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FOREWORD

This volume is one of a series of six volumes published by the Naval Re-
search Laboratory containing tabulation of explicit values of radial spheroidal
wave functions of both oblate and prolate kinds over extended ranges of param-
eters. It is designed to provide the mathematical physicist and research engineer
with accurate values of important but not easily calculated functions needed
to solve boundary value problems of radiation, scattering, and propagation of
scalar or vector waves in spheroidal coordinates.

This series vastly extends the scope and accuracy of existing tabulations of
radial spheroidal wave functions. The presence of many of the entries was made
possible only through adoption of calculation techniques involving extreme
precision. This was particularly true in the calculation of the characteristic values
for the radial equation resulting from separation of the Helmholtz wave equation
in spheroidal coordinates, a knowledge of which is essential in the calculation
of spheroidal angle functions.

The authors express the hope that the availability of these tables will result
in an ever increasing use of the versatile prolate and oblate spheroidal wave
functions in theoretical and practical problems where these functions appear
naturally.

Naval Research Laboratory, 1970 Sam Hanish
Roland V. Baier
Arnie Lee Van Buren
Benson J. King
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Tables of Radial Spheroidal Wave Functions

Volume 6
Oblate, m = 2

S. HANISH, R. V. BAIER, A. L. VAN BUREN, AND B. J. KING

Transducer Branch
Acoustics Division

INTRODUCTION

I. Oblate Spheroidal Coordinates

The rotation of the figure of an ellipse about its minor axis generates an oblate spheroidal
surface which can be conveniently referred to a Cartesian system (x,y,z) or to a curvilinear
system ( of coordinates. In an oblate spheroidal system the formulas connecting Cartesian
and curvilinear coordinates are given by

x = a [(f2 + 1) (1-2)]1/2 COS 0,
2

=a ,(2+_2 / i p

Z = a {X7
2 (1.01)

where a represents the interfocal distance of the generating ellipse. The spheroidal coordinates
t = const, q = const, and so = const define the following set of orthogonal surfaces, as shown in

Fig. 1:

ellipsoid of revolution:

hyperboloid of one sheet:

half plane containing the z axis:

(2~~~~~z

( 2 + 1) + 2

x2y -~ =1,
(a )2 (I-2 (a)2 _ 

,p= tan-' (y/x).

In the construction of a unique analytic correspondence between Eq. (1.01) and Eqs. (1.02),
(1.03), and (1.04) there are two possibilities for the ranges of the variables e, -a, and (P. These
are

range (a): 0 _- e < -, -1 _- 71-- 1, 0 _-( < 21T, (1.05)

(1.06)

NRL Problem SO1-28; Project RR 102-08-41-5225. This is an interim report on a continuing NRL Problem. Manuscript submitted
March 10, 1970.

V

(1.02)

(1.03)

(1.04)

range (b): -oo < f < oo, 0 -_ q _- 1, 0 _- (p < 2v.
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In range (a) the surface t = 0 is a circular area of radius a/2 representing a degenerate (two-
dimensional) ellipsoid located in three-dimensional space. In range (b) the quantity e = 0 cor-
responds to a circular hole of radius a/2 located in a plane infinite screen. Both ranges of vari-
ables are thus useful in physical applications. However, only range (a) will be considered in later
discussions of this coordinate system.

In physical applications it is important to have explicit formulas for the gradient, divergence,
and curl of field quantities as expressed in oblate spheroidal coordinates. These formulas are

em 1 + 62 au e - 7
2 adau O

grad u= -+ -+
-(a/2) \2 + 712 a+ (a/2) V 2 +7 1

2 aq (a/2) V(1 1+ e 2 ) Of (1.07)

div A= 1(a/2) ({2 + q2) I a[Ve (1+ e2)(e2+ 7n2) A,]

a _ _ _ _ _ _ _ _ _a~

+ - [N/(1- 712)(e2 +712) An] + + OAf (1.08)

X~ et e2 + 2n
2 an a

curl A = V 2 - - [ (1+ 2)(JI -2) A<]
(a/2) A/(1 + {2)({2 + 7 1 2)I -17f ap 7 2

+ e,1 1- [v(1 +2)(1 - 2) A<] -
2

daA}
(a/2) n/1 2) (e2 + wn2) e dg 6 ( -17+e 2 

e t(1±+ 2)(l - 2) d a r e2 +n 2 da /2 + n2

+ (a/2) (62 + 772) IT9 [\I+{ t f [\ _ - -,2 A]} (1.09)

Areas and angles in this system are formed by using the metric coefficients gij given by gij = 0,
i # j, and

a 2 (e2 + 72) 9a 
2 ( (2 + 712) (a) 2 + 62) (1

(2) (f2 + ) g22 ) (I1 - B2) ' 3 = = (2) (1 +1

II. Factored Solutions of the Helmholtz Wave Equation in Oblate Spheroidal Coordinates

The Helmholtz wave equation for steady waves,

(V2 + k2 ), = O, k = 27r/, X = wavelength, (2.01)

is separable in oblate spheroidal coordinates. The factored solution is given by

ip = S (ih,-q)R (ih,-ie) ¢(w((), (2.02)

in which S is the angle function, R is the radial function, and 4 is the azimuthal function. The
symbol h = 7ra/X is a measure of the ratio of the focal distance a to the wavelength X. Substitu-
tion of Eq. (2.02) into Eq. (2.01) leads to three ordinary differential equations,
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d [(1d-S2)] + [A + h 2
,q

2 M _ 2
2 ]S = 0, (2.03)

[ (l + f2 ) dg ]-[A -h2e2 - +2] R = 0, (2.04)

d2¢ + m2 4 = 0, (2.05)

in which A and m are separation constants. The dependence of qs on h and f is represented as
ih and -if in order to show the correspondence between oblate and prolate spheroidal geometry;
i.e., when Eq. (2.01) is separated in prolate spheroidal coordinates, the resulting equations for
S(h,f) and R(h,f) can be transformed into Eqs. (2.03) and (2.04) by the interchange h - ih
and e -* -if.

In physical applications where it is necessary that the field 4p be periodic and unique over the
entire range of the azimuthal coordinate V, it is required that m be an integer, often selected
nonnegative. When h - 0, Eq. (2.03) reduces to the standard equation for the associated Le-
gendre function P'n ( iq) of the first kind corresponding to the characteristic numbers A = 2( + 1),
2=m, m + 1, ....

Equations (2.04) in the radial solution R and (2.03) in the angle solution S are essentially
the same except for range. The regular singular points of the differential equation for R are e = + i
with indices ±m/2. There is also an irregular singular point at infinity. All other points in the
complex e plane are regular. Each solution R of the differential equation is a function of the
four entities m, 2, ih, and -if. There are two independent radial solutions RMMn (ih,-ie) and
RMI (ih,-ie), whose Wronskian is

R___ _- __ = h(22 + 1)' h #0 . (2.06)

Several graphs depicting the behavior of R(,, )(ih,-i{) and R¶n (ih,-ie) as a function of he
for m = 0, A = 0, 1, 2, and selected values of h are given in Fig. 2.

III. Oblate Angle Functions

In view of the limiting form of the angle function (S -- P as h -O 0) over the ranges of Eq.
(2.03), it is convenient when h # 0 to expand S in an infinite series of Legendre functions,

SM(ih,7q) = Ad dn(ihjmA)P'+n(-q). (3.01)
n=O,l

The prime sign on the summation symbol means that n is an even integer if 2- m is even or n is
an odd integer if I - m is odd. The d. are spheroidal wave function expansion constants de-
pendent on four quantities, namely, the integers m, 2, and n and the complex number ih. Sub-
stituting Eq. (3.01) into Eq. (2.03) and using known recursion formulas for Pn'(?1) one obtains
the following three-term recursion formula for these expansion coefficients:

ad,.+2 + fdam + yd.- 2 = 0, (3.02)

where

(2m+n+2)(2m+n+1) (3.03)
(2m +2n +3) (2m + 2n +5) ,(.3

. .i.
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)3= (m+n)(m+n+ 1)-A- (2 +n)2( -1) (2+2M+3) h2 , (3.04)

n(n-1) A3
V (2m + 2n-3) (2m + 2n- 1) 3.05

If the choice of A is arbitrary, solutions given by Eq. (3.01) with constants d. determined by
Eq. (3.02) are divergent either at 7 = 1 or at q =- 1. However in physical applications it is neces-
sary that SM( ih,'i) be finite at both endpoints. A search is therefore made to find special values
A = Am. which make dn satisfy Eq. (3.01), at the same time satisfying the condition

lim dn+2 0 (3.06)

These A m are the characteristic values (eigenvalues) of Eq. (2.03). An algorithm for the determi-
nation of AmE and d. is given by Bouwkamp (7). The dn are normalized to satisfy the requirement
that near the endpoint wq = + 1 both SM )(ih, -) and P (,) have similar behavior. The behavior of
PmA+ (7)) may be found by writing it as a Gegenbauer polynomial T'n(-q) in the form

P',n(,q) = (1-7 2)mI2Tn(7,) (3.07)

When -q = 1, the explicit form for T is

MTMM + ( 1 ) = ( x-m ) ' 2mm! * (3.08)

In view of Eq. (3.07), the integer 2 = m + n. The sum in Eq. (3.01) for I 1 is then

(1) ~~~~~~~(2m +n)! 1
S(mk(ih,,q) -- (1-7r12)mI2 dn(ihlm2) n! 2mm! (3.09)

n=o,1

In the limit q -- 1 1, the quantity [(1- _2)-I1
2 S(') (ih,,,)] 1 2 = [(1- 2)mlf

2
Pm(.)]. , provided

,' dn(ihlm ill) (n + 2m)! (2 + m)!
1 ~~~~n! (2-rn)! (3.10)

in which the summation is over even integers if 2 - m is even, or over odd integers if 2- m is
odd. The oblate angle function thus has the form

S(Mtf(ihiq) = (1 712)m2 El dn(ihjm1)Tn('q), (3.11)
n=O,l

where the d. are normalized by means of Eq. (3.10). A summary of other normalizations and

notations found in the literature is given in Table 1.

IV. Oblate Radial Functions of the First Kind (RM1 )

The separated wave functions S(m)t (ih,'q) and R(Mi (ih,-i{) satisfy ordinary differential
equations (Eq. (2.03) and Eq. (2.04) respectively) which are essentially the same except for

range of argument; i.e., Eq. (2.04) can be obtained from Eq. (2.03) by use of the transformation

x
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TABLE I
Notations for Oblate Spheroidal Wave Functions (as compiled by Flammer (19))

Radial 1 Angle k ka RadialWave I AngleWave 1 N
Coord. Coord. 2 Function Function Eigenvalue Normalization of Angle Functions

This volume 71 h R/i,)t'f(ih,-ie) S(,i)t (ih,,q) 4,1,,(ih) [(1-,,2) -m S',,,) (ih,,,)]s= 

= [(1_ 2)-rmn
2

pr( )]

Flammer(19) 7 77 c Rfn-ici.) S,,,d-icq/) X,,,(-ic) S,,,(-icO)=Pm'(0), n-m even,

S;,,,(-ic,0) =PT (O), n-m odd

Chu and e 7i c R(I)I (-iciC) S) (-ic,77) B,,, S, (-ic,0) = P'+, (0), I even,
Stratton ( 16)

S(l') (-ic,0) =Pm:;2 (0), I odd

Meixnerand f X Y S., j)(-ie;iy) psm(7q;-y 2
) XT' (_y2) J [ps~ (X;_y2)] dv

Schafke (59) ,

- 2 (n +rn)!
2n+1 (n-m)!

Morse and 7 = g je,,, (ig,-if) S,,,a (ig, q) A ,, [(1 1- 2 ) "1'2S.,, (jig',) ] ,1=

Feshbach (65) sinh /i cos 0 ne,,, (ig,-if)

_ heml (ig,-ie) = )1r2) -m'pim( 7) 

Leitner and { 71 f i'V,(() U Ct, [(1e (2) IUL?),Cv)],= = "

Spence (53)

q- -ie. An expression for R(tt (ih,-if) may be found using an integral transform procedure
outlined by Morse and Feshbach (65).

The function

F(v1) = E' dn(ihjIm)T-(',,) = (1 - q2)-m/2 S¶,(i) ,~, -
ft=0,1

(4.01)

and its integral transform

(4.02)

are both solutions to the ordinary differential equation

L.() (Z -1) f + 2(m + 1)z -f + [m(m + 1) - A - h2Z2 lf= 0. (4.03)

The function (1 - 22)m/ 2 F(7() = S(Mt (ihq) satisfies the angle equation, Eq. (2.03), over
the range -1 S q S 1. Therefore the function R = [1 - (-ji) 2 ]mI2 f(-ij) will satisfy the

rTr1

xi

f (e) = Li e-1111(l - 712 )F(,q)dn, 0--e<-,
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equation obtained from Eq. (2.03) by the transformation 7 -1 -if, where 0 - C < I. This means

that R = (1 + e2)m/
2 f(_ie) corresponds to a solution of the radial equation, Eq. (2.04), and

must be proportional to the radial function R(W (ih,-if).

Substituting the expansion for F(,q) given in Eq. (4.01) into Eq. (4.02) and noting that any

one term in the resulting series can be written in the form

dn(ihlmi) f eihil(1 - q2 )m Tnm(q) dq

Jm+n+ I(hf)in/ (n + 2m + 1)
= dn(ihlm1) 2 1 +

= dn(ihlml) (n+ 22m)! hi)2 in+ (he), (4.04)
n! (he)m nm

where the j's are spherical Bessel functions defined by

jn+m(he) = Jn)

it is seen that the radial function R (ihh,-i6) may then be obtained in unnormalized form

as a sum of spherical Bessel functions

R(W(ih,-ie) - (1 + f2)mI
2

f(ji6)

=(1+ f2)m/2 2 A (n + 2m)! . +m(hf). (4.06)
(he)m 1idnij1

=0,1

The constant of proportionality implied in Eq. (4.06) is chosen so that

RM21 (ihd-if) decos hf - (I + 1)] ta ( 407)~~~ (~he2+1] - (4.07)

Using the asymptotic behaviorfor jn+m(he) as t -> x, the normalized radial function R~M (ih,-ie)

is found to be

(2r)! p2 + \m12 ,(n + 2rn)! .(
R(M')1 (ihd-it) =( m) ! (2 ) a in+m-1dn(ihlm1) n! jn+m(he). (4.08)

The derivative of RM1) with respect to t may be obtained by use of known recursion formulas

involving spherical Bessel functions. The formula is

d (ih-i) (- 2) 1 Y/2)
__ml _________ (M 2 + ) Ad in+m-L (n + 2m) ! d (ihm12)

de; (+ m)! 5 n=O,I n!

h(n + m) (n + 2 +1) n+m+lm
[( 2 n + 2 m+l jn+m-1(he (2~n m + ) nm I(he - T nM )I(4.09)

xii
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Limiting forms for RM') and dR(1)/de when e - 0 are important in applications of oblate wave
functions to circular disks and to circular holes in screens. Equations (4.08) and (4.09) are easily
modified to yield

R (ih,-iO) = (2 -) ! il-m(2m) ! do(ihlm2)hm
(I + m)! (2m + 1)!! 2-r even, (4.10)

= O. 2-m odd, (4.11)

dR(1 = (2-rm) !il-m-1(2m + 1) !dj(ihljm)hm+l
d (ih-) (e + m)!(2m + 3)!! , 2-r odd, (4.12)

= O. 2-m even. (4.13)

Here (2m + 1)!! = (2m + 1) (2m-1) (2m-3) ... (3) (1).

V. Oblate Radial Functions of the Second Kind (R(2))

A second solution to Eq. (2.04) may be easily constructed by substituting spherical Neumann
functions nn(he) in place of spherical Bessel functions j. (he) in all of the equations of the
previous section. Thus, for example,

(2-rn)' 2 + 1m/2 ( r)
R~m (ih,-ie) = (2 + m) ! 2 ) i in+m-f ( ! ) d,,(ihjmI)nn+7 n(he) (5.01)

--1> sin [he _-( + 1)] -- >* (5.02)

and

dRtt (ih9 i,=) e M)!( , p Et in+m-f +2r)!dn(ihljm)
de ~~(2+ in) n=O2 /n

[2 (+ 2m +) I n+m (he)- 2 n 2 m+ 1 ntt+m+l (he) - e3 nnt+m (he)] (5.03)

However, these expansions are asymptotic; that is, they are ultimately divergent, but calcu-
lations using them may yield stable values for R(2) at very large values of the argument he. For
all he other than these extreme values, another formula for R(2) is needed. This desired formula
may be constructed from the following expansion of the oblate angle functions of the first kind
discovered by Baber and Hass6 (5).

S(1)(ih,'r1 ) =eh7n~("~nC~.(.4
k ,t(i aV ) r , 1NPN + X (0 X (5 *04)

When this form is substituted into Eq. (2.03), it is found that the expansion coefficients d n

satisfy the three-term recursion formula

2h(n + m + 1) (n + 2m + 1) mt
(2n + 2rn + 3)m(I,,+i - [(n + m) (n + r + 1) - A - h2 ] Cj °S

2hn (n +r) ml 10 (5.05)
2n + 2m-1 I

xiii
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with the asymptotic condition

am ! (5.06)
n

If in Eq. (5.04) the argument 71 is changed to it, if the Legendre functions of the first kind Pmn
are changed to those of the second kind Qnm, and if the summation on n is extended from --

to +x, it is directly found that the modified expansion of Eq. (5.04) is proportional to R(3) =

RM1) + iRM2). Since in physical applications to wave propagation it is desired to have a radial
dependence of the form R 3 - ei/hfIh, e -o , as indicated by Eqs. (4.07) and (5.02), RM3) can
be constructed to satisfy all requirements by writing

RYni,-i) eI I~ Ml (5.07)R(r31) ( ih,-i 6f) = ei Lh- e+1 2 d nG Q ii 

Here Q'n vanishes for n <--m. It is convenient to rewrite this in the form

R(3) = (a + i/3) ('y + i6), (5.08)

where

i IT( + 1) 2f+1a s=eihee- 2 eli2m+1I
oa + i,(3 = m!h

Y + is = i ml QM+n(ie).
n m (ml

Similarly

d3 = (a + in a.+ iv), (5.9
de

in which

ml ~ ~ 6( n 2m +n)
-m j Qmn (i)[ +1 h m+ ,u. + iv =A em Ql ni) e(t2 + I + ih] + i ( 2 + 1 tm~-(it).

Now R(3) = RM1) + iR(2) and R(4) = - iR(2), so that R(2) = [R(3 )- R(4 )]/2i and RM')=

[R(3 ) + R(4)]/2. Thus

R = ay - 38, (5.10)

dR) I a (5.11)

R(2)= as + 13y, (5.12)

dR(2)
df= atv + f3y. (5.13)

xiv
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Also

R(2)=a6+3 [R5 ) + 1381 (5.14)

M)+ PV

av+ P d~ ] (5.15)

The calculation of the oblate radial functions of the second kind for argument he which is not
large was accomplished by use of Eqs. (5.14) and (5.15). When S = 0, the above formulas must
be modified by limiting forms to replace the sums required by symbols 8 and v. The special
formulas are

R (i,-ih,-iO) - 2 -rm odd, (5.16)
h mE ( ih,-iO )

F (-)1)1l2 (n+2m)' 12
i1-m (2m-1 )m ! ( -m) !hm-17rt (n j(n +2m) dnih ]1

[n=0 2n (2 !(~ 2 m)

2m+1(2m)!(1 + m)! d-2m(ihlmi)

2 -m even, (5.17)

d R m}2) (ih,-iO)

1-)(n1l)12(n + 2r+ 1)2
i0-m- (2m -3) (2mn- ) m -! rm) !hm-2T[' 1)!(n+ 2m + d]

2m+1(2m)!(2+m) !d- 2 m+I(i lh ) I

2-m odd, (5.18)

1R~ (ih,-i)' 2-rnm even, (5.19)
hR(Mn)1 (ih,-iO)

where d-2m and d-2m+l are obtained from do and d1 respectively by use of Eq. (3.02).

VI. Computational Procedure

A Fortran computer program called OBRAD was used to evaluate the oblate spheroidal
radial functions of the first and second kinds, their first derivatives, and the eigenvalues. A
detailed description of OBRAD, including a program listing, is given in Ref. 106. An outline of
the computational procedure follows:

1. The eigenvalues AmE (ih) were determined using a variational procedure devised by
Bouwkamp (7). Input starting values for this iterative process were obtained as eigenvalues of
a finite matrix representation of a modified form of Eq. (3.02) (Ref. 38, with the transformation
h -- ih to convert the prolate equations given there to oblate geometry).

xv
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2. The expansion constants dn(ihlmZ) were obtained using Eqs. (3.02) through (3.06)
and (3.10).

3. The expansion constants n 1/(f'_M' were evaluated by Eqs. (5.05) and (5.06).

4. The spherical Bessel functions jn(he) were evaluated using a series representation for
small argument he, a backward recursion formula for moderate argument, and a forward re-
cursion formula for large arguments.

5. The spherical Neumann functions nn (he) were evaluated only for argument he > 10.
Here a forward recursion formula was used.

6. The Legendre functions of the second kind Qm (if) were evaluated for m = 0 from a
hypergeometric expansion in the parameter -1/(e + i/-Ti) 2 (Ref. 80). Q,- (ie) for m > 0
was then obtained from QO (if) by use of a forward recursion formula.

7. The radial function of the first kind Rm)f (ih,-ie) and its first derivative dR2me (ih,-ie) Ide
were calculated using Eqs. (4.08) and (4.09).

8. The radial function of the second kind R(2) ( ih,-ie) and its first derivative dR(2m) (ih,-it)/
de were evaluated using Eqs. (5.14) and (5.15). For e > 1.0 and he > 10.0 these functions were
also evaluated using Eqs. (5.01) and (5.03), and a choice was made between the two results on
the basis of a Wronskian accuracy check.

9. For the case f = 0 the radial functions R(Mt (ih,-iO), dR(l (ih,-iO)Idf, R2)t (ih,-iO),
and dR Mt (ih,-iO)Ide were obtained using the asymptotic formulas given in Eqs. (4.10) through
(4.13) and (5.16) through (5.19).

VII. Accuracy of the Tables

For each combination of the four parameters m, Q, h, and e the computer delivered, in
addition to the eigenvalue, the four numbers R(I'2 (ih,-ie), dR'm')(ih,-i)/df RJm (ih,-ie),
and dRk2n (ih,-i6) Id6. The accuracy of these numbers was checked by use of the Wronskian

R _ dR(2) _ R(2) MI) 1 (33)
de __dF T( 6 2 + 1)

The number of leading significant figures (or one less) that agreed when the calculated Wronskian
(left-hand side) was compared to the theoretical Wronskian (right-hand side) was determined in
OBRAD and printed in the tables under the heading ACC (abbreviation for accuracy).

An upper limit on this accuracy index ACC is 26, since double precision arithmetic on the
computer (Control Data Corporation 3800, Naval Research Laboratory) carries 26 significant
figures in all calculations. In general ACC is less than 26 due to roundoff and subtraction errors
(Ref. 81). This loss in accuracy is independent of the word size in the computer, so accuracy of
any desired value D may be obtained by executing the program OBRAD on a computer whose
word length allows D + 26 - ACC significant figures.

Because of line length limitations only the first 18 significant figures (rounded in the 18th
figure) were printed in the tables. For most of the entries ACC is at least 18.

When the exponents of both products R(0)dR(2)/d6 and R(2)dR( 1)/df in the calculated
Wronskian do not differ from the exponent of the theoretical Wronskian, ACC represents in
terms of significant figures the accuracy of the least accurate of the four numbers. When the
exponents of the two products differ, the calculated value of the Wronskian will be more sensi-
tive to the product with the larger exponent. In this case the accuracy of the least accurate of
the two numbers forming the other product may be less than ACC by as much as the difference
in exponents of the two products. However, ACC still represents a lower bound on the accuracy
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of both numbers in the product with the larger exponent. For the cases where ACC is less than
18 examination of the calculations showed that all 18 significant figures printed for R(1) and
dRMW1 /df are accurate and that both R(2) and dR(2)lde have the lower accuracy indicated by ACC.
It is possible for random inaccuracies in two or more of the four numbers R(l), dR(1)1ds, R(2),
and dR(2)/de to combine to give a Wronskian check ACC greater than the number of accurate
significant figures in any of these numbers. However, the probability of a discrepancy of more
than two significant figures is very low.

For the case e = 0 special formulas were used to evaluate the radial functions. Since the
Wronskian check has no meaning in this case, the accuracy index ACC was determined instead
by testing for substraction errors in the calculations. As in the case for f # 0 low values for
ACC reflect low accuracy only in R(2) and dR(2)lde.

Since the eigenvalue was used in evaluating the expansion constants for the radial functions,
it is at least as accurate as the radial functions. Examination of the calculation of the eigenvalues
showed that they are accurate to at least 21 significant figures in all cases. In addition to the
internal accuracy check, extensive checks on A f and all radial functions were made by comparing
tabulated values with existing tables by other authors and by hand calculations. Since the theo-
retical Wronskian is independent of the integers m and 2, it was necessary in each line of entries
to verify by means other than the Wronskian that the printed values corresponded correctly to
the indexed m and 2 parameters. This was done chiefly by examining the ordering of the list
of A ,, for monotonicity and continuity.
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IX. Historical Review

In 1881 Niven (72) solved a three-dimensional vibration problem in rotational ellipsoidal
coordinates by separation of variables and made a considerable investigation of the resultant
differential equations in the spheroidal wave functions. He was the first to expand the angle
spheroidal wave functions in associated Legendre functions and the radial spheroidal wave
functions in spherical Bessel functions. He also developed power series formulas for the char-
acteristic (eigenvalue) numbers Ami. A decade later MacLaurin (55) used these expansions in
several applications involving spheroidal coordinates. About the same time Abraham (1) under-
took the study of electromagnetic radiation from linear antennas and first introduced specific
integral formulas relating angle and radial spheroidal wave functions. In 1911 radial spheroidal
wave functions of the second kind were expanded by Herzfeld (42) in a correctly formed series
of associated Legendre functions of the second kind.

The greatest impulse toward further development of spheroidal wave functions was given
by the famous dissertation of Bouwkamp (7) on acoustic radiation from pistons and by the
thorough work of Chu and Stratton (16) on electromagnetic radiation from antennas and on
forced vibrations of ellipsoids. Further investigations of integral relations between radial and
angle spheroidal wave functions were successfully undertaken by Ince (44), Moglich (63), Kotani
(47), and Bouwkamp (7,8). The convergence properties of spheroidal angle functions of the
first and second kind, developed in series of associated Legendre functions, were studied exten-
sively by Hanson (39), Baber and Hass6 (5), and Bouwkamp (7,8). Asymptotic forms for cal-
culating eigenvalues and eigenfunctions of spheroidal wave functions for large values of the
argument were developed by Baber and Hass6 (5), Svartholm (102), Wilson (111), Meixner (60),
Sips (89), and Abramowitz (3). Meixner (61) demonstrated that many already known series
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expansions of spheroidal functions could be derived from a general expansion of products of two
spheroidal functions in series of products of Bessel and Legendre functions. Leitner and Spence
(53) applied special expansions of radial functions to the solution of diffraction problems. Expan-
sions of plane waves in spheroidal functions were developed by MacLaurin (55) and Moglich
(63). Expansions of spherical waves in these same functions were derived by Morse (66). Mono-
graphs tying together many aspects of the theory of spheroidal wave functions were written by
Strutt (100), Bouwkamp (7), Chu and Stratton (16), Meixner and Schafke (59), Leitner and
Spence (53), and Flammer (19).

Major recent citations in the world literature on the use and tabulation of spheroidal wave
functions are found in the bibliography.
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XI. Symbols Used in the Tables

Because of limited choice of symbols in the computer printout, different symbols are used
in the tables than those given in this text. The changes are noted below:

Radial function of the first kind = R1

Derivative of the radial function of the first
kind (with respect to f) = RlD

Radial function of the second kind = R2

Derivative of the radial function of the second
kind (with respect to t) = R2D

Accuracy index as defined in Section VII = ACC

Radial coordinate s = X

The parameters h, m, 2 = H, M, L

XII. Range of Variables

The ranges of variables covered in the tables are:

2=2(1)51

= 0.0, 0.02(0.02)0.1, 0.2(0.1)1.0, 1.2(0.2)2.0

h = 0.1(0.1)1.0, 2.0(1.0)10.0, 12.0(2.0)30.0, 35.0, 40.0

Ixxii
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