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A FORTRAN COMPUTER PROGRAM FOR CALCULATING THE
PROLATE SPHEROIDAL RADIAL FUNCTIONS OF THE FIRST
AND SECOND KIND AND THEIR FIRST DERIVATIVES

INTRODUCTION

The solutions ¢ = R (¢) S(n) (o) of the Helmholtz wave equation (V2 +k2)y (£,7,9)=0
in prolate spheroidal coordinates £. . ¢ can be obtained by the technique of the separa-
tion of variables. The computer program PRAD calculates numerical values to the solu-
tions of the resulting ordinary differential equation for the '"radial'' coordinate #. Spe-
cifically, radial functions of the first and second kinds R{!?>(2)(h,¢), along with their
first derivatives d(RS%)"(2)(h,¢))/d¢ are numerically calculated from eigenfunction
expansions in spherical Bessel and associated Legendre functions.

Prolate spheroidal wave functions have been applied to the following problems:
spheroidal antennas, scattering of acoustic and electromagnetic waves, and the electro-
magnetic resonant behavior of certain spheroidal cavities, For an extensive list of ref-
erences on applications of spheroidal wave functions, the reader is directed to Ref. 1.

The two independent solutions of the radial equation R(1)(¢£) and R(2)(¢) are char-
acterized by four parameters, ¢ (called X), M, H, and L. M is the separation constant
integer relating to the solution for the rotational angle ¢. H is equal to kd/2, where d
is the interfocal distance, and k is the propagation constant or wave vector magnitude
27, For each choice of M, X, and H there will be a set of solutions to the radial equa-
tion, each solution characterized by a separation constant or eigenvalue 4. These eigen-
values are ordered in an ascending sequence and labeled with integers L, beginning with
L = M for the smallest eigenvalue and continuing with L=M+ 1, L = M + 2, etc. For
each choice of M, X, H, and L there will then be two independent radial functions.

Operationally the program PRAD first sets M and X and calculates Legendre func-
tions if they are needed. Then H is chosen and for each L desired, the eigenvalue 4, the

expansion constants, and finally the two radial functions and their first derivatives are
calculated. Spherical Bessel functions are calculated when needed.

INPUT
The input consists of three data cards.

Card No. 1 has format 6I5. It provides the six integer variables M1, IDM, NM, L1,
IDL, and NL, where

M1 = the initial value of M desired

IDM = the increment on M used to generate other values of M

NM

i

the total number of M's desired

L1 = the initial value of L desired
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IDL = the increment on L used to generate other values of L

it

NL = the total number of L's desired.

i

Each variable must be set flush right in its five spaces.

Card No. 2 has format 2D20.10, I5. This card provides the variables Z1, DX, and
NX, where

Z1 is a double-precision, floating-point number placed in columns 1 to 20 and equals
the initial value of X desired minus 1 :

DX is a double-precision, floating-point number placed in columns 21 to 40 and
equals the increment on X

NX is an integer and is placed flush right in columns 41 to 45 and equals the total
number of X's desired.

Card No. 3 has format identical with that of Card No. 2 and provides the variables
H1, DH, and NH, where

H1 = the initial value of H desired
DH = the increment on H
NH = the total number of H's desired (NH = 40).

Incrementation of the various parameters is accomplished with nested loops in
PRAD. L is the innermost loop, H is next, X is outside H, and M is the outermost loop.

OUTPUT

The output is in the form of the tabulation contained in Appendix A. Each page pro-
vides numerical values for particular choices of M, H, and X. The numerical values
consist of the radial functions of the first and second kind R1 and R2, their first deriva-
tives R1D and R2D, and the eigenvalue for all choices of L requested. Only 18 significant
figures are printed in the tables, although 26 figures are used in the computation.

The column headed by ACC represents an accuracy check for the radial functions
and their derivatives. This check is obtained by comparing the theoretical value of the
Wronskian 1/[H(X+1)(X -1)] to the calculated value R1*R2D - RID*R2. The accuracy
number ACC defined in line 4980 of PRAD (see Appendix B) is the number of digits (+1
digit) that agree in the two methods of calculating the Wronskian. The number ACC in-
dicates in terms of significant digits the accuracy of the least accurate of the four num-
bers R (1), dR(1)/d¢, R(2), dR(2)/d¢ when the exponents of the two products R(1) (dR(?)./dE)
and R(2)(dR (V)/d¢yin the calculated Wronskian are equal and in turn equal the exponent of
the theoretical Wronskian. When the exponents of the two products differ, the calculated
value of the Wronskian will be more sensitive to the product with the larger exponent. In
this case, the accuracy of the least accurate of the two numbers forming the other pI‘OduCt
may be less than ACC by the difference in exponents of the two products. However, ACC
still represents a lower bound on the accuracy of both numbers in the product with the

larger exponent.

Since the Wronskian check is independent of the eigenvalue, the value of ACC is
meaningless if 4, ,(h) is incorrect. Examination of successive eigenvalues for mono-
tonicity and uniform spreading is a helpful check on their correctness. Checks on all
computations to date show that for ranges discussed in the next section, PRAD always
delivers the correct eigenvalue accurate to at least 21 significant figures.
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PARAMETER RANGES AND ACCURACY

This program has been run for values of the parameters within the following ranges:

M = 0 through 12

X = 1.00000001 through 500 and the special case X =1, M =0
H = 0.1 through 80

L = M through M + 49,

Appendix C gives various degrees of accuracy (i.e., values of ACC) for particular
values of the parameters. In general, there is little effect on accuracy with increasing

M except at high H (H > 30), where accuracy increases for low eigenvalues as M in-
creases.

The value of X has almost no effect on accuracy except when X is very close to 1.
In this case, as can be seen from Appendix C, lower accuracy is obtained for high L.

The effect of H on accuracy is quite significant as H becomes large. Again refer-
ring to Appendix C, it is seen that at large H (H > 40), subtraction errors introduced in

calculations of the radial functions result in low accuracy for low values of L, whereas
for high values of L good accuracy is obtained.

COMPUTATION TIME

When using the NRL CDC 3800, the compilation time of PRAD is about 1 min, The
execution time varies, but the average time will be about 0.5 second for each line of
printout if all 50 values of L are requested.

SOLUTION OF THE HELMHOLTZ EQUATION
Separation in Spheroidal Coordinates

The prolate spheroidal coordinates, shown in Fig. 1, are related to rectangular co-
ordinates by the transformation

V(1-92)(£2-1) cos o

<
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Where -1 <5 <1, 1<¢<w and 0 <9 < 27 as on Fig. 1, and < denotes the interfocal
distance,
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1 mM=cosT/3
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mM=-cos5mw/ 12
[ T =-cosT /3
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Fig. 1 - The prolate spheroidal coordinate system

The surface ¢ = ¢&,, ¢ > 1, is an elongated ellipsoid of revolution having major
£ = 1 represents a straight line along the 2z axis
from -d/2 to d/2. The surface |7| = n,, n, < 1 iS a hyperboloid of revolution of two
sheets with an asymptotic cone whose generating line passes through the origin.
is that part of the z axis for which |z| > d/2. The surface ¢ = constant is a plane

axis d¢ and minor axis d £2 - 1.

through the z axis making the angle ¢ with the xz plane.

The Helmholtz equation (v2+k2)y = 0 written in prolate spheroidal coordinates is

an

where h = kd/2, k = 2m/x, and A
variables yields
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wavelength of sound in the medium. Separation of
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dlezo1y 9B T4 pape m? R - 4a
dg[@ l’de £ ] R0 (42)
d l,q- 2y 98 4 - p2g2 - M }s: 4p
dn[(l ﬂ)dn]+[ ! 1~ 52 0 (#0)
9_22+m2q>:o, (4c)
dop?

If h—0, Eq. (4b) reduces to the standard differential equation for associated Legen-
dre polynomials whose eigenvalues are A =¢ (¢ +1), ¢ = m, m+ 1, ..., Where m is a
nonnegative integer. When h = 0, the separation constant 4 depends on m, ¢, and h and
Egs. (4a) and (4b) have nontrivial convergent solutions for eigenvalues 4 = 4, , (h). For
each choice of m, h, ¢, and 7 there will be a set of solutions to the radial and angle
equations (Egs. (4a) and (4b)), each solution characterized by a particular value of A.

The two independent solutions of Eq. (4a) and Eq. (4b) define the radial functions of
the first and second kind R¢1> and R(2> and the angle functions of the first and second
kind S(1> and S¢2), respectively.

Radial Functions of the First Kind

The solutions S¢!> (the angle function of the first kind) can be expressed in the form
of an expansion in terms of associated Legendre functions as follows:

© ’

S(O(h,7) = ? dn(h|m, 0) BT, (1) (5)

n=0,1

where d, is an expansion coefficient and P, ,(7) is an associated Legendre function of
the first kind. The prime sign on the sum means that n = 0,2,4,...if (¢-m) is even and
that n = 1,3,5,...if (¢-m) is odd.

Calculations of the d,, constants are discussed in the fourth section.

It can be shown that Egs. (4a) and (4b) are identical except for range of argument.
Using the general principle that one solution of the scalar wave equation in a given co-
ordinate system is a suitable kernel for the integral representation of a second solution
and making necessary substitutions (Ref. 2), we show that R(1) the radial function of the
first kind can be written in the form

© '

m’2
-y €21 n+2m)!
R(l) h' = (P m). <' > 'n+m—2d h ’[7 ( < ) ; h , 6
Sl (h &) AN i a(Alm 0y e (R E) (6)

n=0,1

Where j,,.(h¢) is a spherical Bessel function and i = \=T (Ref. 3).

The first derivative of R(!) with respect to the radial coordinate ¢ is evaluated
using the following standard recursion formula for spherical Bessel functions:
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d . . .
(2r+1) En(f) =g (€) 5 (T L) Jp(€) - (7
The result is
d (¢ - m)!
(1) -
gz B (h &) = sy
.\ <§2_ 1)m/z 2 it g (hlmt) (n+2m)! n+m i (hé)
§2 n ’ n! [2(n+m) +1 nrm=l
n=0,1
n+m+ 1
T anrmy 1 Jn+m+1(h§)]
. {__2?1(m-2)/2 2 (n+ 2m)!
' _( ) 2 it d hlmey G kS (8)
£3\ ¢ n!
n=0,1

When X = 1, ®{)(h &) and d(R§')(k.£))/d¢ are calculated by special formulas
found in Ref. la. R(?)(h,¢) is undefined at X = 1.

The Radial Function of the Second Kind

The radial function of the second kind E(2)(h,¢) may similarly be expanded but this
time in terms of spherical Neumann functions. Thus we have (Ref. 2)

’
@

m/2
R(2) = (-m' [€2-1 intm=2 d (hlm g (n+2m)! h 9
nt ) i\ W(Hlmty SNy he) (©)

n=0,1

where y,.,(h¢) is a spherical Neumann function (Ref. 3). The d, constants are the
same for R(1) and R(2),

The first derivative of R(2) with respect to ¢ is evaluated using an equation analo-
gous to Eq. (7). The result is

d € -m!
(2 -
ERm,a)(h"f) - (¢ +m)!
‘32_1”‘/2 = n+2m)! n+m
h l-n+m—2 dn(hlmyz) ( ) |: yn+m_l(h§) (10)
7 ? Py 2(n+my + 1 (Cont.)

n=0,1

\—
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n+m+ 1 he
2(n+m) + 1 yn+m+1( )

’
«

m [E2- 1(m—2)/2 (n+2m)!

n=0,1

Since Eq. (9) contains Neumann functions which-are singular at the origin, its use-
fulness is limited to large values of h¢. An alternate method is necessary to obtain the
radial function of the second type when h¢ is small. It is shown (Ref. 1b) that R(2) can
be represented in terms of associated Legendre functions as follows:

[ '

1
Rrg:?!l)({:) = 2 dn Qmm+n(§) + dp/nPZ—m—l(é:) ° (11)
KS2)(hy
' n=2m, n=2m+2
~2m+l 2m+1

Here F”,_; and O, are associated Legendre functions of the first and second kinds,
respectively (Ref. 4 and 5). The d, constants are the same as those used in R(1).
Calculation of the d, constants for » <0 andthe d,,, constants is given in Ref. 6.

KS2) (h) is a constant of proportionality between R(2) and S(2). Its formula can be
obtained from formulas given in Ref. lc.

The derivative of R,ﬁ,?,z)(h,f) with respect to ¢ is obtained by the use of recursion
relations for derivatives of the associated Legendre functions. The result is

™ 0.1 ]
o —_———, ifm=0
-1
d 1
—R(2) = d
FELENE K,f,-?g)(h)<Z " mEQ™
n—_z-jfl _ n . (m+n)(n-m+1) og,_l if w0
S € -1 _
© _an+1(é:) 1::1m
; > ol g O L (12)
£2 - 1 £2 -1
n=2m+2,

Calculation of Eigenvalues and d, Constants

S}lbstitution of Eq. (5) into Eq. (4b) with use of the associated Legendre differential
eQU?.tlon and recursion formulas for the associated Legendre functions results in the fol-
Wing recursion formula between three different d's:
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(2m+n+2)y(2m+ n+ 1)
(2m+ 2n+3)(2m+2n+5)

h? dn+2(h|m,2)

2(m+n)(m+n+1) - 2m? - 1
(2m+ 2n-1)(2m+2n+3)

+ [(m+n)(m+ n+l) - 4, ,(h) + h’] d.(h|m,0)

n(n-1) h?
¥ (2m+ 2n- 3)(2m+ 2n- 1)

dyp(hlme)y =0, nz20. (13)

Examination of Eq. (13) shows that as n—w either d,/d,., increases as -4n2/h2 or goes
to zero as-h?/(4n?). To ensure a convergent series we choose the latter, i.e., we re-
quire that
d
lim —
o d

2

The d, constants are normalized in this report by the equation

’
o]

(n+ 2m)! o ~ (f+m)! ' 14
; n! anChlm B = (€ - m)! (14)

The requirement

dﬂ
lim —0
n-w dn_2
enables us to obtain the following equations:
N — o — , (n22) (15)
Yo - Am’Q(h) +ND.
- Pr-s s (16)
Nn——yn~2+Am2()—Nm (nz24),
n=2
with
N;’ = —yom + Am,Y(h) , N3 SR + Am,t’(h) ( )
where
2 -
Ynm:(m+n)(m+n+1)+lh2[l— am ! J , n20, (183)
2 (2m+2n-1)(2m+ 2n+ 3)
o n(n-1)y(2m+n)(2m+n-1) h* - (18b)
B = @m+2n-1)2(2m+2n-3)(2m+2n+1) -
Nm o (@m+ny@m+n-1)h?  dp(h|m D) > 2. (18¢)

n (2m+2n-1)(2m+2n+1) d__ (h|me) ' e
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The correct value of 4, ,(h) iscalculatedusing Eqs. (15) through (17) by a variational
method due to Bouwkamp (Ref. 1d) which, however, requires an initial approximation for
A_ , (h),

An accurate first approximation for 4, ,(h) for a given m, f, and h is obtained by
a matrix method whose detailed description is given in Ref. 7. Briefly, an equation
similar to Eq. (13) is derived using normalized associated Legendre functions. Written
in matrix form the equation is

[BI{d] = A[d] , (19)

where (B] is an infinite square symmetric matrix depending on = and h, [d] is a vector
representation of the d, constants with respect to normalized associated Legendre func-
tions, and 4 is an unknown eigenvalue. The eigenvalues of (Bl when arranged in a mono-
tonically increasing sequence are the eigenvalues 4, ((h), £ = my m+ 1, ... used in
Eas. (15) through (17).

In actual practice matrices of modest proportions yield starting values quite suffi-
cient for use in the Bouwkamp method. A matrix of order 50 provides good starting
vahlies for 4, (h), £ = m, m+ 1, ... m+ 49 when h < 10. As h increases, the order of
the matrix must also be increased to maintain good starting values for the 50 lowest
eigenvalues. The largest matrix used in PRAD is of order 90, which provides 50 good
starting values for h = 80.

THE COMPUTER PROGRAM PRAD

The Fortran IV computer program PRAD used to calculate the prolate radial func-
tions of the first and second kinds, their derivatives, and the associated eigenvalues is
listed in Appendix B. PRAD was written in Fortran for the CDC 3800 computer at NRL

and uses double-precision arithmetic. Double-precision numbers in this machine have
26 decimal digits, and the magnitude of numbers permitted is 1073%7 to 10307,

Symbols Used in PRAD
The symbols used in the CDC 3800 computer for the PRAD program are as follows:
M = parameter m
L = parameter ¢
H = parameter h
X = variable ¢
CL = eigenvalue 4, (h)

R1 radial function of the first kind

R2 radial function of the second kind

i

R1D = derivative of the radial function of the first kind

R2D = derivative of the radial function of the second kind.

L syt e T
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Special Functions

PRAD requires these special functions: (a) integer factorials, (b) associated Legen-
dre functions, and (c) spherical Bessel functions.

The first 295 integer factorials are calculated in lines 180 through 230 of PRAD (see
Appendix B). Scaling is necessary to prevent overflow.

Associated Legendre functions of the first and second kinds with nonnegative sub-
scripts are obtained from subroutine CALCPQ which is called in lines 410 through 460.
Given a value of M and X, CALCPQ calculates 7" (X) and Q"(X) for n = 0,1, ..., 140.
P"(X) are calculated by means of a hypergeometric series (Ref. 5), while Q,"(X) are cal-
culated by an expansion in PJ"(X) (Ref. ) for X =< 1.001 and by a hypergeometric series
(Ref. 4) for X > 1.001. Associated Legendre functions of the second kind with negative
subscripts are calculated by means of a standard recursion relation in subroutine CALNQ
which is called in lines 2640 through 2660. The number of functions calculated in CALNQ
depends upon the value of M. If M = 0, CALNQ is not called. All necessary derivatives
of these functions are calculated in lines 2670 through 2720.

Spherical Bessel functions of the first kind are calculated in subroutine SBESF,
which is called in line 4430. This subroutine calculates the 141 Bessel functions j,(#X),
n=0,1, ..., 140 bya series expansion in HXwhen HX < 0.4,byabackward-recursionrela-
tion when 0.4 = HX < 100, and by a forward-recursion relation when HX = 100. Spheri-
cal Bessel functions of the second kind, i.e., spherical Neumann functions, are calculated
in the main program in lines 3730 through 3800. A forward-recursion relation is used
for the Neumann functions. They are scaled by 10715°, Scaling is done in order that
more terms can be taken in Eqs. (9) and (10).

All special functions are accurate to at least 20 significant figures where they are
used, with the possible exception of the P (X) and 07 (X) for high values of M and N and
low values of X,

Eigenvalues and Expansion Constants

The eigenvalues 4, ;(h) must be obtained before the d, constants can be calcu-
lated. This is accomplished by the matrix method (see Eq. (19)) in conjunction with
Bouwkamp's method. The matrix [B] is calculated in lines 680 through 770, the order of
the matrix being determined in line 600. Subroutine EIGEN is called in line 780 to obtain
the eigenvalues of [B]. This subroutine calculates the eigenvalues by means of the
Givens tridiagonalization method followed by an iterative procedure based upon the Sturm
sequence property. The eigenvalues are ordered from smallest to largest for use as
starting values in Bouwkamp's method.

Bouwkamp's method is programmed in lines 820 through 1350.

The d, constants are calculated in lines 1360 through 1650 and are stored in array
DLIST. These same d, constants scaled by 10150 are stored in array DLAST. The
scaled d, constants are supplied with the scaled spherical Neumann functions in calcu-
lating terms of Egs. (9) and (10).

The d,,, constants and d, constants with negative subscripts are calculated in
lines 1980 through 2570 and are only used if R(2) and dR(2)/d¢ are calculated by Egs. (11)
and (12).

Radial Functions

The radial function of the first kind R(!> and its derivative are calculated from
Egs. (6) and (8) in lines 4390 through 4950. R(2) and its derivative are calculated either

GATATSS
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from Egs. (9) and (10) in lines 3810 through 4320 or from Egs. (11) and (12) in lines 2580 “ T
through 3620. The special formulas used to calculate R¢1> and dR(!)/d¢ when X = 1 and
M = 0 are located in lines 1670 through 1920,

Experience has shown that Egs. (9) and (10) yield greater or lesser accuracy than ‘
Egs. (11) and (12) depending on the values of H and X. The following table indicates the |
method used to calculate R(2) and its derivative in PRAD,

Range of Parameters Method

i 1<X =1.05 Egs. (11) and (12) ‘
: 1.05 <X =13 or H<O0.1 Both (select better result) ‘
1.3<Xand 10 =H Egs. (9) and (10)

| 2<Xandl=H Egs. (9) and (10)
1 5 <X and0.1 = H Egs. (9) and (10)
X and H outside the above ranges Egs. (11) and (12) ;
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Appendix B

COMPUTER LISTING OF PRAD

PROGRAM PRAD
TYPE DOUBLE ARRy ARRAY sBAY +BL-1ST+BOOK +BRRAYWsC101+sCFAC,
1CL +CORA sCORB s CWRONDE s DH+DL + DLAST «DLIST +DMeDNsDNDO ¢« DNEG s DNEGF o
2DNFREE +DNUMsDRWDRFREE yDRRATIODXIEAJEIGL ¢sEMIENRENRC I EYLsFACT o
BGLISTeHsHI s HSQWPARPER sPL 1 +PL3PLY4WPLBWPLIZWPLISBWPL1I7+PLIBIRI1
4RIDWR2+R2DWRATIOWRR2+RR2D+SAIL3sSAILG4+SAIL18,
SSAILIGWSAIL22+SAIL23+SAILIBISAILIOIWSHIPL+SHIP2+SHIP3sSHIPS
6SHIPSsSHIP7+SHIPB8sSHIPGsSHIP10+SHIP11+SHIP12+SHIP134SHORE 4 SILAND
T7SSUM1 4 SUBSUMs TWRON sUNSsVN s WeW26 s W28 e WN s X e X1SQ o XTHZ 421
DIMENSION A(1004+4100) +ARRAY(300) sBAY(10C)+BLIST(150)+BOOK(30C)
I1BRRAY(250)+DLAST(150)sDLIST(150)9DM(150)sDN(150) +DNDO( 150 »
2DNEG(30) +DRE1CG0O) +DRRATIO(100) +EIG(I00) sEIGL(40+80) +ENR(150)»
3GLIST(150)«PAPER(300) +RATIO(30) sSHIPLI(100)+SHIP2(100) «
4SHIP3(100)sSHIP4(150) +SHIPS(150) sSHIP7(150) +SHIP8(150) +SHIPI(150)
SSHIP10(15C) +SHIP11{150)+SHIP12(150) +SHIPI3(150) ¢SHORE(175) s
6SILAND(175)
COMMON/BLKI/FACT(300)
FACT(1)=14D
i DO 2945 J=24171
' 2945 FACT(J)=(J~1)*¥FACT(J=-1)
! FACT(171)=FACT(171)%1.D-300
i DO 2950 J=172.+.296
. 2950 FACT(J)=(J~1)* FACT(J-1)
. READ 9Us M1s IDMs NMe L1+ IDLs NL
5 90 FORMAT (615)
READ 91+ Z1s DXs NX
91 FORMAT (2D20410415)
READ 91 Hls DHs NH
DO 1 IM = ] «NM
M = Ml + (IM=-1)*%IDM
: IF (MeGTelL1) L1 = M
. NBL = L1 + (NL-1)%IDL+1-M
EM = M
LDbK = O
DO 1 INX = 1sNX
Z = Z1 + (INX-1)*DX
X = Z + 14D
{ IF (XeEQeleD) GO TO 3
1F ((XOGT.103D.ANDOHIIGE.1OOD)OOQI(XQGTOZOD.ANDQHIOGEQI.U).OR.(X.G
1Te5eDeANDeH] «GE s 1D)) GO TO 3
: CALL CALCPQ(Ms140+.Z2+SHIP10sSHIP4)
i Iv2 = M + 1
. CALL CALCPQ(IVZ24140+Z+SHIP11+SHIPS)
! IF (MeEQsO) GO TO 3
t IVi = M -~ 1
CALL CALCPQ(IV1+1404Z+4SHIP13+4SHIPS)
. 3 DO 2 UNH = 1 +NH
H = H1I 4+ (UNH-1)*DH

LRK = O
HSQ = H*H
PRINT 92

92 FORMAT (1H1S55X*¥PROLATE RADIAL FUNCTIONS¥*//)
PRINT 93+ He Xe M

10
20
30
40
50
60
70
80
90

1co
110
120
130
140
150
160
170
180
190

200

210

220

230

240

250

260

270

280

290

300

310

320

330

340

350

360

370

380

390

400

419

420

430

440

450

460

470

480

490

500

510

520

530

T

REREN




Q3

94

31

32

33

34

13

14

17

18

18 KING, BAIER, AND HANISH

FORMAT (47X3HH =F6¢2¢9X3HX =F128+3X3HM =13//)

PRINT 94

FORMAT (3X1HLI3X2HR123X3HR1ID22X2HR223X3HR2D18X10HE I GENVALUE9X3HACC
17)

LCK = LDK

IH = H

N = XMINOF(S50+1H/2+100)
DO 2 1L = 1+NL

L = L1 + (IL—-1)*IDL

IF (LCK4EQel) GO TO 4

LCK = 1

DO 31 J = 14N

DO 31 I = 1N

AtT«Jy = O,

DO 32 I = 1N

W = I-1e+EM

ACTsl) = WHEIWH]I o I+HSQR (26 WH (W] o) —2HEMAIEM=—1 o)/ ((2e* W10 ) * (2 *W+3,

1))
NM2 = N=2
DO 33 1 = 1sNM2

W = [-1e+EM

AlClos142) = (HSQ/(2¢%W+3e) I ¥DSARTU( (WH+2 e +EM) ¥ (WH ] o +EM) ¥ (W42 e ~EM) ¥ (W
I1+1 e—EMI I/ ((2eXFWHS 4 I X (2o *WH10e)))

ACT+2e1) = Atls1+2)

CALL EIGEN (AWEI1G+NsNBL)

DO 34 I = 1+NBL

EIGL{JUNHLI) = EIG(I)

CL = EIGL{UNHsL+1=M)

Iwe = (L-M),/2

IX = L-M - 2*%[wé6

ISC = 2 + IX

LImMl = 278

J=1

DO 13 I1=1SCsLLIM1s2

EYE =1

EA = Z2eD*EM+2.D%EYE

BLIST(J)Y = (EYEX¥(EYE-1eD)*(EA-LEYE)¥(EA—EYE—1eL)¥HSQ*¥HSQ) /((LA~1eD)
I1*¥(EA-1D)*¥(EA-3.D)*¥(EA+1D))

J=Jd+1

J=1

ID21 = 15C=-1

LIM1I=LIMI+]

DO 14 1=1D21+LIM114s2

EYE=1~1.,D

EA = EM + EYE

GLIST(J) = EAX(EA+1 eD)+0eSDHHSQX¥(( ] ¢D) = (4 eD¥EMX¥EM=14D)/((2eD*¥EA~-14
1D)*(2+D*EA+3D) )

J=J+1

IFC=0

I1IBLIM = 139 - IX

IGLIM=1BLIM+1

IRIO=TW6+1

Iwl = 1w6+2

ENR(1)=CL-GLIST(1)

DO 18 I=1+.1W6
ENR(I+1)=-BLIST(I)I/ENR(I)=GLIST(I+1)+CL
ENR(IBLIM)==BLIST(IBLIM)/(GLIST(IGLIM)~CL)
IW15=1BLIM=1

1IP=1W1 +1wW1sS

540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940
950
960
970
980
990
1000
1010
1020
1030
1040
1050
1060
1070
1080
1090
1100
1110
1120

2i

11¢

16¢

12¢

16¢

16¢
167

12]

S5¢



19

26
23

26
27

22

160

120

165

166
167

121

56

NRL REPORT 7012

DO 19 I=1w1 1IWLS

IPI=1IP-1
ENRCIPI)==BLIST(IPI)Y/(GLIST{IPI+1)-CL+ENR(IPI+1))
ENRC=-BLIST(IRIO)/(GLIST(IRIO+1)=~CL4+ENR(IRIO+1))
DE = ENRC¥*¥ENRC/BLIST(IRIO)

CORB = DE

DO 20 1 = IWlsIBLIM

DE = ENR(I)Y*ENR(I1)/BLIST(1])*DE

CORB = CORB + DE

IF (DABS(DE/CORB)eLTeal1eD=27) GO TO 23

CONTINUE

CORA = 1D

DE = 14D

DO 26 I = 1es1W6

DE = BLIST(IRIO-1)/(ENR(IRIO-1)%ENR(IRIO~1))*DE
CORA = CORA + DE

IF (DABS(DE/CORA) 4L TeleD=27) GO TO 27

CONTINUE

DL = (ENRC-ENR(IRI0))/(CORA+CORB)
CL=DL+CL

IF (DABS(DL/CL)eL.Te1e0D~24) GO TO 22
IFC=1FC+1

[F (IFCelLT420) GO TO 17
EIGL{JUNH.«L+1~-M) = CL

DO 118 1 = 1.1BLIM
ARR = IX + 2.D%]
EA = 2.D%EM + 2+D*ARR

DNDOC(I) = (EA-14D)*(EA+1+D)*ENR(1)/((EA-ARR)*(EA~ARR—]¢D)*HSQ)
DN{1) = DNDO(1)

DM(1) = DNDO(1)*1,D150

DO 119 U = 2+IBLIM

DN(J) = DNDO(J)*DN(JI~1)
DM(J) = DNDO(JUY*DM(JU-1)
w21 = 2¥1BLIM

w28 = 04D

IWww = O

[F (M4sEQeO) GO TO 165

M2 = 2%M

DO 120 U = ISCsIW2142

W26 = 1D

DO 160 K = 1+M2

W26 = W26%*( J+K)

IWww = Tww + 1

W28 = W2B + W26*DN(1ww)

GO TO 167

DO 166 J = 1SCs1W2142

ITww = Tww + 1

w28 = w28 + DN(Iww)
DLIST(!l) = FACT(L+M+1)/FACT(L=M+1)/(W2B+FACT(M+M+IX+1 ))
DLAST(1) = DLIST(1)%*1.D150
DO 121 U = 1+ 1BLIM
DLAST(J+1) = DM(J)Y#DLIST(1)
DLIST(J+1) = DN(J)*DLIST(1)

IF (XeNEsleD) GO TO 299

IF (MeNE«O) GO TO 59

IF (IXeNE+O) GO TO 51

ONUM = FACT(M+M4+1)/FACT(M+1)¥DLIST (1)
DO 56 J = 1+48

DNUM = FACT(J+J+MEM+1) /(4 eD*HIXFACT(I+1 ) *¥FACT(J+MH+1)I*¥DLIST(J+1)

19

1130
1140
1150
1160
1170 |
1180
1190
1200
1210
1220
1230

1240

1250 |
1260 |
1270 »
1280
1290 !
1300
1310
1320
1330
1340
1350 ;
1360 i
1370 ! ;
1380 | '
1390 !
1400 ‘
1410
1420
1430
1440
1450
1460
1470
1480
1490
1500
1510
1520 :
1530 !
1540 3
1550 i
1560

1570

1580

1590 ;
1600

1610

1620

1630

1640

1650

1660

1665

1670

1680

1690

1700




20 KING, BAIER, AND HANISH
1-DNUM .
C101 = FACT(L+M+1)/(2D¥¥ (L=M)*FACT{IW6+1)*FACT( (L+M)/2+1 ) *DNUM)
IF (2% (IW6/2) «NE.IW6) C101 = -C1O0l
GO TO S8

51 DNUM = FACT(M4+M+2)/FACT(M+1)%DLIST(1)
DO 37 J = 1+48
57 DNUM FACT(J+J+M+M43) /(26 DX X (J+J+1 I ¥FACT(J+1 ) ¥FACT(I+M+2) ) ¥DLIST (

1J+1) = DNUM

C101 = FACT(LAM+2)/(2+D%¥(L-M)*¥FACT(IWOE+1)#FACT((L+M+1)/2+1)%DNUM)

IF (2% ([W6/2)«NEsIW6) Cl01 = —-ClO1
58 DLIST(1) = DLIST(1)%C101

IF (IXeNE«Q) GO TO 40

R1 = 2,D%%L/FACT(L+1)*¥FACT(L/2+1)%%¥2%DLIST(1)

GO TO 41
40 R1 = 2.D%%¥L*¥H/(3D¥FACT(L+2) ) ¥FACT((L—1)/2+1)*¥FACT((L+1)/2+1) %

1IDLISTI(1)
41 SUBSUM = 0,D

J =1

DO 53 I = IXsLIM1s2

SUBSUM = SUBSUM + [1%(1+1.D)*¥DLIST(J)
83 J = J + 1

R1D = R1I*SUBSUM/2,D

PRINT S50« LeR1+RIDCL
S50 FORMAT (1XI3+1X2D25417450XD25617)

GO TOo 59
299 IF ((XOGT.IOBDOANDOH.GE.lO.D).OR.(XOGT.Z‘D.AND.H.GEIIOD).OQ.(X.GTU

15eDes ANDeHeGE«s1D)) GO TO 499
300 DO 333 I = 14100

BAY(1) = 0,0D
333 DR(I) = 00D
303 IF (M +EQe. 0) 305, 306
305 DNEG (1) = DLIST (1)

GO TO 307
306 N = 2 - 2*M + 1IX

CALL USN (N+ M, UN)Y

H]

N = =2¥M + IX

CALL VSN (Ns My Hy CLs VN)
RATIO (1) = ~ UN/VN

I1IT = 0

DC 308 I = 24 404 2

ITD2 = 1 - 2*M + X

IF (ITD2) 309s 310s 310
309 N = 1TD2 + 2

CALL USN (Ns Mes UN)

N = ITD2

CALL VSN (Ns Ms He CLs VN)

N = ITh2 - 2

CALL WSN (Ns M., WN)

1IT = 172
308 RATIO ( IT+1) = = UN/Z{WN¥RATIO(IT)+VN)
310 IAR = IT + 1

DNFREE = DLIST(1)

DO 311 I = 1+ IAR

J = AR + 1 - 1

DNEG (J) = RATIO (J)y * DNFREE
311 DNFREE = DNEG (J)
307 IS1 = 4 + M + M

DRFREE = 04D

IK = IX

1710
1720
1730
1740
1750
1760
1770
1780
1790
1800
1810
1820
1830
1840
1850
1860
1870
1880
1890
1900
1910
1920
1930
1940
1950
1960
1970
1980
1990
2000
2010
2020
2030
2040
2050
2060
2070
2080
2090
2100
2t10
2120
2130
2140
2150
2160
2170
2180
2190
2200
2210
2220
2230
2240
2250
2260
2270
2280
2290




319

320
323

407

401

403
410
a1}
414

415

416

417

418

471

0 319 K =
140 -~ 1

D
J
N 2 - J

NRL REPORT 7012

IS1s 140 2
K

Iy = 1 + (JU-1y/2
CALL USN (Ns Ms UN)

N = =J
CALL VSN (N
N = =J =2

» Me He CLs VN)

CALL WSN (Ns Ms¢ WN)
DRRATIO (1Y) = —UN/(WN¥#DRFREE + VN)
DRFREE = DRRATIO (1Y)

IK = IK + 2

N = =2¥M -2 + IX
CALL VSN (Ns My Hs CLs VN)

N = —2%M ~4

+ IX

CALL WSN (Ns Ms WN)

IA = 1Y - 1
DRRATIO(1A)
1VN))

IF (I1XeEQe]
DNEGF = DNE
1AA = O

DO 320 1 =
TIAA = TAA +
DR (IAA) =
DNEGF = DR

= 1eD/(IMIM+I=-IX=IX)* (M+M—]1—-1X=1X) ¥ (WNXDRRATIO(1Y)+

) DRRATIO(1A) = -DRRATIO(1A)
G (1)

1As 70

1
DRRATIO (1) * DNEGF
{1AA)Y

IF (DABS(DNEGF)sLEe1eD-290) 323+320

CONTINUE
SAIL. 3 = Z

* (Z 4+ 2D)

SAIL4 = DSQRT (SAIL3)

IF (MeNE.O)
DO 407 | =
SHIP7 (1) =
GO TO 411

CALL CALNQ
IMI = M + 1
CALL CALNQ(

GO TO 401

1s 141

SHIPS (1)/5A1L4
(My Ze SHIP1)

IM1 s ZsSHIP2) .

DO 403 1 = 1+ M

SHIP3(1) = (SAILAX¥SHIP2(I141) + EM®X%*¥SHIP1(1))/SAIL3
DO 410 I = 1+ 141

SHIP9 (1) = ~EM*X*SHIP4(1)/SAIL3 + SHIPSB(I)*(I+EM-1.D)*(I-EM)/SAILS
DO 414 1 = 14 141

SHIP12(1) = (SAIL4*¥SHIP11({1) + EM%XX¥SHIP10(I))/SAIL3
DO 415 1 = 1« M

SILAND (1) = SHIP1 ()

IMI =M + 3

DO 416 1 = 1+ 141

SILAND( I+M) = SHIP4(I])

DO 417 1 = 1+ M

BAY (1) = DNEG (1)

DO 418 1 = 1+ 70

BAY(I+M) = DLIST(1)

IS16 = IX - 1

SAIL1B = 0,D

IB = 1

IFU = 20

DO 422 1 = 1IBJIFJ

11 = 1
1516 = 1516 + 2
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422 SAIL 18 = BAY(I)*SILAND(IS16) + SAIL1S8

1 = 11

IF (DABS(BAY(I)*SILAND(1S16)/SAIL18).LTel4D-26) GO TO 470

IB =1+ 1

IFJ = IFJ + 5

GO TO 471
470 SAIL19 = 0.D

1520 = O

IMI = M 4+ 2 - IX

IFU = 40
474 DO 426 I = IMls IFJs 2

426

473
427
428
429

430
431
440

475

435

476

478

439

477

11 =1

1520 = 1S20 + 1

SAIL19 = SHIP1O0(1)*DR(1S520) + SAlIL19

I = 11

IF (DABS(SHIP10(1)¥DR(IS20)/SAIL19)«lL.TeleD~-26) GO TO 473
IFJ = IFJ + 10

IMF = Il + 2
GO TO 474
SAIL22 SAIL18 + SAIL 19

DO 427 1 = 14 M
SHORE (1) = SHIP3 (1)
IMI = M + 1

IF (M +EQs 0) 428, 430
DO 429 I = 1+ 141

SHORE (I1+M) = SHIP7 (1)
GO TO 440

DO 431 1 = 1.
SHORE (1+4M) =
IS16 = IX - 1
SAIL181 = QD
18 = 1

IFJ = 20

DO 435 1 = IBJIFJ

11 =1 -

IS16 = 1S16 + 2

SAIL181 = BAY(])*SHORE(IS16) + SAIL18I

1 = 11

IF (DABS(BAY(I1)*SHORE(1S16)/SAIL181).LTs1.D-26) GO TO 476
1B =1 + 1

IFJ = IFJ + 5

141
SHIP9 (1)

GO TO 475

1521 = 0

SAIL191 = 0D
IMI = M + 2 - IX
IFJ = 40

DO 439 I = IMls IFJe 2

IT = 1

1S21 = 1S21 +1

SAIL191 = DR(ISZ21)*SHIP12(1) + SAIL191

1 =11

IF (DABS(DR(IS21)%SHIP12(1)/SAIL191).L.TelsD-26) GO TO 477
IFJ = IFJ + 10

IM1 = I1 + 2

GO TOo 478

SAIL23 = SAIL181 + SAIL191

CFAC = FACT(M+M+1 ) *FACT(L+M+1+IX)¥DNEG (1) / (H¥¥(M~]1-]X)¥FACT(L-M+1)
1% (M+M=1 ) #FACT(M+1))

IF (IXeEQeO) 70471
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DNUM = FACT(M+M+1)/FACT(M+1)¥DLIST (1)

DO 717 J = 1+48

DNUM = FACT(J+JIH+MIM+1 ) /(4o DRFRIAFACT (J+1 ) ¥FACT(J+M+1) ) *¥DLIST(J+1)
1 -DNUM

CFAC = CFAC/DNUM

IF (2% (1W6/2) «NEe1WE) CFAC = -~CFAC

GO TO 72

DNUM = FACT(M+M4+2)/FACT(M+1)*DLIST(1)

DO 718 JU = 1+48

DNUM = FACT(J+JI+MEMEZ)I /(2D H ¥ (J+J4+1 I HFACT(J+1 I ¥FACT(JI+M+2) ) #¥DLIST U
1J+1) ~ DNUM

CFAC = =CFAC/(DNUM¥{(M+M=3)*(L+M+1))

IF (2% (1W6/2) «NEsIW6) CFAC = —CFAC

R2 = SAlIL22/CFAC

R2D = SAIL23/CFAC

IF ((XelEe1e¢05D¢OR¢XeGTe1e3D)eANDeHeGTeelD) GO TO 599
RR2 = R2

RR2D = R2D

PL1 = FACT(L—M+1)/FACT(L+M+1)
PL3 = (Z + 2.D) * Z

X15Q = X*X

PL4 = PLIX¥DSGQGRT((PL3/X1SQ)**My
XTH = X#*#H

NYMN = 2%IBLIM 4+ M

IF (LRKsEQel) GO TO &3

DO S50 [ = 1+300

ARRAY (1) = Q0D

ARRAY (1) = ~DCOSIXTH)/XTH¥*].D-150

ARRAY (2) = ARRAY(1)/XTH=DSIN(XTH)/XTH*1.D-150
DO 62 K = 1+sNYMN

ARRAY (K+2) = (K+K+1eD)*ARRAY(K4+1)/XTH-ARRAY(K)
IF (DABS(ARRAY(K+2))eGTe14D300) GO TO 63
CONTINUE

IA = 1 + IX
IC = 41 + IX
SUBSUM = 0,D

DO 505 K = A, ICe 2

KK = K

IBOX3 = JABS(K+M—~L=1)/2
PL8 = 1.D

KPK = K+M4{M~1
DO 700 J = K«KPK

PL8 = PLB*Y

BOOK(K) = DLAST((K+1)/2)*PLB*ARRAY (K+M)

IF (2% (1BOX3/2)«NEe IBOX3) BOOK(K) = -BOOK(K)
SUBSUM = BOOK (K) + SUBSUM

CONTINUVE

K = KK

IF (DABS(BOOK(K)/SUBSUM) eGE s 1sD=26) 5064507
IA = IC + 2

IC = 1C + 10

GO To 503

R2 = PL4 * sSuBSuUM

PL17 = PL3/X1SQ

IF (M .EQ. O0) 508+ S09

PL12 = H

PL18 = 0.D

GO To 513

PL18 = DSQRT(PL1IT7%%(M=—2))*EM/(X*X15Q)
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517

701
518

519
520

521
522

523

524

599

597

598
460

603

702

605
606

607

PL12 = H¥DSORT(PL17%#M)
1BB = 1 + IX

ID = 41 + IX

SSUM1 = 04D

DO 522 K = 1BBs IDs 2
KK = K

1BOX3 = J1ABS(K+M-L=1)/2
PL8 = 1D

KPK = K+M+M-1
po 701 J o= KeKPK

PL8 = PLB*J

IF (2%(1BOX3/2)«NE«1BOX3) PLB = -PL8

IF ((K+M—1)¢EQs0) 5184519

PAPER(K) = =DLAST((K+1)/2)*PLB8*ARRAY(2)

GO TO 521

PLI3 = K + M -1

PAPER(K) = (PL13%ARRAY(K+M=1)—(PL13+1+D)*ARRAY (K+M+1))/(2.D%PL13

141 sD)X¥DLAST((K+1)/72)#PLS8

SSUM1 = PAPER (K) + SSuMl

CONTINVE

K = KK

IF (DABS(PAPER(K)/S55UM1) +GE.1e4D=26) 523+524
I8 = 1D + 2

ID = 1D + 10

GO TO 517

R2D = PLI¥(PL12%¥SSUM1 + SUBSUM¥PL18)
GO TO 597

PL1 = FACT(L=-M+1)/FACT(L+M+1)

PL3 = (Z + 2D) *» 2

X15Q = X#X

PL4 = PLI¥DSQRT((PL3/X1SQ)**M)

XTH = X¥H

DO 598 1 = 1,300
BOOK (1) = CeD
PAPER (1) = 04D

IF (LRKeEQe1) GO TO 460
CALL SBESF(XTHs BRRAY)
1A = 1 4+ IX

IC = 41 + IX

SUBSUM = 0O,D

DO 605 K = IAs ICs 2

KK = K

IBOX3 = JABS(K+M-L~1)/2
PL8 = 14D

KPK = K+M4iM~1
DO 702 JU = KeKPK

PL8 = PL8B8*J

BOOK(K) = DLIST((K+1)/2)*PL8*BRRAY (K+M)

IF (2% (1BOX3/2)«NEeIBOX3) BOOK(K) = —-BOOK(K)
SUBSUM = BOOK (K) + SUBSUM

CONTINUE

K = KK

IF (DABS(BOOK(K)/SUBSUM) ¢ GE s 1eD—-26) 606:607

IA = IC + 2
IC = 1C + 10
GO TO 603

R1 = PL4%5UBSUM
PL17 = PL3/X1ISQ
IF (M +EQe 0) 608. 609
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608 PL1Z2 = H
PL18 = OeD
GO TO 613

609 PL18 = DSQRT(PL17¥#(M—=2))*¥EM/(X*¥X15Q)
PL12 = H*DSQRT(PL17%%M)

613 IBB = 1 + IX
ID = 41 + IX
SSUM1 = 0.0

617 DO 622 K = 1BBs IDe 2

KK = K
IBOX3 = IABS(K+M-L-1)/2
PL8 = 14D

KPK = K+M+M-1
DO 703 J = K.«KPK
703 PL8 = PL8*J

IF (2% (1BOX3/2).NEe1BOX3) PL8 = -PLB
IF ((K+M—1)eEQeO) 618+619
618 PAPER(K) = —DLIST((K+1)/2)*PLB*BRRAY(2)
GO TO 621
619 PL13 = K+M-1
620 PAPER(K) = (PLI3¥BRRAY(K+M—1)—(PL13+1D)*BRRAY(K+M+1))/(2.D%PL13

1+1 D) *¥DLISTI(K+1)/72)%PLS
621 SSUM1 = PAPER (K) + SSuMi
622 CONTINUE
K = KK
IF (DABS(PAPER(K)/SSUM1)eGEe1eD=26) 6234624
623 188 = 1D + 2
ID = ID + 10
GO TO 617
624 RI1D = PL1*(PL12%¥SSUM]1 + SUBSUM*PL18)
TWRON = 14D/ (H¥*Z%({Z+2eD))
CWRON = R1*R2D - R1D#R2
IAC = =-pLOG10(DABS((TWRON-CWRON)/TWRON) + 1.D-26)
IF (IACeLT.0) IAC = O
IF ({XeLEe1e05DsOReXeGTel1e3D)eANDeHeGTeelD) GO TO S5
CWRON = R1%RR2D - RI1D¥*RR2

IBC = ~DLOGLIO(DABS((TWRON-CWRON)/TWRON) + 1D-26)
IF (IACGE.IBC) GO TO 55

R2 = RR2

R2D = RR2D

IAC = IBC

SS PRINT 60e LsR1+RIDIR2+R2DeCL¢IAC
60 FORMAT (1X13+1X5D25e17+15)
59 LRK 1

2 LCk 1

1 LDK

STop
END

SUBROUT INE CALCPQ(MsLN«XX+PeQ)

DIMENSION P(150)+Q(150)+AP(254150)

COMMON/BLK1/FACT(300)

TYPE DOQUBLE PsYeY]1 1S eXeD2MsDJIsDMsDNIFACTs TERMsSUMeCWRON DK s ZeZ2
I1XAJHAL s AL ¢+ BE + XY sCOEF s GAYREALJIREALJIHIQsFIRSTs HM, XZ+s TWRONB o
2XXeRC1 +sRC2+RC31RCH9sPC1 sPC2+PC3+PC4+APWFACTRI1 +FACTR2+FACTR3

INITIAL=O
NN=0

16 X=XX+1.D
KAPPA=0
IF(XeGTse 1.0010) KAPPA=M
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30

35

40
45
65

50

&0

70

140
145

300

DO 65 MN=KAPPAM
*DM = MN

D2M=2 ¢ D* %DM

Z=XX%¥%(DM/2,0D)

Z2Z=(X+1 eD)%X(DM/2,0D)

Y=2Z#22Z

DO 65 N=NNsLN

IF (MN+GTeN) 30+35

AP (MN+1sN+1) = 0.,0D

GO TOo 65

DN = N

NLESSM=N-MN

TERM = FACT(N+MN+1)/FACT(N-MN+1)/(FACT(MN+1)*D2M)
SUM = TERM

DO 40 J = 1+NLESSM

DJ = J

TERM = TERM¥* (DN+DM+DJ) ¥XX* (DN=-DM=DJ+1)/(DI* (DM+DJI)*2D)
SUM = SUM + TERM

IF (DABS(TERM/SUM) «LTe1eD-30) GO TO 45
AP {MN+1sN+1)=Y%SUM

PI(N+1) = AP(MN+1eN+1)

IF (XeGTe 16001D) 300450

FIRST= 05D #* DLOG( (XX+240D)/XX)

MONE=M+1

DO 145 N=NN,LLN

‘DN = N

QIN+1) = FIRST#P(N+1)
IF(N.EQ.0O)Y GO TO70
SUM=0,D

KRAP=(N=-1)/2

DO 60 JU=INITIAL +KRAP
RJ=J

DJ=DBLE(RJ)

S=((2sD*¥DN=4 ¢D*¥DJU—1eD)I/(( (1eD) +2D*DJ)* (DN=~DJ) ) ) ¥P(N=-2%J)

SUM=SUM+S

QIN+1) = QIN+1)-SUM
DO 140 U=2+MONE
RJ=J-1
REALJ=DBLE(RJY)
REALJH= REALJ/2.0D

Y= (XXFRREALI=((X+1 D) ¥¥REALI) I /(L IXX*(X+]1eD) ) ¥*¥REALIH) *240D)

S=FACT(M+1)/(REALY *FACT(M—-JU+2))
TERM=Y®SHAP(M—U4+24N+1)

IF (2% (J/2)eNEeJ) TERM = —-TERM
GQG(N+1) = QI(N+1) + TERM
CONTINUE

GO 70 350

EPS=1+.0E-30
XY=XX* (XX+2400)
DM=M

XZ=1+0D/ (X+DSQART(XY) )
Z=XZ#XZ
HM=DM/2,0D
XA=XY*%HM

DO 340 N=NNJLN
DN = N
AL=DN+DM+1,0D
BE=DM+0 45D
GA=DN+1 45D
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HAL =AL /20D

SUM=1,0D

TERM=1.0D

K=0

K=K+1

DK = K=1

IF(KeGTe2500)G0 TO 335
TERM=TERM* ( AL+DK)# (BE+DK)*Z/ (K* (GA+DK ) )
SUM=SUM+TERM

EPC=TERM/SUM

IF(EPC-EPS) 33543354330

IF(M+N «GE+131) 4104420
FACTRI=2.D%% (AL+DN) #(FACT(N+M+1)#1 «D~300)
GO TO 425

FACTR1=2.0D%% (AL+DN)*¥FACT(N+M+1)
FACTR2= (Z*%HAL )*XA

FACTR3 = FACTRI¥FACTR2

COEF=FACTR3* (FACT(N+1)/FACT(2%N+2))
IF(NeLTe85) GO TO 1338

IF ( M+NelLTe131) COEF=COEF*(14.D~-300)
JM=M/2

IF(2%JUM.EQeM) 3404338

COEF=-1.D*§OEF

Q(N+1) = COEF*SUM

END

SUBROUTINE USN(N«MsS)

TYPE DOUBLE S+A

A = N+M+M

S = A¥(A=14D)/((N+A+1eD)*(N+A=14D})
END

SUBROUTINE VSN(NsMiHsCL+S)

TYPE DOUBLE HsCL+SsA

A = N+M

S = (2eDHAX(A+] 4D)=2%¥MAM=1 D) /( (2eD*A+3eDI* (2eD*A~1eD))
1+(AX(A+]1eD)~CL)Y/(H*H)

END

SUBROUTINE WSN(N«MsS)

TYPE DOUBLE S

S = (N+2eD)*¥(N+1eD)/ (L IN+N+M+M+34D) ¥ (N+N+M+M+1eD))
END

SUBROUT INE SBESF (XHsRAY)

DIMENSION RAY(250)

TYPE DOUBLE CPvFACToRAYoSUM'TERM.TKoTM-XH-XloZZH
COMMON /BLK1/FACT(300)

L =20

IF (XHeGEe+s4D) GO TO a4

Z2H=XH*XH/2.D

DO 3 N = L+140

TM=FACT(N+1)* (XH +XH) ¥ EN/FACT(N+N+2)
IF(N«GT«84) TM=TM*1 ¢D~300
IF(TMeEQeCsD) GO TO B

SUM=1,D

TERM = 1.D

DO 2 I=1+50

XI=I®#(N+N+T1+1+1)

TERM=-TERM%Z2H/X1

SUM = SUM 4+ TERM

IF (DABS(TERM/SUM) ¢LTe1eD-26) GO TO 3
RAY(N+1) =TM*SUM
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RETURN
4 N = 170

11

20

O ®o

12

5

IF(XHeLTe100D) GO TO 20
RAY({1)=DSIN(XH) /XH
RAY(2)=(RAY{1)=DCOS(XH) ) /XH
NM1=N=-1

DO 11 K = 1,138
RAY(K+2)1=(K+K+1 ) ¥RAY (K+1) /XH-RAY(K)
RETURN

IF (XHeGTe10e40D) N = 200

RAY(N+1) = 14D-200

RAY(N+2)=0,D

I = =N
M = -1
DO S KK=[+M

K -KK

TK=K+K+1

RAY(K)=TK*¥RAY (K+1) /XH-RAY(K+2)

CP=DSIN(XH) /(XH*RAY (1))

IF(DSIN(XH)eLTe1eD~2) CP=(DSIN(XH) /XH-DCOS(XH) )/ (XH*RAY (2))
DO 6 LL=1+140

RAY(L)=CP*RAY (L)

DO 9 JU=N«139

RAY(J+1)=04,D

DO 12 I = 1419250

RAY (1) = O0,D

END

SUBROUTINE CALNQ(IY+ZB+Q)

TYPE DOUBLE ZB+Q+AsCVIP+FACT X1

COMMON/BLK1 /FACT(300)

DIMENSION CV(100)s P(100)s Q(100)

XI = ZB + 14D

IYr = 1y + 1

A = DSGQGRT((ZB+2.D)*ZB)

P(1) = ~1,D/A

DO 5 1 = 1s1Y

CV(I+1) = —FACT(I+1-1)%¥XIH(A/2.D)**(1~1)/(FACT(II*A)—(I+1~-2)%
1CVI(I)/A :
POI+1) = ((I+I-1)¥P(I)+XIXCV(I+1))*P (1)

NT = 2~1Y-1Y

Qe1y = CviiYl)

Q(2) = P(1Y)

DO 6 1 = 1+1Y1

IF (IABS(NT)eLEsIY) GO TO 7

QEI+2) = ((I+I+1-1Y=IY)*XI*QCI+1)=1%Q(1))/NT

NT = NT + 1

END

SUBROUTINE EIGEN(AsVALUNINBL)

DIMENSION A(100+100)+VALU(100)DIAG(100)+Q(100) +VALL(100)
ANORM = A(141)%A(1e1) 4+ A(242)%A(242)

DO 6 1 = 3N

ANORM = ANORM + A(IsI)XA(TIsI)+ 2%A(I-2+1)%A(1=241)

ANORM = SQRTF (ANORM)
NN=N-2

DO 160 I=1sNN

I1=1+42

DO 160 U=1I1sN
Ti=A(l+141)
T2=A(1+2)
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IF (T2+EQe0e) GO TO 160
T=1e/SORT(TI*T1+T2%T2)
SIN=T2%T

COS=T1*T

DO 105 K=IsN
T2=COS*A(K,I+1)+SIN¥A(KsJ)
A(KeJ)=COSHA(K s I)~SIN¥A(Ks I+1)
A(KsI+13=T2

DO 125 K=1sN
T2=COS*¥A (141 +KI+SIN*A(JsK)
A(JIK)=COSHA(JIKI=SIN¥ACI+14K)
ACI+14K)=T2

CONTINUE

DO15I=14sN

DIAG(I)=A(1+1)
QUII=ACTsI=1)%A(141~1)
VALL(I)=0,

VALU(I) = ANORM

1=1

TAU= (VALL (1) +VALU(TI)) /2
MATCH=0

TO = Oe

Tl = 1le

DO20J=1 N
T2=(DIAG(J)=TAUI*T1-Q(J)*TO

IF (ABS(T2)el.Tel1E130) GO TO 26
T2 = T2%1.E-200

Tl = T1%14E-200
IF({T1eNEeQOs) e ANDo ((T2%T1)eLEeOe))
TO=T1

T1=T2
DO 25 K = 1+ MATCH
VALU(K) = TAU

NATCH = MATCH + 1
DO 30 K = NATCHs NBL
IF (VALL(K)«LTeTAU) VALL(K) = TAU

IF ((VALU(I)=VALL(1))/VALU(1)eGTeleE~7)

I=1+1
IF(1eLEeN3L) GO TO 40
END

MATCH=MATCH+1

GO TO 18

29

7010
7020
7030
7040
7050
7060
7070
7080
7090
7100
7110
7120
7130
7140
7150
7160
7170
7180
7190
7200
7210
7220
7230
7240
7250
7260
7270
7280
7290
7300
7310
7320
7330
7340
7350
7360
7370
7380
7390
7400

—

bt e =




AT

e s

i o, SNy B
RPN N

AEIBAB G b o v

o

18

34
42
48

It

18
26
34
42
48

e

18
26
34
42
48

Appendix C

VALUES OF ACC FOR SOME PARAMETERS

X = 1,00000001
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