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from the initial1 heading, the final heading,..nd the elevationC elgle. Rnugh figsvn are derived ICC the
genmtdsl apr.adimg In. ad MrCtion I-o at the edge of. baSI.
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HORIZONTAL RAY CURVATURE EFFECTS IN BASINS, TROUGHS,
AND NEAR SEAMOUNTS BY USE OF RAY INVARIANTS

INTRODUCTION

Long-range underwater sound propagation is often influenced by regions of repeated
surface and bottom reflection. Under these conditions, a component of bottom slope
consistently to one side of the my path may cane considerable horizontal curvature. For
instance, it is easily shown (by considering source images) that the horizontal projection
of the my path above a plane sloping bottom is a hyperbola. Similarly, in a bainm, one
might expect to fRed my paths that loop around the center to form a rosette-like saspe
It is important to note that the curvature effect applies to rays of small m well as large
gazing angles. Despite the larger number of reflections required at low grazing angles to
produce a given change in heading, the consequent reduction in reflection coefficient may
allow propagation losses that we not prohibitively large. This phenomenon was first dealt
with by Weston 11,21, and some of the effects in the vertical plane were investigated
inter by Milder [3].

Field recordings of remote, powerful pulsed sources (sometimes the equivalent of a
ton or more of explosives) [4-10] often contain discrete and continuous arrivals stretch-
ng over periods on the order of 10 mn, depending on the size of the basin. This type

of echo is often interpreted in a phenomenological way as a single reflection or scatter
from one or more seamounts or basin walls [4-6. Whethec the ray deflection is really
caused by multiple surface and bottom reflections or by a single scatter remains to be
proved, but whatever the cause, as long as the seabed is not horizontal, after bottom
interaction the my path cannot be considered to remain in the same vertical plane.

This report attempts to find a detailed theoretical explanation for the long ray paths
encountered in basins by using ry invariants to calculate the horizontal projection of the
multiply-reflected my. The treatment differs from that of Weston [1,2] in choosing, as a
starting point, a simpler sound velocity structure, but more complex bottom topography.

I. THREE-DIMENSIONAL RAY PATHS

To construct a threednrensiona ray path, it is first necessary to calculate the change
in ray angle after o single reflection.

Figure 1 shows a my striking a bottom that is assumed to slope down at angle y in
the y direction; 5, are incident my elvation and azimuth angles with a prime added
for reflected rays; and b is the local an of incidence. We wish to find expressions for
0' and 0' in terms of the other vanablres and these may be shown, by streightforward
spherical trigonometry, to be

Manscpt sIitted J... 91977.
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After the nth reflection, repeated use of Eq. (6) gives

On = son S0 Jl (1 + 2yi cotlfcos 0). (7)
ito

Taking logarithms of both sides yields

log(sini0. og (sin 00) + log (I + 2-j cot S i cos oi). (8)
i0

Provided 2y cot O cos Oj is much less than unity, the term log (1 + 
2

Ai cot 0, cos 0,)
may be replaced by 27i cot 0i cos Oi. For this to be true, the rays must not be too close
to the horiotl, although this restriction is not severe since 7 is already very small.
Roughly speaking, ray elevation angles must be greater than twice the local bottom slope
so that rays cannot be reflected downward from the bottom- Equation (8) is now

log (sin 0) = log (sin f0) + Y' 2,yi cot S, cos 0j, (9)
1=0

and the aumiation may be expanded in terms of the water depth. The hoeiontal spac-
ing between bottom reflections (Fig. 2) is Asi = 2H cot 6Q, and the component of As, in
local downsope direction Y, 

is

Ay, = Asi cos i = 2Hi cot e i cos 0,. (10)

Now, since y, - - di/dyi, the summation in Eq. (9) may be replaced by
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For the more general case, as in Fig. 2, where maximum bottom slope direction y,
is a function of position, we have 5i = 0, and -0, A-i0,, where Als 1 is
the change in maximum bottom slope direction encountered between the ith and (i + i)th
bottom reflection (amumed to be a small angle).

At the ith reflection,

ce O' sin o; Oi sing,; fib)

and at the (i + i)th reflection,

cos, amn cos 0o+, sin (cr - Asi+I) = cos sin i(1 + cot ,i+ I A4 i+1 )-

(16)
Using Eq. (16) repeatedly and taking logarithms of both sides resalts in

log (cos 0" sin0 } log (cos 0 shn O0 ) 
+ 

L log (1 + cot ¢i A4h,). (17)

In the last term, cot 0, may be written no (AyilAxi), where Ay, and Axi ar the y and x
components of the distances between the ith and (i - i)th reflection point. Provided the
ray is not close to the intersection of the y, and y,0 noes, which is the local center of
c at-re of the depth contours, AI',fAx is a good approximation for the contour
curvature, and the last term in the summation is much less than unity. If we me the
small argument approximation for log (1 + X), we have

log (cos 0, sin O') = log (cos 0 sin 00 ) + I Ay,, (18)
i=O

where p is the local radius of curvature of the depth contours.

If the curvature of the depth contours changes smoothly from reflection point to
reflection point, the summation sign can be replaced by an integral sip:

log (co 0 sin 0,) = log (cos sin 0) 
+ 

f (19)

If the change in position of the center of curvatoe is always much smaller than Ayi,
then dy may be replaced by -dp and integration performed to give

cos f, sin O, P = coos 00 sin ¢0 P0" (20)

However, this last condition is somewhat restrictive, and the only type of brain for which
Eq. (20) is unconditionally true is that with either parallel, straight depth contours or
concentric, circular contours The former case corresponds to a trough of arbitrary cross
section and hs already been considered. The latter corresponds to a bosin with rotational
symmetry where pt, p. ore now the polar coordinates of source and receiver, respectively,
r0, r5 meosured from the center of the basin:
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and the my path in polar coordinates r, 1b is derived from

ID - f d Chasin l cos 0 dr
r I-I am 

2 
a

1 
0 _2oal .] (2112

The total ray length is given by

edtaS ¢mdr f
r
odo

a ~fd 6.0f 5 n10 d ,"
f j t sn ea cos o ro ro s o co

t
o

(27)

2 (acea of trajectory swept out)
ro sin 

5
0 cos e0

The ray length in a basin is always proportional to the area swept out by the radial
coordinate of the ray as it moves around the basin.

I. EXAMPLES OF HORIZONTAL RI-Y PATH PROJECTIONS

FOR TROUGHS AND RIDGES

A. Troughs

Nota that only the shape of the irough need be specified; the absolute depth is not
needed. In all cases the characteristic width of the trough is R.

(i) H(y) - [1 + (y1R2)]-512

x (R2 + y2)1/2 Cot O0 sin Oo dy

(Cot2 Col 0 (R
2 

- y2) + y2 y2)1/2

(28)

(cot
2 

0 Co
2 

q5o (R2 + y I2) [2) + )1 [ - ' go]
L(R2 + so2)111 rot o sin 0J

where x' is a constant given by

an[ ' 1 7 0
[(R

2 
+ y2)1/2 cot 60 sin o [

e
ot

2 
0

0 
cos

2 
d0 (R

2 + 
y2 + yl2 1 22

eu the rays ar sire waves of wavelength 2r(R
2  

y2)1/2 cot 
0
o sin 00 and amplitude

[(N
2

+ y2) co0 o cos
2

0, + y2]l/2
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(i1l H(Y) - [1 - (
3 

R2) 1/2 elliptrcal trough)

(Note that the small bottom slope approximation may be violated near the edges.)f an O0 cot f0 (R
2 

- y2)2 dy

(tot' % co&s Oh R
2 

, y
2 

y
2
)

1
1
2

x + X'- R sin 0 cot On E[k, sin' (y/kR)], (32)

where

R in ou cot 
00 E[k, sin

- 
(y/lkR)], (33)

and

k [cot
2 

O0 coo
2 

0 + (y2/R2) 1/2, (34)

where E(k, a)0 is 3 elliptic integral of the second kind

E(A, a) = fo, (1 -k
2 
sn

2 
0)

1
/
2 
dO.

y is still always periodic in o, and again for small h; that is, y0/R smaell and ft large or ft
close to v/2, E(, i . and the ray path is a sine wave of wavelength 2R sin fo cot 0,
and amplitude Rk (R

2 
cot

2 0
0 co

2 
00 + y2)1/2.

B. Ridges

(j) H(y) _ [1 (y
3

R2)]-/ (for ]yi R and lyo 
< 

R)

(R _ct y.f
2 

)1/2lcot 000si Os dy

[
co t 2  

00 Co 2 O (
R 2  

y2- ) - y
2  

+ y2] 12

For

R cot O0 cos O

(1 + cote 0 coS
2 
0o)

/2

y = (cot2 0 Css0 (R2 _ y2) y2)112 sinh + (35)o (R2
y_()1/ cot 00 1 in /
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Fig. 5 - - 7 oina rjecio of
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(ii) H(y) 0 y (wedge)

_[c sin 00 cot 0 y dy

[(cosec2 0o cot2 Os sin2 O) y2- A /2

ix (1 _cM
2 

O sin
2 

o)
y20( 0

0  
s a Oo (0) K-;e -0 - Yo e 0 co t)2

+ sin
1 

0 (39)

The ray path is a hyperbola as shown in Fig. 5. This result will be used later in the
intensity estimatios.

Ill. EXAMPLES OF HORIZONTAL RAY PATH

PROJECTIONS FOR A BASIN AND A SEAMOUNT

A. Basin

(s) H(r) - 11 1 (/R)] rotation of the first trough cerss section)

ID f X+ + r,(R2 + r
2 ) 1

1
2 

cot 00u sin 0 dX

d2Xj
- X 2 

+ [(
R 2 

+ r2) cosec2 0 -R21
z 

X COt2 
0 

si2 00 r0(1R + r2)
1  

'

where X = r
2 

ard r0 is the radial coordinate of the source.

Th. solution of this integral is

sa [2(l + 4")= A -/ r
2  

(40)
(A2 2B)112
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The ray length for the ellipse (which is not an elliptic integral berause of the up-and-
down motion of the ray) is given in terms of r by

s i n [ 2 r , s i nl O a c s 0 0 ( s + ') _ 2 r 2 - A ,( 4 2 )
Ic

0  
(B]2o)O(so (A

2 
- 2B)l12

or, alternatively in terms of 11, by

t ro sin ot cos 0O (s + a" A tan (4' +,p) - (A2 _ 2B)
1

42

Lan B 
(43)

where s', s" are given by substituting s 
= 
0 with either 

r  ' r or D - 4'
0
. For a whole

cisceit of the basin, the ray length is given from Eq. (42) or (43) by

sc 
= 
2w(R

2 
+ r2)

112 
cosec O0 . (44)

This could also hate been derived by substting ab in Eq (27) for the area of ellipse
swept out-

B. Semnount

() H(r) c (conical seamount: ape at the sea surface)

r e sin 00 cos 00 dr

J r[
r2  
- r2(1 e s O coa

1  
0 ) I}

[1 - c
o s

2 cos
t 

0001/1 1
c t enst 20 cost 00(I/2 cosec si -0 cos 0a (It 4' )] (45)

Here, 4' is given by putting 4' = 0 and r = r
0 These ray paths are shown in Fig. 7.

IV. THE EFFECT OF REFRACTION ON THE RAY PATHS

Up till now, we have assumed the sound velocity to be constant so that surfac-to-
bottom coy segments are straigh lines. This is probably not too bad an approximation in
regions where there is surface and bottom reflection because the ray angles hose to be
comparatively steep, making ray curvature in the vertical plane less significant. It is
possible to take refraction into account to see how good the approximation is.

Equations (1) and (4) for single reflection are still true provided the angles are
measured at the seabed. Note that the invariant

H inS)

18
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The total change in angle after refraction and a single reflection is then

sin
2 
0!= [(-i 2

)2 m
0 
_ +; 1, _(e

1
)] (, (2- ens 0 

1/

mi cs 0) z 49

After a reflections, we have

afi 2. =c~ 
co2 q

i 
c

if 5 tin (i2 J Ci(
2

AR n 0)2 co~

Since the variations in sound speed c ame always amall, we may write c cOO + 5(),
and Eq. (46) becomes

2c~ o j'H (1 +h5/c 0 )d (dz
As, tan Oi = 2-J" .j (I+51). d

ci n {1 +(o +1 )
2
-ci ot2 Ofc2) 1/2

Now, we may eliminate 0i from the correction term in the denominator by using the uni
form velcrt invariant (Eq. (12)):

2c0 oo 
i  

(1 + /co) d.

A( _ta [(C 2+0 )2 c2(C_ 2 00 H2/H2 (52)

For a given velocity profile, As tan O, is simply a function of H, Ho, and 00, and so we
can sbstitute A i tan 0, into Eq. (50) and evaluate the products as we did in the earlier
section (auming that 2AH cot Oi/As

i is always small);

tin0 = ain
2 

0, ( 2 enp[- 2(F. - F.)]
\c2

where

F n 
-F 0  

f 2dH

As tan "
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Clearly, analytical ray paths cannot easily be obtained using Eqs. (54) and (56) or
Eq. (57), but numerical solutions ore possible.

V. SOUND INTENSITY IN TROUGHS AND BASINS

The spreading loss at a remote receiver may be calculated numerically by finding
the final spacing in three dimensions of initially adjacent rays as given in sections II and
Ill This approach, however, does not throw much light on the relative importance of
loss mechanisms such as geometric spreading and reflection or scatteing loss.

A simpler way to look at the problem of propagation loin in a basin is to imagine
(SOFAR) rays traveling across the center of the basin at constant arimuth because of
the luk of bottom interaction, then curving round in a hyperbola on meeting a locally
sloping plane bottom at the edge of the basin and then continuing os a SOFAR ray at a
new heading. If we take the wedge model of Section H (ignoring the velocity structure
near the edge of the basin), we see that the asymptotes of the hyperbola intersect at the
zero depth cootour (or the extrapolation to zero depth from the relevant part of the bot-
tom if the bottom slope is not truly constant), so the horizontal projection consists, to a
good approximation, of straight lines reflecting in the horizontal plane from the zero
depth contours with each comer sounded off, as in Fig. 8, by a hyperbola.

Figure 9 shows the projection of two slightly diverging sets of SOFAR rays arriving
at the base of the wedge and curving round in almost identical hyperbolic paths so that
the resulting two sets of SOFAR rays are divergent by the same amount as before. By
the invariants derived above the say elevation angles for the incoming SOFAR rays on
the left are the same as for the outgoing rays on the right. Thus, if the total time spent
in the wedge region is =all compared with that spent in the SOFAR region, the part of
the loss associated with geometrical spreading is the same at if the SOFAR ray had
carried on without my bottom interaction for the same total cay length. In other words,
the intensity is proportional to 1/r where r is the total horizontal length of the ray. (It
is assumed that ranges arc large enough for the effects of convergence zones to have
smoothed out.)

Fg 8 - Method of cosroting i/r iot-
aol pro ccio of SOFAR ca, aftl
the, hiing the basoi edgc
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L=NR
= 

B R.2"t "

R is in reality different for each reflection since it is a function of elevation angle; how-
ever, let us assume the worst case (the steepest angle) where, since at this point (the
closest approach to shallow water) sin 0 = 1, cos 

0
n 

= 
cos So sin 0, As we have already

assumed 0 to be small, we have 
0
n v/2 - O0"

Than, the appropriate grazing angle in the vertical plane for evaluation of the reflec-
tion coefficient is simply the horizontal gnaing angle to the edge of the basin (Fig. 8)

R = R() R(e/2 - 0o)- (63)

The total loss on encountering the basin edge may be thought of as the loss given by
a single specular reflection at a vertical surface along the zero depth coantour* made of the
same material as the bottom multiplied by the real number of reflections (which is roughly
n/2 divided by the bottom slope). This is, of course, equivalent to the empirical scattering
cross section already mentioned. The same interpretatlion serves as a quick method of
constracting horizontal ray paths, and it may be shown by use of Eq. (24) that ray lengths
ore correct o well.

As an example, the reflection loss per bounce near the edge of the basin with O0 o

7' as in Fig- 8 (and consequently 0, - 20') could be I dB with the 20' grazing angle
and, say, a source frequency of 10 Hz. A bottom slope of 2' would give 45 bottom
reflections and an overall reflection loss of 45 dB. The only other toss is that due to the
usual spreading law for a source and receiver spaced apart by the total real ray length.

If, instead of the tilted-plane reflecting surface, a surface with gently curving depth
contours such as a seamount had been chosen, the main difference in the above calcula-
tions would have been in the horizontal divergence of outgoing rays. From simple two-
diensional geometry it can be shown that the intensity vs range relation is now

r (r + u) '(4)

where
rip cos D

p cos 4 -r
1 

' (S5)

where r1 , r0 , and p are source-seamount and seamount-receiver ranges and seamount
radius of curvature, respectively, and 24 is the overall change in bearing of the ray. As
expected, this makes the intensity inversely proportional to the total range (r, + r,) as
the sramoont radius of curature tends to infinity, and, n the curvature becomes small
compared with r, or r2, the intensity is proportional to (P/2) os 4/(rlr

0  
which is

equivalent to Weston's target strength formula.

-1i the moe erl case of . botto, with uquay sccd -ctor -io d ha to be theo

depth contocr at tr tasgent plac to thc btio as t,y, the closst aptppach to shallow water
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