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ABSTRACT

The Helmholtz or scalar wave equation{v? +k?)y = ¢ is separable
in both prolate and oblate sphercidal coordinates » £, ¢ with solutions
¢ =S(h, MR, HH e @) and ¢ = S{ib, MR{h, -1 £)S(P), respectively. Here
h = kd/2 , where d is the interfocal distance. A Fortran computer program
called ANGLFN has been devised to evaluate numerically the angle solu-
tions S¢h, myand S{ih, 7). The printed output from ANGLFN consists of angle
functions of the first kind, (U (h, m) and s® (in, 7), and their first and
second derivatives with respect to ». This report first describes the input
data cards and the output format. The theory of the spheroidal wave functions
is then discussed. A description of the prineipal internal features of ANGLFN

is then given. Finally, a computer listing of ANGLFN is attached as an
appendix.
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A FORTRAN COMPUTER PROGRAM FOR CALCULATING THE PROLATE
AND OBLATE ANGLE FUNCTIONS OF THE FIRST KIND
AND THEIR FIRST AND SECOND DERIVATIVES

INTRODU CTION

The Helmbholtz or scalar wave equation for steady waves (v2 + k2)y = 0, where
k = 27/A and A = wavelength, is separable in both prolate and oblate spheroidal
coordinates (£, n, ¢). The factored solution is written as ¢ = R(h, £)S¢h, n) 9 @)
in prolate coordinates and as ¢ = R(ih, ~i¢&) S(i h, 7) @ (¢) in oblate coordinates. Here
h = kd/2, where d is the interfocal distance of the elliptic cross section of the spheroid.

The angle function of the first kind, S(l)(h, n) or S(l)(ih, 7), is one of the two in-
dependent solutions to the ordinary differential equation in the angle coordinate », where
-1 < n < 1, arising from the separation of variables. These solutions are charac-
terized by the four entities m, h, £, and n (represented by the Fortran variable names
M, H, L, and ARG, respectively). M is the integer separation constant relating to the
solution for the rotational angle ¢. For each choice of ARG, M, and H a set of solutions
exists to both the prolate and oblate angle equations, each solution characterized by a
separation constant or eigenvalue A. These eigenvalues are ordered in an ascending
sequence and labeled with integers L, beginning with L=M for the smallest eigenvalue
and continuing with L =M+ 1, L = M +2, etc.

The computer program ANGLFN 1(ANGLe Futh1on) calculates numerical values for
the angle functions of the first kind § ,@ (h, nyand S ) (ih, 1) and their first and second
derivatives with respect to » using expansions in assocxated Legendre functions.

The user of ANGLFN inputs desired values for the parameters M, H,L, and ARG.
Operationally, the program is divided into several parts. In the first part, M and ARG
are set, and the associated Legendre functions are calculated. In the second part, H is
chosen, and the eigenvalues and the expansion constants are obtained for each choice of
L. Finally, the expansion constants and the agsociated Legendre functions are com-
bined to give the angle functions and their first and second derivatives. Two different
normalizations of the angle functions are available. This procedure is followed for both
prolate and oblate spheroidal geometry.

INPUT
The input consists of five data cards:

Data Card 1: Format 2I1 - This card contains the integer variables I0f1P and NRM,
where I0#1P - ¢ for oblate, 1 for prolate, and NRM =2 for Flammer
normalization, 3 for Morse and Feshbach normalization (see section
on Angle Functions of the First Kind for an explanation of these nor-
malizations).

Data Card 2: Format 315- This card containg the integer variables M1, IDM, and NM,
where M1= the initial value of M desired, IDM = the increment in M
used to generate other values of M, and NM = the number of values of
M that are desired.
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Data Card 3: Format 2p20.16, Is - This card coniains the variables H1, DH, and
NH, where Hi is the initial double precision vaiue of H, DH is the
double precision increment in #, and NH is the integer mumber of
values of H that are desired.

Data Card 4: Format 315 - This card containg the integer variables L1, 1DL, and
NL , where L1 = the initis] value of L desired, IDL = the increment
in L, and NL = the number of values of L that are degired.

Data Card 5: Format 2p720.10, 215 - This card contains the variables ARG1, DARG,
NARG , and KTP, where ARG1 is the double precision initial value of
ARG , DARG is the double precision increment in ARG, NARG is the
integer number of values of ARG that are desired (NARG < ), and
KTP is an integer equal to ¢ if the input for ARG is in terms of 3
(-1 < ARG £ 1) and equal to 1 if the input for ARG is in terms of
cos! 7 in degrees (0° < ARG £ 180°).

OUTPUT

The output from ANGLFN consists of numerical tables, as shown in Appendix A.
Numerical values for the angie function of the first kind, s, and its first and second
derivatives with respect to », sD and SDD, respectively, are provided for particular
choices of M, H, L, and ARG. Only i1 significant figures are printed in the tables,
although 26 figures are used in the computation.

PARAMETER RANGES AND ACCURACY

Within the following ranges, the angle functions and their derivatives are believed to
be accurate to at least 8 significant figures, assuming calculations are performed by a
computer that has a word length of 26 digits, e.g., the Control Data Corporation 3800
computer at NRL using double precision arithmetric:

PROLATE

’0.1 <H < 20.0 20.0 < H < 35.0 35.0 < H & 40.0

-1.0 < ARG < 1.0 0 = |ARG]| < 0.99, |ARG] = 1.0 0 = JARGl =2 0.9

OBLATE

0.1 <H<30.0 330.D<H£40.0

1.0 £ ARG < 1.0 0.2 2 |ARGl £ 1.0

COMPUTATION TIME

The foliowing exampie is representative of the computation time for ANGLFN on the
CDC 3800 computer at NRL:
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PROLATE
M=0(1)3
H= .5.5)5.0
Time ® 4,5 minutes
L=MIM:+3

ARG = 07(10°)180°

The average computation time for a line of output decreases as more parameter
combinations are requested. This is to be expected, since the Legendre functions and
the eigenvalues are not functions of all fiour parameters and need not be calculated for
every combination of M, H, L, and ARG. Neither the choice of prolate or oblate, nor
the choice of input for ARG (degrees or pure numbers), nor the choice of the normali-
zation (Fiammer or Morse and Feshbach) significantly affect the computation time.

SOLUTION OF THE HELMHOLTZ EQUATICN IN SPHERCIDAL COORDINATES

The prolate and oblate spheroidal coordinate systems can be formed by rotating the
two-dimengional elliptic coordinate system, consisting of confocal ellipses and hyper-
bolas, about the major and minor axes of the ellipses, respectively. It is customary to
make the z axis the axis of revolution in each case.

The prolate spheroidal coordinates £,m and ¢ where -1 <4< -1, 1 2&£< 0,0 <4< 2n
are related to the rectangular coordinates x, y, z by the transformation

xz%»/(l — 2} (£2 — 1) cos &,

yz%‘f(l—'ﬂz) (£% — 1) sin &, (1)

d
2—‘5775,

where d denotes the interfocal distance of the generating ellipse. The surfaces of con-
stant £, », and ¢ are illustrated in Fig. 1.

The oblate spheroidal coordinates ¢, 7, and ¢ where—1<n<1,0<& <0 0<¢< 27
are related to the rectangular coordinates x, v, z by the transformation

X = %\/(1*7}2)(52+1) cos ¢,

y = 5 V(o) (E24 1) sin g, (2)
-4
z = 2 né .,

The surfaces of constant ¢, , and ¢ are illustrated in Fig. 2.

The prolate and oblate spheroidal coordinate systems are two of the 11 orthogonal
systems of second degree in which the Helmholtz scalar wave equation,

(V2 + K%y = 0, (3)
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| f=ms2

Fig. 1 - The three orthogonal sur-
faces which determine a point in
prolaie spheroidal geometry

is separable. The Helmholtz eguation, when expressed in prolate spheroidal coordi-
nates is

3 2, 2, 3 .9 2 £2 - 32 2,2 _ 2] _

[an(i—'r})an+’af(§ “1)a§+(§2_1)(1 _?f) 3¢2+h(§ "7)’;" g, {4)
and when expressed in oblate spherpidal coordinates is

P gl B 3, £+ 2 a2 a0 5

[a?ﬁl Gy 163 +1)3§+(§2+1x1_n2)3¢2+ (gl =0, (5)

where h = kd/2. Note that Eq. {5) can be obtained from Eq. (4) by the transformation
£~ —if h—ih.

Separation of variables in Eg. {4) and Eq. (5) yields
Ut (BE, 7 #) = Rop (R, &) S g (hy m) 8, (&) (6
and

g (iBl=i&, m ¢) = R 7 (ih, 18 S, (b, m @, (), ()



NRL REPORT 7161 5

4z
N\
7z Const 7=
$=/2
.
E=const
1 [+)
1 ,( “\\\ ¥
G0 ———e—
%
] d d |
T
I
\\
\\.
-_"I_"| I~ &= const

Fig. 2 - The three orthogonal surfaces
which determine a point in oblate sphe-
roidal geometry

respectively, where the dependence of the oblate solution on h and £ is represented as ih
and -i¢ in order to show the correspondence between oblate and prolate spheroidal geom-~

etry.

The five functions S 4 (h, ), Ry (h €), 8,4 (ib, 7). Ryp (ih, ~ig), and &, (&)
satisfy the following ordinary differential equations:

d d m2
a‘;[(i - Y Spch, n)] + [Am{;(h) - b2 _nz]smﬁh: ) =0, (8)
d 2 _qyd _ 22 _
< [o: 1 Rotth, 6] [Am,g(h) W 4 1] R g(h, &) =0, (9)
d d . . 2 .
Ei?[(l - ”z)d_r,sm’ﬁ(‘h’ n)] + [Am{(m) + hip? - ’j‘_ nz]sm,ﬁ(lh, n) = 0, (10)
d d ) . . 2 . .
E[@Z + 1)d—§Rm{(1h, —15)] - [Amfﬁ(lh) —h2e? §2m+ I]Rm,g(xh. —i&Yy = 0, (11)
and
£ 2o () =0
e AXORLENORLE (12)

in whichm and A _p(h) or A, (ih) are the two separation constants or eigenvalues occur-
ing in the separation of variables. In physical problems where it is necessary that the
field be periodic and unique over the entire range of the azimuthal coordinate &, it is

—
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reguired that m be an integer. When h -0, Eq. (8) and Eq. {10} reduce to the standard
differential equation for associated Legendre functions with separation constants given
bya s=4¢d + 1), where £ = m, m + 1,.... When h# 0, the values of the separation con-
stant A,¢ for which nontrivial convergent solutions exists to Eqs. (8) through {(11) will be
a function of m and h. It is convenient to order these values in an ascending sequence
and label them wiith integers £ beginning with 4 = m for the smallest eigenvalue, £=m+1
for the next one, etc. The eigenvalues obtained for Eq. {8) and Eq. (9) will not be equal
to the eigenvalues for Eq. (10) and Eq. (11).

The two independent sclutions of Eq. {8), Eq. (9), Eq. {10), and Eq. {11} define the
following eight functions,

3(1) ¢(h, 1), proiate angle function of the first kind,
S;z,% (h, 1), prolate angle function ¢f the second kind,
1 .
R;,E (h, &), prolate radial function of the first kind,

R‘z’ (h, &), prolate radial function of the second kind,

S(I/é (ih, %), oblate angle function of the first kind,

S( B (ih, ), oblate angle function of the second kind,
R(I) (ih, —i£}, oblate radial function of the first kind,

R@) (ih, -i&), oblate radial function of the second kind.

This report concerns the calculation of 8% (h, m) and s® Gh, m) . The ealculation of
prolate and obiate radial functions of both the tirst and second kinds is discussed in pre-
vious reports (1-4).

ANGLE FUNCTIONS OF THE FIRST KIND

The behavior of Eq. (8) and Eq. {10) as h-0 suggests that the angle functions of the
firat kind car be expanded in a series of associated Legendre functions,

@ s

Q= Y 4 hlnd) P"_(m,
nt gi . (13)

T

and

oWy

53 Ghom = S d, Ghlnd) BR (),
! (14)

n

where the d,'s are expansion constants, and the P, ()'s are associated Legendre

functions of the first kind. The prime sign on the sum indicates that n=0, 2,4, . . . if
4 -miseven, andn=1, 3 5, ..if{~mis odd.
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The derivatives of the angle functions are then given by

dd’f}s(l) (hy 7) = Zn' d (h!m't)_Pnﬂn (. (15)
n=0,1
d S(l) Gh, my= S d_ (ih|m?) diﬂP:+n (). (16)
n=0,1
2 z.r p"
clgsr(“l}t o= Y 4, hlady 4= — P () (17
d7y n=0,1 dn
and
L Gp oy s i d_ Gih|mt) —P () (18)
dg? ™% alGi1 d? "7

The follow:mg discussion will be restricted to the prolate expansion constants
d,, (h|mf), but it is recognized that the resulting formulas apply equally well to the oblate
expansion constants d o(ihim4) when the transformation h-ih is made.

Substitution of Eq. (13) into Eq. (8) and use of standard recursion formulas for the
associated Legendre Functions lead to the following three-term recursion formula in the
unknown expansion constants d_:

2m+n+2)2m+n+ 1) h2
(Zm+ 20+ 3) (2m + 2n + 5) 2

2(m+n)(m+n+1)~—2m2—l 2
+[(m+n)(m+n+1)—Am,ﬂ(h)+ (2m+ 20+ 3) (2m 20— D) h]c!r1

n{n-1) 2 -
(2m + 2n — 3) (2m + 2n — 1) hidng = 0. (19)

If the choice of A ; is arbitrary, solutions given by Eq. (13) with constants d determined
by Eq. {19) may be divergent either at n=+10r n=-1. However, in physical applica-
tions it is necessary that 5(12[i (h, m be f1n1te at both of these points. This requires that
the separation constants A.{ be chosen so that d,,2/d, - 0as n—~«. These A, ; values
are the characteristic values (eigenvalues) of Eq. (8). Use of these values leads to
successful expansions for sml?ﬁ (h, m) of the form given in Eq. (13).

The d,, constants obtained using Eq. (19) will be unnormalized since this equation is
homogeneous. The normalization is determined by requiring that the resulting angle
functions S, 4 (h, n) have some special form at » =1 or at » = 0. The normalization
used by Morsge and Feshbach (5) requires that

1= 58 & ] s [c1 a2 o (n)]n:l- (20)
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This reguirement leads to the normalization for the d,, constants,

- (n +2m) Ly my!
ngil datblnd) = (21)

The normalization uged by Flammer {8) requires that

SE:EE, (h, Oy = PIE (03, £ - m even,

d (1 1d m
[ 8 7 (0, )] i “[Z;T? Py {n)]m. £ — m odd. {22}

The Fiammer d, constants (denoted d,, ) are related to the Morse and Feshbach 4, con-
stants {denoted d_ 4 ) by the formulas

d -4 {wl)({_m)/zfﬂ-fm)l @ 1 ( 1)T/2(r + zm)l d /ﬁ_..m even (23)
r, MF{’ !
~ 5 ( ) r-!-Zm).

n, F n, MF 2{_(}}({_{) ({ %-m)

and

(£-m-1)/2 w . (r-1)/2
- (I) (£+m+ 1) -1 {r+ 2m + 1)
d, 7= 4, wr ({ﬂm_1)(£+m+q e S WS TS d,. ypls £ —m odd.
< . =1

2 \ 2 )( 2 ) (24)

Before obtaining the d constants, it is necessary to obtain the characteristic values
A, 4. An accurate first approximation for A, is obtained by a matrix method. Here an
equation similar to Eq. (19} is derived by using normalized associated Legendre func-
tions. Written in matrix form the equation reduces to

1Bl {v} = A{v}, {25)

where {v} is one of the characteristic vectors, A is one of the Ay characteristic num-
bers, and [B] is an nxn square symmetric matrix with elements constructed from
modified forms of the coefficients in Eq. (19). The problem of determining A_; is re-
duced to the problem of diagonalizing the matrix [B]. The eigenvalues then appear as
the resulting diagonal elements when ordered numerically from lowest to highest. Al-
though the exact determination of the eigenvalues would require a matrix of order in-
finity, good first approximations are obtained using mairices of modest proportions.
Details of this matrix method are given in Ref. 7.

The eigenvalues obtained above are now used ag starting values in a variational

procedure devised by Bouwkamp (8) and Blanch (9). The three-term recursion formula
Eg. (19) is rewritten in two forms:

N —a Cn2, (26)

(27)
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where
m_ 1 4m? -1
= {(m+ tn+ 1)+ =h? [1_
'Yn (m+n)(m+n )+ 3 [ (2m+2n—1)(2m+2n+3)]‘ nz0, (28)
5" = n(n — 1) (2m + n) (2m + n — 1)h* n>2
"o @m+2n-1)2 (2m+ 2n —3) (2m + 2n + 1) (29)
m_ _ (2m+n)(2m+n—1) » 9
Mo = Gmron o @mian s D" dn—Z,nZQ. (30)

Requiring that d, /d, ,~ 0 as n- ig equivalent to requiring that N - 0 as n - », If the
sequence NT is terminated at a reasonably large value for n, say n;, Eq. {(26) can be
written as a continued fraction where any N, n<n,, is obtained in terms of 1 »7,,

YBgr ooer BB BTy, BT, ..., and A g (). Similarly, Eq. (27) can be written in a continued
fraction expressing N7 in terms of ¥,-2. Yn-4» Yn-6 -- -+ Bo-2 Bn_4 Ln_s, ..., and
A, ¢ (h), using the fact that Nj=—g + A,p andN3 = —»f" + A, ; to terminate the sequence.

The starting value for the eigenvalue A_ is ingerted into the two continued fractions,
one with diminishing subscripts and one with increasing subscripts. N%_mz is calculated
using both expressions. A correction to the eigenvalue is now obtained in terms of the
difference between the two values for NE_m+2. The process is repeated until A_; is ob-
tained to a desired accuracy.

When the values of A ¢ have been accurately determined, the numbers N[ are avail-
able to determine the ratios d_ /d_ ,. The individual d, constants are then obtained using
the normalization condition given in Eq. (21). The prolate angle functions calculated
using these d, constants in Eq. (13) will satisfy Eq. (20). Angle functions normalized
according to Eq. (22) can be obtained by multiplication by the conversion factor given in
Eq. (23) or Eq. (24). Similarly, oblate angle functions can be calculated using Eq. (14)
and oblate expansion constants d_ (thm{).

DESCRIPTION OF THE COMPUTER PROGRAM ANGLFN

The Fortran IV computer program ANGLFN used to calculate the prolate and oblate
spheroidal angle functions of the first kind and their first and second derivatives is
listed in Appendix B. ANGLFN was written in double precision arithmetic for the
Control Data Corporation 3800 computer at NRL:.. Here double precision numbers have
26 decimal digits and an exponent range of -307 to +307. A description of the input and
output for ANGLFN has already been given. Some details of the program are given
below.

Special Functions

Two special functions are required: the factorial function and the associated
Legendre functions of the first kind.

1. The first 170 integer factorials are calculated in lines 90 through 110 and stored
in the array FACT(N), where FACT (N + 1) = N!. The first 275 integer factorials,
scaled by 10-2%%, are calculated in lines 120 through 140 and stored in the array FBCT(N),
where FBCT (N + 1) = 107250 N1 . These scaled factorials are necessary to prevent
exponent overflow during the calculation of the associated Legendre functions.
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2. The associated Legendre functions of the first kind P\ (cos 6) and their first
and second derivatives with respect to cos ¢ are calculated in subroutine POLY. Sub-
routine POLY is called in line 580 for fixed M and cos #, 0 £ cos 8 < 1, and returns

valueg for N= 0,1, 2,. . ., 120, Ph"f {cos 8) iz calculated using
" sinMs [lw-w-1V/2] (2N —2M —1)!1 (M + 2P — 1)!!
Py(eosf) = ———M — Z — — cos [{N-M = 2P)8]
N1 oy 1y 11 4 P1(N-M-F)!
p=0
0, N —M odd
N+M+ 131! (1)
IN+M DI o even,
2[(N — /2l 2
where {(N-M-1)/2] means the greatest integer less than or egual to (N-M-1)/2, and where
@N-L1t =1,3 5 ...,(2N-1)with (-1)!! being defined equal to unity. Special formulas

are used for cos 6=0, 1 (Ref. 10). Values for negative argument, -1 < cos 5 < 0,
are obtained using the relation B¥ (—cos 8) = (~DFMP¥ (cos 9),

An equal number of first and second derivatives of P¥ (cos &) are calculated using
the recursion formulas,

d
dcosGP;{ {cos. 6) = 1—_;—0—3-5——8-[(M+N)P§_i (msﬁ)—Nms{?P#{cosé’)], {32}
M
d? . 1 My (cos O L N
dmﬁ‘“’”}‘m,“‘“ T o A S

When 12 cos 8> (1 -1071%), cos © 1is approximated by unity. Limiting forms for
the associated Legendre functions and their first and second derivatives are cbtained
using the definition

P:;[ {cos &) = sinM &

dcosSMPN{casa) (34‘)

and the special formula

[dm PN {cos 9)] - (N + M)
2

d cos &M L 2wy ’ (38}

See Ref. 11 for a derivation of Eq. (35).

Eigenvalues, Expansion Constants, and Conversion Factors

Starting values or numbers agreeing to at least two places with the correct values
are obtained for the eigenvalues by the diagonalization of a matrix (Bl, as explained
above. The size of the matrix is determined in lines 630 through 640. The matrix ele-
ments are calculated in lines 710 through 830. Subroutine EIGEN, which diagonalizes
the matrix, is called in line 840. The resulting diagonal elements are used as starting
values for the variational procedure, which is programmed in lines 860 through 1400,
Convergence is agsumed when the relative contribution of the correction is less than
107%%,  Using the corrected eigenvalues the d, constants are evaluated in lines 1410
through 1650 and stored in the array DLIST. These d, constants are normalized to satisfy
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the Morse and Feshbach normalization. If the normalization of Flammer is desired, a
Flammer-Morse and Feshbach conversion factor, as programmed in lines 1680 through
1840, is used.

Angle Functions

The angle function of the first kind s and its first and second derivatives are

obtained by combining the dg constants and the associated Legendre functions. Here
Eqgs. (13), {15), and (17) for the prolate case or Egs. (14), (16), and (18) for the oblate
case, as programmed in lines 1860 through 2470, are used. The series are terminated
when the relative contribution of the last term is less than 104,

10.

i1,
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1,000
1,400
1.000
1,000
1,000
1,000
1,000
1,000
1,000
1,600
10,000
10,000
10,000
10,000
10,000
10,000
10,000
10,000
10,000
1,000
1,000
1,000
1,000
1,000
1.000
1,000
1,000
1,000
1,000
10,000
10,000
10,000
10,000
10,000
10,000
10,000
10,000
10,000
10,000

ARD

30,000
60,000
90,000
120,000
150,000
39,000
60,000
90,000
120,000
130,000
30,000
40,000
90,000
120,000
130,000
30,000
&0,000
90,000
120,000
120,000
30,0080
40,000
90,000
120,000
150,000
30:000
60,000
96000
120,000
130,000
30,000
80,000
%0,000
120,000
150,000
30,000
60,000
90,000
120,000
130,000

PRALATE ANGLE FUNCTIENS

FLAMMER NSRMALIZAYION

$.84508876584008
?,00651083794001
1.0000000000+000
7,60611083770001
.l46956!6;l.ao;
8,0350733589,00¢
4,87758477600001
0.090C0P0000400D
w4, 07753177800001
»8,03507335805001
11123451¢9745002
2.98337107F6500%
:;onuuooannutnan
2,9233710756g000
11123431 ¢9742002
1.30420489905002
1,57058416312001
0+8000090000¥000
ul, 5705641630001
31.31420419901902
4,864291227050001
s.45u4345536.au1
1,00000000004008
8.1504245!26-001
4,642942270%4001
1.2314a7osuaanou
1,2762008706%4000
0.0000000000+008
#l,27620870654000
01,2314879303s000
1,0535522556,002
2,8963210120200%
1,00000000004000
2,895324 01200004
.nssﬁszzsaa.auz
3,65717582335%52002
4,6844233632,00%
0,0000000000400%
od 661423383 2,4001
#3,457175233%,002

S0

=2, 5648774401001
«1, 5562274045001
9,0000000000+000
1,9562274045-001
F !645171491.0&1
7 072592!118.001
0 1695348094001
.ﬂooouonuouauon
P,2695348004+001
7,8726929448.004
v1,6700874103-001
vl 5403338192+000
o.unnaoonoun-aun
4,5403238192+4000
1,8700BE74183.001
.1.640557&:50-001
»#,8300033148.001
1,00000000004000
=4, 63000334 48.001
al,8406576280.001
«1,8886391629+000
«8,4555871249:001
u.uuuunognon-uuu
6,4655371249001
1,68863916274000
.g,99orrsﬁ?znluou
$,61092409314000

3 00000000004+000
1,61092469344000
»2, 996775n72uoaon
«d,6172704416001
«5,53987171014000
0,00000000004000
i, 5394717114000
1,61727p44165001
.4,?754733911-001
»5,39937778494000
3,000000G0004000
i, 13903777549 000
w4, 7744733905001

$DD

g, 5164012760001
«2,950732776%5:001
«3,190000581%008
=2,9987327765001
=2,%164012760001
-i.6936655154q001
«2,8785798777c001
u.oouuuonnnn-noo
2,870879%87770001
4,4934655154c001
1,798%510063000
4,0936907744+000
«9,2283042072+000
#,00369077444000
4,7905018963«000
t,3270070023+000
«1,27390758804000
p.00000000004000
{,2735078880000
«1,32700700234000
w8, 9551973491000
«1,55105853054000
«1,1955483554000
vy ,55186853505+000
wb,95549734944000
2, 90147538642001
b, 0902254738000
‘0,00000000004000
6,0902254738000
2,70117538644001
1,7754992128+000
4,14351849364000
@, 2877687874000
4,1435184538+000
1,77519925284000
3.9555333224000
w3, 73387737714000
,00000000004000
3,73387737754000
«3,958553332244+000

1914 LYCdHA TN

€1



o000

noon

2939

55
57
&2

&1
&3

=0
91
oz

93

100

Appendix B

LISTING IN FORTRAN IV,
A PROGRAM TO CALCULATE PROLATE AND OBLATE
SPHEROIDAL ANGLE WAVE FUNCTIONS

PROGRAM . ANGLFN

TYPE DOUBLE ARG+ARG1+ARRBL ISTA1LL +CORACORE+DARG+DE+DH+DL +DLIST»
SON 1 DNDO sEAJEMIERNR+ENRCIEYEyFACT»GLISTaHeH L +HMEG PP PLL « S+ SO+ SDB
2TERMs TNS s W WPEW2B+FECT L1001 «OMUM AR

DIMENSION BLIST{150)+DLIST(1S0)+DNII150) «DNDO{150)+ENRI150) 4
1GLISTI150) P20+ 1251 4PDIRD+ 1251 +FDDIED+125) +ALBOLB01EIGIBOY
COMMON /BLKI/FACT{ITI ) +FBCTIZ00)

TMNS = 1.D-14

FACT(1) = 1.0

DO 77 J = 1170

FACTIJ+1) = JRFACTI.)

FRCTI1Y = 1.0-250

D0 2949 J = 14275

FBLTLJ+1) = JUFRCT(J}

READ S+ I00IP«NRM

FORMAT (211)

1001P 15 0 FUR OBLATE AND 1 FOR PROLATE
NRM IS5 2 FOR FLAMMER NORMALIZATION AND 3 FOR MORSE AND FESHBALH

MNORMAL IZATEON

IF {J0C1IPWwEGO} &0 TO S5

PRINT B85

FORMAT 1SEX2IHPROLATE ANGLE FUNCTIONS//)
GO TO 58

PRINT 57

FORMAT (S6X22HOBLATE ANGLE FUNCTIONS//)

IF (NRM«EQe2) GO TO 61

PRINT 52

FORMAT (S1X#MORSE AND FESHBACH NORMAL IZATIONE//)
GO TO &4

PRINT &3

FORMAT (STX¥FLAMMER NORMALIZATION®/7)

READ 90+ MioIDMNM

FORMAT (315}

REAG 81 ¢H1+DHoNH

FORMAT (2020:10:15)

READ S2+L1+10LoNL

FORMAT (315%

READ 934+ARG1 :DARG«NARGIKTP
FORMAT [2D20+104.215)

KTP 15 0 FOR INPUT OF ARG IN TERMS OF ETA AND i FOR INPUT IN
TERMES OF BESREES

PRINT 100

FORMAT {10X1HMSRIAHSXIHLEXIHARGIOX 1HS3EXEHSD30XIHSDDA /)
DO 2 IM = fohM

M = Ml 4 (1Me])®IDM

IF (L1.LTeM} LI =M

NBL = Li + (NL-1)#IDL+1-M

EM = M

DO 1 TNA = 1+NARG

14

iv
20
30
40
S0
50
T
= 1a]
9
gl
11
120
130
140
150
160
170
180
190
200
21¢
2RO
230
2ap
250
260
270
280

bt ]
310
2L
330
240
385G

are
280
390
400
410
K20
430
EE Y]
450
460
470
48¢
499
500
S10Q
520
530



31

32

33

4

13

14
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ARG = ARG1 + (INA-131%DARG

IF (ARG.LT«0.0)1 ARG = =ARG

IF (ARGsGT+590+D) ARG = 180.DO0~-ARG
IF (KTP.EQal) ARG = DCOS({.017453292519943295T692369D%ARG)
CALL POLY({INAM.120+ARGsP«PD +PDD)
OO 2 INH = 1+NH

H = H1 4+ {ITMH=-1)%DH

LCK = Q

IH = H

N = MAXOF(SO+S04(IHM=5)/2}

IF (N.GT«BD} N = EO

H5Q = H¥H

IF {1001P,EQe0) HSG = ~HSQ

DO 2 IL = teNL

L =L1 + (IL-~13%,DL

IF {LCK+EGQs1) GO TO 4

tlk =1

DC 31 J = 1N

DO 31 1 = 1N

Alled)y = 0,

00 32 1 = 1a.N

W= J=1.4+EM

ATLaI) = WHRIWH] ) +HSGH (R ¥WH{WH1a)—2HEMBEM—] o)/ ((Z2eHW—1a iR (2 NW+30
1)

NMZ = N=2

DO 33 I = 1+MM2

W = lale+EM

ACT4(42) = (HEGQ/(2%W+3.) I ¥DSARTI L { WH2 o +EMI K LW 1 o +EMI R {WH2 o ~EM I ¥ (W
14l e~EMI I AL2a W4T ) ¥ (2 W10} }
ALI4291) = AlLe14+2)

CALL EIGEM (A+EIGsNNBL)

CL = EIGIL+1=M)

IWE = {(LL~=M}/2

IX = L=M — 2#Iws

ISC = 2 4+ IX

LIMt = 278

J=1

D0 13 I=21SCsLIM1+2

EYE =1

EA = 2,D%EM+2.D*EYE

BLIST(U) = (EYEXIEYE=1+DIR(EA-EYE) #(FA—EYE~1+D) #HSA*HSRY/({(EA~1 D3
1H{EA=] JDYR(EA-3.D1#(EA+1.D)}
JEdel

J=1

Ip21 = IsC-1

LIMi1=L IMI+1

DO 14 T=ID21+LIM1142

EYE=l=1+D

EA = EM + EYE

GLISTtJ) = EARIEA+1+DI+0SDRHSGE( (1 aD) —(44DFEMBEM—1 .01/ ({2 DHEA=] ¢
1D *{2DHEA+I DY)}

J=de1

IFC=0

IBLIM = 139 — IX

IGLIM=TBLIM+1

IRIO=IWSS]

1wt = 1We+2

ENR{11=CL-GLIST(1)

PO 1B I=141W6E

540
S50
560
S70
580
590
600
&10
620
630
640
650
660
&70
&80
690
T00
710
720
T30
740
T30
760
T7T0
T80
790
[=1=1s)
8lg
820
830
8490
850
860
¥ ]
aso
890
200
210
920
930
940
50
&0
970
%80
990
1000
1010
1020
1030
1040
1050
1060
1070
1080
1090
1100
1110
1120

15



1]

256
27

118

119

180

120

166
187

121

KING AND VAN BUREN

ENR{I+i 3==BLISTII}/ENRITI-GLIST( 141 74CL
ENR{IBLIM)=-BLISTL{IBLIM)} /(GLIST(IGLIM)=CL}
IWiS=IBLIM~1{

IP=1W1 +iWiS

DO 19 I=Iwl +IwWiS

1IPI=Ip-1t
ENRIIPI)=-BLIST{IPII/(GLIST(IPI+1)}=CL+ENR(IFPI+1))
ENRC==BLISTIIRIQ) A {GLISTIIRIDHI I =Cl +ENRIIRIO+11}
DE = ENRC*ENRC/BLIST{IRIO)

CORE = DE

DO 20 T = IWIsIBLIM

DE = ENR{1Y#ENRII)/BLIST:I])2DE

CORB = CORB + BE

IF IDABSIDEZCORRBY «LT21.D=-27) GO TD 23
CONTINUE

CORA = 1.D

DE = {0

DR 26 I = 12106

DE = BLIST(IRIO-I)/{ENR(IRIO=1)#ENR(IRIO-1))*DE
CORA = CORA + DE

IF {DABS(DEA/CORA WLTe14D-273 GO TC B7
CONTINUE

DL = {(ENRC-ENR{IRIO}}/{CORA+CORB}

CL=DL 4L

IF {DABS{DL/CLI JLTe140D-283 GO 7O 22
1FC=IFC+1

IF {IFCsLT4203 GO TO 17

EIG{L+l-My = CL

DO 118 1 = 1.18L1M

ARR = 1X + ZaD¥*1

EA = 2.0WEM + Z2.D®ARR

DNDO(I1 = (EA=1,D)#(EA+1.DIFENRITI/IIEA-ARR)#IEA-ARR~1,D)*H5Q)

DNt = DNDOUES

DO 119 0 = 3.1BLIM

ON(J) = DNDO(IIRON{J-13

W21 = 24lgL 1M

wWeB = Cu.D

Iww = O

IF {M.EQe0) GO TO 165

M2 = 2%M

DO 120 J = 1SC.1W21.2

W26 = 1.D

DO 160 K = M2

W2E = WaEH{ I3

TwWW = TWw + i

W28 = W28 + W26RDN{Tww}

GO YO 157

DO 166 J = ISCiwzis2

1WW = Tww + 1

W28 = w28 + DN{Tww)

DLISTE1Y = FACTIL+M413/FACTIL=M41) /(W2BHFACT (M+M+IX+1))
DO 121 J = 14 1PLIM
DLISTO)+1) = DNONHDLISTCOLY
C101 = t.D

IF {NRM.EGe3) GO TO 6257

1IC30 = L=pm

IF {2%(JCI0/2)1+EQ.IC30) T0.71
1y = 1C30/2

DNUM = FACTIM:M+1) /FACTIM+1)#DLISTIL)

1130
1140
1150
1160
1170
1186
1190
1200
1210
1220
1230
1240
1250
1260
1270
1280
1290
1300
1310
1320
1330
1340
1350
1360
i370
1280
1390
148¢
1410
1420
1430
1449
1450
1480
ia7o
148¢
1490
1560
15140
1520
1530
1540
1550
1560
1570
1580
1590
1630
1510
1620
1620
1640
1650
1660
1870
14680
1690
1700
1o
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71

T18

62%7

a0

41

[-F

al

as
B8

a7
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DO 717 J = 148
DNUM = FACT{JHJ4+M+M+1) /(4 DR K IHFACT (I L IRFACTL JHM+ 1) I RDLISTII+])

1-DNUM

Cl01 = FACT(L+M4+1) /(2D *ICIORFACT(ICI+] }*FACT{(L+M)/2+1}#DNUM)

IF {2#(1C1/2)1eNEL1C1T) C101 = =-C10C1

GO TO 6257

1€l = (IC30=13)/2

ONUM = FACT{M+Ma2) /FACT(M+1)#DLIST(1Y

00 718 J4 = 1448

ONUM = FACT{J+J+MEMEII /(2eDFH S+ 1 IRFACT LI+ 1 ) RFACT{J+M+2) 3 #DLIST(

tJ+11 = DHNUM

C10]1 = FACTILHM42) /(2D¥#ICIORFACT(ICI+1 I #FACTL(L+M+1 ) /241 1 #DNUM)
IF (2#(1C1/2).NEs1IC1) €101 = =C101
CONTINUE

DO 2 INA = 1+NARG

ARG = ARGl + (IMA~1)#*DARG

AAA = ARG

INX = 1

IF {ARG.GE.Q+D) GO TO 40

INX = =1

ARG = —-ARG

GO TO a1

IF (ARGJ.LE.90.D) GO TO 41

INX = =1

ARG = 18C.DO-ARG

IF (KTPJEQs1} ARG = DCOS{.017453292519943295769236FD*ARG)
IF (DABS(1+D0=ARG)aLTel«0-10) ARG = 1.D
MIN = L -M+10

SJomE2 e IX+ M

K =1

S = 0.D

50 = Q.D

SOD = CW0

DO 80 1 = JeMING2

It =t + 2

S = 5 + DLISTIKI®#P{INALLY

K=K+ 1

TERM = DLISTIKI®PLINALTL)

5 =5 + TERM

IF (S«ECG.04D?) GO TO 81

IF (DABS(TERM/5})eLT+TNS) 81482

K = K + 1

IT = It + 2

GO TO 84

IF (INXeEQa—1sANDW2¥ [ (M+L)/2)1aNEsM+L) S = -8
S = S#C101

IF (MeEQ4l 4 AND+ARGEQal«D) GO TO SO
K =1

0O BS 1 = JsMINW2

IT = 1 + 2

SD = SD + DLIST(K)*PD{INAWILY

K=K + 1

TERM = DLISTI(K)®PD(INASTL])

8D = 5D + TERM

IF (SD«EQeQ+D) GO TO 86

IF (DABSITERM/SD) 4. T« TNS) 86487
K=K+ 1

IT = 1t + 2

GO TO B’a

1720
1730
1740
1750
1760
1770
1780
1790
1800
1810
1820
1830
1840
1850
1860
1870
1880
18%¢C
1900
1950
1920
1930
1940
1950
1960
1970
1980
1990
2000
2e14a
2029
2030
2040
2050
2060
2070
2080
2090
2100
21190
21290
2130
2140
2150
2160
2170
2180
2190
2200
2210
2220
2230
2240
2250
2260
2270
2280
2299
2300

17
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86

s
e7

101

50
10

51

1032
2

2
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IF (INX+EQe=1+sAND2*{ {M+L)/2)+EQeM+L.) SD = =51

Sp = 5b¥Cl01

IF (MyEQa3ANDLARGLEQS 1D} 60 TO =1

¥ o= 1

DO B8F 1 = JeMINWZ

Iy =1 4 2

SO0 = SDO + DLISTI(KI#PDD{INAGI}

K= K 4+ 1

TERM = DLIST(X)%PDD(IMA«IT)

S0OD = SDD + TERM

IF {SOD:EDeDeDY GO TO 95

IF {DABS{TERM/SDD) oL T« TNE? 95456

K =% 1

Il = I1 + 2

GO TO 97

IF 1INREQu—L1+ANDZ2%{ (MF+L ) /2 o NEsM+LY SDD = —5DO
ShD = SDORCI0)

PRINT 1013 MeH L+ AAA+SeSDSDD

FORMAT ( SXI2+F8e3+14+F 93+ 10XD1 7 10421 16XD1 T 10))
GO TO 2

PRINT J10Z2«MeHoL1AAA4S

FORMAT { 9XI2+FBe3v14+FFa3v I0XCI T IO+ 20XRINFINITY RS INFINITYR)
GO TO 2 -

PRINT 1034MsHeL+AAA 4550

FORMAT { SXI24+FBe3+14+F 2422 J0UD1 7o IO+ 1EXLITs 10 ZOXRINFINITYR)
CONTINUE

sToP

EnD

SUBRDUTINE POLY({ [HAsM+LN+ARGP1 +F22R3)

TYPE DOUBLE FACTsP+ANGLE « TERM» SUMADMIDNR PP +SN4P L +P2 +FP34ZP+ ARG S
RFBCT+Y

DIMENSION RP{I1251+PI{ 20+ 12581 +P2{20+1251+PI{20+125)+Y{125)
COMMON /BLKI/FACTLI71)FBCT (300

1T = O

1F {DABSL{1.DO-ARG)«LT+1eD-10) ARG = 1aD

AMGLE = DATAN2IDSGRT{1.DC — ARGHARG)I «ARGH

LNNzLNGL

LDN = LN 4+ 2

DO 2 N = IlNN

Pi{N) = DuD

YNy = DCOS({N=])#ANGLE)

MM=M+1

M2 =z 2 + M

SN = DSIN{ANGLEY

IF {(ANGLEaNE +Qe) 2 ANDoe { (ANGLEWLT ¢3¢ I415928) ¢ ORe (ANGLE2+GTu 341415926
19113 GO TO &

ARG = 1

IF I{MeNELT} GO TO &

B0 5 Nzl LN

5 Pinyx 1.D

IF{ ANGLE +EQ.8) G0 TO 14
DO & N=ZJNN2

& PINI==P{IN}

GO TO 14

6 IF ((ANGLEWLTel+5T70796320) «ORe (ANGLE+GT«1B707986329)1G0 TO 10

ARG = D

2310
2320
2330
Z234C
2350

2370
2380
Z390
2490
2410
2420
24830
2490
24350
2450
2470
2480
2430
2500
2510
2520
2838
2540
2550
2560
2570
25849

as9g
2600
2610
2620
263C
264D
2650
2660
26710
2680
2690
2700
2710
2720
2730
2740
27350
2760
2770
2780
2790
2800
2810
2829
2830
28490
2850
2860
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11

12

I3

-}
18
15

40
20

a0
21
22
23
N
24
32
2%
ek ]

26
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IF (MeEQeD) 349

Pil} = 14D

MA = 2

GO TO 1

MA = M

DO 7T N = MAWLN

PIN+1 1= FACTINAM) /IFACT ({N+M} /2) BFACT ( (N~M] /241 ) #22D*# (N=11)
IF12% ( (M&N) /23 4NE (M4NY] PIN+1)=04D

IF (2%#(IN-M]/4)4NE+ (N-M)}/2) P(N+11=-P(N+1}

GO TO 14

P{MM) = SNEERMEFACT (2%M41)/{FACT (MM] 2 4DR*M)

DO 13 N=MM4LN

S = Oup

IN = (N=M=1}/2

BO 12 1 = I1+IN

S = SeFACT(ZRME2%[+1IRFBECTI2#N-ZR[+1)¥Y{N~M=2¥1411/(2D"%
1 {MAN) RFBCT (N= 41 1 #FACT {MM+ 1} #FACT( I+ 1 ) #FACT IN-M=1+1}3
PIN+1)= SNERMBFACT(MM) A{FACT (2%M41 ) R24D*F(N-2¥M=]1) )1 %S

IF (2% ((MHN) /21 EQeMN] PIN+11=P(N+1)1+SNERMEFACT (MM) * (FACT {N+MM) /
LEFACT L (N+MI /241 ) RFACT L (N=M) /241 ) ) ¥ R2/(FACT(2%MA1 1 H2.,0%2 (2¥N-M})
GO TO 14

IF (ANGLE.NE+C.D} ARG = —1.D

DO 15 f = ITsLN

PICINALLON=F) & P(LMNN—T)

PICINA+1) = OuD

IF (ARG.EGQ.]«D) a0e41

IF (M=1} 20421.22

P2{INA+2) = 0.0

PZ(INA+3) = 14D

P3{INA+2) = PI(INA+3) = 04D

0O 230 | = M2«LN

P2UINAI+2) = ([4+1+DI1%1/2.0

P3(INAI+2) = FACT(I43)/(8.D#FACT(I-1})

HETURN

IF (MJEGs2) 23,24

DO 31 1 = MsLN

PRCINALI42) = —FACT{I1+3)/14.DO*FACT{I~11}

P3CINACI4+2) = PRIINAYIHE)

TECTaGTe2) P3LINALI+2) = P2(INA+I4+2) —~ FACT({I+a)/{12.D¥FACT{I-27)
RETURN

DO 32 1 = MsLN

B2LINALT+2) = 0.0

IF (M.EQ.3} RETURN

IF (MJEQed}) 2%426

DO 323 | = MslN

PA(INALI+2) = FACT(I+S)/{aB.DAFACT(I=0)}

RETURN

DO 34 [ = MetN

P3(INA+I+2} = 0.D

RETURN

ZP = 1.D/(1+DO-ARG*ARG)

DO 16 JX = M2,LDN

P2(INAGJIX) = ZPR{(M+IX=2)¥P1 [ INAGIX=1)=(JX~2 I RARGHPL ( INA4JX))
PACINASJIX) = ZPR(2.DEARGHPZ { INA s JX ) 4 ZP#MEM= ( IX=2 3 % {JX~] )}
1#P1{INA+JX) )

RETURN

END
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2990
3000
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3060
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3090
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3150
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3180
31990
3200
3210
3220
3230
3240
3250
3260
3270
3280
3290
3300
3310
23290
3330
3340
3350
3360
3370
3380
3390
3400
3410
3420
3430
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20

& ANGRM = ANORM + A(T+I)®A(Is1)+ 2®A(1=2,1)1%#A{I-241}

105

igs
180

i5

26
20
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30
40

KING AND VAN BUREN

SUBROUTINE EIGEN {AWALUMNWNBL Y

DIMENSTION ACB0aN) +VALULBQY +DIAGIA0) «FIEQY s VALLLAO)

ANORM = AC1+1)%A{I+1) 4 A{Z2+21%Ai2+2)

DD &6 1 = 234N

ANORM = SGRTF {(ANORM}

NN=N-2

DO 160 =1 NN
11=142

DO 160 J=T1sN
Ti=A{ 144}
Ta=A{1+J)

IF {T24EQeD4}

GO 79 1560

TA1e/SAQRTI(TIHTI4T2RT2)

SIN=T2*T
COS=T1xT

DO 105 K=T+N
T2=COSHA{K I +1

FRSINRATKY S

AlK s JICCOSHAIK y J)=SINKA(K I41}

A{KsI+131=T2
DO 125 K=1l:N

TE2eCOSRAL T+ 1o KI+SINHA{ IR}
Al J KI=COSHAL I KI-SINRALTHE K)

AlT+IK3=T2
CONTINUE
DO1SI=1N
DIAGILYIY=ACT+1}

GUI=ACSaIm1)%A(Ts]-1)
VALLIT) = =AMORM
VALU{T) = ANORM

=1

TAUSIVALL{IY+VALUTT Y172,

MATCH=O
TO=G,

T =
DUZ0J=1 N

TE={DIAG{ I =TAUI ETL1 QI LI ¥TO
IF {ABS{T2)+LTs14+E130) GO TO 26
T2 = T2#1.£-200

T1 = Ti#1.E=~20
IF((T14NE4Qa)»
TO=Tt

Ti=72
DO 25 K = T« M
VALK = TAY

MATCH = MATCH

[+]
ANCo ({T2¥T1)aLE«Cal)

ATCH

+ 1

DG 30 K = NATCH» NBL

IF IVALL(K).LT
IF AVALUCT ) uEG

IF CABS{(VALULIY=VALL{TIMIAVALULI)) +GTelE=7) GO TO 18

I=141
IF(TaLENBL)
END

«TAUY VALLIK) = TaAU
wel VALUETE 8 1.E=20

GO TO 40

MATCH=MATCH+]
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2830
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3500
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