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FORTRAN SUBROUTINES TO EVALUATE, IN SINGLE OR
DOUBLE PRECISION, BESSEL FUNCTIONS OF THE
FIRST AND SECOND KINDS FOR COMPLEX ARGUMENTS

1.0 IDENTIFICATION

1.1 Title
BESSEL FUNCTIONS OF THE 1ST AND 2ND KINDS, CMPLX. ARG.

1.2 Identification Name
C3-NRL-CMPJYBES (single precision),
C3-NRL-CMPJYBED (double precision).

1.3 C(lassification Code
C3-Polynomials and Special Functions, Evaluation of Special Functicns

1.4 Entry Points
CMPJYBES (single precision),
CMPJYBED (double precision).

1.5 Programming Language
Language: 3600/3800 FQRTRAN.,

P omratin sy Mo, Qoluoadio oo
NOULHIE 1ype. oUulIOuLiies.

Operating System: DRUM SCQPE 2.1.

1.6 Computer and Configuration
CDC 3800

1.7 Contributor or Programmer
Lawrence Flax, Code 8132, Physical Acoustics Branch, Acoustics Division, and
Janet P. Mason, Code 4222.5, Software Systems and Support Branch, Research
Computation Center.

1.8 Contributing Organization
NRL-—Naval Research Laboratory
Washington, D.C. 20375

1.9 Program Availability
1.9.1 Submittal: Subroutine writeup, FQRTRAN source decks, source listings.
1.9.2 On File: RCC Program Library.

Note: Manuscript submitted March 17, 1976.
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1.10 Verification
The subroudines were run using the following values for the argument:

<1100l 100 ! 100 10012 1+ainai lqaimfgg

N il B I B

y| 22 | 24 | 26 | 28 |z?|i2|9.3]4|5.5|4 { 20

The following identity was used to check the answers:

e (X +i9) Yolx +iy) - Jolx +1y) Yyuyfx +iv) .

In addition comparisons were made with output generated by routines

SRR gRadtd

written elsewhete; see Sections 3.15 and 6.0 BSee Ref. 1,

1.11 Date
1 January 1976

2.0 PURPOSE

2.1 Description of the Routine
Subroutines have been writien in FQRTRAN for the CDC 3600/3800 {o eval-
uate Bessel functions of the first and second kinds for complex arguments.
These routines will compute J,(x + iy} and Y,(x + iy), where X 20,vy€0,

and i =+4/-1.

2.2  Problem Background
The theory of acoustic scattering from cylinders or spheres involves Bessel
functions. When absorption is included, the imaginary parts of the arguments
of these functions become nonzero. See Ref. 2.

3.0 USAGE

21 Mallin

A
For single precision:

CALL CMPJYBES (X, Y, N, XJR, XJI, XYR, XYI)
and for double precision:

CALL CMPJYBED (X, Y, N, XJR, XJi, XYR, XYI).

wh
3]

\rguments, Parameters, and/or Initial Conditions
X is  the real part of the argument.

Y is  the imaginary part of the argument.

N is  the maximum order. TYPE INTEGER.
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XJR is the name of a table that will contain the real part of Jy(x + iy) to
dn(x + iy).

XJI is the name of a table that will contain the imaginary part of Jy(x + iy)
to Ju(X + iy).

XYR is the name of a table that will contain the real part of Y4(x + iy} to
Y, (x +iy).

XYI is the name of a table that will contain the imaginary part of Yy(x + iy)
to Yu(x + iy).

All arguments, with the exception of N, should be typed REAL for single-
precision and DQUBLE for double-precision. The dimension for each of the
arrays should be at least equal to the order plus 50 or to the absolute value
of the argument plus 50, whichever is the larger,

Space Required (Decimal and Octal)
3.3.1 Unique Storage

octal (decimal) iocations

CMPJYBES - 1253  (683) 2

LRGBES - 324 (212}

RINT - 121 ( 81)

GINT - 124 ( 84) single
@NER - 113 ( 75) e precision
QNEI - 121 ( 81)

TWQR - 113 ( 75)

TWQL - 122 ( 82) J
CMPJYBED - 1433 (795) h
LRGBESD - 355 (237)

DRINT - 144 (100}

DGINT - 146 (102) double
DONER - 130  ( 88) 7 precision
DOQNEI - 130  ( 88)

DTWQR - 130 ( 88)

DTWQI - 131 ( 89) J

3.3.2 Common Blocks

COMMON/LF/EN, EX, WY
(EN, EX, and WY are REAL)

@NER, QNEI, TWQR, and

{ in LRGBES, RINT, GINT
TWQI (single precision).

COMMON/LF/EN, EX, WY

(EN, EX, and WY are DQUBLE) ] D@NER, DONEL, DTWOR, and

in LRGBESD, DRINT, DGINT,
DTWQI (double precision),
3.3.3. Temporary Storage
None,

Messages and Instructions to the Operator

None.
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3.5 Error Returns, Messages, and Codes

None,
3.6 Informative Messages to the User
None.
3.7 Input
See Section 3.1.
3.8 Quiput
See Section 3.1.
3.9 Formats

Not applicable.

3.10 External Routines and Symbols

Single-precision subroutines are

COMPBES*
MLT

DVD 1 called by CMPJYBES
LRGBES J

SQRTF

TW@H 3
TWOR
QNEL
ONER >
GINT called by LRGBES
RINT
SIMOCON
MLT ~
SINF
EXPF called by RINT and GINT
C{sF :
SORTF }

EXPF
C@sr

SQRTF }

called by GNER and TWOR

SINF
EXPF

called by QNEI and TWQL

*(3-NRL-COMPBES comprises subroutines COMPBES, MLT, DVD, SRT, PSUBV, and QSUBV.

4
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Double-precision subroutines are

CQMPBESD* )
DMLT
DDVD 7 called by CMPJYBED
LRGBESD
DSQRT
DSIMCON )
DTWQI
DTWQR
DQNEI
DQNER
DGINT
DRINT
DMLT

DEXP

DO
DSIN

DSQRT
DEXP
DCOS

DSQRT
DEXP

DSIN

r called by LRGBESD

called by DQONER and DTWQR

called by DQNEI and DTWQL,

—_—— e — — N

C3-NRL-COMPBES and C3-NRL-COMPBESD are the single- and double-preci-
sion subroutines that evaluate Bessel functions of the first and second kinds
for orders zero and one, for complex arguments. See Ref. 3. The following
changes have been made to the routines since Ref. 3 was issued:
C3-NRL-COMPBES

remove lines 0002000 and 0002100
replace lines 0003700 and 0003800 by

PHI=ATAN2(Y, X) 0003700

replace lines 00118G0 to 0012400 by

C PUT INT® FIRST QUADRANT 0011800
100 IF(X.GE.0.0.AND.Y.GE.0.0)NLAG=1 0011900
IF(X.LT.0.0.AND.Y.GE.0.0}NLAG=2 0012000
IF(X.LT.0.0.AND.Y.LT.0.0)NLAG=3 0012100
IF(X.GE.0.0.AND.Y.LT.0.0)NLAG=4 0012200

*C3-NRL-COMPBESD comprises subroutines COMPBESD, DMLT, DDVD, DSRT, PSUBVD, AND
QSUBVD.
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X=ABS(X)
Y=ABS(Y)

IF(X.NEO.OYGO TO 13
401=411=0.0

replace line 0018500 by

13 CALL MLT (CCR, CCI, DDR, DDI, FRR, FRI)

replace lines 0021100 to 0022100 by

C

20

21

PUT BACK INT@ SECOND, THIRD, OR
FQURTH QUADRANT

IF(NLAG.LT.4)GO T 20
Y=-Y
YOI=-YOI
Yif=-Y1I
J0I=-J01
J1I=-J11
RETURN
IF(NLAG.LT.3)GO TO 21
X=-X

=Y
YOR=YOR+JO[+J0I
Y0I=YOI-JOR-JOR
Y1R=-Y1R-J1i-§1I
Y1I=-YIiI+JIR+J1R
J1R=-JIR
J1i=-gii
RETURN
IF{NLAG.LT.2)RETURN
X=-X
YOR=YOR+JOI+J0I
YOI=_YOI+JOR+3IOR
Y1R=-Y1R-J1I-Jii
Y1I=Y1I-J1R-J1R
J0I=-J01
JIR=-J1R
END

SUBRQUTINEMLT (XA, YA, XB, YB, XC, YC)
=XA*XB-YA*YB ‘

YO=XA¥YB+YA*XB
AC=XX
END

6

0012300
0012400

0018410
0018420

0018500

0021100
0021125
0621150
0021175
0021200
0621225
0021250
0021275
0021300
0021325
0021350
0021375
0021400
0021425
0021450
0021475
0021500
0021525
0021550
0021575
0021600
0021650
Q021700
00218060
0021506
0022000
0022100

0022200
0022300
0022410
0022410
0022500
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SUBRQUTINE DVD(XA, YA, XB, YB, XC, YC)

DENQM=XB*XB+YB*YB
XX=(XA*XB+YA*YB)/DENQM
YC=(YA*XB-XA*YB)/DENOM
XC=XX

END

SUBRQUTINE SRT (XA, YA, XC, YC)
SS=SQRT(XA*XA+YA*YA)
XX=SQRT(ABS((SS+XA)/2.0))
IF(XA)1, 2, 1

YC=-XX

XC=XX

RETURN

YC=YA/(2.0*XX)

XC=XX

END

C3-NRL-COMPBESD

replace lines 0004500 and 0004600 by

replace lines 0012800 to 0013400 by

C

100

PUT INTO FIRST QUADRANT

IF(X.GE.0.0D.AND, Y.GE.Q.0D)NLAG=1
IF(X.LT.0.0D.AND.Y.GE.0.0D)NLAG=2
IF(X.LT.0.0D.AND.Y.LT.0.0D)NLAG=3

IF(X.GE.0.0D.AND.Y.LT.0.0D)NLAG=4
X=DARSIX)

ASLLINOding

Y=DABS(Y)

replace lines 0022100 to 0023100 by

@]

]
=

IF(NLAG.LT. 4)GQ) T® 20
=-Y

YO0I=-YOI

Y1I=-Y1I

JOI=-JOI

J1I=-J11

RETURN

Y=-Y
YOR=YOR+JOI+JOI
YO0I=Y0I-JOR-JOR

7

0022600
0022700
0022800
0022900
0022910

0023000
0023100

6023200
0023300
0023400
0023500
0023510
0023600
0023700
0023710
0023800

0012800
0012900
0013000
0013100

0013200
0013300

VAU

0013400

0022100
0022125
0022150
0022175
0022200
0022225
0022250
0022275

NN INN
VU aLadJuy

0022325
0022350
0022375
0022400
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Y1R=-Y1R-~J1I-J11I 0022425
Y1I=-Y1I+J1R+J1R 0022450
J1IR=-J1R 0022475
J1I=-J11 0022500
RETURN 0022525

21 IF{NLAG.LT.2)RETURN 0022550
X=-X 0022575
YOR=YOR+J0I+J01 0022600
YOI=-YOI+JOR+JOR 0022650
Y1R=-Y1R~J1I-J1I 0022700
Y1I=Y1I-J1R-J1R 0022800
J0I=-401 0022300
J1R=-JIR 0023006
END 0023100
SUBRQUTINE DMLT (XA, YA, XB, YB, XC, YC) 0023200
TYPE DQUBLE XA, YA, XB, YB, XC, YC, XX 0023300
XX=XA*XB-YA*YB 0023400
YC=XA*YB+YA*XB 0023500
XC=XX 0023510
END 04023600
SUBROQUTINE DDVD(XA, YA, XB, YB, XC, YC) 0023700
TYPE DUUBLE XA, YA, XB, YB, XC, YC, DENOM,

XX 0023800
DENQM=XB*XB+YB*YB 0023960
XX={XA*XB+YA*YR)Y/DENOM 0024000
YC=(YA*YB-XA*YB)Y/DENGM 0024100
XC=XX 0024110
END 0024200
SUBRQUTINE DSRT (XA, YA, XC, YC) 0024300
TYPE DOUBLE XA, YA, XC, YC, 88, XX 0024400
SS=DSQRT(XA*XA+YA*YA) 0024500
XX=DSQRT{DABS{{SS+XA})/2.0D)} 0024600
IF(XA)1, 2,1 0024700

2 YC=-XX 0024800
XC=XX 0024810
RETURN 0024800

1 YC=YA/{(2.0D*XX) ‘ 0025000
XC=XX 0025010
END 0025100

SIMCON and DSIMCON are FOCUS library subroutines that perform numeri-
cal integration. Routines from other libraries can be substituted.

3.11 Timing
The single- and double-precision test runs shown in Section 7.0 took b seconds
and 9 seconds respectively, exciusive of compilation time.
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Accuracy
The values for J,(x +iy) and Yu(x +iy) forn =0 or 1 and p < 10 could be

checked against the National Bureau of Standards tables, Refs 4 and 5. How-
ever, for n > 1 or p > 10, the identity given in Section 1.11 has been used as a
method of verification. As shown in the following table, up to a value of Z =
100 + 20i

dp+1(x +iy) Yp(x +iy)-Jdp(x +iy) Y4 (x +iy)

agreed with 2/[w(x + iy)] to at least seven figures, using CMPJYBED; they
agreed to two figures when Z = 100 + 26i.

Agreement Using CMPJYBED* Agreement Using
Z Value ofdne1 Yy - Jn Yoet vs CMPJYBES
2/m(x + iy) vs CMPJYBED
0.4 + 0.3i 11 figures * 10 figures
4.0 + 4.0i 9 figures 8 figures
7.5 + b5.51 10 figures 9 figures
50.0 + 4.0i 11 figures * 10 figures
20 + 20i 8 figures 9 figures
40 + 20i 7 tigures -
60 + 20i 7 figures —
80 + 20i 7 figures —
100 + 20i T figures —
100 + 26i 2 figures —
10 + 0i 10 figures 9 figures
0 + 10i 11 figures * 9 figures
¥*E17.10 format is used, so agreement is probably greater.
3.13 Cautions to Users
None.
3.14 Program Deck Structure
7 JOB card
9
7 FTN card
9
main program
subroutines CMPJYBES )
LRGBES
RINT
GINT
ONER ? -C3 NRL CMPJYBES
ONEI
TWOR
TWQI /
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SIMCON -FQCUS {the Control Data Corporation
Users group) library routine D1 UCSD
SIMCON
COMPBES
MLT
Sﬁg,? -C3 NRL COMPBES
PSUBV
QGSUBY
SCOPE
7
9 LQAD
7 RUN card
g
end-of-file card
i
3 JOB card
7
FTN card
9
main program
subroutines CMPJYBED N
LRGBESD
DRINT
gg;;}i b ~-C3 NRL CMPJYBED
DONEIL
DTWOR
DTWQL s
DSIMCON -double-precision modification of
FOCUS (the CDC Users group)
library routine D1 UCSD SIMCON
COMPRESD
DMLT
Do -C3 NRL COMPBESD
PSUBVD
QBUBVD
SCOPE
7
9 LYAD

10
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7

9 RUN card
PP, [ L% [P, |
enqa-Or-111e¢ cara
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A0 MODTHNND MR AT AAADTMMIIM
TKe AVAAS A EANFAF AV LRLINVTIVFELL L LLLIYL
A, If the modulus is less than 0.5:

(1) Call COMPBES [Ref, 3] to compute
Jo(Z), 3;(2), Yo(Z), and Y, (Z).
(2) Compute Jo(Z) to Iy(Z) by
_{Z\" ¥ (-22/4)%
In(2) (2) l;, KTm+k+1)
(3) Use forward recursion for Y5(Z) to Yn(2Z) .

B. Ii the modulus is 2 0.5 and ly| is less than or equal to 5.0 (in subroutine
CMPJYBES, or 10.0 in subroutine CMPJYBED) or if in the single-precision
routine x = 0 and |yl < 18.0:

11
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{1} Call COMPBES [Ref. 3] to compute dg{Z}, 41(2), Yy{Z}, and Y,{Z).

{2) Compute dy(Z) to J{Z) by backward recursion.

(3} Compute Yo{Z) to Yy{(Z) by forward recursion.

If the modulus is > 0.5 and lyi is greater than 5.0 (in subroutine CMPJYBES,

or 10.0 in subroutine CMPJYBED) {except that in the single-precision routine,
if x =0 and |yl < 18.0, method B is used):

(1) Compute Jy(Z) and J,{Z) by
1 ki
I (Z) = _;r—f cos (Zsin @ -~ nd)dd .
e

(2) Compute J5(Z) to Jy(Z) by backward recursion.

If the modulus 2 0.5, Iyl > 5.0 (in subroutine CMPJYBES, or 10.0 in subrou-
tine CMPJYBED)}, and v is positive:

{1) Compute Yo(2Z) and Y,(Z) by

Y, (2) = id(2) - iz,

where
_9ioind n oo #2n alzV/i2+1

v I(1/2+n) A JE+I

1f the modulus >> 0.5, Iyi > 5,0 {in subfoutine CMPJYBES, or 10.0 in subrou-
tine CMPJYBED) and v is negative:

{1) Compute Yo(Z) and Y;(Z) by
Y, (Z) = -id (2} + {H(ZNZ),
where

2(-1)"  (Z/2)F [ 20 gTiZVEHL
va T{1j2+n) g VIEF1

2 _
H{%)(z) = dt.

12
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5.0 SOURCE LANGUAGE LISTING

OO0 O000O0n0O00

10

SUBROUTINE CMPJYBES(AR,AI,N,XJR,XJI,XYR,XYI)
TITLE - BESSEL FTNS OF THE 1ST AND 2ND KINDS, CMPLX, ARG.
IDENT NAME - C3-NRL-CHPJYBES
LAMGUAGE - FORTRAM
COMPUTER - CDC-3800
CONTRIBUTOP - LAWRENCE FLAX, CODE 8132,PHYSICAL ACOUSTICS
BRRANCH, ACOUSTICS DIVISION
JANET P, MASON, CODE 4222.5, SYSTEM SOFTWARE AND
SUPPORT BRANCH, RESEARCH
COMPUTATION CENTER
ORGAMIZATION - NRL ~ WAVAL RESEARCH LABORATORY
WASHINGTON, D.C. 20375
DATE - 1 JAMUARY 1976
PURPOSE - TO EVALUATE, IN SINGLE PREC
(= v ie
' ™~

NE TuE BTDET AMD CcCrARD
i Uil VLRG3 § AIMLY QU W uyLs

INTEGER ORDERS.
DIMEMSTON XJRCL),XJIC1D,XYRC1D, XYI(C1)
€C=2.0
M=+ 1
KLUE=D
SRARG=SORT(ARTAR+ATHAID
IF(SPARG,GE.0.5)G0 TO 21
CALL COMPBESCAR,AT,XJRCI),XJIC1),XJdR(2),XJI(2),XYRC1DY,XYI(1D,
XYRC2D,XY1(2))
EPS=5.0E~11
CSR=1.0
cSI=zn.n
DFAC=1.0
NIz R+ 1
DO 12 L=1,NN
HO=L~1
[F(L.EQ.1)GO TO 7
CALL MLTLCSR,CSI,AR,AI,CSR,CS1)
CSR=0,5%C5R
CS81=0.5%C5]
CHECK. FOR UMDERFLOW
IFCCSR.MF.0.0.0R, CSI.NE.D.ODGO TO 14
I0M=1
PRINT B,M,AR,Al, ION
DFAC=DFACHNO
CHECK FOR OVERFLOW
IF EXPOMENT FAULT 9,7
[0H=2
PRINT 6,N,AR,Al, 10N
AKK=D.0 .
AAR=FORTTR=1.0/DFAC
FORTTI=0.0
AATZ0.0
VE=MNO
FMR=~0,255%(AR®AR-AT HAL)
FMI=-0,5H(ARNALD
VEZVK+1.,0
XKKK=XKK+1.,0
DEMOM=VEXXKK
CALL MLTCAAR,AAI,FNR,FNI,AAR, AATD
AAP=AAR/DENOM
AA1=AAT/LDENOM
CHECK FOR UNDERFLOW
IFCAARP NE,N.0.OR., AAI,NE.ND,D)GO TO 8
I0N=3
PRINT 6,N,AR,Al, TON

13

100
200
00
4oo
500
6oo
700
800
900
1000
1100
1200
1300
1400

16nn
1ivw

16090
1700
1800
1900
2000
2100
2200
2300
2400
2500
2600
2700
2800
2900
3000
3100
3200
3300
3400
3500
3600
3700
3800
3900
LOpo
4190
4200
4300
L4Q0
4500
4600
4700
4800
4900
5000
5100
5200
S300
54040
5560
5600
5700
58090
5900
6000
6100
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12

B
21

17
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TTR-AARSFORTTR

ITI=AAI+FORTTI

IFCTTR.EQ.O.O.AND. TTILEQ.D. DGO TO 11

CALL DVYDLAAR,AAI,TTR,TTI,SAR,S5AID
1F(ABS{5AR}.LT.EPS.AND.ABS(SA;).LT.EPS)GD To 13
FORTIR=TTR

FORTITI=TTI

GO TO 1D

IFCL.LE. 2360 TO 12

XJRLLI=CSRETTR-CSIHTTI

KAICLY=CSI¥TTR+CSRHTITL

CHECY FOR UNDERFLOW

IFCXIRELYLHE.DLDLOR, XJITL) NE.D.DIGO TO 12
I1DH=1

FRINT 6,N,AR,AT, 10N

COMTINUE

GO TO K

FORMAT (/,2%,15,2(2%,£E17. ie},?x 15,72

IF{AREND, 0.0 AND. ABS(Ai) LELIR, JOR.AR.NE..0.AND,ARSLAT ). LE.5.0)
i GO 70 16

FIMD J AND Y YALUES FOR DRDERS ZERG AND ONE
KLUE=1

PO 17 Jd=t,2

HORD=J-1

CALL LRGBESLAR,AT,NORD,XJdR{u), XS 1{dd, KYR(uI, XY I{JDD
COHTIHUE

1IFCARLNEL DL RIGD TC 16

KIICII=X0R{ZI=G,.0

HM=SRARGHSD

TFCCN+50 . GT HHINNHN+50

KGR LMMISXJ T IMND=0, 0

KA~ 1)=Xd T (HN-13=1.0E-10

IF(KLUE.EQ.1260 TD 5

CALL COMPBESCAR, AL, XJRQID, W13, XIRL2,X01L2), CXYRCID, XYIC1D,
1 XYR(Z} XYI(?))

5 GDR=XJR(ZD

GBI=XJ1{2D

HH=Hi-2

DO 1 K=32,MM

RESHN-K

CALL DVDUXJRIKK+1),XJIC{KK+1Y, AR, AT, XJR{KKD, XJ1(XKD)
KIR{KKI=COHKEEXJR{RKI-RIR{KK+Z)
XJICKEI=COHKER X T (KK ~RJ I (KK+2D

CONTIMUE

CALL DVDIGDE,GDI, XJR{2),XJ1{2},RAR,RALD

DO 2 K=3,M

TR=YJRLKD

FTI=XJICK)

CALL MUTLTR, TI,RAR,RAIL, XJR(KD, XJi{K33
XJR{ZI=GDR

X 1€23=6D1

Do 3 K=3IM

CALL Bvs(xva(&—z} WYTEK-10, AR, A1, XYRCKILAYVICKDD
KYR{KI=CCOHIK-2)% X?R{K} KYR(K- ?)

XY LK =COH K~ VRYI{KI-AYI(K-7>

END

14

B2p0
L300
Ghpp
65G0
8600
&700
BEfiG
5500
Fann
Fise
7200
7368
7Lan
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32940
£300
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nLfnn
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SUBROUTINE LRGBESCX,Y,N,A,B,C,D)
EXTERMAL RINT,GINT,ONER,ONEI, TWOR, TWO!
COMMON/LF/EN, EX, WY

TEST=1.0E-8

EX=X

WY=Y

EM=M

XI=0.0

X0=20.0

LIM=16

PI=3,1415926536

FHNTEADATE END [BRYY SR =
1AL TUR W VALVL

CALL SIMCOM(XI,PI,TEST,LIM,AR,NO,RD,RINT)
A=AR/P1

CALL SIMCONCXI,PI,TEST,LIM,AV,NI,RD,GINT)
B=AV/PI

IFCWY.LE.0)GO TO 5

CALL SIMCOMCXI,XD,TEST,LIM,B]1,NA,RD,ONERD
CALL STMCOM(XI, XD, TEST,LIM,B?2,NA,RD,ONEILD
IF(M.EQ.1)G0O TO 7

TR=0.0

TE==2,0/PI

GO TO 8

TR==2,0%WY /Pl

TI=2,0%EX/PI

CALL MLTCTR,TI,B1,B2,HR,HI)D

C==B+HI

D=A-R

RETURRN

IMTEGRATE FOR H SUPER TWO VALUE

CALL SIMCONCXI,XD,TEST,LIM,B3,NA,RD,TWOR)
CALL SIMCOM({XI,XD,TEST,LIM,BL,NA,RD, TWOID
IF(M,EQ.1)G0 TO 10

TR=0.0

TI=2.0/PI

GO TO 11

TR=2.0¥WY/PI

TI==2,0%EX/PI

CALL MLT(TR,T1,B3,84,HR,HI)

15
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FUNCTION RINTLT)

COMMOM/LF /EN, EX, WY

SINT=SINLT)

ALPH=EX#SINT

BETASWY®SINT

COSHB=CEXP(RETAHEAPL-BETANY/ 2.0

RINT=LOSCENHT INCOSCALPHINCOSHB+S INCALPH Y HCOSHR RS I HCENMT)
END

FUNCTION GINTLT)

COMMOI FLF 78N, EX, WY

SIMT=SINLT)

ALPHEEXHSINT

BETASWYHSINT

SIMHB={EXP{BETAY-EXP{-BETAD}/?.D
GINT=COSTALPHIHS INHBHS INCERET IS ITNCALPH) RS INHBRLASLEN®T)
EMD

FUNCTION OMER(TY

COMMOM/ LF/EN, EX, WY

ALPHESQRTLTHT+1.0)

TTM=THT

1F(EN.ER.0.00TTN=1.1
OHER=TTNBEXP(~ALPHEWY)HCOS (ALPHREX) fALPH
END

18
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FUMCTION OMEICT) 18400
COMMOM/LF/EN,EX, WY 18500
ALPH=SQRT(T#T+1.0) 18600
TTM=THT 18700
IFCEM.EQ.B.0)TTN=1,0 18800
IFCEX.NE,.0,0)G0 TO 2 18900
OMEI=0,0 19000
RETURH 19100
OHE I=TTNFEXP(-ALPH¥WY)HSINCALPH¥EX) /ALPH 19200
EMD 19300
FUNCTION TWORCT) 19400
COMMOM/ LF/EN, EX, WY 19500
ALPH=SQRT(TH®T+1,0) 19600
TTH=TH#T 19700
IFCENLEQ.0.0)XTTN=1.0 19800
TWORSTTNREXP (ALPHEWY )X COSCALPHBEX) /ALPH 19900
EMD 20000
FUNCTIONM TWOICT) 20100
COMMOMN/LF/EN, EX, WY 20200
ALPH=SQRT(T®T+1.0) 20300
TTM=THT 20400
IFCEMLEQ.G.0)XTTN=1.0 20500
IFCEX.NE.0.02G0 TO 2 20600
TWOI=0.,0 20700
RETURN 20800
THOL==-TTNHEXPCALPH®WYIXSINCALPHYEX) /ALPH 20900
EMD 21000
17
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SUBROUTINE CHMPJYBEDCAR, AT, N, XuR, XJ 1, XYR, XY[)
TITLE - BESSEL FTHS OF THE 1ST AND 21D KINDS, CMPLX, ARG,
IDENT MAME - C3-NRL-CMPJYBED
LANGUAGE - FORTRAN
COMPUTER - €DC-3860
CONTRIBYTOR - LAWRENCE FLAX, CODE 8132,PHYSICAL ACOUSTICS
BRANCH, ACOUSTICS DIVISION.
JANET P, MASON, CODE %223.5, SYSTEM SOFTWARE AND
SUPPORT BRANCH, RESEARCH
COMPUTATION CENTER
GRGANTZATION — NRL ~ NAVAL RESEARCH LABORATORY
WASHINGTON, D.C. 20375

DATE = 1 JANUARY 1876
PURPOSE - TU EVALUATE, IN DOUBLE PRECISION, BESSEL FUNCTIOGNS

OF THE FIRST AND SECOND KINDS FOR COMPLEX ARGUMENTS AND

INTEGER GRDERS.
DIMEMSTON XJR{1D, XJIC17, XYRCID, XYILLD
TYPE DOUBLE AR,AI,XJR,XJ1,XYR,X¥I,CC,SRARG,CSR,C51,DFAC, XKK, AAR,

1 AAL,FORTTR,FORTTI, VK, FHR, FNI, DENDM, TTR, TT1,5AR, SAT,
2 EPS,GDR,GDI, KD, RAR, RAL, TR, TI

€C=2.00

M1

KLUE=0

SRARG=DSORTLARMAR+ATIHALY
IF{SRARG,.GE.8.5D)6C TO 21

CALL COMPBESDUAR, AT, XJdR{ID, XJITCI), XKUR{ES, Ko 120, X¥R{LD, AV I{1),
1 XYRC2ZD, AYIL2)D
EPS=5,.0D-26

CSR=1.00

bFAC=1.08

HM=h+1

DG 12 L=1.MN

MO=L-1

IFCL.EQ.ID60 TO 7

CALL DMLT{CSR,CSI,AR,ATI,CSR,C5{)
CSR=0,5D%CSR

£Si=0.50%CS]

CHECY, FOR UNDERFLOW
IF{CSR.MNE.D.DD.OR.CSI L NE,D,0DIGO TO 14
10N=1

POTMT R ™ _AD AT
TEcddtd . Wpfgiimgiid

BFAC=DFACHNG

CHECK, FOR OVERFLOW

IFf EXPONENT FAULT 9,7
Thp=2

PRINT 6,4,AR,AI, 10N
Xek=0.0DL
AARSFORTTR=1.40D/DFAC
FORTTI=D 0N

AA”RI=0.1D

WE=NO
FMR==0, 25D ARBAR-AI¥AL)
FHI=-G.50%{ARYALD
VESVE+L 0D

AFK=AKK+1.00
DEMNOM=VERXKK

CALL DMLTCAAR,AAL,FNR,FNI,AAR,AALD
AAR=ALR FOERMDM
AAIZAATSDENOM

CHECY, Fak Ll RFLOR
IFAAR L L UL URLAAT L. 6L 3L 260 TO 8
IOMN=3

PRINT b,N,AR,AI, ICN

I ORE
F A uATE

i8

88
00
300
558
580
Lag
7eD
800
ggn
1006
1100
1260
1300
1408
1300
1668
i7on
1800
ig94a0
2058
2100
2288
2340
2500
Z300
2600
2700
2880
2300
3048
3iog
3200
3300
3484
3300
3600
irng
3860
3got
%0060
L3100

4 ROLE
TLVY

BILG
4400
4300
4600
L7Q0
4360
8900
k3ididid
5100
SZ200
5346
SLGG
5500
5508
STOO
5390
5900
BDBO
Liftd
B248
6300
540D
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TTR=AAR+FORTTR
TTI=AAI+FORTTI

IF(TTR.EQ.0.0C.AND.TTI.EQ.0.0D)GO TO 11

CALL DDVDCAAP,AAI,TTR,TTI,SAR,SAI)
IF(DABS(SAR).LT.EPS.AND.DABS(SAI).LT.EPS)GO TO 11
FORTTR=TTR

FORTTI=TTI

GO TO 10

IFCL.LE.2)60 TO 12

XJRCLY=CSRETTR-CSIX®TTI

XIICL)=CSIHTTR+CSRHETTI

CHECK FOR UNDERFLOW

IFCXJRCL) .HE.0.O0D,OR, XJICL).ME.D.0ODDGO TO 12
10N=4

PPIMT &,M,AR,Al, 10N

COHTIMUE

GO TO 4

FORMAT (/,2X,15,2(2X,E17.10),2X,15,/)
IFCDABSCALID.LE.10.0DJGO TO 16

FIND J AND Y VALUES FOR ORDERS ZERO AND ONE
KLVE=1

Lo 17 J=1,2

HORD=J-1

CALL LRGBESDCAR,AI,NORD, xJRCUD, XJICU), XYRCUD, XYICUDD
COMNTIMNUE

NM=SRARG+50

IFCON+50) 6T NN)NN=N+50

XIRCMMY=XJT{NNY=0. 0D
XJRCMN=1)=XJI(NN-1)=1.0D-10

IF(KLUE.EQ.1)G0 TO 5§

CALL COMPBESDCAR, AT, XJR(1D,XJ1(1), XJR(2), XJIC2),XYRC1), XYIC1),
1 XYRC2),XY1(2)) )
GDR=XJRC2)

GDI=XJI(2)

NM=NN-2

DO 1 K=2,NM

KE=MNN-K

CALL DDVD(XJRCKK+1),XJICKK+1Y, AR, AL, XURCKKD, XJICKK))
KURCKK) =CCHKKHEXJRCKK ) - XJRCKK+2)

KITCRK) =CCHREEXJ I CKKD XU T {KK+2)

COMTINUE

CALL DOVD(CGDR,GDI, XJR(2),XJI(2),RAR,RAILD

DO 2 K=3,M

TR=XJRCK)

TI=XJICKD)

CALL DMLTCTR,TI,RAR,RAT, XJR(CK),XJICKD)D
XJR(2)=6GDR

XJIC2)=GDI

LDQ 3 K=3,M

CALL DDVDCXYRCK=-1J,XYECK=-1),AR, AL, XYR(KD, XYICKD)
XYRCKI=CCHR(K-2)¥XYRCK)-XYR{K-2)
XYTCK)=CCH(K=2)¥XYI(K)=-XYI(K=-2)

EnD :
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6900
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8400
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SUBROUTIME LRGBESDLX,Y,N,A,B,C,D)
EXTERNAL DRINT,DGINT,DOMER, DONEI, DTWOR, DTHOI
COMMOH/LFJEM, EX, WY

TYPE UOUBLE OSIMCON,XI,PI,TEST,AR,RD,DRINT,AV,DGINT, X0, 81, 6N,
DONER, B2, DONET , #83, B4, 0TWOR, DTWOI,EX, WY, A,8,C,0,X,Y,

TR, TI,HR,HI
TEST=1.0D-18
Ex=X
HY=y
Eh=N
X1=0.00
Ap=20.00L
LIM=156
PI=3.1415926535897932380L0704320
INTEGRATE FOR J VYALUE
CALL DSIMCONLXI,PI,TEST,LIM,AR,HO,RD,DRINTD
AzAR/PI
CALL DSIMCON(XI,PI,TEST,LIM, AV, NI, RD, DGINT)
B=AV/PI
IFLWY . LE.D,.DDDED TO 5
IMTEGRATE FOR H SUPER ONE VALUE
CALL DSIMCONUXI, XD, TEST,LIM,R1,HA,RD, DONER)
CALL DSIMCONCXI, XU, TEST,LIM, B2, NARU, DONETLY
IF(H.EQ.1360 TO 7 )
TR=0.0D
Ti==2.80/F1
GO TO B
TR==2,003WY/PL
Ti=Z. UDREXSPI
CALL DMLT{TR,T1,B1,82,8R,H])
Co-B+HI
b=A-HR
RETURN
IHNTEGRATE FOR H SUPER TWD VALUE
CaLL DSIMCONCXIE,XD,TEST,LIM,B3,H4A,RD, DTWORD
CALL DSIMCOMIXI, XD, TEST,LIM, DL, NA,RD, DTHOI)
IF(N.EQ.1)G0 TO 10
TR=8.0U
Ti=2.00/P1
G0 7O 11
TR=Z. 0%WY /P]
TI=-2,00U%EX/PL
CALL DMLTCTR,TI,B3,By,nR, 61D
C=8-Hi
D=-A+HR
EHD

20
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DOUBLE PRECISION FUNCTION DRINT(T)

COMMOM/LF/EN, EX, WY ‘

TYPE DOUBLE SINT,ALPH,BETA,COSHB,DRINT,T,EN,EX,WY
SIMT=DSINCT)

ALPH=EXH®SINT

BETA=WY®*SINT

COSHB=(DEXP{BETA)Y+DEXP(~BETAD)/2.0D

LR INT=DCOSCEN®T)#LCOSCALPHY #COSHB+DSINCALPHI®COSHBHEDS INCENRTY
EHOD

DOUBLE PRECISION FUNCTION DGINT(T)

COMMOM/ LF/EN,EX, WY

TYPE DOUBLE SINT,ALPH,BETA,STNHB,DGINT, T,EN,EX,WY
SINT=DSINCT)

ALPH=EXH®SINT

BETA=WYXSINT

SIMHB=(DEXP{BETA)-DEXP(-BETAD)/2.00
DGINT=DCOSCALPH)H*SINHB¥DSINCENST)-DSTNCALPH) #SINHB#DCOSCENHT)
EMD .

DOUBLE PRECISION FUNCTION DOMER(TD

COMMOM/ LF/EN, EX, WY

TYPE DOUBLE DONER,T,ALPH,TSQ, TTH,EN,EX, WY
ALPH=DSQRT{T#T+1.00b)

TTHN=THT

IFCEM.EQ.0.0QD)TTN=1,0D
DOMER=TTNH#*DEXPC-ALPHEWY)®DCOSCALPH¥EX)/ALPH
EMD

21
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DOUBLE PRECISION FUNCTION DONEI(T)

COMMOM/ LFJEN, EX, WY

TYPE LOUBLE DONEI,T,ALPH,TSQ,TTN,EN,EX, WY
ALPH=DSQRT{THT+1,0D)

TTH=THT

IFC(EN,EQ,0.0D)TTH=1.0D

DOHE 1= TTNHDEXPC -ALPHEWY YHDS IN{ALPHYEX ) /ALPH
END

DOUBLE PRECISION FUNCTION DTWOR(T)
COMMON/LF/EH,EX, WY

TYPE DOUBLE DTWOR,T,ALPH,TSQ, TTH,EN,EX, WY
ALPH=DSORT(THT+1.603

TTM=THT

IFCEN.ER.D.O0D)TTN=1.00D

DTWOR=TTN DEXPLALPHAWY I HDCOSCALPHREX D /ALPH
EHD

DOUBLE PRECISION FUNCTION DTHOICT)
COMMON/ LFZ LN, EX, WY

TYPE DOUBLE OTWOL,T,ALPH,TSQ, TTH,EN,EX, WY
ALPH=DSQRTUTHT+1.00)

TTH=TET

TFCEH,EQ.U. B0 TTH=1.00

PTHO I ==TTHYDEXPLALPHMWY ) ¥DS IHLALPHYEX I /ALPH
CHD

22
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6.0 COMPARISON
The program has been used to calculate the form function for an absorbing cylinder.
Quantitative agreement between theory and experiment was found [6].

Jxr) wxram mae s wralaras s o= PO o = A T o — L)
Tn{x + 1}'} and Yn\x + xy; were gr:ut:l.awd for the values n = 14, X = TIh, ana y = T4,

and the values n = 12, x + iy = *10, and x + iy = +10i using CMPJYBES, CMPJYBED,
COMBES (subroutine COMBES PS582A in the CDC-6700 Math Science lerary at the
Naval Ship Research and Development Center, with the run being performed at
NSRDC), and COMPBE (subroutine CQMPBE (identification name-BES 4) from the
Atomic Energy Commission Computing and Applied Mathematics Center, Courant
Institute of Mathematical Science, New York University). For the values x + iy =

16 * 2i and x + iy = *10 CMPJYBES (and CMPJYBED) results compared exactly

to the results (four figures) printed by COMBES, in all four quadrants. The values
for Yn(x + iy) generated by COMPBE in quadrants two and three did not agree with
either the COMBES results or the CMPJYBES (CMPJYBED) results. For the values
of x + iy = +10i, CMPJYBES (and CMPJYBED) results did not compare with those
of COMBES. They did however agree to nine figures (eleven in double precision)
with the NBS Mathematical Tables [Ref. 5, Section 3.15]. In addition, the answers

i A Qanti 11 n
checked out using the identity mentioned in Section 1.10

7.0 TEST METHOD AND RESULTS
Two test programs MASSNG and SPECD, which call CMPJYBES and CMPJYBED

rm:npr-hvnlv and the reosults ag pnnf-ar'l l-\w these programs, follow. Note that

Y47(20 + 201) and Y, 5(20 + 20i) are not correct in the single-precision version.
However, when values of Y,(20 + 20i) to Y;2(20 + 20i) are printed, one would see
that at n = 1 the single-precision and double-precision results agree to ten figures,
and at n = 12 they agree to eight figures.

PROGRAM MASSHG
DIMENSION X(24),Y(24),XJR(250),XJI1C250), XYRC250),XYI(250),N(1)
DATACX=0.4,4.0,7.5,50.0,20.0), (Y 0.3,4.0,5.5,4.0,20.0)
Jd=5
N=50
iisi
TP=2,0/3%.1815926536
DO 4 J=1,ud
DO Y I=1,11
uU=x{J)
V=Y ()
M=N{ID
NM=M+1
CALL CMPJYBES(U,V,M,XJR,XJI,XYR,XYI)
DEN=U#U+VHY
REAL=TP*U/DEN
XMAG==TP*V/DEN
RHO=SQRT(DEN)
PRIMT 3,RHO,U,V,REAL, XMAG
3 FORMAT(///,5(2X,E17.10),/)
LO &4 L=Lg,Lq
HORD=L-1
BRL=XJRCL+1)#XYROL)-XJICL4+1IHXYICL) -
1 XJRCLIBEXYRCL+II+XJICLI®XYTICL4+1)
BIM=xdl(L+1)"xvncL)+de(L+1)=xYI(L)-
1 XUTCLI®XYRCL+ID-XURCLIBXYICL+1)
PRINT 5,NORD, XJRCLY, XJICL),XYR(L),XYI(L),BRL,BIM
5 FORMAT(ZX I5,6(2X,E17.10))
4 CONTINUE
EMD

23
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NRL REPORT 7997

PROGPAM SPECD
TYPE DOUBLE XJR,XJI,XYR,XYI,X,Y,TP,U,V,DEN,REAL, XMAG,RHO,RL,BIM
UIMENMSION XC24),YC24Y,XJR(C250),XJI1(250),XYR(250),XY1{250),N(1)
DATALX=0.4b,%,0D,7.5D,50.00,20.00),
1 CY=0,3D,4,00,5.5D,4,0D,20.0D)
JuJ=5
=50
1i=1
TP=2.00L/3.1415926535897932380626433D
DO 4 J=1,Jdd
po 4 I=1,1I
U=x{dd
v=Y(d)
M=HCID
HM=M4+1
CALL CHMPJYBEDCU,V,M, XJR, XJd1,XYR, XY1)
LDENSUSRU+VEY ‘
REAL=TPHU/DEN
XMAG==-TP*V/DEN
RHO=DSQRTCDEND
PRINT 3,RHO,U,V,REAL, XMAG

3 FORMAT(///,5C2X,E17.10),/)
VO 4 L=y48,u9

1 XJRCLYSAYRCL+1D+XJICLIBXYI(L+1)
BIM=XJICL+L)H¥XYRCLD+XJRCL+1DHXYICL) =
1 XSLCL)HXYRCL+1D-XJRCLIHXYICL+1)
PRINT 5,NORD, XJRCL),XJICL), XYR(L),XYI(L),BRL,BIM
5 FORMAT(ZX,I5,b(2X,E17.1U3)
4 CONTINUE
ENMD
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