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A Neliac Program for Calculating Spheroidal Wave
Function Eigenvalues and Expansion Constants

S. HANISH

Transducer Branch
Sound Division

A digital computer program, written in the Neliac dialect of Algol, for the computation
of spheroidal wave function eigenvalues and expansion constants is presented in this
report. A brief explanation of the program is made by listing all of the formulas used
in its construction and by indicating in the body of the program the sets of commands
corresponding to each formula in the list. The program shown has been compiled by the
Neliac-N compiler on the NAREC and has worked successfully for the following ranges
of input parameters: 0 - m - 10, 0 c £ s 20, 0 - h -s 20, with a precision of at least six
significant digits.

INTRODUCTION

In NRL Report 5837 (1), the author and Baier published a digital computer program
for calculating spheroidal wave function eigenvalues and expansion constants. The program
was written in NIP (NAREC Interpretive Program) language. After the appearance of that
report a new language became available at the NAREC computing center for the rapid compo-
sition of computer programs. This was the Neliac dialect of Algol, implemented on the NAREC
by the Neliac-N compiler. It was then thought advisable to rewrite the program of Report
5837 in this new language. The following report contains a complete transcription of this
Neliac version together with explanatory notes. The advantage of having the new version is
apparent when it is realized that no portion of this Neliac program (excluding the input pro-
cedure) is machine dependent.

THEORETIC CONSIDERATIONS

NRL Report 5837 contains a brief but complete summary of all the pertinent formulas
and references needed for the computation of the spheroidal wave function eigenvalues and
expansion constants. The reader is referred to the work of Flammer (2) for additional details.

In order to make the following program understandable we list in Appendix A all of the
equations referred to in the explanatory notes in the main body of the program itself (Appen-
dix B). The origin of each formula is noted in the heading above it.

This program was compiled on the NAREC by the Neliac-N compiler and tested for various
combinations of the five input parameters m, 2, A, Tally, and R. In all cases the results have
agreed with the earlier outputs of the NIP program of Report 5837 with a precision of (at
least) six significant digits.

PROCEDURE FOR USING NELIAC VERSION

The tape containing the Neliac version of our program is designated by the identifying
number F5188. When the Neliac-N compiler is in the NAREC memory, this tape is simply
read in by the automatic reader and the program is compiled. Five input parameters must
be in the memory before computation can begin. These parameters are derived from the

*NRL Problem S02-07 and Project RF 001-03-44-4052. This is an interim report on one phase of the problem; work is continuing.
Manuscript submitted April 9, 1964.
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following general expansion of the angle spheroidal wave functions Smz in series of associated
Legendre functions:

Sme(kh, cos 0) = dr(hjm2)P-r(cos D).
r=O,1

Here, m and o are integral modal numbers. The number h is kd/2, where k = 27r/X, X is the
wavelength, and d is the interfocal distance of the spheroid. Since only a finite number of
terms is required by the sum we designate the maximum desired number r by Tally. If 2- m
is even, Tally is an even number. Otherwise it is odd. The last input parameter appears as
the letter R, which is either a zero (prolate case) or a hexidecimal 1 (oblate case).

For any particular computer we must reserve five consecutive locations in the memory
to contain the five input parameters. In the NAREC we have selected locations 800, 801, 802,
803, and 804. These assignments lead to the following input requirement table (Table 1).

TABLE I

Input Locations and Requirements

NAREC Address f Input Requirement

0800 m, in Neliac floating point

0801 2, in Neliac floating point

0802 A, in Neliac floating point

0803 Tally,* in NAREC hexidecimal

0804 R, either zero (prolate case)
or hexidecimal I (oblate case)

*Tlhe maximum value of Tally is decimal 250 (even) or decimal
249 (odd).

When the input is in the memory the compiled program may be executed by starting
at the command (appearing on page 2 of the flow chart) entitled "Calc Eigen Value." Previous
compilation has shown this command to be in location 0948. Hence the NAREC starting order
is LO 0948.

The program automatically prints out the computed eigenvalue and a list of all of the
expansion constants called for by the number Tally. If Tally is an even number (S250) the
constants are labeled do, d2, d4, etc. If Tally is an odd number (Q249) the constants are d,
d13, d5, etc. Previous compilation on the NAREC has shown that the expansion constants are
located at ADDR. lAOO, No. 1AO1,etc.,and the eigenvalue at ADDR. 0923.

Appendix B is a complete reprint of the entire contents of Tape F5188. On most pages
of this reprint we have appended at the right a series of brief explanatory remarks. By con-
sulting Appendix A the reader may find the formula whose compilation is being effected by
the series of commands indicated by the explanatory remarks.
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Appendix A
EQUATIONS REFERRED TO IN APPENDIX B

Equation (1) - Ref. 3, p. 306

A j(^)= hq + m2 - 8(q2 + 5) - q (q2 + 11- 32m2 )

-024h [5(q4 + 26q2 + 21) - 384m2(q2 + 1)]

I-h3 [l28l2 (33q5 + 1594q3 + 5621q)- 2n (37q3 + 167q) + m8 q
AW3 [128-128 -' 128 8

-h4 [25626 (63q6 + 4940q4 + 4 3327q2 + 22470)

- 2(115q 4 +1310q 2 + 735) + 8 (q2 + 1)
512

- [ (527q7 + 61529q5 + 1043961q3 + 22 4 1599q)

32*1024 (5 739q5 + 127550q3 + 29 895 1q)

+-54 (355q3 + 1505q) q] +

Equation (2) - Ref. 3, p. 307

A =h2 + 2hp- I(p2 M2 + 1- Ph (p2- M2 + 1)Aml(-ih) 2 8

64k2 [5p4 + J°p2 +1 - 2M2 (3p 2 + 1) + m4]

-52k 3 [33p4 + 114p 2 + 37- 2M2(23p2 + 25) + 13m4]

512

1024k4 [63P6 + 34 0p4 + 239p2 + 14 - 10M2 (10p 4 + 23p2 + 3)

+ 3m4 (13p 2 + 6) - 2mi6]

-892h 5 [527P6 + 4 139p4 + 5221p2 + 1009 -m
2 (939p4 + 3750p2 + 1591)

+ Mi4 (465p 2 + 635) -53m6] + h -

3
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Equation (3) - Ref. 4, p. 57

A (h) Q( Q + 1) + IO [2Q(Q + 1) -2n2- I + t, (h)]

tmi(h) - 0, to start computation.

Equation (4) - Ref. 2, p. 17

Pm = r(r-1) (2n + r) (2n + r-1) h
r (2n + 2r- 1)2(2n + 2r-3) (2n + 2r + 1)' - 2.

Equation (5) - Ref 2, p. 17

n = (n+ r)(m+ r+ 1) + I h2
4n2-1

(2n + 2r- 1) (2n +

Equation (6a) - Ref. 2, p. 17

Equation (6b) - Ref. 2, p. 17

N=- =--ln +Am.

Nm = - -Yn + A4, .

Equation (7) - Ref. 2, p. 17

-,= n
Nrm+ = _ n~n + Im

Equation (8) - Ref. 2, p. 17

Nn 1 = Yrr- A + yn + NVn,

Equation (9) - Ref. 2, p. 21

(Nm m')2

Correction B= Im
1P-m+2

Equation (10) - Ref. 2, p. 2 1

(Nm )2(Nm m)2+Correction A= 1 + ±-m +
(Nm )2

+ (Nlm+ 2 )
2 (Ntm+ 4 )

2 +

Pf-m+2 817-m+4

r -- 0.ir + 3�)] '
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Equation (11) - Ref. 2, p. 21

BA = Eq. (8)-Eq. (7)
ml Eq. (9) + Eq. (10)

Equation (12) - Ref. 2, p. 17

dr = (2m + 2r- 1) (2m + 2r + 1) Nm, r 2.
dr-2  (2m+ r)(2mr+ r-)h 2

Equation (13) - Ref. 1, p. 4

dA, ( d. d.- 2  d__+2
dz kdn-2 d- 4  dz J

Equation (14a) - Ref. 1, p. 4

(d + m)!
(Q-m)! [I, (n+2r)! (d2  ... d)+ (2m)!1

Equation (14b) - Ref. 1, p. 4

(Qr n)!

(Qm) ! [ (n! (- *-- - + (I + 2m)!]

5
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Appendix B
THE NELIAC PROGRAM
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