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A CATEGORIZATION OF TWO-PERSON ZERO-SUM DIFFERENTIAL GAMES

INTRODUCTION

In a two-person zero-sum differential game in which all strategies of one player are
playable with all strategies of the other player, several relations are known to hold [1-13].
One relationship is that the upper game value (i.e., inf. sup. value) is never less than the
lower game value (i.e., sup. inf. value)., Another is that if a saddlepoint strategy exists
then the saddlepoint value is unigue and is equal to the upper and lower game values.

A third is that a player’s saddlepoint strategy assures him, regardless of his opponent’s
strategy, a cost that is at least as favorable as the saddlepoint game value, In a recent
paper [14}], it is shown by example that these relations can fail to hold in differential
games in which open-loop strategy pairs are subject to terminating conditions, By an
example, the same fate is demonstrated in this report for closed-loop strategies.

The choice of a particular strategy by one player can limit the choices of strategies
of the other player. For example, some strategies of the other player may violate state
constraints or never bring the game to termination. In general, therefore, it is not valid
to assume that all strategies of one player are playable with all strategies of the other
player. Because of this, it is not necessarily in a player’s best interest to observe his
opponent’s strategy before choosing his own. He may well want to disclose his strategy
first, provided that a more favorable outcome could result. Whether it is best to play
first or second is determined by the difference between the upper and lower game values.
If this difference is positive, each player will want his opponent to play first. If it is
negative, each player will want to be first in selecting a strategy. There is little concern
if this difference is zero, Consequently, the difference between the upper and lower game
values permits a categorization of two-person zero-sum differential games. These three
types are referred to as play-second, play-first, and play-anytime. Examples of each are
discussed in the third section, and a saddlepoint strategy pair of a play-first game is
presented in the fifth section. Before describing mathematically the relations between
the various game values, we give a rigorous development of the two-person zero-sum dif-
ferential game.

STATEMENT OF A DIFFERENTIAL GAME
We consider a two-person zero-sum differential game with state equations

x = f(x,u,v) (1)

Note: Manuscript submitted March 6, 1974,
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where

x is contained in E?
u is contained in B
v is contained in £5
f is & Borel measurable function with domain E? X E* X E® and range in E®.

The playing space denoted by X iz a Lebesgue measurable subset of E?. The target ©
is a closed set contained in the closure of X,

The two players are denoted by P and E. They choose the values of u and v,
respectively, for all points x of the playing space X. Let U and V be compact subsets of
Er and Ef, respectively. Let ¥ denote the set of all strategies p: X — U such that there
is some Borel measurable Tunction py 1E® = U with p = p;{X. The notation p;{X = p
means that p,{x} = p(x) for all x € X, i.e., p is the restriction of pyto X. Let & denote
the set of al) strategies e: X —~ V such that ¢ = ¢ 1X for some Borel measurable function
e, :E" = V. The sets P and & constitute the sets of admissible strategies for playexrs P
and E, respectively.

Let x;, ©X. For p €7 and e €&, the pair {p, e) is said to be a playable strategy
pair at the point xy € X if it generates at least one terminating trajectory ¢ satisfying the
eguation

£
o(t) = gity) + f Fp(r), pAoAT)), elo(r)dr (2)

%

for all § € [&, {7], where p(tp) = xp, W(6) € X for all ¢ € |1, tf'), and # is the first time
for which ¢{tf) € ©. Let J (xq) denote the set of all playable strategy pairs at the point
xgy. Define

7 ={) T
x,&X

We assume that J({X) is nonempty.

For x5 € X, define P {x) as the set of p €% such that there is some member e
of &, with (p, ¢) playable. The set & (xy) is defined analogously.

Let xy € X. For each e €& (xy), we define§ (e, xy) to be the set of all strategies
P € P {xy), such that (p, e) is a playable strategy pair at x5. The set &{p, %p) is defined
analogously for each p €% (x;). Note that the following equalities hold:
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P () = P (e, %)
€6 (xg)
s = | Ewm).
pe?(xo)

Observe that if the initial state of the game is %, and if player E has not yet announced
some strategy from &(x,), then player P may choose any strategy from 9 (x,). However,
if E announces e € &(x,)} as his choice, then P may choose only from P (e, xy) which is,
in general, a much smaller class of strategies. In a game situation it is apparent then that
a player must decide whether it is more important to limit his opponent’s playable
strategies or to let his opponent disclose the strategy he intends to play.

Let x5 € X and (p, €) € T (xy). We define T'(xy; p, e) to be the set of all solutions
¢ of Eq. (2) emanating from zy and associated with (g, e). Let ¢ © T{xy; p, €). Associated
with the quadruple (xg, p, e, @) there is a real number V(x,; p, e, ), termed the cost, and
defined by

¢ )
r
Vixg; p, e, 9) =f To (so('r), ple(m)], E[W(T)]) ar 3
to
where £, is a real-valued, bounded Borel measurable function with domain E* X E" X E°.
For each xy € X, the player £ desires to minimize V(xy; p, e, ¢), whereas player E wanis to
maximize if.

Let xg € X, (p*, e*) € T(xy) and p* € T(xy; p*e*). The pair (p*, e¥*) constitutes
a saddlepoint strategy pair at the point x, if and only if

V(xg; ¥, e*, o*) < V(xg;p.e¥p) forallp € F(e*, x)
for all ¢ € T(xy; p, €¥#), (4)

and
Vixg; p*, e, ) < Vixg; p*, e¥, p¥) foralle €& (p*, xp)

for all p € T(xy; p*, e) (5)

If and only if (p*, e*)EJ(X) and Egs. (4) and (5} hold for all xg EX, the pair constitutes a
saddlepoint strategy pair over X.

Let the pair (p* e*) be a saddlepoint strategy pair over X and let x; € X. The
value V(xy; p* e* y*) that satisfies Eqs. (4) and (5) is termed a saddlepoint game value
at xp. It follows immediately from Eqs. (4) and (5) that if ¢* and p** € T(x,; p*, e¥),
then V(xy; p* e* ¢*) = Vixg; p* e* ¢**). Since the trajectory as an argument is
redundant, we make the definition
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V¥{xg; p*, e*) = Vixg;p* e* ¢*) forallag €X iB)

For x; € X, the upper value —ﬁ}(xe} of the game is defined by Eq. {7} and the lower
value V{xg} by Eq. (8):

V(xg) = Inf Sup Vixg; b, €, )
P EFlxg) e € &b, xg)
v € Txgip, el (%
Vixg) = Sup Inf Vixgi o, e, ¢)

e & @(xﬁ) D EP{e, x5}
¢ € T(xy; b, €)

We make the assumption that w';'(x{,) and V{xg) are finite in value.

A CATEGORIZATION OF DIFFERENTIAL GAMES

The upper and lower values can be utilized to classify distinct types of differential
games. In doing this we need some lemmas and a theorem.

For use in the following Jemmas, theorem, and definition 1 let x; € X and let 5 > 0.

Lemma 1. If P, playing first plays p € F(x,) then E, going second, can play a
strategy € € &{p,%p) so that

Vixg:p.e.9) = Vigg) - 8 9
for some ¢ € T(xy; p, €). 1f P plays first then P can play a strategy p € ${xg) assuxing that
Vixg:p,e,9) < Viag) + (10)
for all e €&(p, xp) and for all v € T(xy; p, €).
Proof. Define the funection
v U (xﬁ,?(xﬁ)> - R
2K
so that
Vixg, p) = Sup Vixg;p, e, ¥).
e € &{p, %p)
p € T{xg; p, €}
Note that

17(3:0) = Inf {:’(xﬁ,p) . {i1)
P EF{xy)

4
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If P, playing first, plays p € P (x;) then
Vixg) < Vixg,p).
By definition of 1% player E can play a strategy e such that
f}(xo,p) -6 < V(xg;p, e, 9)
for some ¢ € T(xy; p, e). The two letter inequalities imply(9).
From (11) it follows that player P, playing first, can play a strategy p such that
Iﬁf:(xo,p) = T7(x0) + &,
By definition of 1% we have
V(i p, & ) < V (%, p)

for all p € P (xp), for all e € & (p, xy), and for all p € T(xy; p, €). Inequality (10) now
follows.

The following lemma has a similar proof.

Lemma 2. If E, playing first, plays e € & {(xg) then P, going second, can play a
strategy p € P (xg, e) so that

Vizg;p,e,0) < Vixg) *+ &
for some p € T(xy; p, e). E, playing first, can play a strategy ¢ € t‘?;(xo) s0 that
Vixg;pie, ) 2 Vixg) - 8
for all p € ¥(e, x;) and for all ¢ € T(xy; p, e).
Definition 1. A player is said to play d-optimal at x4 if he plays a strategy
resulting in a cost that is within & of the most favorable cost possible to him at x;,
taking into account his playing order.

The above lemmas give rise to the following result.

Theorem 1. If P plays first and both players play §-optimal then they play
strategies p and e such that

IVixgip, & 0) - Vixp) < 8

for some ¢ € T(xy; p, €). On the other hand, if E plays first and both players play 8-optimal
then they play scrategies p and e so that
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M
g

We permit the player going second his choice of the trajectory ¢ € T{ Xg:p.e). Thus,if
P plays first the cost lies in a 8-neighborhood of V(xﬁ) if £ plays first, however, then the
cost lies in & d-neighborhood of Vixg).

Defmition 2. Let g, and gy be real-valued functions defined on X. The function
g, is said to be Iess than g5, i.e., §) <&, ifand only if g;{x) < g{x) for all x € X and
there is at least one x € X such that g; (x) < go{x).

The inequality
vV {12)

characterizes those games in which each player desires to play last. Let x5 € X be such
that Vi(xg) < V(xﬁ) If P plays first then according to Theorem 1 he loses an amount
arbifrarily close to Vixp) - ¥{x,) over what he can profit by playing second. I E plays
first he likewise loses the same amount. These games are termed piay-second.

The ineguality
V>V 13

represents those games in which each player desires to choose his strategy first. Let

xg © X such that V{x,) > V(xﬁ} If player P plays first he gains an amount arbitrarily
close to V{x,) - Vixg) over what he can profit by playing second. The same gain hold
for player £ if he plays first. These games are termed play-first.

The equality
V=V {14}

classifies those games in which the players are willing to play in any order. The player

P loses an amount arbitrarily close to Vixg) - ¥ixy), which is nothing in this case, i he
plays first. He gains an amount arbitrarily close to Vixy) ~ Vixp), which is again nothing,
if he plays second. Also, there is no loss or gain for the player £. These games are
termed play-anytime,

For a given game, let X, denote the set of all states x € X such that V(x) < i—_f{x).
Let Xf bethesetof x € X sa{:h that V{x) > Vix). And let X, represent the set of

A1 At TFLAY — Yoo Y -~
x e A Fuln izﬂd%; 11{".!'} = ¥ix } Note ﬁﬂd{:

x=-x) Jx| Jx,.

The relations {12)—(14) refer only to cases in which either X, is emply or X; is empty.
There are games in which both X and X are nonempty. Such games are not analyzed
in this report.

o]
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We shall now illustrate the three types of games by using simple examples.
Example 1: Consider the state equations

N
A

Xy =W a ] b
9&2=u1 aéulgb,

where ¢ and b are real numbers with ¢ < b. Let the target set be the straight line
defined by

® = {(x,x) € EZ:xy + x9 =1} .
The integrand of the cost, Eq. (3), is given by
folxy, %g, Uy, v1) = (1 - v1)? (15)

for all (x;, x5) € E? and for all u;, vy, € [a, b]. The state space X is taken to be the
set {(xy, x9) € E2:xy +x9 <1} .

If 2 = 0 and b = 2, one can verify that

0

V(xg, 29)

Il

Vi, ) = =1 - o - ad) (16)

for all (x‘l), xg) € X; that is, the inequality (12) holds, and the game is of the play-
second type.

Example 2: Fora = -1 and & = 2 one has
Z(xtl),xg) = 91 - x? - xg)
V(a,59) = 2(1 - 2 - «9) (17)
for all (xcl’, xg) € X, so that inequality (18) holds. The game is of the play-first type.
Example 3: Suppose that, instead of f, given by Eq. (15),
fo(xl, Koy Uy s ul) = u%u1 (18)
for all (x;, x,) € E% and for all u;, v; € [a, b]. Fora = -1 and b = 1, it follows that
Vixy) = Vixg) = 0 forallxy € X. (19)
Thus, the equality (14) is met and the game is of play-anvtime type.

A game of the play-first type is analyzed in greater detail in the fifth section.
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GAME VALUE RELATIONS

As pointed out in the Introduction, using the notation of the previous sections, the
four relations in question are given as I-IV below,

L Vix,) < Vixy) forailxy € X.

IL V*(xyipy,e1) = V*(x,;p%,e5) forall % € X and for all saddlepoint strategy
pairs (p7, ey) and {p§, e}) over X.

If Condition 1T holds, then we make the definition

V*{xg) = Ve(xy: pt, e%) forallx, € X.
UL Vixg) = V*ixy) = Vix,) forall x, € X.
V. Vixg:p*,e,0) < Vixg) forallx € X,foralle € §(p*, x4), and

forallp &€ Ti{xy:p*,e).

Vixg; b, e*,p) 2 Vix,) forallx; © X, forallp € 7 {p*, x4) and
forallyg € T(xﬁ;p, e*),

where {p*, *) is a saddlepoint strategy pair over X.

Condition I implies that each player prefers that his opponent be first to choose
{and disclose) a strategy. For, if Condition I holds and player P chooses any p € P{xp),
with player E optimizing his choice in &(p, xp), then the resulting cost is no better than
the upper value of the game. On the other hand, if player E chooses first ¢ from &({xg),
followed by player P optimizing his choice in P (e, x5), then the resulting cost is not
above the lower value of the game. Consequently, if I holds, the player choosing first
sustains a loss, the absolute value of which is V{xg) - Vixg).

Condition I1 states that the saddlepoint value of the game is unique. Condition Il
is a statement about equality among the lower, saddlepoint, and upper values of the game.
Condition IV states that if a player uses his strategy of a saddlepoint sirategy pair, then
he is guaranteed the upper value as player P and the lower value as player E.

In two-person zero-sum differential games, the relations I-IV are usually presupposed
because their analogs hold for classical games {(e.g. Ref. 2), and hold also for differential
games in which every strategy of one player is playable with every strategy of the other
player, But, as we shall demonstrate by the example in the next section, conditions .1V
need noi hold.

SADDLEPOINT STRATEGIES OF A PLAY-FIRST GAME

We borrow the following game from Ref, 14 and show that it is of the fype described
by inequality {13). In Ref. 14, open-loop strategies ave presented, Closed-loop strategies are
nrovided below for this game,
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Consider the differential game with state equations
()5 g, %) = (Vg 1,V + Uy), (20)
where u,, v;, € [0, 2] and uy, vy € [-2, 2]. The state space is defined by
X = [(x,%5,%3) € E3 Xy, %y = 0],
The target set is
O = {(xl,xz,xs) € Xix; +xy - xg -1=0},
and the integrand of the cost, Eq. (8), is

Folxys %o, Xg, 1y, Uy, Ug, Ug) = 2(xquy - x104) (21)

Vixg:p, e

£). (22)

In Eq. (22), x5 = (x;(fy), x9(fg), x3( t;)), a playable strategy (p, e} transfers the state
from x, to the terminal pomt x, = (xl(tf), %o (tp), X3 ( tf)) € 0, and v is a path associated
with (p, e). Note that Eq. (22) is path independent.

Let ¢ € [0, 1]. For each such ¢ we define the strategy pair (p¥, e}) as follows, where
p: = (P, p3,) and € = (ef,, €4.):
(

O 1fx1
p{c(xl!x2’x3) = { .
2 1fx1 + x, < 1andx

< e (23)
(-2 ifx, +x, - x2 < landxy > 0

0 ifx, +x, - x5 < landxz = 0, 0r

* =
P32y, %5, %g) j ifx; + %, - x5 = 1 and all x4

2 ifx; +x, x§ < landx; < 0,o0r

ifx; + x, ~ x5 > landallx,. (24)

]
=
w

Oifx1+x2>10rx1>1-e

e Xy, Xy, 23) = ,
2 ifx, +xy, < landx, <1-c (25)
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ey %), x5, %3) = 03, (%), x5, x5} forall{x, %y, %3) € X (28}
We claim that the pair {p* e*} is 8 saddlepumt strategy over X. This claim is
established b ¥ iubiuuubu;g the d.Ll.ZS.l.l].d.L)f function V ; below and then ﬁppiyi{ig the suf-
ficiency theorem of Ref. 15 to show that V* is, indeed, the function V+*{+; DE, e¥} defined
in Eq. {8). Thus, we make the definition, For
x = {x,%5,%) € X,
*2 - (1 - xy)? ifx, +x, < landx, > ¢
(- %) - ifx;, +x, <landx, >1-c¢
VI S92 1 - ¢ - a2 ix, <1 - candx, < ¢
0 ifx, +x, 2 1. {27}

Note that V;’; is a continuous funciion on X.

A decomposition D of the state space X is given by

r h]
B = iXi’XZ’Xa’X‘li"

where
X, = {xE}‘sfzsc1 +x2<1aﬂ<}x2135}
X, = {x € Xix, + 3, <landx, >1-c}
X, = {xEX:x1<1—candx2<c}
Xy = {xEX:xl+x2>1}.
Obsexve that
4
X=QXE.
i=

The function V* is of class €1 with respect to the decomposition D, Ref, 15, since V¥ iscon-
tinuously differentiable on X, 1=1, 2, 3, 4,

The pair (p#, ¢}) is playable for all initial states of X and V* equals zern on B, One
can verify that the foiiowmg two conditions are met:

) ol pilx), v) + grad V¥x) - flx, p*x),v) < O
forallx & Xandallv = (v, v,) € [0,2}] X [-2,2]

et
<
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(il) folx, u, eX(x)) + grad Vr(x) * flx, u, ex{x)) = 0
forallx € Xandallu = (u;,u,) € [0,2] X [-2,2],
where the function f is defined by Egs. (1) and (20).

It follows, then, from Theorem 3.1 in Ref. 15 that the strategy pair (p%, e}) is a
saddlepoint strategy over X.

Using Egs. (7) and (8), we note that

Vi, %o, %) = &2 ~ (1 - x,)2 (28)

Vixy, %9, 25) = (1 - %)% - 5 (29)
for x; + x4 < 1, and that

V(g %9, %3) = V(%) %9, %3) = 0 (30)

for x; + x4 = 1. From Egs. (28) and (29) we see that
Vix,, x5, %3) < Vix, 2y, %3) (31)
whenever x; +x, <1. Thus, the game under consideration is of the play-first type.

Finally, we note that the Condition I-IV do not hold for this game. For, from Eq.
(27), it follows that relation II fails to hold for the saddlepoint strategy pairs (p#, e*),
¢ € [0, 1]. Relations II and III fail to hold because of Eq. (31). From Egs. (27)—(29),
it follows that relation IV fails to hold for all (p*, e¥), ¢ € [0, 1]. Furthermore, if ¢ = 0,
then Vg = V;and if ¢ = 1, then V’; = V.

CONCLUSION

Two-person zero-sum differential games can be classified according to whether it is
best for a player to play first, second, or in any order. If the minimizing player P plays
first then the cost of play lies in a neighborhood of the upper value of the game. On
the other hand, if the maximizing player E plays first then the cost of play lies in a
neighborhood of the lower value of the game. Consequently, if the lower value of the
game is less than the upper value then both players desire to play last. If, however, the
Iower value is greater than the upper value then each player wants to be first. Thus, the
difference between the upper and lower values of the game provides a criterion for
classifying game types. 1If this difference is positive, the game is of the play-second type.

If it is negative the game is of the play-first type. Games in which the difference is zero
are termed play-anytime.

Each type of game is illustrated with a simple example. In addition a game of the
play-first type is analyzed in some detail. Closed-loop strategies are presented for this
game and a sufficiency theorem is applied to show that they are saddlepoint strategies.
Furthermore, four classical relations are shown to be invalid for this game.

11
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