5T>S IN(ALPN)'5SINHB COS(ENE:T) 11500
END 17600

FUNCTION ONER(T) 17700
COf4NNl/LFE/N,EXWY 1780G
ALPH=SQRT(T::T+1,0) 17900
TTN=Th5T 18000
IF(EN.EQ.l.D)TTN=I.0 18100

2 ONiERzTTN-tEXPC-ALPHNWY)>:COS(ALPNHEX)/ALPH 18200
END 18300

16
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FUNCTION ONEICT) 18400
COMMON/LF/EN,EX,WY 18500
ALPH=SQRT(T::T+1.0) 18600
TTNzT :T 18700
IF(EN.EQ,.0)TTN=1.0 18800
IF(EX.NE.0.4)GO TO 2 18900
OFIIEI =0 .0 19000
RETURINI 19100

2 OHE I=TTNrEXP(-ALPH::WY)-:SIN(AL.PH::EX) /ALPH 19200
END 19300

FUNCTION TWOR(T) ]9400
COMMON/LF/ENEXWY 19500
ALPH=SQRT(T':T+1 .0) 19600
TTN=T"T 19700
I F(ENt.EQ. 0. O)TTN= 1. 0 19800

2 TWOR=TTN::EXP(ALPH::WY)::COSrALPhI<EX)/ALPH 19900
END 20000

FUNCTION TWOI(T) 20100
COMMON/LF/ENEX,WY 20200
ALPH-rSQRT(T,:T+1 .0) 20300
TTrl=T-:T 20400
IF(EN.EQ. 0.0)TTN=1.0 20500
IF(EX.NE.0.0)GO TO 2 20600
TWO 1=0.0 20700
RETURN 20800

2 TWOI =-TTN"EXP(ALPH WY)>SSIN(ALPH:EX)/ALPH 20900
EINID 2 1000

17



FLAX AND MASON

SUBROUTINE CHPJYBEO(ARAI,NXJR,XJ1,XYR,XYI) 100
C TITLE - BESSEL FTN5 OF THE 1ST AND 211D KINDS, CMPLX. ARG, 200
C IDENT NAME - C3-NRL-CMPJYBEO 300
C LANGUAGE - FORTRAN 400
C COMPUTER - CDC-3800 500
C CONTRIBUTOR - LAWRENCE FLAX, CODE 8132,PJYSICAL ACOUSTICS £00
C BRANCH, ACOUSTICS DIVISION, 700
C JANET P. MASON, CODE 4222,5, SYSTEM SOFTWARE AND 80o
C SUPPORT BRANCH, RESEARCH 900
C COMPUTATION CENTER 1000
C ORGANIZATION - NRL - NAVAL RESEARCH LABORATORY 1100
C WASHINGTON, D.C. 20375 1200
C DATE - I JANUARY 1976 1300
C PURPOSE - TO EVALUATE, IN DOUBLE PRECISION, BESSEL FUNCTIONS 1400
C OF THE FIRST AND SECOND KINDS FOR COMPLEX ARGUMENTS AND 1500
C INTEGER ORDERS. 1600

vDIMENJiSION XJR(l),XJU(l),XYR(3.),XYI(1) 1700
TYPE DOUBLE ARAIXJRXjiXYRXYiCCSRARU,,CSRCSIDFACXKKAAR, 1300

I AAI,FORTTRFORTTIVKFN4RFNIDENOM,TTRTTISARSAI, 1900
2 EPSGDRGDID, RAR,RAI,TR,TI 2000

CC=2 .00 2100
M=N+1 2200
KLUE=O 23010
SRARG=DSQRT(AR::AR+Aj 'AI) 2400
IF(SRARG.GE.0.SD)GO TO 21 2500
CALL COMPBESD(ARAIXJR(l),XJJ(I1),XJR(2),XJI(2),XYR(1),XYI(&2, 2600

I XYR(2),XYI(2)) 2700
EPS=5. 00-26 2800
CSR=I .OD 29D0
C SI-O.uu 3000
DFAC=1 .00 3100
NN=N+1 3200
DO 12 L=IN' 3300
tlO=L-1 3400
iF(L.E{2.1)(4O TO 7 3500
CALL IV4LT(CSRCSI,AR,AICSRCSI) 3600
CSR=0.55D"£SR 3700
CSZ=0. 5D)9CS 3800

C CHECK FOR UNDERFLOW 3900
IF(CSR.NEJ~PDtOR.CSI .NE.w0.D)GO TO 14 4000
ION=l 4100

PRI II4 - 1,fjll 6 t'"f -, £ J R IOdF 

14 OFAC=fFAC-sNO 4300
C CHECK, FOR OVERFLOW 4400

IF EXPONENT FAULT 9,7 4500
9 1ON=2 4600

PRINT 6,NAR,AIION 4700
7 XKK=0.0D 4800

AAR=FORTTR=1.0DfDFAC 4900
FORTTI0.f D 5000
AAI=O.DD 5100
VK=NO 5200
FNR=-0.25D3(ARiAR-AI!'AI) 5300

IIT_ n rf~sf~ rnI~~ Ft r. nnFlit-'1J. u-s~nr.-m wp

10 VYVY.+I.OD 5500
XY.K=XKKi .0B0 5600
DENOM=VKY'XKK 5700
CALL DMLT(AAR,AAI,FNR,FNIAARAAI) 5800
AAR=AAR/EtNOfM 5900
AAi=AM/lDENOM 6000

C CHECK F' R ii hltA<FWV . 10
IF(.AFtIL~i.%'3.Uk.A .;IL." t.3)(./;Oxi,.4.,'%t ATO 8 £200
101= 3 630a
PRINT 6,NAR,AIION 6400

I8
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S TTR=AAR+FORTTR 6500TTI=AAI+FORTTI 6600
IFCTTR.EQ.0.OD.AND.TTI.EQ.0.DD)GO TO 11 6700CALL DDVD(AARAAITTR,TTI,SAR,SAI) 6800IF(DABSCSAR).LT.EPS.Ar4D.DABS(SAI).LT.EPS)GcO TO 11 6900
FORTTR=TTR 7000FORTTI=TTI 7100
GO TO 10 7200

11 IF(L.LE.2)GO TO 12 7300XJRCL)=CSR::TTR-CSI ::TTI 7400
XUlI(L)=CSI]'TTR+CSRsTTI 7500C CHECK FOR UNDERFLOW 7600
IF(XJR(L).INE.0.OD.OR.XJI(L).NIE.O.OD)GO TO 12 7700ION=4 7800
PRINT 6,N,AR,AI, ION 7900

12 CONTI INUE 8000
GO TO 4 8100

6 FORMAT C/,2X,15,2(2x,E17.10),2X,I5,/) 820021 IF(DABSCAI).LE.10.OD)GO TO 16 8300
C FIND J AND Y VALUES FOR ORDERS ZERO AND ONE 8400

KLUE= 1 8500DO 17 J=1,2 8600
i4ORD=J-1 8700
CALL LRGBESD(AR,AI,NORD,XJR(.J),XUJIC(J),XYR(J),XYI(U)) 880017 COITINUE 8 9 00

16 NN=SRARG+50 0000IF(C(N+50).GT.NN)NN=N+50 9100
XJ RC NN)=XU I (NN)= .OD 9 200XJR(NN-1)=XJdI(N-1)=1.OD-10 9300
IFCKLUE.EQ.1)GO TO 5 9400CALL COMPBESD(AR,AI,XJR(I),XJI(l),XJR(2),XJI(2),XYR(J),XYICl), 9500

1 XYR(2),XYJ(2)) 06005 GDR=XJR(2) 9700
G D I -XY;J I(C 2 ) 9800
NM= NN-2 9900
DO 1 K=2,NM 10000
KK=NII-K 1010 0
CALL DDVD(XJR(KK+1), Xdl (KK+1),ARAI,XJRCKK), XJ I (KK)) 10200XtIRCKK)=CC::KK.: XJR(KK)-XJR(KK+2) 10300
XJ I (KK)=CC K.'*XJI (KK)-XJ I (KK+?) 10400

1 CONTINUE 10500CALL DDVDCGDRGDIXJR(2),XJI(2),RAR,RAI) Q0600
DO 2 K=3,M 10700
TR=XJRCK) 10800TI=XJI(K) 10900

2 CALL DMLT(TRTI,RARRAI,XJR(K)XXJI(K)) 1100013 XtIR(2)=GDR 11100XLII (2)=GDI 11200
4 DO 3 K=3,M 11300CALL DDVDCXYR(K-1),XYI(K-1),AR,AI,XYR(K),XYI(K)) 11400XYR(K)=CC::CK-2)-:XYR(K)-XYR(K-2) 115003 XYI(K)=CC:f(K-2)::XYICK)-XYI(K-,) 11600END 11700
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SUBROUTINE LRGBESD(X,Y,N,ADC,D) I 180t
EXTERNAL DRIIIT,DGINTJDDONER,.OONEIOTWOR,DTWOI 11900
CQMMONN/LF/EN, EX, WY 12000
TYPE DOUBLE OSINCONXIPITESTARRDDRINTAVDGINTXDB1,E~ti 121U0

i isDIhER, 2WDONEI b3ODTWWUiRWOiEXWYA,BCoX,Y, 1220U
2 TR,TI,HR,HI 12300

TEST= 1 eD-lb 1 2400
EX=X 12500
WY=Y 12Ci00
EI=N14 12100
X1=9. OD 12800
X=20 .00 12900
LIN=lb 1 3000
P1=3. 14159265358979323846264330 13100

C INTEGRATE FOR . VALUE 13200
CALL OSIMC0NCXI,PITESTLIN,AR,140,RDDRINT) 13300
A-ARiPn 1340f0
CALL DSIMCONCXIPI,TESTLIM,AV,NIRDDGINT) 13500
BzAV!PI 13i600
IF(WY.LE..OUD)GO TO S 13700

C INTEGRATE FOR H SUPER ONE VALUE 13800
CALL DSIMCON(XlXDTEST,L1NBfIIA,RD,DONER) l19O0
CALL DOSIICON4(XIXDTEST,LIMH,2,NARUDONEI) 140010
IF(N.EQ.I)GO TO 7 14100
TR.=D0.D 14200
TI =-2.0O/PI 14300
GO TO 8 14400

7 TR=-2 .O0tWY/PI 14500
Ti=2 .UiA:EX/PI 14600

8 CALL DMLT(TRTI,BI,82,HRH1) 14700
C=-b+HI 14800
D=A-HPR 14900
RETURN 15000

C INTEGRATE FOR H SUPER TWO VALUE 15100
5 CALL DSIMCON(XIXDTESTLIMB03,4ARDDTWOR) 15200

CALL DSIMCO(t4XIXDTESTL1N,13B,4NARDDTWOI) 15300
IF(N.Eq.1)GoO TO 10 15400
TR=O.0U 15500
Ti=2.0D/PI 15600
GO TO 11 15700

1U TP=2.00'-WY/PJ 11800
TI =-2 .OD$'EX/PI 15900

11 CALL DMLT(TRTI,B3,B4,HR,HI) 16000
C=B-HI 16100
D=-A+HR 16200
END 14300

20
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DOUBLE PRECISION FUNCTION DRINT(T) 16400
COMMOINI/LF/EN, EXWY 16500
TYPE DOUBLE SI NT,ALPH,.BETACOSHBDRINT,TEii,EX,WY 16600
SINT=DSINCT) 16700
ALPH=EX:S INT 16a0o
DETA=WY::SINT 16900
COSHB=(DEXPCBETA)+DEXPC-BETA)/2 . OD 17000

1P.INT=DCOS(E7100T) :UCS(ALPH}::COSHB+DSIN(ALPH):COSHB DSIN(EN :T) I7100
LND 17200

DOUBLE PRECISION FUNCTION DGINT(T) 17300
COMMON/ LF/EIJ, EX, WY 17400
TYPE DOUBLE 5114T,ALPH,,BETA,S[l4NHLB,DGI NT,TENEX,WY 17500
SINT=DSIN(T) 17600
ALPH=EX::S I1T 1 7700
OETA=WY:SI NT 17800
SIlNHB=CDEXP(BETA)-DEXP(-BETA) /2. OU 17900
DGINT=DCOS(ALPH)-:S I NHB:.DS IN{FN:T) -DS IN(ALPH)::S I NH B:DCOS(EN::T) 1 a 000
E14D 18100

DOUBLE PRECISION FUNCTION DONERCT) 18200
COMMON/LF/EN, EX,WY 18300
TYPE DOUBLE DONER,T,ALPH,TSQ,TTN,EN,EX,WY 18400
ALPH=i)SQRT(T!:T+1 .u) 18500
TTN=T-:T 18600
IF(EN.IEQ.0. 0IJ)TTN=1.0D 18700

2 DONER=TTN::DEXP(-ALPHx:WY):tDCOS(ALPH::EX)/ALPH 18800
LIID 18900

21
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DOUBLE PRECISION FUNCTION DONEICT) 13000
COMMON] LF/EN, EX, WY 19100
TYPE DOUBLE DONEI,T,ALPHTSQTTN,EN,EXWY 19200
ALPH=OSQRT(TuT+1.0D) 19300
TTN =T-:T 19400
EF(EN.EQ.0.OD)TTN=I .0D 9500

2 DO19E60TTDEXP(-ALPH0WY)-DSIN(ALPH--EX)/ALPH 19600
END 19700

DOUBLE PRECISION FUNCTION OTWOR(T) 19800
CONMON/LF/EIfEX,WY 19900
TYPE DOUBLE OTWOR,TALPH,TSQTTNlEN,EXWY 20000
ALPHMDSQRT(T-.T+1.00) 20100
TTN=VT-T 20200
IF(ENI.EQ . D0D)TTN=I..UD 20300

2 DTWOR=TTNDEXP(ALPH-WY):DCOCO(ALPH 2'EX)YALPH 20400
EtND 2050O

DOUBLE PRECISION FUNCTION DTWOICT) 20600
COMONI/LF/LN, EXWY 20700
TYPE DOUBLE OTW0I,TALPHTSQ,TTJ4,ENEXWY 20800
ALPH=DSQRT(T:tT+i .00) 20900
TTN=TflT 21200
lF(ENI .EQ.0.0D)TTN=1 .0D 21100

2 UTWOI =-TTeI'-CEXP(ALPHMWY)"DSINtALPH:EX)/ALPH 21200
END 21300

22
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6.0 COMPARISON
The program has been used to calculate the form function for an absorbing cylinder.
Quantitative agreement between theory and experiment was found [6].

ink 13) amnAL YnL + 13y) were generatd Lor uiie vales I -- '12 x-= - -LU, aiU y = ±2,
and the values n = 12, x + iy = ±10, and x + iy = ±lOi using CMPJYBES, CMPJYBED,
C0MBES (subroutine COMBES PS582A in the CDC-6700 Math Science Library at the
Naval Ship Research and Development Center, with the run being performed at
NSRDC), and C0MPBE (subroutine COMPBE (identification name-BES 4) from the
Atomic Energy Commission Computing and Applied Mathematics Center, Courant
Institute of Mathematical Science, New York University). For the values x + iy =
±6 ± 2i and x + iy = ±10 CMPJYBES (and CMPJYBED) results compared exactly
to the results (four figures) printed by COMBES, in all four quadrants. The values
for Yn(x + iy) generated by CQMPBE in quadrants two and three did not agree with
either the COMBES results or the CMPJYBES (CMPJYBED) results. For the values
of x + iy = ±lOi, CMPJYBES (and CMPJYBED) results did not compare with those
of C0MBES. They did however agree to nine figures (eleven in double precision)
with the NBS Mathematical Tables [Ref. 5, Section 3.15]. In addition, the answers
checked out u-asing t+he identity mentioned A QScntion Iifl~*A'kl~tA JAA tZAI t1~ L&,1A4U IJCIILI I. iii aULUti .L.±LV.

7.0 TEST METHOD AND RESULTS
Two test programs MASSNG and SPECD, which call CMPJYBES and CMPJYBED
respectivPely, and the results as printed bhy these programs, foflofl. Note that
Y4 7(20 + 20i) and Y48 (20 + 20i) are not correct in the single-precision version.
However, when values of Yo(20 + 20i) to Y1 2(20 + 20i) are printed, one would see
that at n 1 the single-precision and double-precision results agree to ten figures,
and at n 12 they agree to eight figures.

PROGRAM MASSNG
DIMENSION X(24),Y(24),XJR(250),XJI(250), XYR(250),XYI(250),N(l)
DATA(X=0.4,4.0,7.5,50.0,20.0),(Y=0.3,4.0,5.5,4.0,20.0)

NPJ=50
i i=i
TP=2 .0/3.1415926536
DO 4 J=I,JJ
DO 4 1=1,11
U=XCJ)
V=Y(.J)

NN=M+ I
CALL CMPJYBESCU,V,M,XJR,XJIXYRXYI)
DEN=U:: U+V::V
REAL=TP:tU/DEN
XMAG=-TP!:V/DEN
RHO=SORT(DEN)
PRINT 3,RHO,U,V,REAL,XMAG

3 FORMAT(///,5(2X,E17.10),/)
DO 4 L=48,49
11ORDL- 1
DRL=XJR(L+1)::XYR(L)-XJICL+1):xY I(L)-

1 XJR(L)::XYR(L+l)+XJICL)V:XYI(L+1'
BIM=XJI(L+!):XYR(L)+XJR(L+1)::XYI(L)-

1 XJI(L)::XYR(L+1)-XJR(L)::XYI(L+I)
PRINT 5,NORD,XJR(L),XJI(L),XYR(L),XYI(L)XBRL,BIM

5 FORMAT(2X,I5,6(2X,E17.I0))
4 CONTINUE

LND
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PROGRAM SPECD
TYPE DOU3LL XJR,XJIXYRXYI,X,Y,TP,U,V,DENREAL,XMAG,RHO,RLBIM
DIMENSION X(24),Y(2.4),XJR(250),XJI(250),XYR(250),XYI(250),N(l)
DATA(X=0.4U,l.OU,7.5D,5O.OU,20.OD),

(Y=0. 3D,4.0D, 5.5D,4.0D,20. 0D)

,-50
11:1
TP?2.0D/3.14!592b535897932384626433D
DO 4 J=1,JJ
UO 4 1=1,II
U=XCd)
VrY(J)
N1 I I )
t4HN=1+ 1
CALL ClHiP.JYBED(U,VM,XJR,XJI,XYR,XYI)
UEN-U::U+V:V 
REAL=TP::IUfDEN
XM-1AG=-TP P:V/ DE14
RHO= OSQ RT(IE)L1)
PR I NT 3, RHO, U, V1 REAL, XMAG

3 FORMAT(///, 5(2X,E17 .10),/)
DO 4 L=48,451
rJOPOi= -1
DRL=XJRCL+l)WXYR(L)-XJ IL+1 )::XYI CL)-

1 XJR(L)::XYR(L+1)+XJI(L)':XYI(L+l)
BIM=XJ IC L+l):XYRCL)+XJR(L+Ii )XY ICL)-

1 XJICL) :XYR(L+1)-XJRCL)::XYICL+i)
PRINT 5,NORD,XJR(L),XJICL),XYRCL),XYI(L),BRL,BIM

5 FORMAT(2X, I5, b(2X, E17.1 U))
4 CONTINUE

END

25



~.C0DtOeoo00wa1 3¢e99999o999Coot 2;9999999099roo1 1lo1s91 36358.Ono 17.6394372A84.rO1

47 7,S663R25641*089 -i.79a07R6871w08P -i.3415495s;g46* s ,199i73252i+fl5 1,n18501$V8*De0
48 a .51iVnEflN2Ftyd9I -5 AA773Rawn.tnR7 -.,t 2936543 A. 4 PhiA S.14 Ihn

5,eOe1542494.eop 4;oa~O~O c0D~nota 4:0ovoOOdonW oa0 7,9577471544.002 ,7.9577471444-n02

47 3,74!4216201.039 *5,2sO44i2or9.03o *6,02Q5448944*035 *SS6F6294&Oh°35 7,05774715A6oDo2
49 3,7545o41So5-040 *6,1R4811345f4i *j1,7t751c7249#037 .2,91t'5R3414*03& 7 A.577471546,0n2

9,a0c!476@E8,ooo 7 W5000000oOnoDD 5^5o0000agouo'on S~~,¶5j d 92e1flS.0D2 .4,047!7i3R49wflo7

47 .Otfle669 O2q *6,f37rS 5g65O2Q 4,5i3234S01g4025 '7,27l3Dog35nmn25 2
.8 *0194711479o.03i *7.6866876076003O *7,4*?734e186'025 .8,593492207.,O26 5 S!91846Ji9.D 7

5,C15974481 a*001 i 263 4:000000 0n1oo . ±r2651426319,0n2 *1.ii2i14 ±n55-no3

47 34 87$s27217j00j 8.zs7 b95e"oU2 *I,±0A965097-O01 Z,587390vo7t,0oi i.'65i4263i9.on2
48 .OeEU~i.65364efl0 1 .6 A714672¶3sA01 *2>097 7ii~f8nedO i 2.66fl784AA5i_..flc I >65 it26ti9..n1

2,8284a7147.oanl 2;o ~i0',000*D1 2:oCnO00000040*oci lSq5 4943Dq.O0a *1.5915494309.n02
47 10194f324407*006 !,3*7 0344441.o06 '4,61989i6796'002 i,11O3762P74*0g5 i.5915'943v6e0o2
48 v@.8129549057.007 Lt,2695 S9 8s o0e6 1,8724244j19'003 3,5$8681 3704*03 ti.%15494376.,0r2

-7161;4372fs84-Mn0

-7 ,9577471544-MO
47 .9P7?471944tno2

-4.047A71 3940-nO
.4,* 077At3AO4*ro0

-t,0¶2il41n5q-rn3

oi flQV749417AA-¶02

-I

2
'-

-P

3$

Ao

11


