
NRL Report 8632

On the Number of Degrees of Freedom Used by
an Adaptive Antenna Array in a

Non-Narrowband Noise Environment

KARL GERLACH

if 001ric Rawid" Bfranch1

Radar Division

September 30, 1982

NAVAL RESEARCH LABORATORY

AppuCu- rU! _. ICICANC, UIZU uIIm._
tPPrUv~uU lIM puVIuL 10MUNZI UI:SUIUUIIUII Ul-Ill 1rluW.

i



SECURITY CLASSIFICATION OF THIS PAGE (WI'en Oets Fntered)

C nenan~~~~ ~ ~ a~~i n~~rc ~READ INSTRUCTIONSREPORT DOCUlMENTATION PAGE BEFORE COMPLETING FORM

I. REPORT NUMBER 2. GOVT ACCESSION NO. 3. REC1PIENtS CATALOG NUMBER

NRL Report 8632 
*. TlTLE 8632~rsbstiloJ 5. TYPE OF REPORT 6 PERJOD COVERED

Interim report on a continuing
ON THE NUMBER Of DEGREES OF FREEDOM USED NRL problem J
BY AN ADAPTIVE ARRAY IN A NON-NARROWBAND 6. PERFORMING ORG. REPORT NUMBER

NOISE ENVIRONMENT

7. AUTNOR(.) 8. CONTRACT OR GRANT NUMBER(a)

Karl R. Gerlach

S. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENt, PROJECT, TASKAREA & WORK UNIT NUMaERS

Naval Research Laboratory PE62712N-XFI2-141-370
Washington, DC 20375 53-0750-A-2

11. CONTROLLING OFFICE NAME AND ADDRESS 11. REPORT DATE

Naval Electronic Systems Command September 30, 1982
Washington, DC 20360 13. NUMBER OF PAGES

14. MONITORING AGFNCY NAME A ADDRESSi dilffereni from Controlling Office) IS. SECURITY CLASS. (of Ibis report)
UNCLASSIFIED

IS.. DECLASSItfCATION/DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of thei RePort)

Approved for public release; distribution unlimited.

17 DISTRIBUTION STATEMENT (at tIh abstract entered In Block 20, It dlfibranl ftorm Report)

Ia. SUPPLE9MENTARY NOTES

19. KEY WORDS (Continu. on revese- aide it necenaory and Identity by block nmhber)

Antenna
Array
Adaptive

20. ABSTRACT (Continue on r.eoree Side it neceaeary and Identify by btock nuoibef)

The relative measures of the eigenvalues of the noise covariance matrix of an adaptive array which
is subjected to a non:narrowband jamming source are investigated. These measures are important
because they determine the convergence rate and the upper limit of the output signal-to-noise ratio of
the adaptive array. It is found that the adaptive array's performance as measured by the output
signal-to-noise ratio degrades in quantum jumps as the input noise bandwidth increases. A methodology
is developed whereby given the number of elements of the array, the array spacing, the array element
antenna pattern, the power, and direction of arrival of an external jammer, these discrete bandwidths
of the jammer that limit the output signal-to-noise ratio can be calculated.

DD IJ AN' 1473 EDITION OF 1 NOV 65 IS OBSOLETE
S/N 0102-014-6601

SECURITY CLASSIFICATION OF THIS PAGF (P/en Dfata ained)

I I

I





CONTENTS

INTRODUCTION . .................... TIO. .......i .
COVARIANCE MATRIX DEFINITION .2

TYPICAL EIGENVALUES ..................... .. 4

ANALYSIS ..................... . 5

IGEfPNVAL Us EVALUATION ........................... .7

RESULTS ............ .S.. . . 8

CONCLUSIONS ........... . 14

REFERENCES ........... 14 .......................................... 14

iii



0 

0 w M��



ON THE NUMBER OF DEGREES OF FREEDOM USED BY
AN ADAPTIVE ANTENNA ARRAY IN A

NON-NARROWBAND NOISE ENVIRONMENT

INTRODUCTION

It has been known for some time that the eigenvalues of the input noise covariance matrix associ-
ated with the optimal weighting of a linear adaptive array directly affect the performance of the adaptive
array [1-51. The optimal weights, W, are given by

W = oM-'S, (1)

where M is the n x n covariance matrix of the input noise that is received on each of the antenna ele-
ments, n is the number of antenna elements, S is the steering vector of the array, W represents the set
of optimal weights in vector form, and A is an arbitrary nonzero scalar. The set of weights given by Eq.
(1) is optimum in the sense that the steady-state signal-to-noise ratio is maximized. Figure 1 illustrates
the weighting of the array inputs. We assume that the input noises are stationary processes so that M is
a constant. We now give some examples of how the eigenvalues affect the performance-measures of an
adaptive array.

ANTENNA ELEMENT VOLTAGES
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Fig. I - Adaptive array
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For a control-loop implementation of Eq. (1), the eigenvalues of M are related to the time con-
stants of adaptation and the control-loop noise 13]. If Xk, k = I,.... in are the eigenvalues of M, then
the time constants of adaptation, rk, are given by

-k 1(2)
Xk

Hence the time constants are inversely proportional to the eigenvalues. In addition, it can be shown
that the control-loop noise power is approximately proportional to the sum of the eigenvalues if the
input noise is approximately wideband 13].

For any implementation, if the optimal weights are employed to form the antenna pattern, then it
can be shown that the steady state signal-to-noise power ratio, (S/N), is given by

I }= SiM-s (3)

where e denotes conjugate transpose.

Since M is hermitian, it is possible to write M in the form

M = 4A4B (4}

where 4' is a nonsingular n x n unitary matrix and A is a diagonal matrix of the positive real eigen-
values of M (A -(xe)), k = 1, n. Using Eq. (4) and Eq. (3), we can show that

[I - L= hl clit 2 (5)
IN] tS Xk tr- L31

where 4 'k is the *th row of the matrix <D (it is also an eigenvector of M and l 1 signifies the magni-
tude of the complex argument. Thus, we see from Eq. (5) that increasing the values of the eigenvalues
has a tendency to decrease the output signal-to-noise ratio. Also, the smaller eigenvalues limit the
maximum value of (S/N).

In this report, we consider the distribution of the eigenvalues for the case when the noise
environment cnncktv nf internal noises and a single, external spatially distinct, non-narrowhand noise
source (jammer). The distribution of the eigenvalues will change as we change the bandwidth of the
jammer. We show that as the bandwidth of the jammer increases, then the smaller eigenvalues of M
increase. More importantly, we show that only one of the smaller eigenvalues increases significantly for
small percentage bandwidths. Hence, from Eq. (5), we see that the output signal-to-noise ratio will
suffer accordingly. In addition we also develop a methodology whereby this increase in the smaller
eig-nvalues can be calculated as a function of the percentage bandwidth of the jammer, the number of
array elements, the angle of arrival of the jammer, the power of the jammer, and the array element
antenna pattern. It is important to note that the results presented in this report are not applicable to
adaptive sfideiohe cancelltinn Tchemes. We assume Hhir nh 1 the antenna elIm~eniz nf an. array can be
adaptively controlled.

COVARIANCE MATRIX DEFINITION

If V = (VI, V2, ., v")T denotes the input vector of the noise on each antenna element where T
denotes transpose, then

M = Ei V P), (6)

2
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where E(tI denotes expectation. Let us write Mas

M - a-2 + MJ, (7)

where a-42 is the internal noise power, I is the n x n identity matrix, and MH is the covariance matrix of
the external noise sources. Define

M4 = -M =I+ - M1. (8)
o~~~e a~0

From Eq. (3), we can show that

If Ak, k = 1. n are the eigenvalues of M, then

Kk - crO&k k=,.., n. (10)

Hence, if we find the distribution of Xk, k = l, ... , n, we can easily find the distribution of
Xk, k =1, .. , n by using a0 as a scaling factor. In the following analysis we will consider the distri-
bution of the eigenvalues of M.

Let us also normalize M4 to cr, so that Mj M 0/aJ and

M = 1 Mf,. (l la)

We recognize that the eigenvalues of kiJ are related to the eigenvalues of M by the expression

k = ik + i k= 1, . n. (lib)

If there is only one external jammer and M1 = (smf). i, j = 1. n, then it has been shown 161
that

1

min PjI g.(O)'fl 2 p -T) exp j-47- (di- d1) sin o (12)

where 0 is the angle off boresight of the jammer, ge0) is the element gain function, di and di are the
distances of the ith and jth elements from a reference point on the array, Xo is the wavelength of the
carrier frequency, fo, of the jammer, I = N-l= PJ is the input power of the jammner at any antenna ele-
ment normalized to the internal noise power,

,-I, sin (Or B T
9qi.T) = B '

and

1 di t A1

} Fj 3 snr U. ( 4

In Eq. (13), B is the bandwidth of the input noise and in Eq. (14), c is the speed of light. Equation
(13) assumes a rectangular bandpass for the jammer. If B = 0 then pu(r) I and Eq. (12) reduces to

m,= PI ?g()IP 2 exp 1f At (di d-) sin 0. (15)

3
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Equation (15) corresponds to the narrowband approximation that has been used often to evaluate the
performance of the adaptive array 11-51. It can be shown that if the input noise is narrowband, then
the eigenvalues of M are given by

(16)A= tip1 Jjgj f)12 + 1,

and

Akt = i k = 2, ... , n. (17)

Hence n - I of the eigenvalues are equal.

TYPICAL EIGENVALUES

In this section, we present an example of the computed eigenvalues of the covariance matrix
given by Eq. (12). For all cases, we set the number of antenna elements n equal to 8 and fix 0 = 45.
We vary the percentage bandwidth of the jammer (defined as 100 B/f 0 ) from 0 to 14% in increments of
2% and consider two different normalized jammer powers: 1V dB and 20 dB. TIhe cigenvalues tuor +I
various cases are presented in ascending order in Tables I and 2.

Table i - Figenvalues vs Percent Bandwidth
(n 8, 0 = 45V Pi = 10 d8)

Eigen- Percent Bandwidth
value _

( 0 - 4 (6 1 g ( i12 V 14

X l.0t 1 30 L.0 1.0 1.0 1 0 33 0 1.0

X 6 1.0 1.0 1. 0 1L3 1.0 1.0 1LO

k5 1.0 1 .0 1.0 1.0 10 1.0 130 10O

A4 1.0 1.0 1.0 1.0 1.0 l.0 1.0 1.0
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.1
L. j 1.1 1.5 2.2 3A1 4.3- 5.7 7.2

i 81.0 80.9 80.5 79.8 78.9 77.7 76.3 74.7

Table 2 - Eigenvalues vs Percent Bandwidth
(n=8,0= 4 5w P-=20dB)

Eigen- Percent Bandwidth
value

A1.0 1. 0 3.01 1.0 1.0 4 6 10 1 0

A3 1.0 1.10 1.0 L0 1.0 1.O 1.0 1.0

K6 E1.0 1.0 1.0 1.0 1.0 L0 1.0 1.0

1.0 1 0 LO L 1.0 1.0 1.0 1.0

K4 13L 1.0 1,0 L.0 1.0 1.0 1.0 L.0

3 [.0 1.0 1.0 1.0 1.l 1.2 1.5 1.9

A2 1.0 2.4 6.5 13,2 22.5 34.0 47.6 62.9
X_j 801.0 799.6 795.5 788.7 779.4 767.8 753.9 73 82

4
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We note from Tables 1 and 2 that the sum of the eigenvalues is 88 in the first case and 808 in the
second (the eigenvalues have been rounded off to the nearest first decimal place). An important pro-
perty to note from these tables is that, as the percent bandwidth increases initially from 0%, only one of
the smaller eigenvalues changes significantly (X2). Hence, it would appear that for a small percent
bandwidth, only one eigenvalue is affected. This phenomenon has been reported in the literature by
Gabriel [51 who showed empirically that a small percentage bandwidth jammer can require two degrees
of freedom to be nulled effectively. It is quite fortunate that only one eigenvalue is significantly
affected because we observe from Eq. (5) that this implies that only one term of the signal-to-noise
ratio expression is involved.

As the jammer bandwidth increases, a number of the smaller eigenvalues will increase
significantly. As the magnitudes of these eigenvalues increase, a corresponding larger number of
degrees of freedom are needed to nu[l the jammer. Hence the number of degrees of freedom needed
to null a jammer is a function of the jammer bandwidth. Because the number of degrees of freedom is
an integer, the jammer bandwidths where an extra degree of freedom is necessary to null a jammer will
increase in discrete steps. We shall expand upon this topic later. Next, we demonstrate mathematically
why this occurs and then we derive an approximate expression for the second largest eigenvalue.

ANALYSIS

Let us assume that the antenna elements are equispaced dA2 half-wavelengths apart where di2Ž is
not necessarily an integer. We set

4 = X, 412 sin 6 (18)

4) = .1,2 Bp sinG (19)

and

D= P.i Ige 1( OfI . (20)

The parameter tp is the relative phase change between adjacent elements of the linear array due to the
external jammer, The parameter (A is proportional to the jammer bandwidth ratio, Blfo, element spac-
ing, and the direction of arrival of the jammer. It is also proportional to the bandwidth aperture pro-
duct. The parameter Pi is simply the output power due to the jammer from each of the antenna ele-
ments. The elements of the normalized noise covariance matrix now have the form

ma= ,]-77172-e -'. (21)

We expand sin (i- j)Pl(-j)q) into a Taylor series:

sin (i-j)4= _ i'P2(1 I q% + 4(ij) 4 + 0 (46). (22)
0 - j~o 6 120

Hence,

mi= PjelIi~1* _ _ pJP2( i-j)2 el(l-j)*

+ 12 PJ02(i0 -j14 - + ()6) (23)

Using Eq. (23) and the definition

AL -(1, e', e21, . . e ( -l)l)T (24)

5
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we can show that

M = 1 + t~t~x+ -L02p, fd2 A]I

+ 1 4-d4+ 1 Pi4 (- A A4 + o#6). (25)

It is straightforward to show that

42 (A A,)= A 7 2 d2 dA1 d A AI d2A i26)d + ~~~~~~dO d, d44)

If we set

A2 (0, el" 2e2S2" . (n- 1) e<n- 01) T I=- d,, (27)

and

A3 = (0, eQO 2Y'O ''-, (n - 1)2e~f1)JT= - d'A (28)
dq?2

then it follows that

h{f= I + T~,AA' - o 2PAA'
'3~~~~~

+ ±b2IkjA2A2 - ¼ 02P4AAj

* 1 04fild- (A1A' ) + O(6). (29)
120 d4l,

Furthermore, the above expression can be rewritten as

M = I + (A, - 4- AO3 (A1 - _ A jf

+ 1 02pA2A' - J - 4-& 4AaAx

+ I 04T_ d4 d 4 AAI) + oP(6) (30)120 dq4 I

Let us define a column vector C such that

C = A - 4A 3 (31)

Then M in Eq. (31) can be expressed as

M-=I + 4, + O{4,4), (32)
where

Al, = PJCC + I Y2PTA2Ai (33)

Notice frnm Eq. (33) that the matrix iAtf has rank 2 Hrence, Aj has exactly + n n'r'o eigenvalues.
This implies that for small enough ', M as expressed by Eq. (32) has two eigenvalues that will not be

6
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.1 .2 .3 .4 .5 .6 .7 .8 .9 1.0

1'

Fig. 3 - 3rd largest eigenvalue vs 0 and n

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0
'A

9

Fig. 2 - 2nd largest eigenvalue vs 0 and n ?
A2
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f ooo 
4TH LARGEST EIGENVALUE

5za001- g

500 J( 
50 -I

X430

U2/0
$11!

0 .1 2 .3 A .,5 .4 .7 .8 .9 i.0

Fig. 4 - 4th largest eigenvalue vs 4 and n

3. Find A4, k = 2, 3, 4 as a function of 4 and n from graphs.

4. Find the eigenvalue scale factor, a,, as a function of P, from Fig. 5.

5. The eigenvalue as a function of ) N, and P, is then

XAk - (x4k1) + (45)
For example, if the jammer and array have the following characteristics:

(a) ni = -0; () IgI(0) 1 -2= I (istrnoic elements)

(b) Bf/oI 0.1; (e) d,/2 = I (half-wavelength spacing) (46)

(c) G = 45 (. Pi = 30 dB

then

n ip =0.I1; PJ - 30dB.

10
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01 V _ I I I I

0 3 6 9 12 15 IS 21 24 27

P, dB

Fig. 5 - Eigenvalue scale vactor Pi

Let us find the value of the third largest eigenvalue. We use Figs. 3 and 5 respectively to find that
X3 = 1.2 and ae = 10.0. Using Eq. (45) we find that the third largest eigenvalue is equal to three.

To find (B/f,)(k) we use the following procedure: We plot as a function of n and Pj, the value of
4 that occurs when the 2nd, 3rd, or 4th eigenvalue equals two in Figs. 6, 7, and 8 respectively. We
denote the values of 4) that occur when the 2nd, 3rd, and 4th eigenvalues equal two as 02, 03, and b4
respectively. These curves can be obtained directly from using the curves in Figs. 2 through 5 by
specifying the eigenvalue to be equal to two and working backwards to find Ok, k = 2, 3,4 as a function
nf n and P. Afte.r finding A. sa a function of k- n and P3. then En q.(19 impliec that

ir d=2 2sin e (47)

For example, to find (B/fo)1 3) when all the conditions of Eqs. (46) hold except (b), we find from Fig.
7 that for Pj = 30 dB and n = 10 that 03 = 0.1. Hence using Eq. (47), (B/fo0 (3) = 0.9. Thus under
these conditions the bandwidth of the jammer must be 9% of the center frequency for the third largest
eigenvalue to be significant.

11
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.Na LARGEST E4&ENVALUE 2

'2 A

.4

:3~~~~~~P d

0 3 6 9 12 -9 5 68 18 21 24 27 30

Fig. 6 -42 vs P1 and n, 2nd largest eigenvalue 2

1.0,_ _ _ _ _ _ _ _ . _ _I

3RD LARGEST EIGENVALUE 2

_6

3 6 9 12 I5 Is 21 24 27 30

Fig, 7 - 2 vs P1 and n, 3rd largest eigenvalue = 2
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4TH LARGEST EGENVALUE =

#4

.4

.3 li\

.2

0 3 6 9 12 15 Ia 21 24 27 30
J dB

Fig. 8 -04 vs P, and n, 4th largest eigenvalue = 2

We have also shown in Fig. 6 the approximate value of 02 as calculated using the approximation
given by Eq. (42). Examining Eq. (42), if we set AJ, = 1, corresponding to the case where the second
largest eigenvalue of M is two, then

)2= 6 (48)
(fi, n (n2 1))1/2 (

We see from Fig. 6 that this approximation improves as Pi or n increase. This is reasonable because
our original analysis assumed that X is small and, hence, for larger Pi or n, Eq. (48) implies that 4)2 will
become smaller.

An important point to be noted from the curves of Figs. 6, 7,. and 8 is the quantum nature of
02, 43, and 04 as a function of the kth largest eigenvalue, k = 2,3.4. If we compare Fig. 6 with Fig.
7, we see that for a given n and Pa, there is a large difference between 02 and 03. This can also be
seen in comparing 03 with 04 for a given i and Pi from the curves of Fig. 7 and 8. This phenomenon
is further illustrated in Fig Q where we have plotted A vs P1 for n = (n oate that A = A2 A-) o A4
for k = 2, 3, and 4 respectively.) For example if n = 10 and Pj = 9 dB, then from the curves in Fig.
9, 02 = 0.1 and 43 - 0.39. Thus, Eq. (47) implies that the jammer bandwidth where the third eigen-
value degrades performance is approximately four times greater than the bandwidth where the second
eigenvalue degrades performance. This corresponds to the two jammer bandwidths where two and
three degrees of freedom are necessary to null the jammer effectively. Hence, we expect the adaptive
array's performance as measured by the output signal-to-noise ratios to degrade in discrete steps as the
input noise bandwidth increases.
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0 3 6 9 12 Is 18 24 24 27 30
J dB

Fig. 9 - 4, vs PJ for k 2, 3, 4, n = i0

CONCLUSIONS

The relative measures of the eigenvalues of the noise covariance matrix of an adaptive array that
is subjected to a non-narrowband jamming source have been investigated. These measures ate impor-
tant because they determine the convergence rate and the upper limit of the output signal-to-noise ratio
of the adaptive array, It was found that the adaptive array's performance as measured by the output
signal-to-noise ratio degrades in quantum jumps as the input noise-bandwidth increases. A methodol-
ogy was developed whereby given the number of elements of the array, the array spacing, the array ele-
ment antenna pattern, the power, and direction of arrival of the external jammer, then these discrete
bandwidths of the jammer that limit the output signal-to-noise ratio can be calculated.
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