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ABSTRACT

Data association is the determination of which subset of data con-
tained in a larger set is related to a specific entity., The problem of
data association is examined in an ocean surveillance environment in
which the entities are vessels and the available data referring to the
state of these vessels is either position, positionand speed, or position,
course, and speed. It is assumedthat the vessels are uniformly and in-
dependently distributed over the ocean region of interest and that the
total number of vessels in the region is known. For each data mix the
maximum likelihood procedure for associating data referring to a par-
ticular vessel is given. Then a derivation is given for the probability
that the data associated using this procedureactually refers to the state
of the particular vessel. These probabilities are not only a function of
the data mix available but also a function of the accuracies of the data
and the number of vessels in the area of interest.

PROBLEM STATUS
This is an interim report; work on the problem is continuing.
AUTHORIZATION
NRL Problem B01-06

Project XR008-05-01, Task No, 50501

Manuscript submitted July 15, 1970.
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PROBABILITIES OF SUCCESSFUL DATA ASSOCIATION FOR
TRACKING IN THE PLANE WHEN USING MAXIMUM
LIKELTHOOD ASSOCIATION PROCEDURES

INTRODUCTION

During the analysis and evaluation of proposed ocean surveillance systems, the
wlyst is often asked to study the feasibility of associating data which is related to
vessels at sea and which is to be generated by one or more sensors at the same or dif-
ferent times. By data association we mean the determination of which subset of data
contained in a larger body is related to a specific vessel. The problem of data associa-
tion is most difficult when the sensors under consideration produce only geometric data
(e.g., position, course, and speed) that is related to unidentified vessels, and in this
situation data association is usually based on a maximum likelihood procedure*. To de-
termine how well data can be associated in a given environment, the analyst usually re-
sorts to oversimplified analytic models or to large-scale computer simulation. In most
cases the oversimplified analytic models yield incomplete results. The implementation
of computer simulations is time consuming, and simulation models are sometimes em-
ployed to answer questions which are out of the context of the model's original purpose.

We will formulate and solve analytically three problems which correspond to three
different data mixes. In each case the solution is the probability that the data related
to any one given vessel will be associated correctly when the maximum likelihood proce-
dure is used. In those situations where the problems are applicable, the analyst can
use these probabilities to examine the effects of the availability and accuracy of different
types of information on the association process. These probabilities also should have
application in the design of data association models in which they could be employed as
prior probabilities.

THE PROBLEMS IN GENERAL

In each problem we approximate the region of the ocean by a planar region, and we
assume that the vessels in the region are uniformly and independently distributed with
a known density (number of vessels per unit area). To be specific, if there are n vessels
in the region and the region has area a’', we define the vessel density as

p =n/a.
We assume that a’ and n are large and that o is small relative to unity.
Among the vessels in the region, there is one of particular interest; hereafter, this

vessel will be called U. Suppose at an initial time t; we are given information concerning
vessel U, the information depending on the problem according to Table 1. Suppose we

*For example, see R. W. Sittler, "An Optimal Data Association Problem in Surveillance Theory,"
L. E.E.E. Trans. MIL-8 (No. 2) April 1964
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M. E. B. OWENS

Table 1,

Available Information Concerning Vessel U at Time t;
as a Function of Problem Number

Problem Position Accuracy of Speed Course
Number Position Information | Information
I Yes Poor No No
II Yes Good Yes No
I Yes Good Yes Yes

are then given the set of poéitions at time t,, where t2 = t; + 7, of all the vessels in the
region, but we are not told which of these positions, is the position of vessel V. Let
this set be denoted by

{(Xiin): iz 1, 2,...,1’1},

-and assume that this set is a sample from the set of random vectors

{(X3,Y3): i=1, 2,...,n}

which are uniformly and independently distributed over the region.

Using the information concerning the state of I at time t;, we can predict the posi-
tion of U at time t2, and with this predicted position we can select the maximum likeli-
hood position of U at time to from the set

{(xi$ Yi)}'

In each of the three problems, we will outline {his maximum likelihood selection proce-
dure. After this trivial task is completed, we will then calculate the probability that
the position to be selected using this procedure is the true position of U at time t; or,
equivalently, that the data referring to the state of U will be associated successfully.

PROBLEM I: ASSOCIATION OF INACCURATE POSITION DATA
WITH ACCURATE POSITION DATA

Here

t1 = ty .

Along with the set {(x;, y; )} we are given a vector (xo, yo)together with the fact that
(%9, yo)is a sample from the random vector (X,, Yo) which has the distribution

RIS

We assume that (a, b), the true position of vessel U, is unknown and that

where oy and oy are known.

At this point we should examine the physical interpretation of this problem. At a
fixed moment in time we are given the positions of all the vessels in the region of inter-
est, but we do not know which vessel is at a particular position. We are also given the
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"approximate' position of vessel U. On the basis of this "approximate" position, we will
attempt to select the position of U from the set of exact positions.

The Maximum Likelihood Estimate of the True Position of

First we apply the transformation

for i=0,1,2,...,n and

Under this transformation, we note that (x;, y;) is a sample from the random vector
(Xg:Yg), which is distributed according to

a' <1 O>
N
[ <b’) . \o 1
and that the density is now
p' = oy oy o -

Observe that the random vectors X}, Y ) for i= 1,2, ..., n, are uniformly distributed over
the transformed region.

It follows that the maximum likelihood estimate of (a',b’ ), or equivalently (s, b), is
that point (x , y. ) selected from the set {(x;, v!)} which is nearest to (. vg).

The Probability the Maximum Likelihood Procedure
Will Yield the True Position of U

Given that the true position of U is(x,, y.), define the random variables A andR by
A = min l Xy, Y] — (X Yé)[,
1
where i ranges over the set {1,2, ....,m -~ 1,m + 1, ...,,n},and
R = [ (X, ¥g) - (X, £

We see that A is the random variable denoting the distance from the "approximate'
position of U to the nearest position which is not the true position of . Also we see that
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4 M. E. B. OWENS

R is the random variable denoting the distance from the true position of U to the
"approximate' position of U. If P; denotes the probability that the maximum likelihood
procedure will yield the true position of VU, it follows that

P, =P (R<A) .

Before we can calculate P., we must know the distributions of A and R. It is well
known that the probability density function of R is

fR(r) = re*2

for r positive. As for the random variable A,

Fy(a) =1 -P (A>a) ,
and
none of the random vectors (Xi, Y;)
(i=1,2 ...,nji#m)is within a

circle of radius a centered at
(X, Y. )

2 :/\'n
(l_mp>
n

-7 a2p’

Al

P(A>a)=P

144

~ e

for a positive. Under the assumptions in the previous section, these approximations
introduce a negligible error; hence, we will assume

2
P (A>a)=e 787
Differentiating F, with respect to a, we see that

—- 82/9’
fo(a) = 27map’®

for a positive.

Now

o
It

P (R < A)

fwfa fa(a) fg(r) drda
o Yo

2/
:fm 27 ap'e—""“2p’(1 - e da
0
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= l—f 27ap' exp[— a? (% + mp')] da
0

7p
T oY+ mp'

1+ 2mp"

Upon examination of

1
PI = ——-——1 2 s (1)
+ WPUXO‘Y

we see that P, is bounded by zero and one and that P is a decreasing function of p, o, and
oy. Therefore, as the density and/or the errors in the "approximate' position of v in-
crease, P; decreases.

PROBLEM IOI: ASSOCIATION OF POSITION DATA WITH
SPEED INFORMATION

Suppose we are told that at time t; the position of vessel U is (a;, b;) and that (a,, b,)
is a sample of the random vector X,,Y,) which has the uniform distribution over the
region. Further, suppose we are told that during the time interval (g, t,)Utravels with
constant velocity and that the speed of U is s, where s is a sample of the random variable
S which has the normal distribution with mean g and variance og?>. We assume that g4
and O’SZ are known, s is unknown, and g and O’S2 are such that the probability that s is
negative is negligible. Since no information about the course of U is known to us, we
implicitly assume that the true course of | is a sample from the uniform distribution
over the interval ©, 27).

Next we are given the set{ (x; v} of the unidentified positions of all the vessels in
the region at time t,. Let (a,,b,) denote the position of v at time t,. We know that
(32, b2) = (xm‘ ym) € {(x'iv yl)}
for somem such that 1<m<n . It was previously remarked that the set {x, y)}is a

random sample of the set of random vectors {(X, Y,)}, whichare uniformly and independ-
ently distributed over the region. From the discussion in this section we know that

:Ts}: 1, (2)

P[| Ker Vo) — K, ¥,)

where the random vector (X,,Y,) isuniformly distributed overthe region. Can X,,Y,) and
(Xn,Yy) both be uniformly distributed over the region and Eq. (2) be true? Strictly
speaking, the answer is no. But if the region is large relative to the expected distance
traveled and we disregard the problems encountered at the boundary of the region, the
answer to this question is yes for all practical purposes; hence, we will suppose the
answer is yes.
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The Maximum Likelihood Estimate of the True Position of U at Time t,

Since we are assuming implicitly that the course of U is a sample from the uniform
distribution over the interval (0, 277), no consideration needs to be given to the course in
estimating (a,,b,). Hence, the maximum likelihood estimate of (a,, b,), Or (x,,v,), is
(%3, ¥4)> Where i is such that

<

)

(x, vy) - (a, bp‘ i

(X,’ﬁ» yr’ﬁ) - (311 bl)l — THg

for i=1,2, ..,n. In other words the estimate is that point which belongs to the set {(x; y))|
such that the distance from the point to the circle of radius 7ug centered at (a;, b;) is
minimized.

The Probability the Maximum Likelihood Procedure Will Yield
the True Position of U

Define the random variable R by

R= iTS — T/,LS|

and note that R has the probability density function

V2
fr(r) = — exp [—r2/(27'20rs2)]

O’S’T'l/ﬂ

for r positive. Next we define the random variable A by

A= m%n - Tg
i

I(Xi’ Y;) - (ap, by)

where i ranges over the set {1,2, ...,m—1,m+1, ..., n}. Now

P(A<a)=1-P (A>a)

none of the random vectors (X;, Y,),
iZm is within distance a from a

circle of radius Tug centered at
(ay, bl)

1 - exp {—77,0 [(a + T;,LS)2 —(a - Tp.s)2]}

14

=1 —exp (—4mpTpuga)

for a positive. Hereafter, the above approximations will be taken as equality. Differ-
entiating with respect to a, we find that

fala) = 4mpTig exp [—477p7,usa]

for a positive.



NRL REPORT 7162

Let P;; denote the probability we seek, and note

P

=P (R<A)

:fm[m fy(a) fgr(r) dadr

0

f

) 2002 2
f ——— exp [—- r°/(27%0 %) — 477pT;LSr] dr
0 USTV;;

1

2
aTpT O'S,U~S

From Eq. (3) we see that

where

c = 477/0’7'2O'S/LS .

-0
2 2
2 exp [8 (mpT%ogug) J f me dz .

3)

(4)

It follows that P;;~1 as ¢~0, and by an application of L'Hospital rule and the fundamental
theorem of calculus, we have P ~0asc~-». Figure 1is a graph of P, as a function of c.
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Fig. 1 — Py as a function of
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PROBLEM III: ASSOCIATION OF POSITION DATA WITH COURSE
AND SPEED INFORMATION
Problem III is exactly the same as Problem II except we are told that the unknown
course of vessel U is a sample ¢ of the random variable @, which is normally distributed
with known mean ng and known variance 05. We assume that @ and s are independent and
that

P(l®-pugl>m)

is negligible.

The Maximum Likelihood Estimate of the True Position of |y at Time t,

Leto,, for i=1,2, ..,n, be as in Fig 2.
(xi, yl)
Fig. 2 - The definition of 6,

(ol, bl)

Y

and let each ¢, be adjusted so that
Heg =T <€ B <ugt .
The maximum likelihood estimate of (a,,b,), or equivalently x,,v,) is x.,ys, Where

m(1<® < n) is such that

O xp 90 = (apy b)) | —7ug)? (0, —pg)?
+

2 2 2
T %og R

is minimized when i= .

The Probability the Maximum Likelihood Will Yield the True Position of U

Define the random variable R by

R =

(18 —Tg)? (O — pg)?
+

2 2 2
TO'S U'@

and note R has the probability density function

2/
fo(r) = re™" 2
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for r positive. Next define the random variable A by

172
oo min LG50 v) = (e bl —mugl? (0, - i)
i T20’§ O‘(E)
where i ranges over the set {1, 2, ..., m- 1, m+ 1, ..., n} and @, is the random vari-

able which corresponds to (X;, Y;) as the number 6, corresponds to (x;, y;). It follows
that

none of the random vectors
P(A<a)=1-P (Xi, Yi)’ i # m, fall within |;
the region Q

where

Q=1(x v):
[ 7_20_2 U@

[l(x, ) = (ay, b))l —7ugl? (o —pg)? :
+ £ ay,
$

where a corresponds to (x, y) as @, corresponds to (x;, y;). To calculate this probability,
we must first calculate the area of Q, and

dxdy = drd
fé xdy j.ér rda
d0) T/J'S+g(a)
22/ / r drda,
0 T,U'S_g(a)

where
g(a) = Tug (a% - 92/0%))1/2.

Calculation of the above integral yields

ffdxdy = 77#50@7'232 .
Q
Hence,
P(Aga)=rl — e)cp(—wppscr@'rzaz)

for a positive, and we will accept the approximation as an equality. The probability
density function of A is

fala) = 277p;;scr®723 exp(—-wpp.scr®7’2a2).

for a positive.
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As before, let P;;; be the probability that the maximum likelihood estimate of (aj, by)
will be (a,,b,). It follows that

P, = P(R<A)

I

:fo‘”fm £4(a) fg(r) dadr

:f ® r exp [—r2(% + 77,0/.LSO’SO'®T2)]dr %)
0

1

1+ 27rp/¢sosa®7'2

We see that Py;; is a decreasing function of the various parameters and it is bounded by
zero and one.

EXAMPLES

Consider a region of the ocean in which the shipping density is 40 vessels per
100,000 sq. naut mi, and suppose we will be given the unidentified positions at time t,
of all the vessels in the region.

To illustrate Problem I, suppose we will be told that the position of vessel U {which
is of interest to us) at time t2is (x,,y,) and that the true position of U is within 30 naut
mi of (xq,y9) with 90% confidence. Given that this confidence region was derived from a
circular normal distribution, it follows that

2 _ 2
X(Q, 0.9y T9x% = 7(30)

and
oy = Oy = 13.98 naut mi.

From Eq. (1) the probability that the maximum likelihood position of UV, which is selected
from the set of unidentified positions, will be the true position of U is

1
1 + 27poyoy ’

Py
where p is the density per unit area. For this example a simple computation yields

P, = 0.67.

To examine another situation, suppose we will be given the position at time t; of
vessel U, where

t2:t1+3,

and that the speed of U from time t; to t, will be a sample from a normal distribution
with mean 15 knots and standard deviation 3 knots. Given that U will maintain a constant
velocity during the time interval of interest, we will be able to select the maximum like-
lihood position at time t,from the set of unidentified positions. By Eq. (4) the probabil-
ity that the selected position will be the true position of VU is
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2 ® 2
PII:2ec /2[ e % /2dz,
c

1
J27
where

c = 47TpT20‘S/J.S,

and in this example

P;p = 0.319.

The final example is exactly the same as that of the preceding paragraph except we
will be given that the course of U is a sample from a normal distribution with mean 7/2
radians and standard deviation 7/6 radians. We recall from Eq. (5) that the probability
the maximum likelihood position of U will be the true position of U at time t, is
1

Prgp =

1+ 27Tp/¢scrso*®7'2 .
It follows that

P = 0.652

III

for this case.
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