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AN INCOMPLETE LIPSCHITZ-HANKEL INTEGRAL OF K,
PART I1

INTRODUCTION

An incomplete Lipschitz-Hankel integral of cylindrical functions of order zero, C;, may be
defined by

4
CEO(a, z) = J; e Co(t)dt

Of interest in applications are the functions Jeo(a, z), Ieo(a, z), Neo(a, z), and Keo(a, z) where J

denotes the Bessel function of the first kind, / denotes the modified Bessel function, N denotes the
Bessel function of the second kind or Neumann function, and X denotes the MacDonald function or
Bessel function of imaginary argument. Jeo(a, z) and N, 0(a, z) occur in problems in the theory of dif-

fraction in optical apparatus [1, p. 227]. The function Ieo(a, z) plays an important role in the study of

oscillating wings in supersonic flow and arises in the study of resonant absorption in media with finite
dimensions [1, p. 195]. Keo(a, z) occurs when the statistical distribution of the maxima of a random

function is applied to the amplitude of a sine wave in order to calculate the distribution of its ordinate.
This latter distribution is of interest in the study of the scattered coherent reflected field from the sea
surface [2].

In this report we are interested in

K, (a,z) = j;z e“ Ky(t)dt

It is shown in Ref. 3 that Keo(a, z) can be represented in closed form in terms of elementary, Mac-
Donald, and Kampé de Fériet double hypergeometric functions when la| < 1, a # +1:

_ 1 .. 3 3 ag%? 722 3 . a2
Keo(a,z)—zKl(z) zL[2,1,2,2, Y 4] aM[1,1,2,1, 2 , a?l
1 .. 1 3 a%? 2 az 5 a‘z 2
+ZK0(Z) L[2, 1’ 27 2a 4 ’ 4 3 M[2, 1, 2 2’ 4 > ]

+ (1 — a)V2sin 14 (1)

Here, following the notation of Srivastava and Panda [4, p. 63] L and M are Kampé de Fériet func-
tions defined by
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011[ —:a;B;

Lla, By, 8 x, Y1 = F 509 X,y x| < oo, Iy] < o
1:0;1 -5 B
M[aB')y’axy]‘—Fllo a_x,y |x|<°°,|y|<1

We remark that the exact region of convergence for Kampé de Fériet functions may be determined by
using Horn’s theorem for double series.

Equation (1) can be used together with properties of L and M (see Ref. 3) to give the well-
known results

K, (1, 2) = z exp (2)[Ko(2) + K1(2)] — 1 (2)
Keo(—l, z) =z exp (—2)[Ky(z) — K;(2)] + 1 3)

Here the former result is known as King’s Integral (1914).
DEFINITIONS AND PRELIMINARY RESULTS

It is the purpose of this report to give representations for Keo(a, z) that are valid in the finite
complex a-plane, i.e., to extend Eq. (1) outside the unit disk. To this end we define

0:2;1 —:a,B;‘y;
Ola, B, v, o v, S X, V= F oy, 0y 2%y x| < oo, Iyl < o0

and make the following observation:

Mla, 1,9, 8; tx, t]l = 1 + (F[—; &; x] {LFila, 1; v; 1] — 1}

oztx2 . 1- ] (4)
_mgla+l,l,l,8+2,3,y+ B, X

Proof:

= 2 @ Wa @
M[a, 1,‘)’, 3 ox, tl = ; n§0 ')')m+n (8),,, m! n!

- (a) (1) t? 1 xk
-1+ ¥ —2p xk
pgl ), 5 @, k
_ < (a) (1) i - 1 x
- g ), ! oF1[=; &; x] k=§f—l O
i 1
=1+ 4F ;8 x] LFla, 1; v; 6] - 2 )3 (), (1), *roxk

p=1 k=p+1 (7) (5)k k!
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Calling the latter double sum § we have '(';;w
S i i (@) p41 (D) 54y tf’“ xk E’:

=0 k=p+2 (’Y)p+1 (a)k (P + 1)' k! ll;

_ (a)p+1(1)p+1 Pt xp+2+k
rm0 im0 o1 B ppre @+ D! (p+2+ K)!

(a),,+1(1),,(1)k (rx)? _"Ef_
s k20 Dot B prask WVprage  p! k!

- at x i i (a+1), (1), (1, ()P x*k
2y8(6 +1) 55,5 G+2),4, (3),,+k y+1, p! k!

and the result is proved.

We observe from Eq. 4 that the behavior of Mla, 1; v, 8; tx, t] on |t| = 1 is easily deduced
from that of ,F,la,1;y;t]. In particular we obtain from Eq. 4

3 ‘azzz n 5 g2,2 22
ML 1 3, 1 7 al=1- ,2,4,4]
-
+ L) {24 (5)
° [ax/l—a2
5 . a*? 7 a?z? 22
M[2,1,2,2, 2 ] 240 5 3 4]
2 3 sin"la 3
+ =1,(2) - -1 6)
z 2¢3V1-a? 24? ]

Observing that
%iir(} S Mla, B, v, 8, x,yl =(a/y)xMla + 1,8,y + 1, 2; x, y]

SoFi[—; 8; x1 =8+ x,F,[1;2,8 +1; x]
Fila, 1 y; 6]l =1 = (at/y),Fila + 1,1,y + 1; ¢]
T (v+1) I,(z2) =(2/2) oF,[—; v + 1; 2%/4]
we may use Eq. 4 to obtain

22
’ 4
2.5 a2zt 22
az a+1Q[ z
24 v+1 4

(z) — z}

0

This latter equation may also be obtained directly from the definition of Q.
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We shall also need the following generating relations:

Lla, B; v, 8 x, yl = 'EO (a) m, 1Bl m+y, m+ 8yl (8)
Qla, B, v; 1, v, Ay x, ] = 2 n B iciF[y'm+;u. m + v, yl 9)
s Ps Vo By Vy Ay Ay o ([.L) (V) ( )m m! 14207, 5 s

Observe that L is a special case of Q, i.e.,

Qla, A, B;v,8,\; x,y] = Lla, B, v, 9, x, ¥l
which also follows from the definition of Q.

REPRESENTATIONS FOR Keo(a, z) AND RELATED INTEGRALS

Using the result
Ko (2) + K((2) I(z) = 1/z

after substitution of Eqgs. 5 and 6 into Eq. 1 we obtain

KL,O(a, z) =z2Ky(2)A(a, z) + zK,(z2)B(a, z) + a 10)
where (on using Eq. 7)
Aa, ) =Ll5, 1 4, 3 “:zz,—f—l s 37 22 24 S 010) - 2
B(a, z) = zL[%, L; %, %; aizz, i42-] + % 02,1, 1;3, 3, %; a:zz, 272] -a

We observe that not only have the singularities at @ = +1 in Eq. 1 been removed, but Eq. 10 is valid
everywhere in the complex a-plane.

We may obtain a somewhat simpler representation for Keo(a, z) by using [5,.p. 89]

z 2
Jy Kot i = o Ko(a) Rylr; 2L m A3 2
m+2 2
+ (sz K, (2) F,l1; " ;- 3, L ;- 3', ZT] an

which is valid for all nonnegative integers m. Since

z o 2n z oo 2n+1 z
= at = a 2n + _a___ 2n+1
K.(a,2) = [ e Ko(Dar I Gt do #7 Kel0 I Gorpr o O Koar
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we obtain after a straightforward computation using Egs. 8, 9, and 11 gf:
K, (a,2) = 2 Ky(2) A(a, 2) + 22K, (2) B(a, 2) (12)
where v , Er
. 1 1 3 a2 3. a?? 7
=L[=, 1; =, = + & 1,1,1;1,2 y —
A(a’z) L[2,1’ 2, 29 4 b ] Q[ ’2’ 4 4]
A — 1 .3 3 a?22 22 az . 3. a2 72
B(a,Z)—L[2~,1, 29 2a 4 ] 4]+ 4 Q[1,1’1a2a2’ 2a 4 ) 4]

In addition we easily obtain from Eqgs. 10 and 12

z _ 1 .1 3 —ag%2?2 22 2 1 .. 3 3 —a’% 7
j;cosatKo(t)dt—zKo(z)le,1,2,2, T K@ LIS G5, 5 = £
z 2,2 2
j;) sin at Ko(t)dt = a — az K,(z) [1 (;Z ,34—]]
7 —azz2 22
3 -azzzv z2
=a azKl(z)ll T 4]]
z . 5 —a?? 72
24 (Z)Q[Z, 1, 1, 2’ 3, 27 4 L) 4
3. —a?’z? z2
~2K0(2)Q[111122, =z
—a?2 2
+?K(Z)Q[11122— ‘;z, 1]

REDUCTION FORMULA FOR Qle, 1, 1; v, 8, B; X, x]

We may write

=2 (@),  xmn
Olas L iy 8. 85Xl = B 3 Oy S n @y min]

m=0 n=0
- (a) xP
EO Z @, | .o,
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Then using {6, Eq. 7.1.1, p. 151] the result

(@ 1 l-B+a (a+1),

o Bm  1-B+a ®,

we easily obtain the reduction formula

1-—

Olo, 1, 15y, 8, 5 x, x] = ———&

1 1F2[1;')’, 3 x] + 1 2F3[1"1+1;')', 3, B; x]

__«
a— B+
In particular we have

Qla—-1,1,1,4a,3,a - -;—; x,x]=Q0@~2a)F, 1153, a;x] -2 - a) |F1;3,a - %; x]

It is easy to verify that

x2 1F2[1, 3, a,x]=2(a—1)(a-—2) 0F1[—",a 2 .X]‘———z—l]

so that

—1—; x, x] =

Qla—-1,1,1;a,3,a — 3

(a = 1)x(22a =3) 1+ Qa—25) ¢Fil—;a - %; x]—=2(a =2) oFil—~; a —2; x] ]

from which we obtain

2 2
02, 1,1;3, 3, % &, aT]=%4—{l+cosha—210(a)} (13)
2 2 _— ;
013,1,1;4,3, L, & C"—]=l[1+3 sinh e _ 81‘(“)} (14)
2° 4 4 o o o
We may obtain also
2 2
oM, 1,1: 1,2, % &, %) =%{smha—1;(a)}
2 2
0l1,1,1;2,2, —32— "‘T, "‘T]=—42-{cosha—10(a)}
[434
2 2
o2, 1, 1; 2, 3, % <« aT]=%{sinha—211(a)} an

Equations 13-17 may be used with Eqgs. 10 or 12 to obtain Egs. 2 and 3.
ASYMPTOTIC FORMULAS FOR L, M, Q
A computation similar to the one employed in obtaining Eq. 4 gives
Ola, 1, 1; u, v, \; tx, x] = ,Fla, 1; & 111 F5015 , v; x]

o 2 & (ot 1)m+n (l)m(l)n ()™ i
“3IX X A+D,0, W, 0, m nl

m=0 n=0

(15)

(16)
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Lo

From this we easily obtain ,E
iy

Qla, 1, 1; u, v, A; tx, x] =, Fla, 1; x; t]1F501 i, v x] byl

2 (a+1), o

a . . oo

= § (X-}-l) 2F3[1,a+1+n,)\+1+n,y,, v, tx] (18) e

i1
H

Now using asymptotic expansions for ,F, for |z| — e and 0 < p < ¢ developed by Meijer in 1946
{5, p. 7-12] we obtain for a« + 1, A + 1, &, v not a negative integer or zero
Kl a+1+n a4+ 1+ n,u, v, 2xY4] ~

1 AT reE G+, a ., o
2 @2 @D, & Et G T

where

p=32+a—-r—pu—v, lx| = o0, larg x| < #/2
Using this result with Eq. 18 while ignoring the subdominant terms
cul ()™ = ¢, (a, N\, py v, )/ ()", m=1,2,3,...

gives for 0 < |¢] < 1, |x| — oo, |arg &x] < #/2

2x?

2
X
4’ :

4
1 TWrern) 2 e
3 rlzl/z)vr(a) [ o (/DY

2
Qla, 1, L; p, v, 0 i;—] ~ oFila, 1; x5 121 \FolL , v

and as a corollary we have for A = 1

t2x2 x2 _ x2
Lla, 1; p, v; Rt —4—] ~ (=A™ R, v T]
1 TWr®) 2, 2t pm
—_— 2 oA =y
2 TADT@ 17 ¢ &2

We may also show thatfor0 < t < 1, x o0, a, o, v, A > 0,p=3/24+a—-A—pu—v

2,2 2 2
Qla, 1, s vy hs = 5, 21— oFila, 1 15 = 21 1Bl gy w; 2
TIre)rna) 2
T/ ) T4 7 (/2 cos (x5 p)
andfora=1,p=124+a—pu—v
t2 2 2 _ 2
Lla, 1 p, w3 = =, 2o~ L+ D7 Bl py vy ]

(T ) 2

T TUDT ) 147

(x/2)? cos (x + = p)
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In addition we have the following:

@2 o 1 TOITE)  e®(az/2) e
4 2 T{1/2)T () (1- a?)#

0< lal <1, |z| = oo, larg az| < w/2

Mla, B; v, 8;

1/2+a~y— a1 o
—a*z? 2 I (y)I' (3) (az/2) =8 cos [az + 5 (2 +a—7y— 8]

4 T T/29r@ (1 + a?8
0<a<l z—oo, a,B,y,8>0

Mla, B; v, 8;

Although these relations per se may be of some interest, they are not particularly useful in obtain-

ing asymptntic expansions for, say, Keo(a, z). However, we may easily obtain, for example, the com-
plete Lipschitz-Hankel integral K, (~a, «) = cos 'a/v/1 — a>, Re a > —1.

SUMMARY

Various representations for the incomplete Lipschitz-Hankel integral Keo(a, z) and related

integrals have been given in terms of elementary, cylindrical, and Kampé de Fériet functions. In addi-
tion some properties of the Kampé de Fériet functions associated with these integrals are derived.
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