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ABSTRACT

A set of two-dimensional functions is defined. Expansions of
two-dimensional functions f(x, y) in terms of this set have conver-
gence properties analogous to those of one-dimensional Haar series.
The Nth partial sum Py(x, y) is a step function of 22N square steps
each of area 1/22N, The value of Py (x, y) on any step is the mean
value of f(x, y) over the area covered by the step. If f(x, y) is con-
tinuous or has a finite number of discontinuities along binary-rational
line segments, then Py (x, y) converges uniformly. If f(x, y) has a
finite number of discontinuities along binary-irrational line segments,
then Py (x, y) converges pointwise, except along the discontinuities.
Accuracy of the estimate Py and the convergence rate are analogous
to those for one-dimensional Haar series. '
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A COMPLETE ORTHONORMAL SET OF
TWO-DIMENSIONAL HAAR-LIKE FUNCTIONS

1. INTRODUCTION

Engineering interest in alternative representations of time-domain functions, which
used to center on the Fourier and Laplace transforms, has extended in recent years to
Walsh functions (1-3). In two-dimensional image processing, use of the two-dimensional
Fourier transform is being supplemented by the Walsh-Hadamard transform (4). Haar
functions (5-7) are closely related to Walsh functions and have properties that suggest they
may be useful in applications such as multiplexing, data transmission, and pattern recog-
nition (8). In this report we introduce a set of two-dimension functions that has proper-
ties analogous to the set of Haar functions. These two-dimensional functions may be
particularly well suited for image coding and pattern recognition.

Haar functions are briefly reviewed in Section 2. In Section 3 we introduce the two-
dimensional functions. Convergence properties of the two-dimensional partial sums are
discussed in Section 4. Before continuing, we introduce some definitions that will be
used throughout the report.

DEFINITION. Let the interval ((m - 1)/2871, m/2n-1) be noted by i, where m =
12, 2, .ty 2“;1. Thus the interval [0, 1] is subdivided into 201 equal parts labeled i,ll,
R

DEFINITION. Let the square defined by (2 - 1)/2n1 < x < /2071 gnd (k - 1)/2771 <
y < k/27-1 pe denoted by %Q, where k, =1, 2, ..., 201, The square aléQ is the inter-
section of i,, along the x axis and iﬁ along the y axis. The unit square will be denoted by

%1. When the boundaries of the square are to be included, one writes [aﬁ ] instead of

okl
n

DEFINITION. If x € [0, 1] for some k and if M satisfies x = k/2M, where k = 0, 1,
2, ..., 2M, then is called a binary rational, in particular an Mth-order dyadic. If k is
odd, x may be called an odd-Mth-order dyadic and similarly where k is even. Any Mth-
order dyadic is also an (M + P)th-order dyadic for any positive integer P. If x does not
satisfy x = k/2M for any M, then it is called a binary irrational. A point (x,y) € o is
called a binary rational if either x or y is a binary rational. It is called a binary irrational
if both x and y are binary irrationals. A binary-rational line segment is a set of colinear
points (X, y) such that either x or y is a binary-rational constant and the segment end-
points are binary rationals in both x and y.
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DEFINITION. Let f(x,y) € L2[s4], then
F(ont) = 222 f f(x, y) dxdy 1)
SkR
n
is the mean value of f over the square akQ

DEFINITION, If f, g € L2[0, 1], then let

1

(fle) = | ree) as. @)
0
Iff,g € L2[s], then let
(fie) = [ fiw. gt ») dudy. (3
%1

2. BRIEF REVIEW OF HAAR FUNCTIONS
2.1 Haar Functions

The Haar orthonormal sequence is defined on the closed interval [0, 1] and is com-
posed of functions labeled by two indices:

2 1 ok-1
{0} = 00i 01505, 055 30k, coes Op 3enns (4)

The functions are defined as follows.

Yolx) = 1, for 0<x<1
) 1, for 0<x<1/2
p1(x) =
-1, for 1/2<x<1
Vv, for 0<x<1/4
ohx) = { ~/2, for 1/4<x<1/2

(5)
0, for 1/2<x<1 (cont’d.)
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0, for 0 <x <1/2

il
r

03 (x) for 1/2<x < 8/4

-2, for 3/4<x<1

(5)

Ve

-1)/2 m-1 m - (1/2)
2(n )/ R for zn_l <x< 2n—1
-(1/2
on(x) = < 2072 for TSl zn(_ll ) <x< —2’:_1
0, for 0<x<£n2n;_11 and 2—’;?_—1<x<1.

.

At points of discontinuity, the Haar functions are defined to be the average of the limits
approached on the two sides of the discontinuity. The first few Haar functions are shown
in Fig. 1. We note that ¢} (x) is nonzero over the interval i . The Haar functions are a
complete orthonormal basis of L2[0,1].

2.2 Haar Series Convergence

Any function can be expressed as an infinite series in terms of Haar functions:

oo 2n—1
f@) = o+ ) ) elelm), ©®)
n=1 m=1
where
em = (flel)- (7)

For the purposes of this report, convergence is best discussed by means of the partial sums

N 2n—1

Sy =co + ) ) e, (8)

n=1 m=1

which contain 2V terms; Sy, contains 2N more terms than Sy, namely all Haar functions
with the subscript N + 1. More general partial sums are discussed in Refs. 5 and 7.
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Fig. 1—The first few Haar functions

For continuous functions, the sequence of partial sums Sy is uniformly convergent to
the given function. This means that given a required accuracy of approximation € there is
a value M such that for all N = M we have |Sy(x) - f(x)| < e for all x in [0, 1]. For dis-
continuous functions, {SN} will still converge uniformly to (1/2)[f(x+) + f(x-)], provided
all discontinuities are at binary-rational points. This convergence property for discontinu-
ous functions derives from the fact that all Haar-function discontinuities are at binary-
rational points.

For functions with discontinuities at binary-irrational points, Sy (x), though no longer
uniformly convergent, is still pointwise convergent everywhere except at the binary-irra-
tional discontinuities. This means that given an approximation accuracy €, that must be
satisfied at a particular point x;, there is a value M such that for all N => M we have
ISy (x1) - f(x1)] < e. We cannot, however, guarantee that the required accuracy is ob-
tained simultaneously at all points in [0, 1].



NRL REPORT 7471 5

2.3 Mean-Value Properties of Partial Sums and Coefficients

Several aspects of the potential utility of Haar functions derive from an important
property of the partial sum. In the expansion of f(x), the Nth Haar partial sum Sy (x) is
a step function with 2V equal-length steps. The value of Sy (x) on each step is simply
the mean value of f(x) in the interval covered by the step. The value of Sy(x) at a dis-
continuity between adjacent steps is halfway between the adjacent steps. Stated differ-
ently, Sy (x) is the step function of 2N steps which is the best approximation to f(x) in
the mean-square-error sense. The effect of additional terms is simple and intuitive, unlike
the effect of additional terms when the function is expanded as a trigonometric Fourier
series (or as a series in terms of other continuous bases of L2[0,1]). We note that it
follows from this mean-value property that if f(x) is constant in the interval covered by
any step, then Sy (x) = f(x) exactly on this step.

The coefficients in the Haar series also have a simple relationship with the mean value
of f(x) over subintervals of [0, 1]. This is easily seen as follows:

1

~

f = | reepe d
0
[ (2m-1)2¢ 2m/2%
= 9@-1)2 f fx) dx - Fx) da (%)
| “(2m-2)/2% (2m-1)/2%

(9b)

_ 9B _-<
Lf

where f(a, b) is the mean value of f(x) in the interval (a, b). Thus cfz" is proportional to
the difference in the mean value of f(x) over adjacent subintervals of length 1/2%. Stated
differently, cfz" is proportional to the difference of two adjacent steps of S¢(x), namely the
steps on either side of x = (2m - 1)/2%.

2m-2 2m-1 —2m -1 %
28 of - 28’ of ’

3. A SET OF TWO DIMENSIONAL, HAAR-LIKE FUNCTIONS
3.1 Definitions

The attractive qualities of Haar functions derive from two related properties. First,
in the expansion of f(x), Sy (x) is a step function of 2N equal-length steps. The value of
Sx on each step is the mean value of f in the interval covered by the step. Second, the
expansion coefficients are proportional to the difference in the mean value of f(x) over
adjacent subintervals of [0, 1]. As discussed in Ref 8, these properties are useful in appli-
cations such as data coding and pattern recognition. Whatever the application, Haar func-
tions require a one-dimensional data stream. If the data is intrinsically two dimensional,
it seems more appropriate to use a two-dimensional set of functions with analogous
properties.
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We therefore look for a set of orthonormal functions that have the following proper-
ties., When a function f(x, ¥) on the unit square is expanded in terms of these functions,
the Nth partial sum Py (x, y) is a step function of 22N square steps each of area 1/22N,
The value of Py(x, y) on any step is the mean value of f(x, y) over the area covered by
the step. The expansion coefficients are proportional to the difference in the mean value
of f(x, y) over adjacent subareas of subsquares of the unit square.

In analogy with the double trigonometric Fourier series, we might expect that such
a set is provided by all products of the form

®"(x, y) = P (y)eh(x). (10)

The set @nmkg is the basis of the two-dimensional transform used in Ref. 9. The set @nka
has all of the desirable properties just enumerated except for that concerning the expansion
coefficients. To obtain all of the desired properties, we define three sets of functions:
S} (x, y),H} (%, y),and V] (x, y). The first is a subset of the products defined in Eq. (10):

Sox, ¥) = 9o (¥)po(x) (11)

S(x, v) = ol ()ei(x) 12)

where (x, y) € oi{ and n > 0. The first few Oizj are shown in Fig. 2; the symbol S was
chosen because the functions have a saddle shape.

(0,0) X —» (1,0)

(o, [{})]

Fig. 2—The first few saddle functions Si{(x, y). The
shaded areas have the value zero. Other areas have values
of plus or minus the constant written outside the square.
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Introducing the block functions

212 for x €™
o' (x) = (13)
0, elsewhere

we define

Il

HY(x, ) = () (x) (14)

Vi(x, y)

oy ()l () (15)

where (x, y) €5, and n > 0. The first few H,] are shown in Fig. 3; the symbol H was
chosen because the rectangular nonzero areas are horizontally oriented. The first few

V” are shown in Fig. 4; the symbol V was chosen because the rectangular areas are ver-
tlcally oriented. The form of the definitions was chosen so that the superscripts locate the
nonzero square ;] according to the familiar row-column matrix notation.,

On the four borders of »7, all S HUY and V¥ are defined as the average of the
limits approached on the two s1des of the border For example, if 5, i/ has no borders in
common with the unit square s1,then the functions take one of the values 0, £272, On
a common border of +/ and +; they take one of the values 0, +2n-1,

The functions Sf{, H ,’;j , and V,ilj may be expressed as simple linear combinations of
the functions @)y

11 10
Hy" = %9
11 _ 401
Vl cI)Ol
2
= 2010 + o]

ete.

In general, H" is a 11near combination of all functions <I>” withk =0,1,2,...,n -1 and

v Cip. Slmllarlér V5" is a linear combination of all functlons ®;7 with k = 0 1 2,
n =1and i C
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(0,0 X —p {1,0)

+

o,n (n

Fig. 3—The first few horizontal functions H. ,lz" (x,5)

(0,0) X— (1,0

o,n {n

21_
V2= 2.

Fig. 4—The first few vertical functions V:{ (x,y)
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3.2 Properties

It is convenient to introduce a set of two-dimensional block functions that are zero
everywhere except on 4, i

Bi(x, y) = 2" Y, (y)od, (x). (16)
We note that
f BY(x, y)dxdy = 1 a7
hY
1

and that the mean value of any function f(x, y) over the square oﬁf may be written

Fely = f f(x, v)BY (x, y) dxdy. (18)

>

We now consider the multiplicative relations that exist between the functions S
Hj, i and V” We ignore function values on the border of a” For like functions vv1th
the same subscrlpt we have

SUSH = §,,8,0BY (19a)
HIHP® = 5,,8;BY (19p)
VIV = 6,8,0BY (19¢)

For different functions with the same subscript, we have

Sk = a1, 5,V (20a)

HIVIY = onlg, 5,050 (20b)
e y

ViSy = 27V8,,8;0H,) (20c)

To obtain the products for different subscrlpts, we note that for n > m, either o”
and ok have no area in common, or @” C o and is contained entirely within one quad-
rant of S

For like functions with different subscripts we then have
xom-lgiip o SR

siight = (212)
0, otherwise
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. i2m'1H,';j, if aflj c a’,‘;lg
HIgM = (21b)
0, otherwise
B +om-lyil e oii an’“Q
viyE - (21c)

0, otherwise

where n > m }12% all cases. The signs on the right sides of Egs. (21a)-(21c) depend on which
quadrant of s, contains +}]. For different functions with different subscripts, we have the
relations

£9™ 181 it n>m and o7 C &R

SUEM = & x9mlHU ) it p <mand o8 C ol (22a)

no» m

_ 0, otherwise

+9" g it > mand o7 C oFY
HIVE = & 29"V if n<mand ofF C o (22b)
L 0, otherwise
( 221yl if > moand oF C o2
- n:> n m
vight = < o™ 1g® it p<mand o8 € o¥ (22c)

L0, otherwise

It is now easy to see that the set {Sf,j, H ,’;j , V,'.,j } is orthonormal. Using Eq. (17),
integration of Eqs. (192)-(19¢) demonstrates normalization for all functions and orthog-
onality for the subsequences of like functions. Since

f S dxdy = f HY dxdy = f vil gxdy = 0, (23)
i £ g

integration of Egs. (20a)-(20c), (21a)-(21c), and (22a)-(22c) shows orthogonality for dif-
ferent-type functions.

The orthonormal set {Sf{, H,';j, V,i,j } happens to be complete in L2[4,]. This means

that there can exist no element f(x, y) € L2[4;] which is orthogonal to all {S%, HY, Vi/}
and at the same time satisfies f # 0. We shall prove completeness by assuming

(r1siy = (r1Ef) = (r1vi) = o (24)

and by showing that f = 0 necessarily.
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We define

F(x, y) = f fa', y') dx’ dy',
r(x,y)

where r(x, y) is the area of 4, in which x' <x and y' <y are satisfied. Now F0,0)=0
and, applying Eq. (24), we have

(f18) = F(1,1) = 0 (25)
<fIH}1) = F<1, %) - ['F(l,l) - F@-ﬂ

= 2F<1, 3“2-> =0 (26)
(FIvit) = F@ 1) - [F(l,l) - F(-;- 1)}

S 2F<% 1) =0 (27)
(r1st*) = F(% —é—) - [F(l %) - F@- %)] - [F(% 1) - F(% %)]

Dol =
=
|
r—
]
/‘_x\
Do =
S~—
i
]
P

+ {F(l, 1) - F(

1 1
4F<2 2) 0 (28)

Thus F(0, 0) = F(1/2, 1/2) = F(1/2, 1) = F(1,1/2) = F1, 1) = 0. By induction

k Q
F<’27’ 2—'5> =0

where k =1,2,,..,27;2=1,2,3,...,2"m;andn,m=0,1,2,.... Since F(x, y) is
continuous and since the binary rationals are dense in s, F = 0 everywhere. By a theorem
of analysis, we conclude that f(x, y) = 0 almost everywhere (10). The orthonormal se-
quence {S” HY, Vi/) is therefore complete in L2[41].

4. SERIES CONVERGENCE

In expanding any function f(x, y) € L2[<>1] in terms of {Si,j, H,ilj, V,ilj }, we shall take
the following partial sums:
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N
Py(x,y) = agSq + Z [alisii + wiimi + civil], (29)

Il

where aq = (f1S,), af = (f1s¥), vi = (fIHT), and ¢ = (f1Vi]). Since {s¥, HY, V¥}
is complete in Lz[ol], these-partial sums approximate f in the mean:

Hf-Pyll = 0 as N —> oo, (30)
where
lell = {glg)'”. (31)
Furthermore
o gn-l
1712 = ad + 3 D" [y + @) + @l?] (32)
n=1 ij=1

(Parseval’s formula).

We note that Py is exactly equal to the partial sum obtained when expanding f(x, y)
in terms of the first 22" elements of the set {@Zﬂ } The convergence properties that we
derive for Py will therefore also hold for the set (z CI),’?,f }

For a certain class of functions, we can prove a much stronger convergence than mean
convergence, namely uniform convergence. As in Haar functions, this results from a mean-
value property of the partial sums. Here Pp(x, y) has a constant value over each of 22N
square steps. The value of Py over a particular square s}4¢ is the mean value of f(x, y)
over ajy1. This property is fully stated in the following theorem.

THEOREM 1. Let £(x, y) € L2[s,] be expanded in terms of the set {si, Hi, vii},
so that the Nth partial sum is given by

N g9on-1 gn~1

Py(x, y) = agSq + Z Z Z [af{Sf,j + bHHY + Cf,jV,l;j], (33)

n=1 i=1 j=1

where ag = (fISO>, ag = <fISH>, bg = <le§>,_ and cH = (fIVﬂ). Then for any point (x, y)
€ o, such that neither X nor y are Nth-order dyadics, we have

Py(x, ¥) = Flopi)s (34)

where n, m satisfy (x, y) € 0§T1- For interior Nth-order dyadics, the value of Py(x, y)
is the average of the values of Py on the two or four squares adjacent to the point.
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Theorem 1 is proved in the appendix. Two corollaries follow directly.

COROLLARY 1. Let f(x, y) € L2[+1] be expanded as a series in the form of Eq.
(33). Then in a subarea of », defined by any set of contiguous squares @i\llﬂ, the con-
vergence behavior of Py (X%, y) and of all higher partial sums depends only on the behavior
of £(x,y) within this subarea. For large N the convergence behavior at any point depends
only on f(x,y) in the neighborhood of that point.

COROLLARY 2. Let f(x,y) € L2[+,] be expanded as a series in the form of Eq.
(33). If f(x,y) = B, a constant, within a subarea of 5, defined by any set of contiguous
squares ”‘>§1+1’ then within this subarea, Py satisfies Py (%, y) = £(x,y) = B exactly, as do
all higher partial sums.

Just as in the theory of Haar series, a variety of convergence properties follow di-
rectly from the mean-value property of partial sums; the proofs given are analogous to
those given in Ref. 7 for Haar series. We begin by showing that Py converges uniformly
in the expansion of continuous functions.

THEOREM 2. Let f(x,y) € L2[s1] be continuous over [51]. Then the sequence of
partial sums Py is uniformly convergent to f(x,y).

Proof. For points that are not interior Nth-order dyadics, we have for (x, y) € 0%4_1,
PN(x9 y) = F(/‘)KH.]_) = f(u;\',]-*l)’ (35)

where uf{, +1 is some point in @f\]} +1- The last step in Eq. (35) is by the mean-value theorem
for integrals.

Since f is continuous over [4], it is uniformly continuous there. Thus for every
€ > 0 there exists a § > 0 such that

If(ry) - fir))l < e (36)
whenever
Iry = rgl < 6. (37)

If r and uy,, are both in oy, ,,

.. P
ufey -l < \2/——; . (38)
Therefore, if we choose a fixed integer M so that \/E/ZM < 6, we will have
1Pyr(r) = FOI = If(ulfy) - £(r) < e (39)

forallr € o}& +1- This inequality also holds on the boundary of the unit square.



14 JOHN E. SHORE

As for interior Mth-order dyadics, let x;, = k/2M, and let y be a non-Mth-order dyadic.
Then the point (x, y) must be on the common boundary of two squares a;(,; +1 and szuk:ll.

Defining, for positive x,

flx+,y) = lm f(x +a,y) (40)
a—>0
and
fs=9) = lim f(x-a, ), (41)
we have
1Py (oheny) = Flp= ) < € (42)
and
Py (ohiit) = flap+,y)l < e. (43)

Here we have used Eq. (39) and have written PN(ag) for Py (x, y) when (x, y) € oﬁ{ Com-
bining Eqgs. (42) and (43),

” ,
Par(og41) + Par(ohfey) = Flxp= ¥) = flap+,y) < 2e, (44)
and since f is continuous,

I%[PM(ojfm) + Py (b)) - fw y)] = 1Py (%4, ) = flag, )l <€,  (45)

where we have used Theorem 1. Similar conditions hold for points that are Mth-order
dyadics in y only and for points that are Mth-order dyadics in both x and y. Details are
omitted.

We have therefore shown that for every € > 0, there exists an integer M such that
|Pyr(x, ¥) = flx, ¥) < e (46)

for all (x, y) € [61]. That this hold for N > M can be seen by noting that for r € a% 17
we also have Iu;{, 1~ 1 <\/§/2M < 6. The steps leading to Eq. (46) therefore follow
for N > M. This completes the proof of Theorem 2.

If f(x, y) is differentiable everywhere, we have the following convergence estimate.

THEOREM 3. Let f(x, y) € L2[,] be differentiable everywhere in [4,]. and let
>
V[ be bounded on [s1]. Then .

E(’ég{[.‘.l

IPy(x, ) = flx, ¥)| < N (47)
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for all (x,y) € 05\17+1 Here

15
Z(s) =4/2 sup

Iyfx, ¥)l,
(x,y)E»

(48)
where o is a subarea of s,

Proof. By the mean-value theorem for integrals

Py (r) - f(D] = [F(ui,q) - £(1)] (49)
for r € oy, where u;.{/: +1 is a particular point in @1:, +1

The mean-value theorem states that

lf(ry) - f(ra)l = I¥f(rg)

where rj is on the line segment joining r; and ry

c(rq - |‘2)|,
that when ry and ry are both in » 1.\}+1

(50)
Applying this to Eq. (49) and noting

21yf (ro)l E(o]+1)
IVF(ro) + (ry - ra)l < [lz—ﬁL < =5 (51)
we have
Py (x, 3) - fx, )| < (2113*1), (52)
which proves Theorem 3

COROLLARY 3. If f(x, y) € L2[s4] is continuous and differentiable everywhere in
[0‘1] ’

1Py, 3) - f I < oL (53)
for all (x,y) € [#].

We state without proof the following theorem

THEOREM 4. Let f(x,y) € L2 [#1] be a plane over the square a].\; +1- Then for (x,y)
€ sl
N+1°

V7, )l
Pt ) - e ) < Yo 2)

(54)

This theorem is useful when expanding any well-behaved function, since Eq. (54)
then will be approximately true for large N, except at points where Vf = 0



16 JOHN E. SHORE

We now consider the convergence of Py in the case of discontinuous f(x, y). Sup-
pose there is a single discontinuity which occurs along the line x = k/2", beginning at
y1 = 2/2™ and ending at yy = u/2Y. Let N be the largest of n, m, and v. Then Py and
all higher partial sums will be discontinuous exactly on this binary-rational line segment.
For (x, y) € [»,], including the discontinuity,

Pyn(x, y) =~ %[f(x—, y) + flx+,y)] (55)

uniformly on [4;], where we have used Theorems 1 and 2. A similar condition holds for
discontinuities on binary-rational line segments parallel to the x axis. We therefore have
the following theorem.

THEOREM 5. Let £(x, y) € L2[s,] have a finite number of discontinuities of the
first kind along binary-rational line segments in an area a € »y. Then the sequence of
partial sums {Py } is uniformly convergent,

Py(x,y) > F1f-y-) + flam y4) + flaes,y-) + flws, y4)], (56)
on a,

The four terms on the right of Eq. (56) are required if the theorem is to hold at
points that are binary rationals in both x and y.

It is easy to see that Theorem 5 does not hold if f(x, y) is discontinuous along binary-
irrational line segments. For example, suppose f is discontinuous along x = x;, a binary
irrational. Then for no value of N will Py (x, y) be discontinuous everywhere on this line.
The line of discontinuity cuts across all squares @X,’fl, where m is given by x; € iﬁﬂ. As
N increases, x4 falls at relatively different positions within ijn\%+1 , resulting in different values
for Py(x1, y) = ]—‘-(01'({21). The sequence does not approach a limit, and Py does not con-
verge at (xq, ¥). It is, however, pointwise convergent elsewhere. For any point (xo, y)

# (x4, ¥), we can increase N until (xg, y) € o}, while (x1, ¥) € s3+1. Then, by Theorem

2, Py(xg, ¥) = flxg, ¥).

THEOREM 6. Let f(xq,y) € L2[4s,] have a finite number of discontinuities of the
first kind along binary-irrational line segments in the subarea a € »,. Then the sequence
of partial sums {PN(x, y)} is pointwise convergent to f(x, y) everywhere in a except along
the discontinuities, where there is no convergence.

5. CONCLUSION

The orthonormal set {Sflj(x, y), H :{ (x, ¥), V,’lj (x, y)} is complete in L2[s,]. Series
expansions in terms of this set have convergence properties analogous to those of one-
dimensional Haar series. The Nth partial sum Py (x, y) is a step function of 22N square
steps each of area 1/22N, The value of Py (x, y) on any step is the mean value of f(x, y)
over the area covered by the step. If f(x, y) is continuous or has a finite number of dis-
continuities along binary-rational line segments, then Py (x, y) converges uniformly. If
f(x, ¥) has a finite number of discontinuities along binary-irrational line segments, then
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Py (x, y) converges pointwise except along the discontinuities. The accuracy of the esti-
mate Py (x, ¥) in the neighborhood of some point is proportional to the gradient at that
point. Also, the accuracy of the estimate Py, is bounded by a value which is half that
which bounds the estimate Py .
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APPENDIX
PROOF OF THEOREM 1

The proof is by induction. We first consider points that are binary irrational in both
xandy. ForN =0

Po(s,y) = ag = (fSo) = [z ) dxdy = Flon). (A1)
kg
We now assume
Pp(x, y) = F(RH)s (A2)

where (x, y) € +p};. For N=R +1

2R 2oFR
Py(x,y) = Pgplx,v) + E E |aifsi + oy + v, (A3)
=1 j=1

For a particular point (x, y) € ¢, only one term survives each of the three summations
in Eq. (A3). We then have

Py(x, ) = f(oy") + ay"Sy" + by "HY" + ey V™, (A4)

where we have also used Eq. (A2). We now introduce the following representation:

SN e, ¥) SN (x, ¥)
Hi"(x,y) | = 2N1sgn | HY"(x, ¥) (A5)
Vi (x, y) VT (x, )

for (x, y) € °1':Jm . The function sgn operates on each element of the column vector, which
therefore takes on one of the four values

- + - +

18
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depending on the quadrant of @ ™ that (x, y) € @ is in (Fig. Al). Thus in the first
quadrant,

Py(x,y) = F(olm) + 2N1[alm + bjm c]’:,'"]. (A6)
nm + -
% 3| G
+ ——

Fig. A1—Values of sgn HRI-m in the four quadrants of {)Ir\z’m.
— +
nm
v - —
N <+> (—)
nm bnm

The coefficients ay;, by, and cxrm can be written in terms of the average value of f(x, y)
over the quadrants of al’{l.m. Using Eqgs. (12), (14), and (15) (see also Figs. 2 - 4), we ob-
tain

1 [+ on- - - -
af" = o | TR ) - Fednd ) - Fefi iy + et ara)

1 -1 2m- - on 2m-1,  F,.2n 2
b = o TR B+ FOE By - FOR - Fefni™)] )

i 1 ~1 am-~ -1 2m n 2m- n
N = G| o 71y - F2E 2™y + TR - Fi oM | (ate)

Substituting Egs. (A7a) - (A7c) into Eq. (A6) and expressing f(aﬁ,m) as

on-1 2m-1 - - fi
Flogmy = TR ™) + FJ 2m) + Tl + Fofiim)],  (as)
we obtain, for (x, y) € 0}2\3—11 2m’

Similar results hold for (x, y) in each of the other three quadrants., Theorem 1 is there-
fore proved for points in 4 that are not Nth-order dyadics.

All Nth-order dyadics are points of discontinuity in Py (x, y). Of the 22N Jines of
discontinuity in Py, the odd lines defined by x = k/2N and y = /2N, for k, =1, 3, ...,
2N -1, are appearing for the first time. By this we mean that Py (x, y) = Py_; (%, y) is
not discontinuous along these lines.

We consider the square o5y, = o3". The lines y = (2n - 1)/2N and x = (2m - 1)/2N
are not lines of discontinuity in Py (x, v), whereas they are so in Py(x, y) (see Fig. A2).
Values of Py on these lines may be calculated using Eqgs. (A4) and(A5). Values of the
function sgn for points on these lines are given in Fig. A3. For a point located on the
common boundary of quadrants one and four, where y = (2n - 1)/2N and x € ((2m - 1)/2N
2m/2N)
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m~1{ 2m-1 m
X 2N-I 2N 2N-1
A
| 1 |
1 1 |
-y 1 1 1
2N-l
2n-l 2m-| JZn-I 2m
N+1 N+1
2ot} _
ZN
2n 2m-1 42n 2m
N+1 N+1
L
2N~I \
nm
4
N

Fig. A2—The square oglm and its four quadrants

]
0 nm
(+) SN
o\\0/ fo m . nm
- o —1——- o | Fig. A3—Values of sgn HX, on the interquadrant boundaries of ON
+ -—

|

—
FO 1 o

Py(x,y) = flog") - 2V tefm

= SlFekam + Fefnim).

1 §
= 2[ NGl I Nt )],. (A10)

In the second step we have used Eqgs. (A7c) and (A8). Equation (A10), which holds on
the boundary between quadrants one and four of o7 N , states that Py (x, y) is the average
of the values of Py on the two squares °N +1 adjacent to (x, y). S1m11ar results hold for
points on the other three interquadrant boundaries. At the center of @N , we have

Py(x, ) = Pp(x, ¥) = floy"), (A11)

since Sy, Hy", and V4™ are all zero there. From Eq. (A8) we see that flopn™) is equiv-
alent to the average of the values of Py on each of the four squares s% N +1 adjacent to the
center point of ON

So far we have shown that Theorem 1 holds for binary-rational points at which
Pp(x, y) is discontinuous but at which Py_;(x, y) is not. That is, it holds at every binary-
rational point whenever that point first becomes a discontinuity of Py (x, ¥). To continue
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the proof by induction, we now assume that Theorem 1 holds at binary-rational points
that are discontinuities of an arbitrary partial sum Py (x, y). We then show that it also
holds for Py .q(x, ¥).

Consider the two adjacent squares o7, and 7 +"1'+1 (Fig. A4). Along their common

boundary x = m/2L, we have by assumption
= 1= nm Fran m+l
P y) = S[Ferm) + g, (A12)

except at the two end points. For M =L + 1,

oL 2oL

Py(x,y) = Pr(x,y) + Z Z [a%sjé + bUHT + c;(qvj,;] (A13)
=1 =1
When x = m/2L, two terms survive each of the three summations in Eq. (A13), specifically

m — m nm qnm nm pynm nm yynm
PM('zf’y) _PL(2L’y) tay Sy tboy Hy toey Vy
+ aglmﬂs&m-n-l + blr\llmﬂHleﬂ + c}‘zlmﬂvﬁmﬂ’ (A14)

where y € ((n - 1)/2F, n/2L).

At a point on the boundary of a square 05\]} )

’ y

S Sy

HY | = 2826 | HY | (A15)
y N

Vi vy

Except at the midpoint of the boundary, the function sgn has the same values on the
boundary as those on the quadrant of a;\j'- whose external boundary contains the point in
question (Fig. Al). At the midpoint the value of sgn is the same as that given in Fig. A3.

Restricting our attention to the region y € ((2n - 2)/2M, (2n - 1)/2M ), Eq. (A14)
now becomes

m m .
PM(éf,y> = PL(§f,y> + 2N 2[—a§,’" + by - c}f}"]
+ oN2[ommel y prmtl g gnmL] (A16)

Using Eqgs. (A7), (A8), and (A12), this becomes
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M-l M MEl
X—» oL oL ol
T | T
y : | |
l | ] }
1 |
n-| : ! :
'2_1.
2n-1 2m-1| 2n-1 2m| 2n-12m-+I| 2n-12m+2
M+) M+ M+1 oy
2n 2m-l| 2n 2m 2n 2m+1| 2n 2m+2
4 Mt M+ M+ M+
LU
L
2 Jnm/ 4“ m+l/
L+1 L+
Fig. A4—The two adjacent squares ozz; and QZTI
m _ 1[% . 2n1 2m wra2n-1 2m+1
PM<2—L,y) = Slremst ey « R 2], (A17)

Similarly, for y € ((2n - 1)/2M, 2n/2M ),

m = m N-2[ nm n
PM<2L,y>_PL<2L’y) + 2 [aM —me_cJ):Jm:I

+ oN-2 [_alr‘zlmﬂ _ ~b]r‘14m+1 + c]r‘z/lm+1]

I

LFeamm + Fefnmn). (418)

At the midpoint ((2n - 1)/2M, (2m - 1)/2M),

Il

n-2 nm n m+1
PM PL + 2 [-’CM + CM ]

%[f‘({@n—l 2m) + f(02n-1 2m+1) + f( 2n 2m + f‘( 2n 2m+1)J. (A19)

I

M1 M+1 *M+1 M+1

Egs. (A16), (A18), and (A19) show that Theorem 1 holds for P;,; on the boundary of
o7+ that we consider. Similar results are easily obtained for points on the other bound-
aries, as well as for the four corners. This completes the proof of Theorem 1.
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