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Filter Pack Technique for
Classifying Radioactive Aerosols by Particle Size

Part 4 - Mathematical Considerations

ROBERT M. MASON, PETER C. RYAN, AND SARAH L. HILL

Applied Mathematics Staff

Passing an air stream through a sequence of filters having different retentivities effects some classi-
fication of radioactive particles by size. Airborne radioactivity has been related to particle size by a
system of four simultaneous linear algebraic equations in four unknowns. Each equation expresses
the total radioactivity collected on a given filter in terms of the total activity for each size group and
the probability for particles of that group being trapped on that filter. A preliminary set of filter pack
collection data was used to determine a coefficient matrix for the system based on these probabilities.
The system was then applied to new data.

This procedure can be applied to a variety of filter pack constructions for relating other charac-
teristics of atmospheric particles to particle size.

INTRODUCTION

In the method described in previous reports of
this series (Refs. 1-3), an air stream is drawn se-
quentially through a pack of filters having different
retentivities to effect some classification of radio-
active particles by size. The present report devel-
ops a general mathematical procedure which has
been applied to the filter pack problem to obtain
a coefficient matrix for relating the radioactivity
contribution to particle size.

Suppose that both radioactive and nonradio-
active particles (assumed spherical) are classified
by their diameters into n arbitrary, but fixed, size
groups. Any exposed m-filter pack can then be
related to the following system of simultaneous
linear equations:

a 1,X 1 + as2X2 + + alX,,x = B.

where Bi is the measured total radioactivity of the
filter occupying the ith layer of the filter pack
(i = 1, ' , m), Xj is the total radioactivity attrib-
utableto particles in the jth size group (j= 1, *--,
n), and aij is the probability that a particle in the
jth size group will be trapped by the ith filter.
With this interpretation, the equations of system
(1) express the total radioactivity of each filter
as the sum of the n activities contributed to it by
the various particle size groups.

The filter pack used in the radioactivity de-
terminations described in Part 3 (Ref. 3) contained
four filters, so system (1) can be specialized to
four equations in four unknowns. Then, either
of the two sums

B, + B2 + B3 + B4 (2)
or

Xl +X 2 +X 3 'X X4 (3)

a21X1 + a22 X2 + + a21LX,, = B2

... M()*

amiX, + a,,2X2 + + am,,nXn, = Bts

NRL Problems A02-13 and F04-05; Projects RR-004-02-42-5151,
RR-009-03-45-5802, and AEC AT(49-7)-2435. This is an interim report;
work on this problem is continuing. Manuscript submitted June 7, 1965.

*The difference in notation between this report and Part 3 should
be noted.

gives the total activity of the filter pack, which
will be denoted by BT.

Dividing each equation of system (1) by BT, and
setting

(i = 1, 2, 3, 4)

xi =i
BT. (j = 1, 2, 3, 4)

(4)

(5)
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yields the following system:

aisx, + al2X2 + a13X3 + a 14 X4 b,

a21x, + a22x2 + a2 3x3 + a24x4 b2

a31XI + a32X2 + a33X3 + a34X4 = b3

a41XI + a4 2X2 + a4 3X3 + a44 x4 = b4

where the bi and xj values represent fractional
relative rather than absolute activities.

By their nature, the quantities appearing
system (6) are nonnegative; that is

a iD 0,

xj 3 0,
and

bi 0.
Also

and

4

E bi = 1,
i=4

4
-E X, = 1,

J=1

because of Eqs. (2) through (5).
Experimentation with identically constructed

filter packs has shown that the bi values vary widely
from day to day. Part of this variation occurs
because filters of the same type cannot be manu-
factured to have precisely the same characteristics.
Part of it comes from changes in the air flow.
But variations due to these two sources are

I Qr I-p 1

(1 -PI)P2A l IIP

expected to be small compared to the variation
that is associated with a genuine shift in the distri-
bution of the radioactive content and particle
sizes of the air samples. This latter variation is the
object of the investigation; it is revealed by the be-

( ) havior of the xj for successive air samples.
Thus, for a particular filter pack design, it is

assumed that the probability matrix A = (aij) is
constant in time. If the fixed elements of this
matrix can be determined, they will serve as a

or standard set of coefficients in system (6) for all
in future applications. In theory then, having de-

termined the aij values, system (6) may be solved
for the xj describing each new air sample, provided
only that a set of measured values for the con-
stants bi is given.

An empirical attempt to determine such an A
(8) matrix for the four-filter pack depicted in Fig. 1 (b),

succeeded only in establishing approximate
(9) ranges for the matrix elements aij (see Table 1).

Calibration difficulties made an exact determina-
0) tion of the elements impossible by measurement

alone. Certain theoretical considerations, however,
have led to a mathematical procedure - presented
in the next section-which enables sufficiently

11) exact determinations of the elements to be made.

THEORY

Suppose momentarily that a four-filter pack is
used to sample an air mass containing particles
belonging solely to the jth size group (j fixed).
Suppose further that the probabilities of capture
by the filters (taken singly, before arranging in a
pack) for particles of this size are PI, P2, P3, and p4.

P1 /I
T i-p,

(I - '1/
* (Ilp1 )2i (I-p-)(1-p2)

(1-P I)()-P2)P3/I

lIp1Ip1I-p3
(Ipl)(l' -P2)(1 -P3)P4/ I

IPC 1478

IPC 1478

TYPE 5G

TYPE 6Po pi )(I ' p2 )('
1-P3 )(1 P4)

(a) General probabilities (b) Specific probabilities

Fig. I - Capture probabilities by individual filters in four-filter packs
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TABLE 1
Capture Probability Bounds

Capture Probability Bounds for Size Groups (j)*
Layer (i) Filter

1.,A) 1 2 (0.6/A)1 3 (0.31) 4 (0.158X)

1 .40 -. 95 .20 -. 40 .05 -. 15 .00 -. 04 IPC 1478

2 .0475 -. 24 .16 - .24 .0475 -. 1275 .00 - .0384 IPC 1478

3 .0025 -. 358 .358 - .625 .6936 - .74 .05 - .4608 TYPE 5G

4 - .002 .002- .015 .0289- .1625 .4608 - .95 TYPE 6

*Numbers in parentheses refer to particle diameters.

Then the probability that a particle will lodge in
the second filter layer, for example, is the product
of the probability that it is not trapped by the first
layer times the probability that it is trapped by
the second, or

(1 -pI)pŽ.

A complete description of these probabilities is
given in Fig. 1(a).

In the particular filter pack under consideration,
the top two layers consist of identical filters, so
that P2 =- P; the bottom layer contains a so-called
"ultimate" filter (that is, one for which P4 = 1).
The modified probabilities for this arrangement
are given in Fig. I(b).

The probability relations serve as constraints
on the elements of the jib column of the A matrix.
Specifically, the top two elements of each column
are related by the expression

a2J = (1 - aij)aij, j= 1, 2, 3, 4. (12)

Also,

E aij = 1, j= 1, 2, 3, 4 (13)

since

Pl+ (1-pl)pl+ (1 -pl)2 p3+ (1 -p) 2 (1- P3)

=pI + (1 -pl)pl + (1 -pl)2(p3 + 1 -p3)

=PI+ (1-Pi) (pi+ 1-PI)
= 1.

Equation (12) is a constraint resulting from the
specific type of filter pack used. However, Eq. (13)

has a more general validity if it is understood
that the quantities in system (6) refer to captured
particles, for the probability that such particles
lodge somewhere within the pack is, of course,
unity.

From Fig. l(b) one might think that

a3 , S (1 -aj)

would have to be imposed. But this follows from

a3i + a4J = (1 -aj)2, (*)

which also can be read off from the figure. One
might think that Eq. (*) has to be explicitly posed,
but it actually is a consequence of Eqs. (12) and
(13), since

a3, + a4J = 1-aj - a2J = 1- - (1 -asj) aiJ

= 1 - 2alj + a j2 = (1- ai) 2.

Considered together, the equations of system (6)
and Eq. (11) form a system of five equations in the
four unknowns Xl, X 2 , X3, and X4 . Notice that these
five equations constitute a dependent set because
Eq. (11) is obtainable by adding the left and right
sides of the equations of system (6) and using the
relations for the constants and coefficients given
by (10) and (13).

So it is possible to summarize the preceding in-
formation from a different point of view as follows,
using vector notation

la ,\ /a,2\ l /ati4\ '14\
a2' )XI+ Xa22 x2- 23 + ( a2 4 xI j 42) (14)

1/ \a3 2 / a3 34/

C I

.3 r-

n-,

Cal:
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(j = 1, 2, 3, 4)

Also, Eqs. (14) and (17) state that b can be ex-
pressed as a convex combination (see Ref. 5) of the
aj(j = 1,2,3,4) where the xj are the coefficients in

(15) the combination; or that b is in the convex hull
(again see Ref. 5) of the aj; or, more simply, that
b is inside or on the boundary of the tetrahedron

(16) having the aj as vertices. This can be shown as

4

Xj - 0, I X = 1.
j=i

(17)

The column vectors

a, ~zz"ai) and b= b
3bl

may be regarded as the coordinates of the five
points a,, a2, a:t, a.,, and b in three-dimensional
Euclidean space. Accordingly, Eqs. (15) and (16)
state that these points lie inside or on the boundary
of the unit simplex (see Ref. 4), that is, the closed
solid figure which in three dimensions is deter-
mined by the three coordinate planes

yl = 0, Y2 = 0, y:3= 0,

and the plane

YI + Y2 + y3 = 1.

This unit simplex is shown below:

Y2

(0,I,0)

(1,0,0)
;- .

Y1

(0,0, 1)
Y3

Geometrically speaking Eq. (12), which imposes
another condition on each aj, restricts the corners
of the tetrahedron to the surface

Y2 = (1 - yI)yI = y- y 2.

The portion of this surface interior to the unit
simplex is sketched in the following diagram:

Y2
(0, 1,0)

I/ono

1<~~~~~~~~~~~y

(0,0,I)
Y3

where

3

aij a- O. A aij _Si 1,
i=l

3
be i O. i, bi _- 1,

i=t

4

Y3
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Finally, the expected extremities of the ranges
for the elements aj9 of the matrix A are given
in Table 1.

The first three ranges appearing in the jth
column of this table define a rectangular parallel-
epiped in three-dimensional space within which
the point aj must be found.

PROCEDURE

The data used in the initial determination of
the A matrix resulted from 40 separate collections
miadle over a two-year period using filter packs of
the type illustrated in Fig. 1(b). For each collec-
tion, the relative counts (that is, the bi values in
system (6)) for each of the four filters in the pack
were provided.

The problem, reformulated in accordance with
the preceding theory, reduces to finding four
three-dimensional points, a,, a2, a3, a4, which
satisfy the following conditions:

(1) Each aj must be interior to the unit simplex
in three dimensions,

(2) Each aj must lie on the constraint surface
defined by Eq. (12),

(3) Each aj must fall within the regions defined
in Table 1, and

(4) The tetrahedron having a,, a2, a3, a4 as
corners must enclose all 40 of the given b's.

First observe that any tetrahedron which en-
closes the outermost points of a given cluster of
b values will necessarily enclose the entire cluster.
Mathematically, these "outermost" points are
termed the extreme points (see Ref. 5) of the convex
hull of the b values.

Use of a NAREC program called CONVEX
HULL (see Appendix) determined that 18 of the
40 given b values are extreme points. The three-
dimensional graph appearing in Fig. 2 shows
these extreme points. The shaded area indicates
the portion of the constraint surface given by
Eq. (12) that lies inside the unit simplex. An ac-
ceptable tetrahedron must both enclose these 18
points and have its corners lying on the constraint
surface.

Y2

-1.0

Fig. 2 - Extreme points of the convex hull of the 40 given b values
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A trial-and-error procedure was applied to find
the vertices of such a tetrahedron. Using Fig. 2
and the bounds for the elements of the matrix A
given in Table 1, likely sets of coordinates for
the corners of each trial tetrahedron were checked
by invoking another NAREC program called
POLYHEDRON, with p = 18 and q= 3 (see Ap-
pendix). The 75th candidate set investigated was
found to specify an acceptable tetrahedron. The
vertices of this tetrahedron are as follows:

/95\
a ( = 0475 ),

\0025/

10

a3=09 
778,

30

a2 = .21 |'

.488/

/.02\
and a4 = .0196 )

\.38 /

This yields the following matrix of capture prob-
abilities:

/.95 .30 .10 .02

.0475 .21 .09 .0196
=1 . (18)

.0025 .488 .778 .38

.00 .002 .032 .5804

A final NAREC program, SIMLINEQ (see Ap-
pendix), was then used to solve system (6) 40 times
(that is, once for each b). As expected, the answers
XI, X2, X3, and X4 were found to be nonnegative
and to sum to one.

The general applicability of matrix (18) was
checked later when the results of 22 additional
collections made on the same type of filter packs
became available. System (6) was solved 22 more
times and all but one of the 88 answers proved to
be nonnegative. The negative answer is attributa-
ble to counting error.

The probability matrix (18) obtained by this
procedure is not unique, since certain small per-
turbations of the corners of any tetrahedron so
determined will yield other legitimate tetra-
hedrons. Because the problem is so highly con-
strained, however, it is felt that no other tetra-
hedron satisfying the aforementioned constraints
could give rise to appreciably different xi values.

It should be emphasized that no data from packs
containing more than four layers have been
analysed by this method thus far. For the more
general m-filter pack there is no simple analog
to Fig. 2, which here played an important role
in suggesting coordinates for the corner points
of the trial tetrahedrons. Whether or not it is
possible to develop an analogous procedure for
the determination of such coordinates in higher
dimensional Euclidean space is presently un-
certain.

Although the requirement here was to deter-
mine the radioactivities associated with various
size groups, nothing in the described method
would prevent an investigation of other mea-
surable characteristics of atmospheric particles
using the same techniques. For example, mass,
chloride or sulfate ion content, fluorescence,
magnetism, or other bulk properties of aerosols
could be related to particle size.

It is hoped that this report will suggest further
applications which will be amenable to solution
by the technique described.
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Appendix
DESCRIPTION OF COMPUTER PROGRAMS

The computations were performed on the
NAREC (Naval Research Electronic Computer),
a medium-sized, medium-speed digital computer
located in the Research Computation Center,
U.S. Naval Research Laboratory.

The programs were written in NELIAC-N, a
problem-oriented compiler language for the
NAREC. NELIAC-N is a dialect of ALGOL.

The four NELIAC programs used in the solu-
tion of the filter-pack problem are described
below:

(1) COMB, used as a subprogram in the two
following programs, produces the pCq combina-
tions of p things taken q at a time, corresponding
to the integers from 1 to pCq, q - 15. For example,
in producing the 5C 3 combinations of 5 things
taken 3 at a time given the integers one through
ten, the program will yield the following results:

Input

1

2

3

4
5
6
7
8
9

10

Output

1,2,3
1,2,4
1,2,5
1,3,4
1,3,5
1,4,5
2,3,4
2,3,5
2,4,5
3,4,5

(2) CONVEX HULL takes a small number of
q-dimensional (q S 15) Euclidean vectors and de-
termines the extreme points of their convex hull.

A combinatorial procedure is used and the
amount of computer time necessary to find the
extreme points increases rapidly with the number
of vectors involved. For example, 1-1/2 minutes
of computer time are required for ten three-
dimensional points; 69 minutes are required for
thirty-five three-dimensional points.

This program also produces the equations
of the bounding hyperplanes of the convex hull
and the number of bounding hyperplanes incident
at each vertex.

(3) POLYHEDRON inputs an array of q + 1
q-dimensional points (q S 15) and an array of
p q-dimensional points, then determines if the p
points are interior to the simplex determined by
the q + 1 points.

The output of this program is the perpendicular
distance of each of the p points from each face of
the simplex determined by the q + 1 points. A
negative distance indicates that a given point is
exterior to the simplex.

In addition, other numerical descriptions of
the simplex are given. Specifically, k-dimensional
measures of the simplex are computed (k = 1, *--,
q). For a triangle (a two-dimensional simplex),
the one-dimensional measure corresponds to its
perimeter, the two-dimensional measure to its
area. For a tetrahedron (a three-dimensional
simplex), the one-dimensional measure corre-
sponds to the sum of its edge lengths, the two-
dimensional measure to the sum of the areas of
its faces, and the three-dimensional measure to
its volume.

(4) SIMLINEQ* is a routine to solve a system
of simultaneous linear algebraic equations. It
finds the values of the unknowns for a given coeffi-
cient matrix and stores them in a set of specified
locations.

This routine will detect a singular matrix or
an inconsistent system of equations and will in-
dicate the error.

In addition, the value of the determinant and
the re-evaluated constants obtained by substitut-
ing the answers for the unknowns in the original
system may be printed.

*Mason, Janet P., "NELIAC Functions to Solve Systems of Simulta-
neous Linear Equations," NELIAC Bulletin #8.
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