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AN IMPLEMENTATION OF
THE SINGULAR VALUE DECOMPOSITION
ON THE CONNECTION MACHINE CM-2

1. INTRODUCTION

In recent years, the singular value decomposition (SVD) has become an important tool for
modern digital signal processing to find higher resolution and more accurate algorithms to extract
underlying signal and system parameters from measurements. The SVD implemented in the LIN-
PACK [1] scientific library was designed for a serial or vector machine and is not directly portable
to the Connection Machine, which is of data parallel architecture. A parallel version of the SVD
is explored here.

In Section 2, the definition and important properties of the SVD are briefly stated. Section
3 reviews previous implementations of the SVD. Section 4 describes the implementation of the
algorithm on the Connection Machine. Details of the algorithm and results are also given.

2. THE SINGULAR VALUE DECOMPOSITION

If A is a m x n matrix of rank r then there exist real orthogonal matrices U = [U1U2 ... um] and
V = [vv 2 ...vn] such that A = UEV t where

< = UtAV = [diag(afCa2 , --- r) 0] F

r < min(m,n) and Ui > ui+l > 0 for i = 1,..,r - 1. The Ui are the singular values of A and the l
corresponding vectors ui and vi are respectively the ith left and right singular vectors.

The most valuable aspects of the SVD for digital signal processing are in the rank and the dyadic
decomposition properties. The rank property says that the singular values can be considered as
quantitative measures of the inexact arithmetic measures of the exact mathematic notion of rank.
The dyadic decomposition describes a matrix as the sum of r rank-one matrices of decreasing
importance, as measured by the singular values:

Rank property: rank(A) = r where a1 > a2 > ... > or > 0

7 1
Dyadic decomposition: A = E UiV

i=a 1991.

Manuscript approved January 30, 1991.
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With these properties, the application of the SVD to signal processing and to a wide variety of
other systems is often where a linear model is constructed from a sequence of observed data vectors.
The complexity of the system is reflected by the rank of the data matrix, and the parameters of
the model may often be extracted from certain subspace spanned by singular vectors.

These techniques and their applications to many problems are reviewed in Refs. 2 and 3. For
example, the linear least squares method uses the SVD to find a vector of model parameter x such
that the system output A x is as close to the actual observed output b as possible:

x-A+b,
rrv-l n i

the pseudo-inverse n x m matrix A4 = VS+Ut, with S = 0 j].

The SVD and the Generalized SVD [4] serve as the basis for ESPRIT [Q1, a technique devel-
oped by Roy and Kailath for applications such as direction-of-arrival {DOA) estimation in which
estimates of the spatial location of multiple sources whose radiation is received by an array of
sensors are sought. While somewhat less general than the well known MUSICf6] method, ES-
PRIT should prove to be more practical because it does not rely on complete knowledge of the
antenna gain patterns. and it vastlv reduces the amount of calculations. In an example riven in
Ref. 5, a factor of 105 reduction of number of multiplications over MUSIC was estimated for
a twenty-element sensor array employed to cover 10 signals in an aperture of 2 radians in both
elevation and azimuth, with one milliradian resolution.

3. PREVIOUS WORK

Theoretically, the SV) may be performed directly following the observation that the singular
values vi are simply the nonnegative roots of the largest eigenvalues of the matrix AAM, and the
singular vectors ui and vt are the corresponding eigenvectors of AA' and AtA. In practice, the
loss of numerical precision becomes so severe that smaller singular values are rendered incorrect
[7].

The most widely used algorithms used on serial machines are variants of those proposed by
Golub and Reinsch f{a and Golub and Kahan 1I9. in which the liven matrix is bidiagonalized. then
the QRI method is used to compute the singular values of the resultant bidiagonal form. This
method is inherently unsuitable for parallel processing [10,111.

The one-sided Jacobi method credited to Hestenes [12,131 and the two-sided variant [13.141
that were superseded by the Golub serial algorithms are apparently suitable to parallel process-
ing because all row-pairs in the matrix may be processed concurrently and each element of each
row may also be operated on during the rotations. In the Jacobi iteration process the pair-wise
rotaton-ns must be donnpe in a ,nrtirilAnr nrshr for the nrocess tn rn-nvprpp The Atnndnrd rvyrl-
by-rows method for Jacobi iteration 1151, which involves the sequential processing of row-paits
(1, 2)(l,3) .. (1,m (2, 3), (2,4),.., (2,in), ...,(m - Im) is not suitable for concurrent processing
because of the obvious data dependency. Many other methods to process row-pairs concurrently
ar.e reviewed ill I1efL LL. t LC. The pTrLtiJbLhbiLii Otitt MWLeCriLed int tUbs AL PI ,o 10 SAiL to.' UVL VuleUMAIII

algorithm [171 in which each neighboring pair is transformed by a rotation that leaves the larger
(in the norm sense) row on top.
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Ewerbring et al. [11] implemented a similar algorithm on the Connection Machine using a par-
allel variant of Lisp. Their report did not state the execution time. The implementation described
here is in Fortran, maps more matrix elements to a processor and uses a different permutation
scheme-

4. IMPLEMENTATION OF THE SVD ON THE CM-2

The massively parallel computer CM-2 on which the code runs is described in Section 4.1. In
Section 4.2, formulae to generate the rotation matrix and the permutation scheme are described
in detail. Results are discussed in Section 4.3. The Fortran code is included in the Appendices.

4.1. Connection Machine CM-2

Initially, the Connection Machine machine model was a single instruction multiple data (SIMD)
array of up to 64K (K=1024) bit-serial processors connected by a hypercube bit-serial interconnect
network. This paradigm is natural and useful in a number of applications, such as the method of
discrete simulation of fluid flow [18] in which each processor is mapped onto a "cell" of the fluid
body U VVIUAL Uktteifc.otly wVitIL. IUI IIUXlJIMe LCe11i.

In the second generation CM machine [19], a 32-bit or 64-bit Weitek floating point arithmetic
unit (FPU) was added to each group of 32 processors to provide fast single or double precision
floating point capability.

The virtual processor concept allows automatic mapping of problems that require more nodes
than are available in the physical machine. In this virtual processor mode, every instruction is
executed n times, where the vp ratio n is the ratio of number of problem-domain nodes to the
actual number of processors. The problem size is thus limited by the amount of memory in
each physical processor. At the Naval Research Laboratory Connection Machine Facility, the 16K
processor double precision CM-2 has 1 Megabit of memory per processor.

The core of the machine operation is in downloadable microcode. User programming languages
include an assembly language called Paris and parallel versions of other common high-level lan-
guages (HLL): *Lisp, C* and CM Fortran. CM Fortran is based on Fortran-8X, which is similar to
Fortran-77, augmented with array operations.

The recently introduced slicewise Fortran compiler used for this work employs a different ma-
chine model. The machine is presented to the compiler as up to 2048 depth-4 pipelined floating
point nodes; each node is a 32-bit or 64-bit processor. For certain problems, this machine model
produces compiled codes that are two to three times faster than the fieldwise modeled compiler by
streamlining of data in and out of the FPUs, and by using in-place FPU calculations.

The theoretical single precision1 peak floating-point performance of a full (64K) CM-2 is 27
GFLOPS, assuming that all of the floating point chips in the machine perform a multiplication and
an addition every clock cycle. On a full CM-2 with 32-bit FPU and microcode version 5.0, Levit [20]
reported a much lower peak performance of users code without interprocessor communication. This
so-called memory-bandwith-bound peak performance is cited to be 5.17 GFLOPS. For a 16K 64-bit
FPU, roughly 800 MFLOPS is expected for the communication-free portions of the code. Grid
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communication (between power-of-two interprocessor points) is only 73 MIPS (in terms of number
of 32-bit words communicated per second) at vp ratio 1, to 1375 MIPS for adjacent communication
at a high vp ratio. The fast Fourier transform (FFT) has been coded and is reported to execute

v a sit1ninitd rate n$ rnnro +lin-n 1 CrT.Pg V^vr %rart la-,e rr a. s, AnA rhNO4 roil

4.2. SVD Algorithm

Consider mapping each element of a real matrix A of size m X n onto a node on a 2-D array
of virtual processors on the CM-2. Transformations of the matrix that require change to the value
of each element may take place on all processors simultaneously. The Hestenes one-sided Jacobi

Iti d.IdiUI d%,UI lItLU expiui ibs 1.11W CiJiUrlelU~ltt.

One-Sided Jacobi Rotation

Denote a matrix A in RmXn as A22 to emphasize that 2-element matrix operations are to2
be performed on the M pairs of the n-element rows.

In Hestenes's construction of the SVD, two rows of the matrix are rotated to be orthogonal
thn emue Alh oherf roJ SIto ..rn+tn bti7 n+e-a .. fi+-i +u1 lf Xtll.t+,ow. trwa ^vE1A ,1' T~r1

L rrl,-,.~U. UfUL Jf A~l &L V J V ~~ S A4 k

achieved by multiplying each pair of elements from the row pairs by a sequence of rotations {Rk},

R = R 2 I . The rotated result is stored in a matrix H = H2

The product of the rotation matrices is constructed by applying {R.} to an initial identity
matrix I = 1 xm during the iterations. The result is kept in matrix l.

HK =W mu!Xxm Am2 n

where

[ui~xm =fl j 14xj imxtn([ut2 2x em2X )

Note that in Eq.( 1), the rotation matrices Rk are replicated m times in each row to match the
dimensions of I.

After normalizing each row i of H by its norm °i, H = lhih2 ...hi...nbs may be factored into
as a product of a pseudo-diagonal matrix (a diagonal matrix concatenated with null rows) E and
an orthonormal matrix Vt.

H = [hih 2 ... hi...hr...hm.] = SVt (2)

where
IfLj1 ILj-] IL .. - A;Isail -Ut I-X;gl -vZ... I-.ri v r z

VY = IV2fi ... V'.1t

where
ri hi /7itJa, 1 >i-
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E-diag(ajl 52i -0'r)°

In Fqs. (1)' and (2Y) since TV and V are orthonormal and r is nsiidn-r-flnnnni we havA the
defining equation for the SVD:

ESVt Ut A. (3)

Twn rows -r and r nra i-n ha rntntarl intn rniw Y n-n V hVr ilcing th pfremultiplier
rotation matrix R:

(X A R x\( cosO8 siin /x'4
Y = R sinfl cosoY. (4Y)

The first criterion for selecting a value for the rotation angle B is for the resultant rows to be
orthogonal:

Xt Y = O. (5)

Dlefining
a = xty
f = X -1yl 2 (6)

-y (= 2 +932)41

and substituting the expansion of the right-hand side of Eq. (4) into Eq. (5), we have

tan 20 - a
cos 20 = (7)
sin 20 = 2 sin 0 cos 0.

The ± sign ambiguity corresponds to the 2 ambiguity of 20 which can be resolved by an2
additional constraint that the norms nf the rows become more orderly through each rotation in
order for the rotation process to converge. In fact, it will soon be shown that the + sign for cos 20
and sin 20 results in a rotation that puts the larger norm on top while the - sign results in the
smaller norm on top.

The rotation matrix coefficients may then be derived from the above using the half-angle
trigonometry identities. Thus:

csO~ - i~l+8±()2t - ±()
sino = ±(i!C2o+ = V _i2 ) V

An arbitrary limitation of 1I1 < • has been found to help in the convergence [22]. In Eq.( 8),
this limitation is imposed by selecting the positive value for cos 0. The sign nf sin 09 is tiha nno na
that of sin 20 which is determined by the sign of a.

To see the significance of the sign for cos 20 and sin 20, calculate the change in norms of the
row, say x:

XtX-xtx = la sin 20- /sin 2

a'i- (9)
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If a + sign is chosen in place of the ± in the Eq. (9), the change in norm becomes

XtX - xx = (10)

in which case, lx! has increased since the right-hand side of Eq. (10) is greater than zero (The
case of -y = 3 is considered separately as discussed below). A similar proof may be carried out for
ty_ yty.

XtXxx = yty y 2= > 0.

If a - minus is chosen, Eq.( 10) becomes -2, which is < 0.

Numerical Issues

Equations (8) should be used carefully. Specifically, avoid the case when (y d /3 requires a
subtraction that results in a loss of accuracy. An improved algorithm to construct the rotation
matrix R is:

If Ž O. calcul ate cos0 = (2±') then calculate sinG = (12)
If ,0 C0, calculate sin8 signta)(74>)i then calculate cose #? = ___' -

On a digital computer, the orthogonality condition in Eq. (5) can be satisfied to within a
quantity equivalent to the norm of a null row. The orthogonality condition (based on Ref. 22) is:

xt y C 4 minl(jxl yj) (13)

where
6 = EjAj

= ((Erza.2i) . (14)
(=l j=l 

The single precision (32-bit) and double precision (64-bit) floating-point machine precisions are
l.17e - 7 and 2.22e - 16, respectively.

IT I&VIM ULV Illvkfll of1 either Vctor- 1eo.slasLL.O theM U the A'VIAUA ealn

could be avoided. On a conventional machine, avoiding these calculations may reduce computation
time. On the CM-2, however, no saving is expected because the entire array has to be operated
on. Taking note of the occurences of null norm and of orthogonal row-pairs, however, serves to
establish the stopping criterion of the iteration, namely:

Stop when for all row pairs (xi, yi), i = 1,.., M2

lxil • 6 or lyi •f6 or (xtiy) • 6<ninflxjijlyfl). (15)

The calculation of the norms of the rows in Eq. (6) is expensive in terms of execution time on
the CM-2 because of the interprocessor communication involved in adding the square of the row
elements, each assigned to a virtual processor. Alternatively, new values may be computed from
the elements of the rotation matrix R and the current values of the square- norms. The loss of

6
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1x2-2x4-4 x3-3 1-1
4X33X2i X2l__X32 3
3 4 3 1 V3 A~ 2 2t ^ 44v 4

(a)
odd sweep even sweep

OX A A V

(b) (c)

Fig. 1 - Permutation scheme to visit all row pairs in a sweep. (a) The general structure is similar to a bubble-
sort using neighbor exchanges. Rotation followed by exchange achieves the required sorting effect that makes the
permutation scheme converges to a bubble-sort. (b) Tne rotation tendUs to UsI- idhe l Iarge rwo top _ilLD in
an odd sweep, an exchange is required after rotation to permute the rows. c) In an even sweep the inputs must first
be exchanged so that the order is enforced after the subsequent rotation.

accuracy in this calculation is sufficiently small for the algorithm to converge-care must be taken
to a-voiu carcuiauing the nOnil since ib wourl miean taking LIe square-root of a negative rear number.
Experiments with the code showed that there was no convergence penalty in terms of number of
sweeps.

Permutation Scheme

On the Connection Machine, high-speed algorithms must be designed with special care in the
assignment of variables that reside on different processors. A general assignment takes on the order
of aLLi1lLsecolU tUo sendt Udata between arliUrary processors, while an1 aAbbIgtiiletLC ubilM, speciatuoeU
communication calls, such as cshift to exchange data in a systolic manner, is an order of magnitude
faster. Special hardware is used in the high speed execution of a set of specialized communication
utilities that includes scan, global, reduce, spread and multispread to implement the broadcast
and/or accumulation of values to/from n processors.

The desirability of the nearest-neighbor systolic communication and the mesh layout of the
matrix leads naturally to a pairing scheme as illustrated in Fig. 1 (a). For the purpose of illustration,
each of the m rows of the matrix is indicated bv an index (1 m.--m even SupnnnqP fnr a. mnment
that the rows are placed in descending order (from left to right) according to the vector norm, i.e.
Jxil Ž > ŽX21 ... > |xm 14 The rows are then exchanged pairwise: (1, 2), (3, 4), (5, 6), ..., (m - 3, m-
2), (m - 1, m)to become (2,1), (4, 3), (6, 5), ..., (m - 2, m - 3), (m, m - 1). In the next iteration, the
process is repeated without the first and m-th rows: (2), (1,4), (3,6), ..., (m - 3, m). The iteration
repeats even-odd for a total of m cycles (a sweep) after which all pairing of the rows (1,..., IM)

have been visited and the norm ordering is reversed, i.e. in, m - 1,..., 2, 1.

If the row norms are not ordered, the same sorting effect described above can also be achieved
if each pair is exchanged conditionally on a particular ordering. When the conditional pairwise

7
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exchange is followed by neighbor swap, we have a permutation identical to that in the familiar
bubble sort algorithm.

The rotation with matrix R (Eq. (4)) also converges into a bubble-sort transformation because
of the ordered-norm conditions described in Eq. (11). For each row-pair (xy), as lxi keeps in-
creasing and yiY keeps decreasing, eventually lxi > lyl. Experience with this SVD algorithm shows
that this ordered state is usually achieved in the first couple of sweeps.

Fig. 1(b) illustrates this concept: in each of the m stages of an odd-numbered sweep, each
row-pair is shown to feed into an oval icon representing the premultiplication by matrix R. After
the rotation, the results are interchanged to realize the bubble-sort.

In Fig. 1(c) which illustrates an even-numbered sweep, each input row-pair is unconditionally
exchanged before entering the rotation icon. The necessity of this step is clear if one keeps in
mind that the rotation tends (over a few iterations) to make the norm of the upper output larger
teasatIII~. UfL bt. lweYVx r. VFUte tiltit,4 tan tik-ILUUItLUUV-U bwtmp, if SOSb txchiiitige is ht manue
to put the larger norm row on top, the subsequent rotation would effectively undo the rotation
of the preceding odd-numbered sweep. In the even-numbered sweeps, no exchange is required at
the output because the output norms ordering is to be reversed from the order produced by the
preJviouL IOtittiOit (iarger hOrml onI top).

An alternative approach is to use a different set of values for R such that the rotation will result
in a smaller norm on top. This requires a change in Eqs. (12) that involves reversing the sign of

M Ad %,ite lJiI&V Ut 9slantWl on 4V dU siU l . . LILt: I lfll il4Jilg uunBile .piuyt-pi; o

node per matrix element actually uses only half the resources for computation because the rotation
of each row-pair is identical for each of the elements of the pair. The solution used here is to assign
a row-pair to one processor-row to make full use of all processor nodes for actual calculations.
Mvo-re signiflcantiL41y,-Y the numbver of interprocessor co-mmunication steps is reduced proportionally;
this should significantly reduce execution time. In fact, experiments showed this improved mapping
reduced the execution time by an order of magnitude.

Matriz Shape

As indicated at the beginning of Section 4.2., if the matrix A is m x n, then U and V are
m x m and n x in, respectively. When m 0 t, the constructive algorithm described above becomes
somewhat cumbersome for the 2-D layout on the CM-2. If m is slightly more or less than n, the
matrix A may be simply padded with jm - nj null rows or columns. However, if m > n, the
algorithm will have to be modified to avoid working directly with the large m x m matrix U. In
this case, Ut may be internally processed sequentially as me matrices, each of size mn x n. See
Appendix B for detail.

4.3. Results

A CM-Fortran subroutine was written according to the algorithm and requirements presented
in the preceding section. Appendix A contains the source codes for the subroutine that is specific
for the case of mn = n. Appendix B contains a modiied version of Appendix A for the general case
of m > n. Appendix C contains source codes for a test driver. The codes were tested on random
real matrices. The Connection Machine used was a 16K CM-2 with 64-bit FFU.
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Table 1 - Comparing CM-2 execution times with LINPACK. The CM Code was compiled by a slicewise Fortran
compiler. The LINPACK codes were run on a very lighltly loaded Sun-4/280 and one processor of a Convex C210.
The normalized residual error after 12 sweeps was on the order of le - 16.

Double Precision l

Size | Machine # processors exec time [ sweeps
512 CM-2 16K 280 sec 12

VCMlv-C IunK _ sec. 12

512 Convex 1 141 secI

256 Convex 1 21 sec
256 Sun-4 1 305 sec_ . ]

In Table 1, the execution times for m = 71 are compared against the execution times of the
UNPACK dsvdc codes on one processor of a Convex C210 and a Sun/4-280. Both the Convex and
Sun/4-280 codes were compiled by using the respective Fortran compiler with optimization; loads
were minimal. The codes for the general cases where m > n were slightly slower.

Table 1 shows that the LINPACK implementation on one procressor of a Convex C210 is 2
times faster than the CM-Fortran implementation on the 16K CM-2 at m = n = 256 and 512. A
ful (64K) CM-2 is expected to run between 3 to 4 times faster than a 16K CM-2. It is reasonable
to conclude that the CM-2 and Convex implementations are comparable in execution times.

For a great majority of runs on random matrices, the number of row rotations begins to drop
off at the end of 8 sweeps, and down to O by the end of 12 sweeps. Accuracy was checked by
computing

Error = max IA - USVtJ. (16)

Errors in the CM-2 runs were on the order of le-14 for double precision and le-5 for single precision.
After normalizing by the F-norm of A, these errors were on the order of the respective machine
precisions. To gauge the efficiency in the usage of main hardware components (the FPUs), the
number of floating point operations in the innerloop of the Fortran code (subroutine svdcore in
Appendix A) was counted. By using a weight of 4, 2, and 1 for square- root, division, and
multiplication/addition/logical respectively, the FLOP count Q = 100 per virtual processor per
loop per sweep. This included 20 for the calculation of ,3, y and the conditions for rotation (Eq. (6)
and (15)), 40 each for /3 > 0 and / < 0 for the calculation of cos 0, sin 0 and the subsequent rotations
according to Eqs (4) and (12). (On the CM-2, either-or code segments are sequentially executed
and thus must be counted towards the FPU usage.)

QFLOP = 100(ir2 n)mt (17)

where I, is the number of sweeps. By using Eq. (17) and the results of Table 1, the throughput
rates for the double precision runs are 258 and 288 MFLOPS for matrix size 256x256 and 512x512,
respectively, on the 16K CM-2.

Interprocessor communication associated with the calculation of the dot product of the row
pairs (a in Eq. (6)) and the systolic communication steps was timed to be 30% and 22% of the
total execution time for n = 256 and 512, respectively. After accounting for the communication
time, the performance shown in Table 1 is within a factor of 2 to 2.5 of the peak-memory-bound-
performance of the machine.

9
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Table 2 - Execution time per sweep (seconds). The prereleased slicewise Fortran compiler wit1h some unroling of
codes to streamline the inner loop improved execution times by 1.T and 1.3 times for the smaller vp ratios (n = 256
and 512 respectively).

Double Precision

Size I F5e1dwise I Slicewise, unrolled I Fieldwise, unried

51251 35 1 23 S0

215 Ls 7f .5 1 3 1 5 _ 

Table 2 shows the execution time per sweep in units of seconds for the cases m = n = 256
and oi uy three versious oi the wiI rortra Code on nte IDA tIn V-Z. Lne nest performance was
achieved when the matrix was laid out in slicewise mode and the inner loop was unrolled to remove
conditionals that fragmented the code.
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Appendix A

CM FORTRAN CODE FOR SUBROUTINE SVD OPTIMIZED FOR m z n

N.B.-The main subroutine svd contains 5 units: svdcore contains the main Jacobi rotation codes;
two2one allocates arrays on the CM two row-elements per processor while one2two performs
the reverse process; evaluatel calculates the S and V matrices; evaluate2 calculates the residual
error. In this unrolled version, svdcore similar chunks of codes are sequentially repeated 4 times,
one slightly different from the others. This is to avoid invoking if-then clauses that would otherwise
fravment the resulting codes.

subroutine svd (ab,ub,vb,sv,m,n,irank,isweep,eps)
C Author: Nhi-Anh Chu
C Connection Machine Facility
C Code 5153, Naval Research Lab
C Nov 9 1990

C RPevised4 'a 3 l991
C ab -- 2m x n matrix A, to be decomposed into singular values
C sv = diag (S) such that A = (U S Vt)
C ab is returned as (Ut A) where Ut is product of Jacobi rotation
C matrices on (At A)
C ub -- 2m x n matrix returned with Ut
C vb -- 2m x n matrix returned with Vt
C sv -- Zm-vector returned with diag(S), the singular values of A
C irank -- integer returned with the rank of A
C isweep -- integer returned with number of sweeps of the rotations;
C each sweep orthogonalize every row-pair combinations of A
C eps -- real number specifying the machine precision, used to determine
C a "zero"

integer m, n, irank, isweep
real ab(2*m, n), ub(2*m, n), vb(2*m, n), sv(2*m)
real eps, deltas
real a(m, n), ap(m,n), u(m,n), up(m,n), v(mn), vp(mn)
real aoriginal(2*m,n)

cmf$ layout a(:news, :news), ap(:news, :news), u(:news, :news)
cmf$ layout up(news, :news), v(:news, :news), vp(:news, :news)
cmf$ layout ab(:news, :news), ub(:news, :news), vb(:news, :news)
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cmf$ layout sv(:news), a.original(:nevs, :nevs)

interface
subroutine one2tvo(a,ap,b, m, a)
integer m, n
real a(ma,), ap~m,n), b(2*m,n)

cmf$ layout a(:news, :news), ap(:aews, :aews), blnews, :news)
flA ;MFA -~

interface
subroutine svdcore (a, ap, u, up, m, a, iranik, inweep, deltas, eps)
integer iranik, isveep, T, n
real a~mn), u(mn),app(m,n), up~man), epsdeltas

cmf$ layout a(:news,:news), u(news,:news)
cmu$ layout ap-news,:news), up(news, :aews)

ena ianterf ace

interface
subroutine two2one(a,ap,b,m,n)
integer m, n
real a(m,n), ap(m,n), b(2*mn)

cmf$ layout a tnews, :news), ap(:news, :news), b(:aews, mews)
end interface

interface
subroutine evaluatel (a,u ,a, sirank ,deltas ,mn)
integer m, n, irank
real a(m,n), v(a,n), u(m,n), sv(m), deltas

cmf$ layout amnews news), uSnews,:news), v(:news,:news)
cmft layout sv(:news)

end interface

interface
subroutine evaluate2 (a,ua.originaimn)
integer m, n
real a(m,n), u(mn), asoriginal(m,n)

cmf$ layout a(:news,:news), un(ews,:news)
cmf$ layout a.original(:news, mews)

end interface
C…_-_-_-_-_-_-_-_-_-_-_-_-.-_- _

a-original = at
print*,'call one2two'
call CMLtimersclear(l)
call CMstimeer.start (I)
call one2two(a, ap, ab, m, n)
call oae2two(u, up, ub, m, a)
call CW-timer stop(i1

call Cl-timer-print (i)
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print*,'call svdcore'
call CMltimer.start(1)
call svdcore (a, ap, u, up, m, n, irank, isweep, deltas, eps)
ca!! CM-tiner.stop'"±
call CM-timer-print (1)
call CMltimer.start(1)
print*,'call two2one'
call two2one(a, ap, ab, m, n)
call tvo2one(u, up, ub, m, n)
call CMItimer.stop(1)
call CMGtimer-print (1)
print*,'call evaluate'
call CM-timer-start(l)
call evaluatel (ab,ub,vb,sv,iraxtk,deltas,2*im,n)
call evaluate2 (ab,ubatoriginal,2*m,n)
call CM-timer-print(i)
print*,' .. .done avd'
call CMltimer.stop(l)
return
end subroutine svd

subroutine svdcore (a, ap, u, up, m, n,irank,isveep,deltas,eps)
integer m, n, irank, isweep
real a~m,n), u(m,n), ap(m,n), upCm,n), eps, deltas

C Main locals
real alpha (m,n), beta(m,n), gainma(m,n). c(m, n), s~m, n)
real norms(m,n), normsp(m,n)

C scalars to compute convergence criterion
real epss, Fnorms

C temporaries

real atemp(m,n), utemp(mn), ntemp(m,n), ortho(m,n)
integer row(m,n), col(m,n), irotl(m,n), irot2(m,n)
logical rotate(m,n)

C loop control variables
integer m2, index, i, j, numsweep, numrotate

C constant

integer sup, sdown

C layout on the connection machine
cmf $
cmf$
cmf $
cmif$

cmf $
cmf$

cmf $
cif $
cmf $

layout
layout
layout
layout
layout
layout
layout
layout
layout

a(:nevs,:news), u(:news,:news)
ap(:nevs,:nevs), up(:news, :news)
norms(:nevs,:news), normsp(:news,:news)
alpha:news, :nevs), beta:news,:news), gamma(:news,:nevs)
utemp(:news,:news), atemp(:news,:nevs), ntemp(:nevs,:nevs)
c(:news,:news), s(:news,:news)
row(:aevs,:news), col(:news,:nevs)
irotl(:news, :news), irot2(:nevs, :news)
ortho:news, :nevs), rotate:news, :news)

C-
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C initialize
m2 - 2*m
numsweep = isueep
epsa = eps*eps
sdown= 1 !a~k)3 ---a(k+l)
sup = -1 !a(ktI)<-a(k)
norms = spread (sum(a*a,2),2,n)

normsp - spread (sumn(ap*ap,2),2,n)
Fnorms = aum(noriS0,1),1) + sUi(normsp(:.),i)
deltas a epss*Faorms
print*,'Frobenius norm squared c Fnorms
print*,Square of machine precision * Faorm = ' deltas
forall (i=l:m, j=1:n) col(ij) = j
u =0.0
up 0.0
forall (i=1:m, j=1:n) rov(i,j) = 2*i-I
where (row.eq.col) u= 1.0
forall (i=l:, J=1:R) row(i~j) = 2*i
where (row.eq.col) up =1.0
forall (izInm, j=i :n) row(i,j ) i

C…----------------------- __- _________- ___________________________
isweep 0

100 continue
C start odd sweep

isweep isweep +1
norms spread(sum(a*a,2),2,n)
normsp = spread(sum(ap*ap,2),2,)

C unroll loop by 2
do index - 1, m2, 2

C start odd index
alpha - 2*spread(sum(a*ap.2),2,n)
beta = norms -normsp
gamma u sqrt((alpha*alpha)+(beta*beta))
ortho = 0..25*alpha*alpha - deltas*inin(norms, normsp)
rotate = (nori--.gedetI-a-nI .- tn-rmnap -o -Aoel tas) .and- (orthnoFgeO0)
where ((beta.ge.0) .and.rotate)

c = sqrt((gamma+beta)/(2.0*gamma))
8 = alpha / (2*gamma*c)
Gatem = -~a * c~ap
utemp * -s*u + c*up
nttmp a s*s*norms + c*c*normsp - alpha*c*s
ap = c*a + s*ap
up = c*u + S*up
normsp= c*c*norms + s*s*normsp + alpha*c*s
a = atemp
u = utemp
norms = ntemp

endwhere
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where ((beta.lt.O) .and.rotate)
s = sign(sqrt((gamma-beta)/(2.O*gamma)) , alpha)
C alpha / (2. O*gImm ln)

atemp = -s*a + c*ap
utemp =-s*u + C*up
ntemp -s*s*norms + c*c*normsp - alpha*c*s

p = ca 4 B*Mn

Up = C*U + S*up

normspg c*c*norms + s*s*normsp + alpha*c*s
a atemp
u ut e--p
norms = ntemp

endwhere
where ((beta.gt.O).and.(.not.rotate))

at mp ap
utemp = up
ntemp = normsp
ap a
up - u
normsp = norms
a 5 atemp
u 5 utemp
no.Ss ntemp

endwhere
C communicate (a, ap) to/from processors aligned with odd rows

atentp = ap
utLLiimp = up

ntemp = normsp
ap -cshift(a, 1, sdown)
up =cshift(u, 1, sdown)
normlsp =cshiftLLiL±sW, ;, sidoUWn)
a = atemp
u = utemp
norms = ntemp

Li stat even ±UneU

alpha = 2*spread(sum(a*ap,2),2,n)
beta = norms -normsp
gamma = sqrt((alpha*alpha)+(beta*beta))
ortho = 0.25*alpha*alpha - deltas*min (norms, normap)
rotate = (norms.ge.deltas).and.(normsp.ge.deltas).and.(ortho.ge.0)

.and. (row.ne.m)
where ((beta.ge.0) .and.rotate)

c = sqrt((gamma+beta)/(2. O*ganma)) ! cosine term

a = alpha / (2*ganmma*c) !mine term

atemp = -s*a + c*ap
utemp = -s*u + c*up
ntemp = s*s*norms + c*c*normsp - alpha*c*s
ap = c*a + s*ap
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Up = c*u + s*up

normsp= c*c*norms + a*s*normsp + alpha*c*s
a = atemp
u = utemp
norms = utemp

endwhere
where ((heta.lt.O) .and.rotate)

s - sign(sqrt((gamma-beta)/(2.o*gamma)) , alpha)
c n alpha / (2.0*gamma*s)
atemp = -s*a + c*ap
utemp = -s*u + c*up
ntemp = s*s*norms + c*c*normsp - alpha*c*s
ap Ic*a 4 s*ap
Up = C*u + s*up
normsp= c*c*norms + s*s*normsp * alpha*c*s
a = atemp
u = utemp
norms = utemp

enduhere
where ((beta.gt.O).and.d.not.rotate).and.(row.neam))

atemp = ap
utemp = up
ntemp = normsp
ap = a
up = U

normsp = norms
a = atemD
u = utemp
norms = ntemp

endwhere
C communicate (a, ap) to/frnm nrnrnftRnrn r'lioned withl odd rows

atemp = a
utemp u 1

atemp - norms

u ucshift(up, 1. sup)
norms mcshift(normsp, 1, sup)
ap atemp
up= uemp
normsp = ntemp

enddo I end odd sweep
C start even sweep
C number of rotations kept in irot} and irot2

isweep = isweep +1

iroti =0

irot2 tO
do index = 1, m2, 2

C start odd index

is
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alpha = 2*spread(sum(a*ap,2),2,n)
beta = normsp -norms
gamma = sqrt((alpha*alpha)+(beta*beta))
ortho = O.25*alpha*alpha - deltas*min(norms, normsp)
rotate = (norms.ge.deltas).and.(normsp.ge.deltas).and.(ortho.ge.O)
where ((beta.ge.O) .and.rotate)

c = sqrt((gamma+beta)/(2.O*gamma)) !cosine term
s = alpha / (2*gamma*c) !sine term
atemp = s*a + c*ap
utemp = s*u + c*up
ntemp = s*s*norms + c*c*normsp + alpha*c*s
ap = c*a - s*ap
Up = C*u - s*up
normsp= c*c*norms + s*s*normsp - alpha*c*s
a = atemp
u = utemp
norms = ntemp
irotl = irotl +1

endwhere
where ((beta.lt.O) .and.rotate)

s = ainnsar*((namma-)io2nOIAnmma) alvha\

c = alpha / (2.O*gamma*s)
atemp = B*a + c*ap
utemp = s*u + c*up
ntemn = s*s*norms + c*c*normsn + alnha*c*s
ap = c*a - s*ap
Up = C*u - S*up
normsp= c*c*norms + s*s*normsp - alpha*c*s
a = atemp
u = utemp
norms = ntemp
irotl = irotl +1

endwhere
where ((beta.gt.O) .and. (.not.rotate))

atemp = ap
utemp = up
ntemp = normsp
ap = a
Up = U

normsp= norms
a = atemp
u = utemp
norms = ntemp

endwhere
C communicate (a, ap) to/from processors aligned with odd rows

atemp = ap
utemp = up
ntemp = normsp
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ap = cshift(a, 1, sdown)
up = cshift(u, 1, edown)
normsp= cshift(norms, 1, sdown)
a = atemp
u = utemp
norms = ntemp

end odd index of even sweep
s It+ even i Ade
alpha = 2*spread(sum(a*ap,2),2,n)
beta = normsp -norms
ganma = sqrt((alpha*alpha)+(beta*beta))
ortho = 0.25*alpha*alpha - deltas*min(norms, normsp)
rotate - (norms.ge.deltas).and.(normsp.ge.deltas).and.(ortho.ge.O)

.and. (row.ne.m)
where ((beta.ge.O) .and.rotate)

c sqrt((gana beta .*gamma)) !coSine te
s a alpha / (2*gamma*c) !sine term
atemp = s*a + c*ap
utemp = s*u + c*up
ntemp = s*s*norms + c*c*normsp + alpha*c*s
ap = c*a - s*ap
up = c*u - B*up
normsp= c*c*norms + s*s*normsp - alpha*c*s
a s -a.,
u = utemp
norms = ntemp
irot2 = irot2 +1

endwhere
where ((beta.lt.0).and.rotate)

s = sign(sqrt((gamma-beta)/(2.O*gasmma)), alpha)
c = alpha f (2.O*gamma*s)

utemp = s*u + c*up
ntemp = s*s*norms + c*c*normsp + alpha*c*s
ap = c*a - s*ap
Up C*U - S*up
normsp= c*c*norms + s*s*normsp - alpha*c*s
a = atemp
u = utemp
nirum8 = ate-mp
irot2 = irot2 +1

endwhere
where ((beta.gt.O).and.(.not.rotate).and.(row.ne.m))

atemp ap
utemp = up
ntemp normsp

ap a
up =u

20
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normsp= norms
a = atemp
u = utemp
norms = ntemp

endwhere
communicate (a, ap) to/from processors aligned with odd rowsC

atemp = a
utemp = u
ntemp = norms
a = cshift(ap, 1, sup)
u = cshift(up, 1, sup)
norms = cshift(normsp, 1, sup)
ap = atemp
up = utemp
normsp= ntemp

enddo ! end even sweep
iroti = iroti + irot2
ntunrotate = sum(irotl(1:m,,),1)
print*,,' sweep ', isweep, ' ',numrotate,,'
if (numrotate.eq.0) goto 300

f .i. \ .owup .ue j.ws;awuuep, gU ooVV
goto 100

rotations'

cont inue
print*,'done rotation...calculating singular values...'
return
end subroutine svdcore

subroutine evaluatel (a.u.v.sv.irank.deltasm n)
integer m, n, irank
real a(m,n), v(m,n), u(m,n), sv(m), deltas
integer row(m,n), col(m,n), one(m), ier, i, j
real oned(m), tl(m,m), t2(m,m), t3(m,m)
layout a(:news,:news), u(:news,:news), v(:news,:news)
layout sv(:news)
layout row(:news,:news), col(:news,:news)
layout one(:news), oned(:news)
layout tl(:news,:news), t2(:news,:news), t3(:news,:news)
calculate singular values and rank
oned = sum(a*a,2)
sv = sqrt(oned)
where (oned.gt.deltas)

one =1
elsewhere

one =0
sv = 0.0

endwhere
irank = sum (one(1:m))
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G calculate v
t3 = spread (sv,2,m)
v = 0.0
where (t3(1:m,1:n).gt.0) v(l:m, I:n) = a(I:m, 1:n)/t3(I:m, l:n)

C debug codes beyond the next statement
return

C detailed check
print*OImax min of v'
print *, maxvaI(v(1:m, l:n)), minval(v(I:m, I:n))

C evaluate VtV
tl = 0.0
t2 = 0.0
tI~i:m, 1:n) = v(i:m, lIn)
t2 = transpose(ti)
t3 0.0
t3 a matmul (tI, t2)
forall (i=i:n, j1l:n) row(i,j)- i
forall (i=l:m, j=l:n) col(i,j)s j
print*,1maxval. VVt off diagonal ',

maxval(abs(t3(1:n,1:n)), mask=(row.ne.col))
C evaluate UUt

tC = 0.0
t2 a 0.0
tI(1:m, I:n) a u(I:m, f:n)
t2 = transpose(tl)
t3 = 0.0
t3 = matmul (ti, t2)
print*,'maxval UUt off diagonal ',

maxval(abs(t3(1:n,1:n)), mask=(row.ne.col))
100 return

end subroutine evaluatel

subroutine one2two(a, ap ,b~m,n)
integer m, n
real a~m,n), ap(mn), b(2*mn)

cmf$ layout a(:news, :news), ap(:news, :news), b(:news, :news)
forall (=lI:m, j1:n) a(ij)W b(2*(i-1) +1, j3
forall (i=l:m, jl:n) ap(i,j)' b(2*i, j)
return
end

subroutine two2one(a,ap,b,m,n)
integer mi, n
real a(m,n), ap(mn). b(2*m,n)

cmf$ layout a:news, :uews), ap(:nevs, :news), b:news, :news)
forall (i=2:2*m-1:2, j=-:n) b(i,j)= a(1+((i-1)/2L, j)
forall (i=2:2*m:2. j=l:n) bD(i~j)= ap(1+t(i-13,/23,j3

'-nLI4
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return
end

subroutine evaluate2 (a,u,a-original,m,n)
integer m, n, irank
real a(m,n), u(m,n), a-original(m,n)
real tlim,m), t2(m,m), t3(m,m)

cmf$ layout a(:nevs,:news), u(:news,:neus)
cmf$ layout a-original(:news, :news)
cmf$ layout tl(:news,:news), t2(:news,:news), t3(:news,:news)
c
C evaluate USVt

tl = 0.0

t2 = 0.0
t2 (1:m,l:n) = a
tl(l:m. f:n) = u(l:m. in)
ti1 = transpose(ti)

t3 = 0.0

t3 = matmul (t1, t2)
t3(1:m,1:n) = t3(1:m, 1:n) - a-original
print*,'error a max(abs( U S Vt - A )) is ' maxval(abs(t3))
return
end subroutine evaluate2
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CM FORTRAN CODE FOR SUBROUTINE SVD OPTIMIZED FOR THE CASE
m > n

N.B.-The main subroutine svd contains 7 units: svdcore contains the main Jacobi rotation codes;
two2one allocates arrays on the CM two row-elements per processor while one2two performs
the reverse process; evaluatel calculates the S and V matrices; evaluate2 calculates the residual
error; p2one allocates an m x m array into m arrays, each x n, while one2p performs the
reverse. In this unrolled version of svdcore similar chunks of codes are repeated 4 times, each
slightly different from the other. This is to avoid invoking if-then clauses that would otherwise
fragment the resulting codes. Further, calculations involving the matrix U is carried out in a
m--times do loop.

subroutine svd (ab,ub,vb,sv,p,m,n,irank,isweep,eps)
C Author: Nhi-Anh Chu
C Connection Machine Facility
C Code 5153, Naval Research Lab
C Nov 9 1990

C Revised Jan 3 1991
C p = 2*int(m/n)
C ab -- 2m x n matrix A, to be decomposed into singular values
C sv = diag (S) such that A = (U S Vt)

C ab is returned as (Ut A) where Ut is product of Jacobi rotation
C matrices on (At A)
o ub -- 2m x 2m matrix returned with Ut
C vb -- 2m x n matrix returned with Vt
C sv -- 2m-vector returned with diag(S), the singular values of A
C irank -- integer returned with the rank of A
C isweep -- integer returned with number of sweeps of the rotations;
C each sweep orthogonalize every row-pair combinations of A
C eps -- real number specifying the machine precision, used to determine
C a "zero"

intger.pt p m, p, ±1 Wlmsw,

real ab(2*m, n), ub(2*m, p*n), vb(2*m, n), sv(2*m)
real eps, deltas
real a(m, n), ap(m,n), u(p,m,n), up(p,m,n), v(m,n), vp(m,n)
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real aoriginal(2*m, n)
cmf$ layout a(news, mews), ap(:news, :news), u(:serial, mews, mews)
cmf$ layout up:serial, :news, :news), v(:news, mews), vpOnews, mews)
cmf$ layout ab(mews, :news), ub(:news, mews)., vb(:news, mnews)
cif$ layout sv<:news), a_original(mews, :news)

interface
subroutine one2two(aapb, m, n)
integer n, n
real a~mn), ap(n,n), b(2*m,n)

cmf$ layout a(:news, mews), ap:0news, mews), b(:news, :news)
end interface

interface
subroutine svdcore (a, ap, a, up, p. a, n, irank, isweep, deltas, eps)
integer irank, isweep, p, m, n
real a(m,n), u(p,m,n),ap(mtn), up(pm,n). epsdeltas

cmf$ layout a( mews,:nevs), u(:serial, :news,:news)
cmf$ layout ap(mews,:news), up(:serial, :news, :news)

end interface

interface
subroutine two2one a,ap ,bmn)
integer m, n
real a(m,n), ap(m,n), b(2*m,n)

cimf$ layout a(:news, mnews), ap(news, mews), b(mnews, :news)
end interface

interface
subroutine p2one(u,up,ub,p,m,n)
integer p. m, n
real u(p,m,n), up(pm,n), ub(2*m,p*n)

cmf$ layout u(:serial, mews, :news), up(:serial, news, :news)
cmf$ layout ub(:news, :rews)

interf ace
subroutine one2p(u,up,ublpm,n)
integer p, m, n, k
real u(p,m,n), up(pim,n), ub(2*m,p*n)

cmf$ layout u(:serial, :news, :news), up(:serial, :nevs, mews)
cin$ layout ub(:news, mews)

end interface

interface
subroutine evaluatel (a>u~v,sv,irank,deltasm,n)
integer m, nL, irank
real a(min, v(mn), u(m,m), sv(In), deltas
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cmf$ layout a(:news,:news), u(:news,:news), v(:news,:neiws)
cmf$ layout sv(:news)

end interface

interface
subroutine evaluate2 (a,u,a_original,m,n)
integer m, n
real a(m,n), u(m,n), asoriginal(mn)

cmf$ layout a(:news,:news), u(:news,:news)
cmf$ layout a.original(:news, :news)

end interface
- -- -- -- - --- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -----

C make sure that p is 2*m/n
if (p.ne.(2*m/n)) stop 'p must be equal to m/n'
a-original = ab
print*,'call one2two'
call CMltimerslear(1)
call CMltimer-start (1)
call one2two(a, ap, ab, m, n)
call one2p(u, up, ub, p, m, n)
call CM-tinmer..stop(1 )
call CM.timer.print (1)
print*,'call svdcoreJ
call CMttimerstart(1)
call svdcore (a, ap, u, up, p. m. n, irank. isweenR deltas; Aps)
call CMltimermstop(l)
call CMWtimer.print(1)
call CM.timer.start(1)
print*, 'call two2one'
call two2one(a, ap, ab, m, n)
call p2one(u, up, ub, pJ m, n)
call CM-t imer-stop (1)
call CM.timer.print (1)
print*,'call evaluate'
call CMLtimer.start(1)
call evaluatel (abubvb,sv,irank,deltas,2*m,n)
call evaluate2 (ab,uba.original,2*mn)
call CM-timer.print(1)
print*,' .. .done svd'
call CMltimer.stop(1)
return
end subroutine svd

subroutine svdcore (a, ap, u, up, p, m, nirank,isweep,deltas,eps)
integer pJ m, n, irank, isweep
real a(m,n), u(p,m,n), apamn), up(p,mn), eps, deltas

C Main locals
real alpha (mn), beta(m,n), gamma(rmn), c(m, n), sOm, n)
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real norms(m,n), normsp(m,n)
C scalars to compute convergence criterion

real epss, Fnorms
C temporaries

real atemp(m,n), utemp(p, mn), ntemp(m,n), ortho(m,n)
integer rowum,n), col(m,n), irotl(m,n), irot2(m,n)
logical rotate (mn)

C loop control variables
integer m2, index, k, i, J, numsweep, nuarotate

G constant

integer sup, sdown
C layout on the connection machine
cmf$ layout a(:news,:news), u(:serial,:news,:news)
cmf$. layout ap(:news,:news), up(:serial, :news, :news)
cnf$ layout norms(:news,:news), normsp(mnewsmnews)
cmf$ layout alpha(:news, :news), beta(:news,:news), gama(mnews, lews)
cmf$ layout utemp( :serial, :news,:news)
cmf$ layout atemp(:news,:news), ntemp(:news,:news)
cinf$ layout c:news,:news), s(:news,:news)
cit$ layout row(:news,:news), col(:news, news)
cmf$ layout irotl.inews, :news), irot2(:news, :news)
cmft layout orthoC:news,:news), rotate(:mews, :news)
C----------------------

C initialize
m2 = 2*m

numsweep = isweep
if (m2.1lt.n) then

print*,'There must be no more columns than rows.
print* 'Transpose the matrix'
irank = 0
stop

end it
epss eps*eps
sdown= +1 !aOk)OC---a(k+l)

sup - a1'>k+1)<-a{>k)
norms = spread (sum(a*a2),2,n)
normsp spread (sum(apsap,2),2,n)
Fnorms sum(norms(:,i),l) + sum(normsp(.,1),1)
A ti -+-. a- . a

print*,'Frobenius norm squared = ', Fnorms
print*,'Square of machine precision * Fnorm = ', deltas
u =0.0
up = 0.0
do k -j, p

forall (i=l:m, j1=:n) col(i,j) = J+ (k-1)*n
forall {i=l:m, j=1:n) row(ij) = 2*i-i
where (row.eq.col) u(k,:,:)= 1.0
forall (i=1:m, j=l:n) rowvi,j) = 2*i
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where (row.eq.col) up(k,:,:) =1.0
enddo
forall (i=1:m, j1i:n) row(i,j) = i

C…-…--------------------…-…-…-
isweep = 0

100 continue
C start odd sweep

isweep = isweep +1
norms = spread(sum(a*a,2),2,n)
normsp = spread(sum(ap*ap,2),2,n)

C unroll loop by 2
do index = 1, m2, 2

C start odd index
alpha = 2*spread(suim(a*ap,2),2,n)
beta = norms -normsp
gamma = sqrt ( (alpha*alpha) + (beta*beta))
ortho = O.25*alpha*alpha - deltas*min(norms, normsp)
rotate = (norms.ge.deltas).and.(normsp.ge.deltas).and.(ortho.ge.0)
where ((beta.ge.0) .and.rotate)

c = sqrt((gamma+beta)/(2.O*gamma))
s = alpha / (c*gamwua*c)
atemp = -s*a + c*ap
ntemp = s*s*norms + c*c*normsp - alpha*c*s
ap = c*a + s*ap
normsp c*c*norms + s*a*Yormsr + nha*kc*
a = atemp
norms = ntemp

endwhere
where ((beta.lt.0) .and.rotate)

s = sign(sqrt((gamina-beta)/(2.0*gamma)) , alpha)
c = alpha / C2.0*gamma*s)
atemp = -s*a + c*ap
ntemp = s*s*norms + c*c*normsp - alpha*c*s
ap = c*a + s*ap
normsp= c*c*norms + s*s*normsp + alpha*c*s
a = atemp
norms = ntemp

endwhere
do k=lp
where (rotate)

utemp(k,:,:) = -s*u(k,:,:) + c*up(k,:,:)
up(k,:,:) =c*u(k,:,:) + s*uplk,:,:)
u~k,:,:) =utemp(k,:,:)

endwhere
enddo
where ((beta.gt.0).and.(.not.rotate))

atemp = ap
ntemp = normsp
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ap a a
normsp = norms
a atemp
norms - atemp

endvhere
do k =I,p

where((beta.gtt.0) .and.(.not .rotate))
utemp(k,:,:) = up(k,:,:)
up(k,:,:) = u~k..:)
ufk,:,:3) = uterp(k,:,:)

endwhere
enddo

communicate (a, ap) to/from processors aligned with odd rows
atemp = ap
ntemp = normsp
ap =cshift(a, 1, sdown)
normsp =cshift(norms, 1, sdown)
a - atemp
no~rms = ntemp
do k=fp

utemp(k,-,:) - up(k,:,:)
up(k,:,:) =cshift(u(k, ,:.), 1, sdown)
u~k, ., ) = utemp(k,:,:)

enddo
start even index
alpha = 2*spread(sum(a*ap,2),2,n)
beta r norms -normsp
gamma = sqrt((alpha*alpha)+(beta*beta))
ortho = 0.25*alpha*alpha - deltas*min(norms, normsp)
rotate = (norms.ge.deltas).and.(normsp.ge.deltas).and.(ortho.ge.0)

-anh= (rota fl m)
where ((beta.ge.) .and.rotate)

c = sqrt((gamma+beta)/(2.o*gamma)) !cosine term
a alpha / (2*gamma*c) Isine term
atemp = -s*a 4 c+ap
ntemp = s*s*norms + c*c*normsp - alpha*c*s
ap = c*a + s*ap
normsp= c*c*norms + s*s*normsp + alpha*c*s
a = -aivm
norms = ntemp

endwhere
where ((beta.lt.O).and.rotate)

s - sign(sqrt((,gamma-beta)/(2.o*gamna)) , alpha)
c C alpha / (2.0*gamna*s)
atemp = -s*a + c*ap
ntemp = s*s*norms + c*c*normsp - alpha*c*s
ap = c*a + S*ap
normsp= c*c*norins + s*s*normsp + alpha*c*s
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a = atemp
norms = ntemp

endwhere
do k=l,p

where (rotate)
utemp(k,:,:) = -s*u(k,:,:) 4 c*up(k,:,:)
up(k,:,:) = c*u(k,:,:) + s*up(k,:,:)
u~k,:,:) = utemp(k,:,:)

endwhere
enddo
where ((beta.gt.0).and.(.not.rotate).and.(row.ne.m))

atemp = ap
ntemp = normsp
ap = a
normsp = norms
a = atemp
norms = ntemp

endwhere
do k=1,p

where ((beta.gt.0).and.(.not.rotate).and.(row.ne.m))
lltempr~, :,:) - P6k, N:

* % 1 - I . 1

up(k,:,:) = uk,:,:)
u~lk,:,:) = utemp(k,:,:)

endwhere
enddo

C communicate (a, ap) to/from processors aligned with odd rows
atemp = a
ntemp = norms
a =cshift(ap, 1, sup)
norms =cshift(normsp, 1, sup)
ap = atemp
normsp = ntemp
do k=l,p

utemp(k,:,:) = uk,:,:)
u(k,:,:) =cshift(up(k,:,:), 1, sup)
up(k,:,:) = utemp(k,:,:)

enddo
enddo ! end odd sweep

C start even sweep
C number of rotations kept in irot1 and irot2

isweep = isweep +1

iroti =0
irot2 =0
do index = 1, m2, 2

C start odd index
alpha = 2*spread(sum(a*ap,2),2,n)
beta = normsp -norms
gamma = sqrt((alpha*alpha)+(beta*beta))
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ortho 0.25*alpha*alpha - deltas*min(norms, normsp)
rotate = (norms.ge.deltas).and.(norisp.ge.deltas).and.(ortho.ge.0)
where ((beta.ge.0) .and.rotate)

c = sqrt((gamma+beta)/(2.o*gamma)) Icosine term
8 = alpha / (2*ganima*c) !sine term
atemp = s*a + c*ap
ntemp s*anorms + c*c*normsp + alpha*c*s
ap - C*a - s*ap
normsp= c*c*norms + s*s*normsp - alpha*c*s
a a atemp
norms = ntemp
iroti = irotl +1

eudwhere
where ((beta.lt.O).and.rotate)

a sign(sqrt((gamma-beta)/(2.O*gamma)) , alpha)
c a lpha, / (2.Osgaass)
atemp = s*a + c*ap
ntemp = s~s*norms + c*c*normsp 4 alpha*c*s
ap = c*a - s*ap
normspa c*c*norms + s*s*normsp - alpha*c*s
a atump
norms = ntemp
irotl = irotl +1

anR -Wh er e
do k=1,p

where (rotate)
utemp(k,:,:) = su(k,:,:) + c*up(k1 :,:)
up(k,:,:) c*u(k,:,:) - s*up(k,:,:)
u~k::j = utemp(k,:,)

endwhere
enddo
WI e ,Uek lJbd. .VJ .d~. \ .f.noLrt.dtie3)3

atemp = ap
atemp = normsp
ap = a
normsp= norms
a a atemp
norms = ntemp

endwhere
do kC =1,p

where ((beta.gt.0).and.(.not.rotate))
utemp(k,:,:) = up(k,:,:)
up(k,:,:) = ulk,,.:)
u(k,:,:) = utemp(k,:,:)

endwhere
enddo

C communicate (a, ap) to/from processors aligned with odd rows
ateemp = ap
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ntemp = normsp
ap = cshift(a, 1, sdown)
normsp= cshift(norms, 1, sdown)
a = atemp
norms = ntemp
do k1l,p

utemp(k,:,:) = up(k,:,:)
uprk:w:)=cshft~uk,:,)j i sdown)

u~k,:,:) = utemp(k,:,:)
enddo

end odd index of even sweep
start even index

alpha = 2*spread(sum(a*ap,2),2,n)
beta = normsp -norms
gamma = sqrt((alpha*alpha) +(beta*beta))
ortho = 0.25*alpha*alpha - deltas*min(norms, normsp)
rotate = (norms.ge.deltas).and.(normsp.ge.deltas).and.(ortho.ge.0)

.and. (row.ne.m)
where ((beta.ge.0) .and.rotate)

c = sqrt((ganma+beta)/(2.0*gamma)) !cosine term
s = alpha / (2*gamma*c) !sine term
atemp = s*a + c*ap
ntemp = s*s*norms + c*c*normsp + alpha*c*s
ap = c*a - s*ap
normsp= c*c*norms t 8*S*normsp - alpha*c*s
a = atemp
norms = ntemp
irot2 = irot2 41

endwhere
where ((beta.lt.0) .and.rotate)

s = sign(sqrt((gamma-beta)/(2.0*gamina)) , alpha)
c = alpha / (2.0*gamma*s)
atemp = s*a + c*ap
ntemp = s*s*norms + c*c*normsp 4 alpha*c*s
ap = c*a - s*ap
normsp= c*c*norms + s*s*normsp - alpha*c*s
a = atemp
norms = atemp
irot2 = irot2 41

endwhere
do k=l,p

where (rotate)
utemp(k,:,:) = s*u(k,:,:) + c*up(k,:,:)
up(k,:,:) = c*u(k,:,:) - s*up(k,:,:)
u(k,:, :) = utemp(k,:,:)

endwhere
enddo
where ((beta.gt.0).and.(.not.rotate).and(row.ne.m))
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atemp = ap
ntemp = normsp
ap = a
normsp= norms
a = atemp
norms * ntemp

endwhere
do k=i.p

where ((beta.gt..0).and.(.not.rotate) .and.(ro-w.ne.m))
utemp(k,:,:) = up(k,:,:)
up(k,.,:) =Uk,:,:)
utk:,:) = utemp(k,:,O)

endwhere
enddo

C communicate (a, ap) to/from processors aligned with odd rows
atemp = a
ntemp - norms
a = cshift(ap, 1, sup)
norms = cshift(normsp, 1, sup)
ap = atemp
normsp= ntemp
do k=1Ip

utemp(k,:,:) = U~k,:,:)
u~k,:.:) = cshift(up(kI:,:), 1, sup)
up(k,:,:) a utemp(k,:,:)

enddo
enddo a end even sweep

irot1 iroti 1 irot2
numrotate - sum(irot(1 :m,1),1)
print*,,' sweep ', isweep, ' ',nunrotate,' rotationsa
if (nuznrotate.eq.0) goto 300
if (isweep.eq.numnweep) goto 300
goto 100

300 continue
print*,'done rotation ... calculatin sinigular values...
return
end subroutine svdcore

subroutine evaluatel (au,v,sv,irank,deltas,m,n)
integer m, n, irank
real a(m,n), v(n,n), u(m,i), sv(n), deltas
.LfL:uge. rAwm,m'111, co'1 tdm,mJI I-L L j

real tl(m,m), t2(nrn), t3(n,n)
cra$ layout a(:news,:news), u(:news,:news), v(:news,:news)
cmf$ layout sv(:news)
cf layout row(.mews,.news), col(:news,:news)
cra$ layout tl(:news,:nevsw), t2(:nevs,:news), t3G.nevs,:news)
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C calculate singular values and rank
t3 = a(1:n, I:n)
sv - sqrt(sum(t3*t3,2))
irank = count(sv.gt.sqrt(deltas))

C calculate v

t2 spread (sv,2,n)
v = 0.0

where (t2.gt.O) v = t3/t2
C debug codes beyond the next statement
C return
C detailed check

print*,'max min of v' ,maxval(v), minval(v)
C evaluate VtV

t2 r matmul (transpose(v), v)
forall (il:m, j=l:m) row(i,j)= i
forall (i1l:m, j=l:m) col(i,j)s j
print*,Imaxval Vt off diagonal ', maxval(abs(t2),

mask=(rov(l:n, l:n) .ne.col(l:n,l:n)))
C evaluate UIt

tl = matmul (transpose(u), u)
print*,'maxval UUt off diagonal '

maxval(abs(tl), mask=(row.ne.col))
100 return

end subroutine evaluatel

subroutine one2tvo(a,ap,bmn)
integer m, n
real a(m,n), ap(mn), b(2*mn)

cmf$ layout a(:news, :news), ap(:news, :news), b(:news, :news)
forall (i1l:m, j=l:n) a(i,j) b(2*(i-1) +1, j)
forall (i1l:m, j=1:n) ap(i,j)= b(2*i, j)
return
end

subroutine two2one(a,ap,b~msn)
integer m, n
real a(m,n), ap(m,n), b(2*m,n)

cmf$ layout a(:news, :news), apl:news, :news), b(:news, :news)
forall (i=1:2*i-1:2, j=l:n) b(i,j)= a(l+((i-l)/2), j)
forall (i-2:2*im:2, j-l:n) bVi,j)= ap(1+((i-1)/2),j)
return
end

subroutine one2p(u,upub,pmn)
integer p, m, n, k

real u(p,m,n), up(p,m,n), ub(2*m,p*a)
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cmf$ layout u(:serial, :news, :news), up(:serial, :news, :news)
cmf$ layout ub(mnews, :news)

do k 21,p
forall .,(=i:2*m-i:2, j=k:(k+n-1)) ubki,j)= uk,1+((i-1)/2), j)
forall (i=2:2*m:2, j=k:(kin-1)) ub(isj)= up(k,14((i-1)/2),j)

enddo
return
end

subroutine p2one(u,up,ubpm.n)
integer pJ m, n, k
real UkprnnFf),B Up(p'm'n), ub(2*mp'n)

cmf$ layout u(:serial, :news, :news), up(:serial, :news, :news)
cmf$ layout ub(:news, :mews)

do k ti,p
forahl (i-1:2*m-1:2, j=l:n) ub(i,j+(k-l)*n)= u(k,14((i-1)/2), j)
forall (i2:2*m:2, j=i:n) ub(ij+(k-l)*nW up(k,14((i-i)/2),j)

eaddo
return
eaQ

subroutine evaluate2 (a,u,a.original ,imn)
integer m, n, irank
real a(m,n), u(mam), asoriginal(m,n)
real tl(mn)

cmf$ layout a(:newsanews), u(:nLews,:news)
cmft layout asoriginal(:nevs, :news)
cms$ layout t1 :i.;awanewz
C evaluate USVt
C (SVt) iB already in matrix a

ti = matmul(transpose(u), a) - a-original
print*,'error = max(abs( U S Vt - A )) is ', mazval(abs(tl))
return
end subroutine evaluate2
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CM FORTRAN CODE FOR TEST DRIVER

program svdtest
C test program for singular value decomposition (svd) subroutine

integer, parameter:: mm=512, nn=512
integer m ,n ,irank, isweep, b~mm,mm), ans, i
real a(mm, nn), u(mm,nn), vnmm,nn), svenim)
real eps, error

cmf$ layout a(:news, :news), b(:news, :news), u(:news,:news)
cmf$ layout v(:news, :news), sv(:news)

interface
subroutine svd (ab,ub,vb,sv,m,n,irank,isweep,eps)
integer m,n,irank,isweep
real ab(2*mn), ub(2*mn), vb(2*mn), sv(2*m) ,eps

cmf$ layout ab(:news, :news), ub(:news, :news), vb(:news, :news)
cmf$ layout sv(:news)

end interface

call CMWset.safety.mode(O)
print*,'eps (default to 2.22e-16)'
read* , eps
if (eps.le.0) eps = 2.22e-16
print*, eps
a= 0.0
print*,'m, n of matrix ?I
reads, m,n
print* ,m,n
print*,'max number of sweep ?'
read* Jisweep
print*, isweep
print*, 'creating a random matrix'
call cmfnrandom (a(1:m,1:n))
print*,'maxval matrix =',maxval(a(1:m,1:n))
print*,'call svd routine'
call svd(a(1:m,1:n),u(1:m,1:n), v(l:m,1:n), sv(l:m),

m/2, n, irank, isweep, eps)
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print*, 'exit svd routine'
stop

end

"10
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