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ABSTRACT

In calculating nuclear two-body matrix elements using
harmonic oscillator wave functions, the radial parts give
Talmi integrals and the angular parts may be done by Racah
algebra, yielding the geometrical coefficients tabulated here.
This table is calculated from the harmonic oscillator
transformation brackets and B coefficients of Moshinsky.
The table is applicable to the calculation of central-force
matrix elements for nuclides containing up to 70 nucleons
of a single speciesandis accurate toat least seven

significant figures.

ii



PROBLEM STATUS

An interim report on one phase of the
problem; work is continuing.
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A TABLE OF CENTRAL-FORCE GEOMETRICAL COEFFICIENTS
ASSOCIATED WITH TALMI INTEGRALS

For Use in Calculating

Nuclear Two-Body Matrix Elements
Using Harmonic Oscillator Wave Functions

DEFINITIONS AND ASSOCIATED FORMULA
The single-particle,harmonic oscillator wave functions
which are at least a formal basis for all that follows are

in spherical polar coordinates

(re(Fl ndm) = RnJL( r)Y»{’,m( 9,9), (1)

where Y/{,/m are spherical harmonics, and the radius is in units

1
of (h/mw)®. The radial part is

Rn&( r) = [2n' /T(n + 4 + 2) ]%r&exp( -%rZ)Lf;-%( r2), (2)

which has a normalization
j: RiLerr = 1. (3)

The radial quantum number here is one less than the usual
nuclear convention for the same state. This convention is
used for the scheme of Table 1, which lists all harmonic

oscillator shells of use with Table 2.



Table 1. Harmonic Oscillator Shells

Shell os | op od,1s | Of,1p | Og,1d,2s

Total Particles | 2 8 20 L0 70

Two-particle harmonic oscillator configuration states

coupled to angular momentum A with projection p are

ln 204 ) = :E:: QCimm | Mdontmdntm) (4)
1122 1212 111 222

mymo

and relative and center-of-mass (rcm) states are

|ntNihs) = ) (bttt] s | mtm) | vae (5)
mM

where the lower-case indices are harmonic oscillator quantum
numbers for the relative oscillation of the two particles, and
the upper-case indices are for the oscillation of the center-
of-mass relative to the well., The transformation brackets
of Moshinsky are defined as the transformation coefficients
of the unitary transformation between configuration and rem -

states.

ln 4 ntn) = z : In&NLXu)(n&NLX‘n L n L\ (6)



This transformation must be independent of choice of Z axis,
so the projection quantum number does not appear in the
bracket. Since the transformation is unitary, the brackets
satisfy orthonormality and completness relations.

Now, two-body configuration matrix elements of a central

two-body force may be reduced using the brackets.

Lnl ‘'n'r’ =
<n1 112V u.IV(r)Inl e 2M>

(n&NLMn L nd (nl&NLMn'L/n'LI)\) (n&HV( r)“nlzl’), (7)
;n 1122 1122

where n’ =n+3(p" - p), (8)

= 2 + 4 + 2 + £
p nl 1 n , (9)
and similarly for p’. Then

(at][v(x)|n"L)

]

@ P
jo R VR ,,r2dr (10)

i

Y B(man'tp)T , 11
> (nn"2p) . (11)



where

I, = [2/T(p + 8)1 [ r®Pexp(-r2)V(r)r3dr, (12)
o
the Talmi integrals., Thus (7) may be rewritten
2 nd fv(r)|n’dn’t ) =T ci(ndntatn’dAp)I, (1
<n1122p"()|1122p'> PC(lleznllnazp)p’(B)
using the subject geometrical coefficients. They are defined

¢/(ntndntn’dr) =
C11221122

:E:: (od¥LA|n £ n 2 A ANLA 02 'n ‘2 A)B(nn‘4p) . (1k)
DONL 1122 1122
The B coefficients and transformation brackets are tabulated
by T. A, Brody and M. Moshinsky in "Tables of Transformation
Brackets" (Instituto de Fisica, Mexico, 1960) for all shells
satisfying 2ni:+ {i.s 6, i = 1, 2 which covers all nuclides.
TABLE DESCRIPTION

This table was calculated using (1k), taking 1499 brackets
and 205 B coefficients from the tables of Brody and Moshinsky.
Their figures exhibit a few units of round-off error in the

eighth significant figure, Propagation of this error is the



only source of error in the present calculation, and it seldom
affects the seventh significant figure. In applying this rule,
any figures after the decimal should be considered significant.
The computer system used, CDC 3800 with SCOPE monitor, has a
complete set of parity checks for input and output transmissign
and printout. 1In the program itself, input was subject to an
exhaustive set of tests, one of which was testing the brackets

for orthogonality. This test was satisfied within 3 - 1077

Output was tested by the following sum rule,

Z C L Ln'd'n’a’ =90 ) ) )
(nl 1M e e p) an’ L& nn 44”7
B Mt Pt Mot

(15)

and this sum is part of the printout.
Each block of printout has the following format:

oo’ n n L4 nn’ta’ A
RPN S

/
z Cc(p)

P Ce(P)

. .

The order of output is numerical order of the first line; i.e.,
if possible A\ increases first, if not then &', etc. Of course
2

the indices are subject to various natural restrictions. Thus



0, ', & +4 , 2 + 4’ must all be congruent modulo 2, or have
1 2”1 2

the same parity..Also,&lLZX and L;&;X satisfy triangle inequalities,
Actually, p and p' are superfluous except for order since they

are given by (9) and its analog. These indices are also subject

to some artificial restrictions to limit the size of the table.

The most important of these is the restriction to the first

five shells
2ni -+ Li <L, i=1, 2, (16)

and the same restriction applies to the final states. Then

the Cé satisfy two symmetry relations:

¢/(n2ndn2n’t’rp) =cC (n L n & n’t'n’2 \p) (17)
C 11221122 12211
and
c'(ntnin L n & Xp) =C¢/(n’4'n’4'n L n 2 Xp), (18)
C 1122 1 C 1122112

and this allows imposing the inequalities

p<p (19)

and

L <4, (20)



The latter cannot be imposed on the final states. Conditions (16)
through (20) determine the number of table entries: 9821. This

count does not include certain vanishing cases actually printed.
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