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INCOMPLETE LIPSCHITZ-HANKEL INTEGRALS
OF MACDONALD FUNCTIONS

INTRODUCTION

An incomplete Lipschitz-Hankel integral of MacDonald functions K,(z) may be defined as the
following function of two complex variables:

Ke,(a, z) = z eaitKKv(t)dt. (1)

Here the symbol e denotes the presence of the exponential function and v may be complex. Analo-
gously, we may define integrals which contain the functions sin (at) and cos (at) in place of exp (at):

K14(a, z) _ sin (at)tFK,(t)dt

KC (a, z) Iz cos (at)tvK (t)dt. (2)

To assure convergence of the integrals in Eqs. (1) and (2), it is necessary that Re v > -1/2.
Ks (a, z) converges for Re v > -1.

Agrest and Maksimov [1] have found representations for Ke (a, z) by using incomplete cylindri-
cal functions. In this report we derive representations for Ke(a, z), K5 (a, z), and Kc,(a, z) by
using Kamp6 de F1riet double hypergeometric functions. We then give a representation for a general-
ization of Ke (a, z).

PRELIMINARY RESULTS AND DEFINITIONS

To begin, we state some well-known results that are found in Refs. 2 or 3:

i t0K,(t)dt = (,a + v - l)zK,(z)s 1,-, 1'-(z) - zK,1(z)s,',(Z) (3)

5 tAKP(t)dt = (1j, + v - l)zK,(z)S,_j, 1-l(z) - zKv1 (z)SA,^(Z) (4)

where the s,,,, S^ > are Lommel functions:

ZiL+l 1F ' F+ 
3 /i+ v+ 3 _Z2~. 5

S11((Z) = t + P + 1)(- v + 1) LF2 1; 2 2 4 (5)

When either of the numbers ut 1 v is an odd positive integer,

Z'U- P_____+ F+ it 1 -41
S"(Z)= - 2 2; 42 ] (6)
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A. R. MILLER

We shall also need the Wronskian

K,+1(z)I,(z) + K"(z)Il+(z) = l/z -

By using Eqs. (4) and (6) we obtain for n an odd positive integer

z tv Kp(tdt = 2P +n - p + I] r ^2 + n + Ij

- (2v + n -_ )Z+n- K^(Z)3FO 1, in 3 - 2V -f; -;

Z"+~K Kv-)Fo | 1, -n 1 - 2 v -n _ 4-z FnP1\ZJ)3FOL1 2'9 2;z

However, for all nonnegative integers n we find by using Eqs. (3) and (5)

t'+nKp(t)dt = Z KV(Z)1F2 F1; 2' 2n ;10 ~~~~~~~~~n + 1 2'~ L 2'

(7)

4 -
z2 

(8)

z2

4

+ (n +1)(2 +f+2 F1. n + 3 2v 2 +3 
+n .l)(2v + n + 1) K~. 1(z)jF 2 2 22-1 (9)

Equations -(8) and (9) are given in Ref. 2 for v = 0.

We define the following Kampd de Feriet double hypergeometric functions and give associated
generating relations [4,5]:

0:1;1
L[a, ,; -y, 6; x, y] = F2:0;0 yi

: (x ; 1 ;1: a; _3; x~1 lxI
.- , ,y J Ix < 00, IYI < 0O

M[a, /; y, 6; x, y] _ F 1:0 L
a: -; /
-Y 6;- ;X, 1XIx

0:2; 1 -:a,/3; ;
Q [a', )' 'Y; A' 'v' ); x, y] = F2:1;0 /j, v: ; _,I x, Y |X |

Lfa, 3; y, 6;x~ m - (x) =( 6)m m F/3; M

< 00, IYI < 1

< co, IYI < O0

+ y, m + 6; YA

o0 (a)m xm
MIa, 3; -y, 6; x, tx] = E - 3Fo[, -m, 1 -

m =0 (-Y)m (6)m m !
6 - m; -; t]

2

(10)

(11)
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0m (CZ).(3). xM
QIoC, /3, ,y; /t, v, X; x, y = m (L)m(Om - jF 2 1[y; m + A, m + v; y].

m =0 W#M (V)m W\M m .

It is easy to see that the function L is a special case of Q:

Q [o, ), 0; y, 6, )X; x , y ] = L [a, 0; y, 6; x , y]I.

REPRESENTATION FOR Ke (a, z), I a I < 1

Integrating the right-hand side of Eq. (1) term by term, we have

Ke (a , z ) = ,
n =0

a2 n z tp2 a ) 2 n +1 z t2 v

-(2n! 10n =0 (2n + 1)! so
(13)

By using Eqs. (8) and (9), observing that

co 2a~n +1 3 2
E 2Y +In r(n ± l)r(v + n + 1) a2 ) = 21' I(1 + v)a 2F, F1, I + v; 2 ; al
n=O (n+) 

and taking note of Eqs. (10) and (11), we obtain

Ke(a, z) = 2 r(l + v) a 2F1 [I + v, 1; - ; a2]

+ zvK^(z) {zL | -+ v, 1; 3 2 + 2; Z2l '- -2avM I + 3, 1; 3 3 v;4 4L '2

Kz ....l(z) - 2 [2 z2 -aM vP13,+;az
+ z^+l~vl~z) {l2 L ;2 +v;2 4 v 4 ]- M[vl;2 , I 9v

We readily show that

lim 6Mtoz, /3; -y, 6; x, y] = -- M[oz + 1, /3; -y + 1, 2; x, y]
6-0 ly

from which it follows that

lim 2vM v + 1, 1; 3 - v; aZ , a2
V-0 2 4 1

= 2 a2z2M 2,3 2 5 a z2

' 2 ' ' 4

3

(12)

a2Z2

4 '
a2

a2]} (14)

a2].



A. R. MILLER

Since K^(z) = K-,(z), 2 F1 1, 1; 3-; a2 = sin- 1 a/a(1 - a2) 1 /2, Eq. (14) for v = 0 gives the

result

KeO(a, z) = (1 - a2 )-/ 2 sin-'a

+ zK0 (z) {L [ 1 1; 3 1; a z z] a3ZM [21; 2, 2; a2z2 a2] 4

{) 2 2 2; 4 , 4 ] - aM 1,1; 2-,1; 4 Z a2 } (15'

Equation (14) is valid for Re v > -1/2 and I a < 1. It is shown in Ref. 4 that

M[oa, 1; -y, 6; tx, t] = 1 + OF1[-; 6; x](2Fl[a, 1; -y; t] - 1}

-2y [I+ 1 )Q[1 + a, 1, 1; 2 + 6, 3, 1 + -y; tx,x]. (16)

This equation provides the corollary that M[a, 1; -y, 6; tx, t] converges on the unit circle I t I = 1 if
and only if 2F1[cx, 1; 'y; t] does. We then deduce that Eq. (14) is conditionally convergent on
Ia I = 1, a * i1 provided that IRev |< 1/2.

REPRESENTATIONS FOR Ke(a, z), jaI < a o

We may, however, use Eq. (16) to better advantage. We find

3+,; ; z ,a2] = 1 +

a2(z2/4)2

3v
2+

[ r(v) (z) £2 F [1 + v, 1; 3;a2] - 1

v, 1, 1; 2 + v, 3 2; az z ]

3 a2Z 2 = I1 +
v, l;2j 1I + v; 4 a

a2(Z2/4) Q 2 + V, 1,
3(2 + v) L 1; 3 + v, 3,52 ; 4 '

4

M 1+
SX r~ l + )

7-Ir(1 + v)i,(z)

z2 1
4]

I 1 + V, 1; 3; a2 - i
2
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By using these equations with Eq. (14) and taking note of Eq. (7), we deduce

Ke(a, z) =2 r(1 + v) a + z'K(z)A(a, z) + z K._ (z)B,(az) (17)

where

[1 31 a2Z2 Z2l
A,(a, z) azL [2 + 1; 2 ' 2+ v;4 4]

13z4 a2Z2 z2] p
+ a24 Q [2+ , 1, 1; 2 , 3 , 2 4 4]

az ___ 2Z Z

Bvp(a , Z) - +2L 1L + v, 1; 3 , + v; 4,Z 

+ QL2+I + 12v 2±v 22 4_ 42

a3Z Z Fi 3 a22z2z~

+ 4 8(2 ) Q [2 + v, 1, 1; 3 + v, 3, 2;4 4]a

This equation is valid everywhere in the complex a-plane.

We obtain another somewhat simpler representation for Ke (a, z), I a < oo by using Eq. (13)
together with Eqs. (9), (10), and (12):

Ke (a, z) = z+ 'Kv(z) {L f2 + v, 1; 22 I + v; 4 ,4

+ az Q + , 1, 1; 1 + 2, 3; a2 4z2']1

+ z^2K,,-I(Z) { +2 L- + F, 1; 2 + v; 22

+ az Q 1 + v 1; 2 + 2,3 a2 Z2 l (18)
4(1 + v) 2 4 '4J

5



A. R. MILLER

REPRESENTATIONS FOR KS (a, z), Kc (a, z)

By using Eqs. (14), (17), and (18) we easily obtain the following:

K, (a, z) = 2v r(1 + i) a 2F1 L1 + v, 1; 3-a2]

-azv {2vKv(z)M Li + v, 1; 3 -a; 22 -a2

2Z2

3 ~-az 21
+ ZKV-1(Z)M L1 + V, 1; 2 1 + v; 4Z a

Ks (a, z) = 2V rP( + v) a

- z"K"(z) { Q L2 +v, 1, 1; 2 + , 3 ; -a2Z2
2P 4 

4 j ~+ 2a

a + 5; -a2z2
- 1KV.1(Z) 1- 48(2 Q+2 + P, 1, 1; + F', 3, 2'

az 2+v rL= az FKV(Z)Q L1
2 2+ z,-z)Q LI ++ v, 1, 1; 1 + v,

v, 1, 1; 2 + v, 2,

3 -a2 Z2 z2
2' 4 ' 4

3 -a2Z2 z2il >
2' 4 ' 4

I +P,1;3,1 + ;-a2z2 21
KC(a, z) = zl+"K,(z)L + v, 1; j, 2 + v; -z Z

+ 1 + 2v K,-,(z)L 2 + v, 1; 2 222 + 2; 41, 4

These equations are valid for I a I < 0 except Eq. (19) which is valid for I a I < 1. For v = 0,
Eq. (19) may be written

Ks (a, z)= (1 + a2) a Faz{ KO(z)M 2, 1; 2 2; 4 ,-a

-K1(z)M [1, 1; 2 , 1; 4 ,-a2 a I < 1, a * i

6

(19)

z2
+ a

4
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REDUCTION FORMULAS

It is shown in Ref. 5 that

Q[CZ, 1, 1; -y, 6, ,; x, x] = 1F21l; Y, 8; xI

+ a 2 F 3[1, C + 1; -Y, , ; X]

where, when -y or 6 is a positive integer, we find the following useful: for n = 1, 2, . . .

1F2[1; 1 + n, 1 + v; y] = rI (v - k) 0 F1 [-; 1 + P - n; Y]
n k=OL

n-l k
- r, Y-k

k=_o (I 4- v - n )k k ! 

We may show by using Eq. (20) that

L [2 + v, 1; 2' 2 + v; Z2
49

z2¾

4 
sinhz

z

L 2 + v, 1; 3 ,2 I+ v; Z4, Z4] 2v sinhz + 1
1 + 2v z 1 + 2v

By using Eqs. (20) and (21) we arrive at

Q 2 + , 1,1; 3+ v,3 25 X 2 X 2Q [2 + F', 1, 1; 3 + P, 3,2 4 4

+ 2v 4 coshx -2r(2 + v) LVi 4(x) + 1 + 2v .

It is not too difficult to verify that

= 60 sinh x -4 cosh x + x2 + 4.

9

7

(20)

(21)

(22)

(23)

(24)

7 X2
IF2 2; 4, -; -

2 4
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Then by using Eqs. (20), (21), and this result, we find

Q 2+ , 1, 1; 2 + v, 3, 4' 4

1 f 2 4 sinh x + 2V cosh x -4 r(2 + v) I Iv(x) + 2V(1 + 2V) .

We may show directly from the definition of Q that

Q[a, 1, 1; /3, -y, 6; x, y] = 1F2[1; /, 'y; y]

+ :°t Q[a + 1, 1, 1; /3 + 1, -y + 1, 6 + 1; x, y] .

In particular, we find by using Eq. (21) that

F CA + 1,1, 1; 1,2X62 4 2 4/3 f p R-(1i

Y2 9I\ '~ -1X. I 

+ a +I 2F X2 y 2 1
+ 6(3 + 1) 8 Q a + 2, 1, 1; , + 2, 3, 6 + 1; 4 , 4

Then, using this result and Eq. (24) we find

F [1 +v, , 1 2 +V,,_X43x X4 2
Q 1 + F', 1, 1; 2 + v, 2, -

1+ ' 4 oshx-
1 + 2P x2 L2 (27)r(l + v)Ip(x)1.

This may also be obtained directly from Eqs. (20) and (21). Now by using Eqs. (25) and (26) we
deduce

Q [I + v, 1, 1;

2 1 §2V coshx +
I + 2V X C X

1 + 2h -; X2 X4 +

Sinh x - F] (1 + V)Iv-l(x) -

8

(25)

(26)

(28)
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Equations (22)-(25), (27), and (28) may be used together with Eqs. (17) or (18), the identity [3]

zKv,-(z) - zKr+1(z) + 2vK,(z) = 0

and Eq. (7) to obtain

Kc(1, z) =

Ke,(-1, z) =

Equation (29) was first derived
results is given in Ref. 1.

A(z) v+l )}j 1K 2z- + 2 2 1 + 2v

{K(z) - Kv+(z) I + 21 + 2i2

(29)

by Luke [6] in 1950 for integral P. Another derivation for these

GENERALIZATION OF Ke (a, z)

We define for complex numbers a and z

(30)

Analogously, we may define Ks (a, z) and Kc (a, z) by replacing exp (at) by sin (at) and cos (at)
respectively in the integrand of Eq. (30). For convergence of the integral in Eq. (30), it is necessary
thatRe(L + 1) > IRePI.

A computation similar to the one used in obtaining Eq. (9) gives for Re (a + 1) > I Re P I

z ~ ~ y v +/ a -K(~F P1 + 3 A + v + I z 2ltlKpt~t= Z -7 ) IF2 1.; + ~~
10 A ~~- P + 1 LL' 2 2 4]

+ + +(z) 1F2 1;
IL+P+ 1 F Ii;

a - v+3 , + P + 3z2
2 2 '4]J

Eq. (9), of course, is just the special case u = v + nf.

9

(31)

z' atAK,(t)dt.Ke,,, (a , Z ) =- � 0 e
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In the same manner we obtained Eq. (18), but now using Eqs. (12) and (31), we deduce

Ke,(a, z) =

z1+"KV,(z) C-V I Q-7 T1

A +Fv+1 A-v+1 1; tL+v+l iL- 2+ 3 1 a2Z2 Z2'

2 ' 2 2 ' 2 92' 4 '4

+ az Q [f+v+2 u-v+2 1_ A+_+2 A-+4 3 a2z2 z 2
/,u -v +2 2 ' 2 ' ' 2 ' 2 '2' 4 ' 4

+2+K A(Z + P + Iv+ A y- v+ 1
- ( +ILK, - I (z) 2 ' 2 '1 '

A +V+ 33 -v+3 1 a 2 z 2 Z2

2 ' 2 '2 4 4 ]

+ az Q[iL+v+2 ,t-v+2 1 u+v+4 ,u-v+4 3. a2z2 z21 1

(A + p + 2 )(.- v + 2) 2 2 '' 2 ' 2 '2' 4 '4J

For L = v, we obtain Eq. (18), i.e., Ke (a, z) = Ke (a, z).

By using Eq. (32) we may write

K1,,(a, z) =

az 2+Kt(z) '+ v + 2 L-v + 2 1 + v + 2 t-v + 4 3 -a2z2 z21

-v+ 2 Q 2 2 ' 2 ' 2 '2' 4 '4]

az 3+iLK l(z) Q [ + v + 2 u -v + 2
+ + v + 2)(,-v+ 2) 2 2

IL + F + 4 ju - + 4 3 -aZ ,2
2 ' 2 ' 2' 4 '4]

10

(32)
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Kc,,,(a, z) =

z 1+K(z) [I + v+1 + A- +1 L + v + 1 ttF- + 3 1 -a2z2 z2
Z-+ 1 2 ' 2 1 2 ' 2 '2' 4 4

+ z2+iK,,-,(Z) Q f t + v + 1 F- v +11
+ y+: +l )j [- +1) ;2 2

/ + v + 3 L-v + 3 1 -a2Z2 Z2

2 ' 2 '2' 4 '4j2

From the latter two equations, the representations for Ks (a, z) and Kc (a, z) obtained earlier may be
deduced by setting s = Z.

CONCLUSION

Various representations for the incomplete Lipschitz-Hankel integral Ke (a, z) and related
integrals have been given in closed form by using Kamp6 de Feriet functions in two variables. These
representations should prove useful in numerical computation. In addition, reduction formulas for the
Kampe de F6riet functions associated with Ke (a, z) have been given.
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