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NEW RESULTS IN SIGNAL DESIGN FOR THE AWGN CHANNEL

1. INTRODUCTION

The design of efficient signal sets for transmission over channels that are contami-
nated by Gaussian noise has been an active area of research for many years. A signal set
that is more efficient than another will typically result in comparable savings in trans-
mitted energy. Hence, the determination of optimal signal sets is an important problem
from a practical communication perspective as well as from a theoretical standpoint. A
fair amount of work has been done in the area of signal design. Unfortunately, few results
exist on the optimality of signal sets (throughout the paper an optimal signal set is one
that maximizes the average probability of detection.) The optimal selection of M-signal
vectors embedded in even the most fundamental type of noise, white Gaussian noise,
generally is not known. One of the most famous conjectures of communication, dating
back to 1948, states that the optimal signal vectors are vertices of an n dimensional
regular simplex for which M = n + 1[1, p. 74]. When the signal vectors are constrained
only by an average power limitation,/this conjecture is referred to as the strong sim-
plex conjecture (SSC) [2]. To avoid confusion, we refer to the conjecture of simplex
optimality when the signal vectors lie on the surface of a sphere, as the weak simplex
conjecture (WSC). The validity of the SSC implies the validity of the WSC, although
the converse statement is not true. Note that, irrespective of whether or not the signal
vectors are average power constrained or peak power constrained, the capacity of the ad-
ditive Gaussian noise channel (AGNC) is the same[3][4, p. 324]. Under the assumption
that the signal vectors are of equal energy, Balakrishnan proved, in his seminal work [5],
that the regular simplex is 1) optimal (in terms of maximizing the average probability
of detection) as the signal-to-noise ratio (SNR) X approaches infinity, 2) optimal as A
approaches zero, and 3) locally optimal at all . He also proved that if a signal set does
exist that is optimal at all A, it is necessary the regular simplex signal set. In 1967,
Dunbridge [6] [7] extended Balakrishnan’s work where only an average power constraint
is imposed on the signal set. Dunbridge proved that the regular simplex is 1) the optimal
signal set as A approaches infinity and 2) a local extremum at all . He also proved that

the regular simplex must be the optimal signal set, if one does exist. For the case of

Manuscript approved September 14, 1992
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at low signal-to-noise ratios is also examined. It is proven that the optimal solution at
low signal-to-noise ratios is not an equal energy solution for all M > 7. Additionally the
signal set presented in Section 3 is shown to be the optimal signal set when restricted

to all 1-D signal sets.

2. PRELIMINARIES

Consider the transmission of one of M signals s;(t), i = 1,---, M through a channel
contaminated with white Gaussian noise n(t). The signals can be represented through
a discrete time n dimensional vector representation s; (the time discretization of a con-
tinuous time signal is discussed at length in Ref.[11, p. 127]). After transmission we

receive the n dimensional vector
y=s;+n i=1,---,M Q)

and wish to determine which of the M signals was transmitted. We define the SNR

parameter
2 1 & T
M= 7D sis: (@)
i=1

where T' denotes transpose. It is assumed that n is a zero mean Gaussian vector with
covariance matrix equal to the n by n identity matrix. We define the normalized M

dimensional matrix of inner products a = (\;;) by,

Aij = SA%

It immediately follows that
S da = M. 3)
i=1

For an equal energy signal set, the Ay, i = 1,---, M are identical.

The optimum detector, in terms of maximizing the average probability of detection,
chooses that signal s;, which maximizes p(y|s;)p;, where the a priori probability of the
ith signal is p; and p(y|s;) is the probability density function of y conditioned on s;.
The results derived throughout the paper will assume that the signals are equally likely,
ie., p; = ﬁ In case of ties, we choose the signal with the smallest index from the s;

that tied. We can write p(y|s;)p; as,

PYIS0P: = Gy expl—5(¥ = 3)7(y —:) + log . @

3
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Lemma 1 - Every inner product matriz uniquely specifies a signal set-up to a geometric

isometry.

The proof is shown in Appendix A. This lemma shows that signal sets may be represented
in terms of their inner product matrices. Hence, we define the admissible inner product
matrices A to be those inner product matrices that are positive semidefinite and satisfy
the average power constraint in Eq. (3). It is seen that A is a compact convex set. The
boundary of A is the set of inner product matrices in A with determinant identically
zero. The interior is the set of inner product matrices in A with determinant greater
than zero. Since A is compact, and the probability of detection is a continuous function
of o [10], it follows that the vector a, which maximizes the probability of detection, is
found in A. It is shown in Ref. [7, p. 63] that a necessary condition for optimality is
that the sum of the signal vectors is identically zero. An equivalence of 3°;s; = 0 is [7,
p. 66]

M M
2.2 X =0. (7)
i=1j=1
Another equivalence is
M
D A;=0, j=1,---,M. (8)

i=1
Equation (7) specifies a hyperplane that contains nonadmissible as well as admissible a.
The intersection of the hyperplane with A contains the optimal a.
A partial ordering of 4 can be found as follows. Let two inner product matrices
o and o' have the same diagonal elements. If X; < A;; for all § # j then Py(\, &) >
Fy(X, a). This follows, since the derivative of the detection probability with respect to
each \;; i # j is nonpositive (7, p. 68].

Definition 1 — {sy,---,su} is a reqular simplex if eachs;, i = 1,---, M is at the same
distance from each sj, j = 1,---, M where i # j. If additionally 3;s; = 0, the reqular

simplex is a reqular simplex signal set.

The regular simplex signal set can be specified in terms of the inner product matrix by

the relations,

i = 1, i=1,--- M
)‘ij - - Za]:L)M Z#J (9)
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Fig. 1 — L1 Code
1 M
Fay, = H;Pd,-- , (13)
Now by symmetry Py, = Py, and
Py, = P(y € A1|Sl)
z
= o) (14)
where ®(z) is defined in Eq. (11). It is seen that Py, = --- = Py, = 0 and denoting
6 € {s1,82,--,Sp} as the decision that is made regarding which signal is sent, we have

Py, = P(6= ss|s;)
= P(6=ssly € A}!,s3)P(y € A}|ss) + P(6 = ssly € Al s5) P(A¥]s3)
= zq»(%) —1 (M >3). (15)

Now the average probability of detection can be computed as
1
Py, = H[del + Pds]

1 z

= 7lteG) -1
1 A M

= —[4®(Z] ) = > 3).
ZlB(5y T~ 1 (M2 3) (16)

Proposition 1 — Neighborhoods A € [0,6m), 6p > 0 of A, exist where, Py, ()) is
strictly greater than Py, (M) for all M > 7 and less than Py, ()\) for 3 < M < 6.
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[ _ X _gcloggM—ln2
POM) < || | P D @M ctogar - 1) - () + R ]}
. [ M 'clog(M 1), expllog(M — 1)~#) log(M 1)9)1]
M—1 V2r

clog(M - 1) 1) < log(M 1) |
,/M(M— 1) o 1) Vi1 (21)

We want to determine when P;; > P! or equivalently when r = P,/Pr; < 1. From Eq.
(21) and Eq. (18)

clog(M—1) [ M 1 2 Jog (M —1
V/M(M-1) + 27r(M—1)(\/M—1)C e =)
1

r <
Mr
log(M - ].) M 1 2 log(M—1)
¢ = h(M,c). 22
- VR T VAT (M. (22
For each M define
¢y = argmin h(M,c). (23)

We would like to determine ¢y in order to find the smallest M such that P,/P;, < 1. By
using an available minimization routine, we found ¢z = .78 for M = 30 and h(30,.78) =
.9896. To prove r < 1 for all M > 30 in Appendix B it is shown that h(M,c) is a
monotonically decreasing function of M for all M > 30.

The bound of Eq. (22) is not tight enough for the cases of M < 30. In Appendix C,
a tighter upper bound is derived that is shown by Eq. (37) as

T <, (MW Z M (i ) + 40M (4)]) + \/2(—71\/[___1—3 exp[—8], (24)

where the bound improves as the positive integer k increases. To evaluate rigorously an
- upper bound on 7, we carry only five decimal places throughout any multiplication and
round up or down the fifth decimal place as appropriate to upper bound r. We define
t1 as the evaluation in this manner of Yf=3 ®(i1), and ¢, as the evaluation of ®(4).

We therefore upper bound Eq. (24) by

4

r < fu(M) = exp[—8]. (25)

M
J2(M = 1)
We have computed ¢; and ¢, by lower and upper bounding ® functions for given k from
a table of the ® function to five decimal places [18]. The results can be verified and are
shown in Table 1. This proves the result for 7 < M < oo.

9
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4. MAXIMIZATION OF MINIMUM DISTANCE

The normalized distance d;;, between s; and s;, is the Euclidean distance divided by
). We define the normalized minimum distance d,,;», as the minimum Euclidean distance
divided by the SNR X. Maximization of minimum Euclidean distance is equivalent to
maximization of dmin. It was proven by both Balakrishnan [10] and Weber [11, p. 215]
that the regular simplex uniquely maximizes the minimum distance under a peak power
constraint \; = 1,4 =1,---, M. Here a new shortened proof of this is given. Note that
maximizing the minimum distance for the peak power constrained channel is equivalent
to minimizing max;z; Aij.
Theorem 2 — The regular simplex is the unique signal set that maximizes the minimum

distance between the signal vectors under a peak power constraint Ay =1,¢=1,---, M.

Proof: The minimum value of max;; Ai; is —ﬁ since for any signal set «
S Y s 20
i J

implies that [11, p. 215],
M

PIPIP TR (28)

i j>i
Denoting the matrix of inner products of the regular simplex as a;, any other matrix

o # a, that satisfies max;x; ,\g,. = —ﬁ must have at least one \;; strictly less than
— 37—, which violates Eq. (28). Therefore o = a.

Now we will generalize this result to the case where the signal vectors are only
constrained by 3°; Ay = M. The difficulty found in solving this problem as opposed to
the prior problem is that the distance between the signal vectors s; and s; no longer
depends only on the inner product A;j, ¢ # j. The lemmas that follow will help to

overcome this difficulty.

Lemma 2 — A signal set with 3°; \i = M mazimizes the minimum distance dmin if
and only if &% = d%;, = 225 for alli # j.

Proof: It can be seen that

DDA = DD hit N — 2y (29)

i j>i i j>i

11

QITIISSVIONN



[4!

‘0 = s uonIpuod Aressaosu oY} saA01d SIY [, "UOIOIPLIJU0D € ST YoIym
fuwup < U sousy pue fp < fp ‘g < ™“p paumsse am soulg 0 = “p ji Auo pue jt

Ayirenbe Yy fp Z “p ‘1 < L oowrg jrewal 11[res mo Aq smof[oy £31enba jsef 9y} a1oym

(g = +50L =
o -+ = gp
st { s} Jo s10900A om) Aue usamyaq 90URISIP pazIfeuwLIou oy J, ‘¥ = 4y X ‘0 = 8K
yey} ajou uredy ‘*'sh = s 99s [eudIs Jeyjoue FuiIo] £Q SI0J09A [BUSIS 989} 9[LISAI UL

am 0s ‘% = By ¥ oney am ‘py = Py doulg ‘T < A amdym By YA = ¥y eousy

(18) S I+ XN =
Jd+isRe— X =
-9),0 -9 = <

‘MON
upup — W Srewal mires o Ag Q0 = s sondwt yoym [+ s =1s —,— =7
UOIjB[SURI} 9} ISPISUO)) ‘(0 < “p (‘Fo[m) swnsse pue () # 's*K asoddns :Jjooid
0 = 's ¥X ST 90upIsIp Wnwulil 9Yy) burzaunrows 4of uorpuod Aunssadeu y— ¢ ey

"SI009A [RUSTIS

US9M)oq S9OUR)SIP SUIES o) Ul JNSdI 198 [RUSIS B JO SUOIJR[SURI) Jey) 9I0N ““*p soznu

-IXeW 7By} 9INJONI)S [eUSIS © ST} JeY) SAO(E WIOIJ MOUY oM J0UIS ‘“™p saziuurxewt jeys
aanjonigs Teudis anbrun ayy st xa[dwis rendar oyy ey} aa01d 03 pasu A[UO oM ‘MON

‘308 eusis xo[dwrs

rem3a1 oy} Aq poysijes sI UOIIPUOd IdYje] oy, L # ¢ [ 10§ “p = “p J1 A[uo pue Ji

Ayrenbs yym L S Mp 10 oy S (1—;()141 P enRY oM b = 1<FMX eourg

<t 2

(08) NS KK
(8z) by Aq pue

1<l 12

N ”‘(Z(I -W) =

YANIALS ‘[ TAVHOINW



NRL REPORT 9524

This leads to the theorem

Theorem 3 — The regular simplex signal set is the unique signal set that mazimizes

the minimum distance.

Proof: The result follows immediately from Lemmas 2 and 3 and from Definition 1.

This result leads to the corollary

Corollary 1 — Given A > 0, there exist signal sets that mazimize the minimum dis-

tance between signals but do not mazimize Py.

Proof: The result follows from Theorem 3, which states that the regular simplex is the
unique signal set that maximizes dp,,; and from Proposition 1, which demonstrates that

the regular simplex is suboptimal in terms of FP;.
5. OPTIMALITY

In this section we address the optimality of signal sets in terms of both the average
probability of error and the union bound on that probability. The union bound is an
often used fairly tight approximation for low rates [20, p. 68] or relatively high SNRs

when computing the average probability of error is intractable.
Theorem 4 — The regular simplex uniquely minimizes the union bound.

Proof: The union bound for the average probability of error of the ith signal, P, is

expressed as [20, p. 60]
Pei ..<_ Z Pei_,j (32)

i

where Fe,_,; is the error probability, given the ith signal is sent and the jth signal is the

only alternative. The average probability of error is given by
1
Pe — H Xl: ]De."
The union bound P for the average probability of error is,

w1 Ty
e s Pe()zﬁ i j;éiPei—'j
2
= 2P

i §>i
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Proof: A necessary condition for optimality is that the mean width of the polytope
Eq. (12) be maximized [6]. However, it was stated by Balakrishnan [5] that the regular
simplex maximizes Eq. (12) among all equal energy signal sets. Since proposition Eq.
(1) showed that the L1 signal set is better than the regular simplex for all M > 7, it is
certainly better than all equal energy codes at low SNR. Hence, the optimal solution is

not an equal energy solution.

Theorem 6 — For sufficiently small )\, the L1 signal set is uniquely optimal in the

class of 1-D signal sets that are average power constrained i.e., satisfy A> < P.

Proof: A necessary condition for optimality is again that the mean width of the polytope
Eq. (12) be maximized. For signal sets restricted to one dimension this is equivalent to

maximizing,
B, = maxs; + max —s;,
1 1

= maxs; — mins;. (34)
1 1

Since detection probability can be shown to be an increasing function of A [7, p. 62] the
solution will lie on the boundary A? = P. It has been remarked by Dunbridge and can
also be seen by Eq. (12) that an optimal solution must have signal vectors either on the
boundary of the convex hull generated by the signal vectors or else at the origin. Hence
three possibilities are to be considered:

Case 1: {s;} =0fori=1,---,M —r; and {s;} = z; > 0 (or equivalently {s;} =
ry<0)forj=M-r+1,--- M,

Case 2: {s;} = 1 > 0 and {s;} = z2 > =z, (or equivalently {s;} = z; < 0,
{sj}=zo<zy)fori=1,--- M—randj=M—-r+1,--- | M,

Case 3: {s;} =0fori=1,---, M —r—p;and {s;} =z <0forj=M—r—p+
l,---,M —p; and {sg} =22 >0for k=M —p+1,---, M.

A necessary condition for optimality [6] is that the convex hull generated by the
signal vectors contain the origin. Hence, Case 2 is immediately dismissed. Bj is seen to
be maximized in Case 1 when 7 = 1 or z; = AWM resulting in B; = A\V/M. However,
the L1 code of Case 3 results in B; = AV2M. Hence, Case 1 is dismissed. It can be
seen, for any code in Case 3 with r > 1, that we can further decrease z; by rearranging
r — 1 signals from z; to the origin. This will result in an increase in By = o — ;. We
can increase xp if p > 1. Hence, the optimal signal set belongs to Case 3 and is such
that r = p = 1. Now, we only need to prove that z; = —x,. This follows directly from

the Cauchy-Schwartz inequality,
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The determination of the optimal signal sets, which maximize the probability of
detection, remains in general unsolved for low SNR. Perhaps optimal designs can be
found for some partition of the SNR range [0, 00) as a function of M. The weak simplex
conjecture has not been proven and the optimal design under a noncoherent assump-
tion remain unsolved. With few exceptions, optimal signal designs under a bandwidth

constraint remain unknown.
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Appendix A

REPRESENTATION OF INNER PRODUCT MATRIX

We prove that an inner product matrix uniquely determines a signal set up to an isom-
etry. This is proven for complex matrices; although, we are only interested in real inner

product matrices. Let C, denote the set of all n by n complex matrices.

Definition 2 — Two signal sets A = {S1o -+ Spa} and B = {s1p- - - Sp} are isometric
if there exists a bijective transformation T : A — B, called an isometry, such that

d(T'sia, TSja) = d(Sia,Sja) for all i,j where d{x,y) is the Euclidean distance from x to y.

Suppose that A and B are two signal sets of M vectors. Let n be the maximum of the
dimension of the vectors in .4 and B. Let A be a matrix whose columns are composed
of the signal vectors of the first signal set, and B the matrix whose columns are the
signal vectors of the second signal set. Suppose that the matrix of inner products
corresponding to A (i.e., A*A where * denotes the Hermitian transpose of A) is the
same as the inner product matrix corresponding to B. Embed A and B into n by n
matrices A’ and B’ by adding, if necessary, zeroes to the right and the bottom of each
matrix. It follows from Ref. [15, p. 414] that there exists a unique positive semidefinite
matrix P = (A”A')z € C, and a unitary matrix V € C, such that A’ = VP [21].
Similarly, B’ = WP (since the inner product matrix A™*A’ is the same for both signal
sets), and hence A’ = (VW?*)B’. The matrix VW?* is unitary and unitary matrices are
easily shown to be isometries. The additional zero columns can be removed from A’
and B’ and the resulting matrices are still related by the unitary matrix VW?*. Since
the additional rows of zeroes are inconsequential, we conclude that two signal sets of M
vectors are isometric if the matrices of inner products A*A and B*B are identical. Note
that the converse is not necessarily true, since an inner product matrix of a signal set o

depends on the ordering of the columns of A.
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Appendix B

PROOF OF MONOTONICITY

We prove that Eq. (22) is monotonically decreasing for M > 30. Consider the first term

in Eq. (22) (0 1
A = Ve B =)

It is easily seen that the derivative of f; with respect to M is,

2 —log(M —1)
2AM - 1)3

AM) =

Hence fi(n) < 0 whenever log(M —1) > 2 or M > 6. Since f is a continuous function of
M, the first term is a monotonically decreasing function of M for M > 6. Next consider
the second term in Eq. (22)

M 1 2
f2 M) = clog(M-1)
(M) \/2(M—1)(\/(M—1))
— \/_(( )c210g(M 1)+1 + (M _ 1)( —— 1)c2 log(M~—1)+1
_ E((M— 1)‘—"‘3“—"1—1-’ (M = )=y (35)

To analyze fo(M) examine the function
g(M) = (M — 1)1,

where a(M) is any differentiable function of M. The derivative of g(M) is

a(M)(M — 1)

g(M)= )

+ (M — 1)*M Jog(M — 1)/ (M).

A sufficient condition for ¢'(M) < 0 for any M > 2 is a(M) < 0 and &/(M) < 0.

Therefore a sufficient condition for the first term of fo(M) to have a derivative that is
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Appendix C

DERIVATION OF BOUNDS

We first derive an upper bound of r. Normalizing Eq. (20) by dividing through by Eq.

(18) we have,
o0 2
r< MA‘ ’ 2(—1\4'11‘—]3 A xexp[-—%]@M'l(x)dx. (36)

This can be bounded by

1 4 [ 2% et 8 r% 2 o1

4 z2 M—1 00 2
+ 4[1 - exp[‘?]q) (x)dx +/4 xexp[—-z—]dx ,
This can be integrated yielding

T [HEV ) - 8MO)] + 112M() - (D] +

M-1lk
— M expl-g]
N
T [4’““

r <

+ 4[®M(4) — M (4E)]] +

exp[—8§]. 37

M
M M
7T kg(b (i— )-I—4<I> (4)} 2Ol = 1)

We now derive a lower bound of r. Normalizing Eq. (19) by dividing through by Eq.
(18) we have ,
]<I>M ~z)dz.

m'i:T/

This is lower bounded by,

M -1 % ol 0. 2
e m [/_wxeXp[—E]q’M (—1)dx—.05/_‘05exp[——2—]<1>M (z)dz—
R R

/Ooo z exp[—x;]éM”l(x)dx] .
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