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ABSTRACT

The voltages induced in dipoles and loop antennas im-
mersed in a magnetoactive plasma are calculated using the
Rayleigh-Carson theorem for magnetoactive media as de-
rived in NRL Report 6163. The voltage induced is given in
terms of an effective lengthtimes the applied electric field,
and in the present case the tensor dielectric character of
the magneto-ionic medium complicates the effective length
calculations. A first approximation for the effective length
of a linear dipole in a magnetoactive plasma is derived
which can be used if the antenna is short. Because loop
antennas are also used in ionospheric propagation experi-
ments, the ratio of the voltage induced in a small loop an-
tenna to that induced in a dipole antenna is derived.
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EFFECTIVE LENGTHS OF ANTENNAS IN MAGNETO-IONIC MEDIA

INTRODUCTION

This report summarizes part of the theoretical effort relative to the Lofti program
and is directed toward an understanding of certain phenomena associated with antennas
in the ionosphere.

The voltage induced in an antenna is ordinarily given in terms of an effective length
times the applied electric field. In free isotropic space the effective length is easy to
define and calculate. Unfortunately the problem is considerably more difficult in a
magneto-ionic medium (the ionosphere) due to the tensor dielectric character of the
plasma. In order to aid experimental work relative to radio propagation in the iono-
sphere a first approximation to the effective length of a dipole antenna is presented
herein. Unfortunately the result as will be given by Eq. (10) depends upon a parameter
(n(6)) which is not precisely defined at present. However, in the limit of a very short
antenna the effective length is independent of the precise form of n(0).

EFFECTIVE LENGTH OF A LINEAR DIPOLE
IN A MAGNETOACTIVE PLASMA

In order to calculate the effective antenna length, consider two dipoles immersed in
a magneto-ionic medium. Both antennas are presumed to have the same orientation in
space as given by the polar angles a and a and are a very great distance apart. This
situation is represented schematically in Fig. 1, which shows the antennas, each of length
-2t, orientated in a direction given by a and q)a (i.e., the unit vector x). The static
magnetic field is represented by Ho, which is presumed to be in the z-y plane and is
orientated at an angle a relative to the z axis. Since the antennas are assumed to be a
great distance apart, the wave due to antenna 1 can be assumed to be essentially a plane
wave in the neighborhood of the second antenna. Thus, in a restricted region near the
second antenna, the electric field can be written as

E, = E0 - ( i/c)nz (1)

where n is the complex index of refraction for a plane wave propagating along the z
axis at an angle a with respect to the magnetic field. According to Ginzburg (la), the
index of refraction for a lossless plasma is

2 - 1- -

(n) 2 = 1 - cm \ W2 (2)W02 co g2 2 ~ ~ ~ ~ ( 9~Cos22a
2 (1 2) 2 sin- + sin a + 4 --) a

where co0 and cog are the plasma and cyclotron frequencies respectively. There are two
modes of propagation, namely, the ordinary mode corresponding to the positive sign on
the radical and the "extraordinary mode" corresponding to the negative sign. These two
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modes are indicated by the subscript on the appropri-
ate quantity. In general, for the ionosphere it is found
that only one of the two possible modes survive after
propagating some distance, due to the large attenuation of
one of the modes of transmission.

Let the directional orientation of the antennas be de-
scribed by a unit vector x, i.e.,

, = i COS~% 1-~a~+ j sinq0 -°L + ku (3)

where -La = COS a-

Now according to the reciprocity theorem discussed
(2) in NRL Report 6163,

XE1 . 2 dT = J E2 J dT = VI 2 -

Therefore the short-circuit current dI(s) in an element
ds at a distance s from the center of antenna 2 is (cf.
Ref. 3)

Fig. 1 - Arrangement
of coordinate systems
and antennas

the current at a distance s
the terminals of antenna 1.
tennas, then at any point on

dI c = A EX(z) I( S) ds
V (4)

where EX represents the mode of propagation (either
ordinary or extraordinary) in the reciprocal medium de-
fined by the transpose of the dielectric tensor . I( s) is

from the center of antenna 1 and v is the voltage applied to
If z denotes the distance between the centers of the two an-
antenna 2

= + ,Uas 

Use of Eq. (4) with Eq. (5) leads to

(5)

dIs =
X E(z 0 ) e I

V
(6)

where E( Z0) is the electric field in the transposed medium due to antenna 1 at the cen-
ter of antenna 2. Now over distances of the order of the wavelength, which is assumed to
be small compared to distances between the antennas, it is permissible to neglect the
effect of collisions so that n may be calculated from Eq. (1).

Let represent the angle between the direction of the static magnetic field and the
antenna, so that

- I H 1 - COS (Pa + j 1 - Aa Slf ( + kLa) (i i L2 + kAL)

= l(1 Al)( 1 _ 2) + a

Ho

Ho

y

2

(7)
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where L = cos a. It is assumed in the following that the index of refraction appropriate
to waves traveling along the antennas depends only upon the angle d. Then in order to
apply Eq. (7) it will be assumed that the current can be represented by

I = (0)
sin c n(O) ( - z )

C
(8)

sin c n(O) t

Here n(e) is the appropriate value of the index of refraction required to describe the
propagation along the antenna. There are two choices that can be made: n(O) can be
taken as the index of refraction in the direction of the antenna and calculated by insert-
ing the angle 0 for a in Eq. (2), or n(O) can be chosen as the optimum index of refrac-
tion as given by Anent (4), namely, n) =e + 1 i ibao 0 1

The total short circuit current in antenna 2 is obtained from Eq. (8) by integrating
over the entire antenna:

I(O) Ex( zo) *A [+e
I = |__ _

V sin c n(p,) -e e sin [c n( to) ( - I )] ds

2I(O) Ex(zO). e
I =

V sin C n( oo)t

2I(O) Ex( zo) A

V sin -n( u )t

[cos .nLua t - cos "' n(1, )]
- n x MJa) 2

l [C( 1-o ) 

According to Thevenin's theorem, the open circuit voltage is V = ZI where is
the antenna impedance. The open circuit voltage can therefore be obtained from Eq. (9)
by multiplying by Z, and since the driving voltage is v = ZI(0),

[cos cos
Cos -nx ~L. t- co s- n(4,22 E,, k

v = 
Ocsin c) n(A )t

c n(/jo) { -CO 
[n Aa2 )
In(/-o)J 

(10)

Ginzburg (lb) has shown that for propagation of waves of the type under considera-
tion the ratio (for no collisions) of the y component of the electric field to the x compo-
nent is

CO
2

+
- ( 1- C 2 L -. )

co2 ~ ~ ICO4

or

(9)

ExY
- = -y =

Xx
+ 4 9 1 _ ° 2

(11)

3

WCos - nxas ds
(c

-i2 g 1 -
W .

W
sin - n(/,O) (t L- I s I I c I
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where / = cos a and the upper sign on the radical corresponds to the ordinary mode
while the lower sign corresponds to the extraordinary mode. Furthermore,

-i (1'
2 (SE 2 (12)

EXX cog ~~~1 20 co '@3 co2z =12)Ex, co2w ( 0 w\wc 2o2
co2 co2 W4

Therefore, the electric field can be represented by

E = E + j(-iy) + k(-iS)] (13)

An examination of Eqs. (11) and (12) indicates that for the reciprocal medium, , the
signs of and are reversed. This is due to the fact that the medium characterized
by ^ corresponds to a static magnetic field opposite to that in the original medium,
which is specified by . Therefore

E = E [ + j(iy) + k(i8)] (13')

and

_/ )1/2IE = E = E(1-y 2 -S 2 ) . (14)

Furthermore, it immediately follows that

lE-xI = E-x = E [x - (/XY) 2 ()2] (15)

where X, xy, and X, are the Cartesian coordinates of as given by Eq. (3). The ratio
of the absolute value of the open circuit voltage induced in the antenna to the absolute
value of the component of the electric field along the antenna is thus

____l [ccs fl) C ALa - cos - n(bu)t]

*- n(A,) sin c n(gO)t {1 [nL] }(

which is defined as the effective length and is approximately equal to t. if con( ) t/c << 1
as is generally the case. It should be noted that for this approximation the antenna has
the same effective length for both modes of propagation.

VOLTAGE INDUCED IN A LOOP ANTENNA IMMERSED
IN A MAGNETOACTIVE PLASMA

Satellites have been used in ionospheric propagation experiments that have utilized
both dipole and loop antennas. Therefore in order to complete the discussion of "effec-
tive length" of antennas, the voltage induced in a small loop antenna will be considered
and compared with the voltage induced in a dipole. The discussion will be based on the
assumption that the propagation of the signal, at least in the neighborhood of the loop, can
be considered to be plane parallel.
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In Eq. (13) it was pointed out that the electric field for a plane parallel wave propa-
gating along the z axis in a magnetoactive medium is given by

E = E( i-'iyj- ik) (13)

where
-(i@/c)n z

x 0
and n, yx and x are given by Eqs. (2), (11), and (12), respectively. The magnetic field
associated with the electric field E can be obtained from the field equation v x H = -iwH/c:

cHx = n E[(iyx) i + i] = nE. (iy-,i + j) e (17)
C 

Consider now an antenna made of a single loop whose diameter is small relative to
a wavelength, so that the magnetic intensity will be the same at all points within the loop
and have (approximately) the value appropriate to the center of the loop. Let the loop
have an area A and let the normal to the plane of the loop have the direction of the unit
vector a,

0f = (; co1-+ i- / sin pb + kb) (18)

where b and (pb are the polar colatitude and azimuthal angles of the normal to the loop
and P- OanLjb os e9b-

The voltage induced in the loop by the magnetic field is

Vm =CCH *dA = c AHX(z )o 

-io 1. j 2 2
C n.AEx (z,) ki'x P-b CO + - sin fb (9)

where z is the z coordinate of the center of the loop. The ratio of the absolute value
of loop to dipole voltage can be found from the approximate form of Eq. (16) and Eqs. (15)
and (19):

Vm= _ n)A (sin2 b + 2 COSc2b) 1-

jv.-j 'c F 2 2 Ma ( 2 ' 2 (20)

Lcosa - 7yx S (~P~ - 2 J
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