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INCOMPLETE LIPSCHITZ-HANKEL INTEGRALS
OF BESSEL FUNCTIONS

INTRODUCTION

The general incomplete Lipschitz-Hankel Integral of Bessel Functions of the first kind is defined
by

Jeu»(”’ z) = foz e tJ (¢)dt (D

Here the symbol e denotes the presence of the exponential function, and u, v may be complex
numbers. Analogously, we may define integrals that contain the functions sin (a¢) and cos (at) in
place of exp (at):

Jy, (a,2) = [sin @0 m7,(dt ~ )

J. (a2 = [ cos )], ()dt 3

To assure convergence of these integrals, it is necessary that Re (1+u+») > 0. When u = v we shall
write, for example,

Jew(a, z) = Je“(a, z) 4)

We shall also define integrals of modified Bessel functions I, (#) or other cylindrical functions C (¢) by
simply replacing J by I or C in the above definitions. In addition, we define J* = J, J~ = I.

In Ref. 1 it is shown for the Bessel function of imaginary argument or MacDonald function K
that

Keo(a, 2) =zKo(2) A(a, z) + z*K,(z) Ba, 2)

where

_ .1 1 3 a*? 2 az ] 3. @’ 2
A(a,z)__L[2,1,2,2, A ,4]+2Q[1,1,1,1,2,2, 2 ,4]
_ .1 . 3 3 a%? 7 az ) 3. a’22 722
B(avz)"‘L[zals 2a 2, 4 9 ]+ 4Q[1’ l,1v2727 2’ 4 9 4]

Manuscript approved February 3, 1987.
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Here L and Q are Kampé de Fériet double hypergeometric functions (defined below) of order three
and four respectively. These functions are therefore non-Gaussian. Only members of the class of dou-
ble Gaussian series of order two that consists of 34 distinct convergent forms have been given names
[2, p. 54]. These 34 forms are sometimes referred to as Horn’s list.

In this report we shall show that the functions L and Q may also be employed to give representa-
tions for Eqs. 1-4 for 7 and J. To this end we recall the definitions of the Kampé de Fériet functions
L and Q:

0:2,1) —:a,B57;
Q[a,B,‘)‘;IL, vV, Aax,y]EI;'21,0 }L,V: .y,_,xay
Lla, B; v, 8 x, y1 = Qla, X, B5 v, 8, A5 x, y] Ix| < o0, |y| < o
We shall also introduce the third order function
1.00la:—;—;
N[a;B’y’89x7y]EF1-l.l B:,ya.x’y |x|<°°a|yl<°°

REPRESENTATIONS FOR Je’z v(a, z), Jct "(a, z), Jsi v(a, z)

Since

(t/2)* -
+ = ey . + 0 F 2 4
JE@) Tt oF 1= 1 + v, F47/4]
we easily find that
1 %) an oo (:_l)m tp,+v+2m+n
e tJE(D) = ———— 3 L
v 2T+ ») ,E(’) n! ,E’O 22"(1 + v),,m!

Now assuming that Re(1 + u + ») > 0 we obtain, on integrating term by term with respect to ¢,

I+puty 00 ( )n (¢Z2/4)m 1
+ __z az 5
Je“_v(a,z) 2T +v) 5% n! m! A+v),0+u+v+2m+n) ®)
Substituting
l+pu+vw
1 1 2 m +p+v+2m),
ltu+v+2m+n l+p+v (34,4, Q+pu+v+2m)),
2
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into Eq. 5 then gives

l+put+vw
JE (a.2) = ety i 2 m F2/Hm
v T A4+ p+ ) TA+p) 2 m!
LTV V) m=0 3+E+V (1+V)m
2 m
Pl +p+v+2m; 2+ p+ v+ 2m; azl
Now using Kummer’s first theorem
Fila; ¢; z1 = e? |Flc — a; ¢; —2]
we obtain from Eq. 6
l+pu+w
_]1 (a z) _ zl+u+veaz i 2 m (4—_22/4),,,
w7 A+ pu+TA+v) ;0 34+ 4+ m!
_LZ 1+,
m
R 24w+ v+ 2m; —azl
Since
2m 2+u+tv J+tutvw
1 2 m 2 m
Q+pu+v+2m), Q4+ pu+ omin
we obtain from Eq. 7
J* (a.z) = ety g & FAH™ (—a2)"
Cur 0 A +p+)TA+2) 5 m n!
l1+u+vw 2+ ut+vw
1
, 5 5
. m m
A+ ), Qtat e
Finally, noting that for any «
@+ @prg, = 2y |21 ) (31
2 m+tn 2 m+n

(6)

v

8
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2+ @)ypizpr = @+ a)22m22n 3ta 4 ‘; a
2 m+n m+n
we obtain from Eq. 8 and the definition of Q given earlier
14+u+y jaz
KD T ©
w0 T U+ pt DT 9)
l+uty 2+pu+v . 24+pu+v 3+u+w CF2 g2
Q[ 2 4 2 > 1, 2 ’ ) s 1+ v, 2 . ) ]

T2 2.2
l+u+w 2+u+v,1;3+ll-+v 4+“+V,1+V' ¥z az]

_ az ol
2+ pu+wv 2 ’ 2 2 ’ 2 4 4
On letting u = v in Eq. 9 we have
4 _ z (2} 2)# e*
I (a, z) T+ 20T+ )
1 ) 3 CF22 a%?
[L[2+M-,151+l"72+#" 4 ° 4
az 1 3 E i
—_— ——— __+ ._+ o .
In addition we may use Eq. 5 and the definition of N to obtain
I+u+y
J* (a, ) =—o~t
wr O T 0 + )
] 1 l+u+v 3+pu+w 1. F22 a7
1+;L+VN[ 2 RN L e
az 2+ uty 44+pu+vw 3. F2 a%?
+ : = - 10
2+[L+VN[ 2 » 2 a1+Va2’ 4’ 4] ( )
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&

For brevity we shall define the following parameter lists V;: o
«

+ —

VIEl+p.+v,2+p,+v,1;2+,u,+v’3+p. Y 14y -

2 2 2 2 -

st

1+p+ +ut
v, = /.LV,2/.LV

Vi = )

V4= ’

V5El+p,+v,%+v‘,2+p,+v,l+2v

We may then obtain from Eqs. 9 and 10

—a?z?

4

zl+y,+ll

22+ u+)TA + )

, T2
chv(a, z) = lcos (az) QIVy; +Tz,

az . )
+ T a Ty sin (az) Q[V,;

T2 a2
4 4

zl+p,+v ¢z2 —(1222
- NIlvy T2, 222 11
A +p+)TA+») 4 4 1

"‘(1222

4

1+u+v izz
J* (a,z) = Z sin (az) QIV; —,
RLIES r0+ﬂ+ku+v)[ 2 Vi

az ¥ —a?? |
T a Ty cos (az) Q[V,; 1 ]]

2+uty I,2
= az a N[V4; iz_’
22Q+pu+)TU + ) 4
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And from these equations we obtain on letting u = »

1+ 2 1 3 T2 22
JE(a,z) = z Ll= +p, 1; S R A—_
JE z 0+ 2T T ) cos (az) [2 w, 1; 1+, 5 T 7 4

+—2(1"j#) sin (az) L[%+”, 1;%+,4,2+,L; ’_“TZZ, ‘_‘fz_z_]
TS +221,L+);M(1 + ) N[é— T % T ltp, %" ¢Tzz’ %222
J;: (a, z) = 7 +221;)I2"#(1 . sin (az) L[% ;|'p,, 1,1+ p, —;— + u; -iiz, _04222]
_ 2(1—a—iﬁ cos (az) L[% +u, 1; %. to 2+ o $7z2, _04222
=5 +“(.1af(;;;21' ) N[ + w2+ p, 1+ p, %; 1-4%, “‘fzz]

Finally, noting that 7,(z) may be represented by

_ (Z/Z)V +2z l . - F
I(z) = ) e*? |F, [2 + v, 1 4+ 2p; F221]

we readily obtain

Atuty L0l +pu+w: /240 —;

e, @, 2) = PAtpt T+ T L0 [ 24 u+s: 14205 —; ¥25 (a ¥ Dz (13)

REDUCTION FORMULAS FOR L, N, Q

In some instances Je:., (a, z) may be expressed in terms of generalized hypergeometric functions

provided that we know a reduction formula for one of L, N, or Q. By using Ref. 3, p. 55, Egs. 19, 20,
and 21 respectively we find

: -yl =R el B B+l oy yHl X
N[avﬁ"y"y,xa X] 2F5[2, 2 ,25 2 s Ys 2’ D) ) 4]
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Lla, B; v, 8 x, x] = | Fyla + B v, d; x]

+1 & 8+1 x2
L[a,a;v,S;x,—X]=1F4[a;%,72 Sy ;E]
Using Ref. 2, p. 28. Egs. 33 and 34 respectively we find
N[a;B,V,S;x,x]=3F4[a,H;_l,1;8;3,7,6,7+8—1;4x] (14)
Q[_l/i-'_v,1/22+V,1;a,B,l+v;x,x]=2F3[3_:2V,Szzy;a,ﬁ,l'*'v;X]

Employing Egs. 9 and 13, we easily deduce

2

2
olvy; ZT, ZT] = % {e? 2,/ [V 5, =221 + e77,F,[V; 22])

2 2
QIvy; ZT, ZT] = 2—+‘22F+—V {2 ,F,)[Vs; — 22] — 2 2Fy[Vs; 221}

And finally, using Eqs. 11 and 12 we find

2 2
olv; 4 s ] =cosz N[V, 1 4]

2 2
1+ u+v . L —z¢ —z
+—L—2+M’+Vzs1nzN[V4,_4 » 3]

—z2 =7 sin z —z2 -7
¢ . | = + + —_— [,
Qlv,, 4 4 I=Q+pu+v) . NIV 4 2 ]

2

—z2 —z
—(+u+v)cosz NIV, —=—, —=-]
4 4
Replacing z by iz in these equations then gives
22 7 22 7 1+u+v . 2 22
olvy; T 4]-—costh[V3, 7 4] —E—2+M+stmth[V4, 1 4]
2 2 sinh z 22 22 22 22
0lv,; 1 4]~(2+/.L+V) . NI[V3; T 4] (1 + u + ) cosh z N[V, 7 4]
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where, on using Eq. 14,

35 71

2 2
N[v3;zT,£__ =3F4[1+;24,+V, 1/22+v’ 3/22+v; 3+;;+y

1
4 ,2+V,1+y,

2+pu+v 32+ 52+v 4+put+v 3 3. .,
[ 2 k] 2 k] 2 b 2 > +V)1+v, 2,2]

2 2
NIV 54", ‘Z—] = 3F,

SUMMARY

Various representations for incomplete Lipschitz-Hankel integrals of Bessel functions have been
given in terms of Kampé de Fériet double hypergeometric functions. Reduction formulas for the dou-
ble series employed have been given in some cases.
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