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FOREWORD

This volume is one of a series of six volumes published by the Naval Re-
search Laboratory containing tabulation of explicit values of radial spheroidal
wave functions of both oblate and prolate kinds over extended ranges of param-
eters. It is designed to provide the mathematical physicist and research engineer
with accurate values of important but not easily calculated functions needed
to solve boundary value problems of radiation, scattering, and propagation of
scalar or vector waves in spheroidal coordinates.

This series vastly extends the scope and accuracy of existing tabulations of
radial spheroidal wave functions. The presence of many of the entries was made
possible only through adoption of calculation techniques involving extreme
precision. This was particularly true in the calculation of the characteristic values
for the radial equation resulting from separation of the Helmholtz wave equation
in spheroidal coordinates, a knowledge of which is essential in the calculation
of spheroidal angle functions.

The authors express the hope that the availability of these tables will result
in an ever increasing use of the versatile prolate and oblate spheroidal wave
functions in theoretical and practical problems where these functions appear
naturally.

Naval Research Laboratory, 1970 Sam Hanish
Roland V. Baier
Arnie Lee Van Buren
Benson J. King
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Tables of Radial Spheroidal Wave Functions

Volume 3
Prolate, m = 2

S. HANISH, R. V. BAIER, A. L. VAN BUREN, AND B. J. KING

Transducer Branch
Acoustics Division

INTRODUCTION

I. Prolate Spheroidal Coordinates

The rotation of the figure of an ellipse about its major axis generates a prolate spheroidal
surface which can be conveniently referred to a cartesian system (x,y,z) or to a curvilinearsystem (•:,),(p) of coordinates. In a prolate spheroidal system the formulas connecting cartesian
and curvilinear coordinates are given by

a

X [(2_ 1)(a -2 - 72) ]1/2 COS ý0,2

Y =2 [(62 - 1 2)]1/2 sin 'p, (1.01)

a

2

in which a represents the interfocal distance of the generating ellipse. The ranges of variables are

0 < 'p < 2 7r,

--1 •<7) < 1.

The spheroidal coordinates 6 = const, q = const, and p = const define the following set
of orthogonal surfaces, as shown in Fig. 1,

x2 + y 2 z2

ellipsoid of revolution: + --+1, (1.02)

x2 + y 2 z2(a) + =-1, (1.02)
hyperboloid of two sheets: a ± Y1 , (1.03)

half plane containing the z axis: p = tan- I(y/x). (1.04)

The ratio of major to minor axes of a particular spheroid is

E >' (1.05)

NRL Problem S01-28; Project RR 102-08-41-5225. This is an interim report on a continuing NRL Problem. Manuscript submitted
March 10, 1970.
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Fig. 1 - The three orthogonal surfaces which determine a point in prolate spheroidal space



It is thus seen that the figures of the spheroid span a great variety of shapes, from needle-shaped
objects, E -- 0, to objects of perfect spherical shape, E -- 1. The coordinate surface of the hyper-
boloid of revolution q = const is asymptotic to a cone whose generating line makes an angle 0=
cos- r with the z axis. When q = 0, the hyperboloid degenerates into the xy plane, and the
surfaces L = ±1 degenerate into the _z axes for all IzI > a/2.

In physical applications it is important to have available explicit formulas for the gradient,
divergence, and curl of physical fields in prolate spheroidal coordinates. These are

e 2 -2I aU 1 7q2 8 auUgaad 2) V=- - n2 T2 + ý-n 2--' (a/2) -1) (1-- (22) (1.06)

div A = [V/(p2 _ n2)(p _ 1) Ae]

+-(- [V(a n2) (1 - n2) A4] + 2 72 (1.07)

curl A = (a12) V(2-•2)(f2-1)t{ - a [)

+ {_[V(e2 - ,1)( -.1q2))A,] - 2 -n2 A,4
(a/2) /(2 --n2) n(1--2) ae 42..-.-1-a•

+e•sV(¢:- 1)(1- n2) {a A ][ 11 (1.08) :r /-___

Areas and angles in this coordinate system are formed using the metric coefficients gij, where
gt= O, i # j, and

(1.09)

II. Factored Solutions of the Helmholtz Wave Equation in Prolate Spheroidal Coordinates

The Helmhoitz wave equation for steady waves,

(e2 + k2 )q, = 0, k = 27r/X, X = wavelength, (2.01)

is separable in prolate spheroidal coordinates. The factored solution is given by

6 = S(h,g=)R(h, )C((), (2.02)

in which S is the angle function, R is the radial function, and b is the azimuthal function. The

symbol h = rra/X is a measure of the ratio of the interfocal distance a to the wavelength X. Substi-
tution of Eq. (2.02) into Eq. (2.01) leads to three ordinary differential equations,

q [(1 2) d I + [A - V 1 2
M = 0, (2.03)

NRL REPORT 7090 vii
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d- (s2 - 1)A- - h262 + M2 R = 0, (2.04)

d2(D + m2'F = 0. (2.05)
d•

2

In most applications to physical problems the field (D must be periodic with period 27T in the

coordinate p. Therefore m must be an integer which may conveniently be selected as nonnegative.

If h -- 0, Eq. (2.03) reduces to the standard differential equation for associated Legendre func-

tions whose separation constants are A = I (2 + 1), where 2 = m, m + 1, ... , and where 2 and

m are both nonnegative integers. When h # 0, the constant A depends on m, 1, and h, and

Eqs. (2.03) and (2.04) have nontrivial convergent solutions for the unique numbers A = Am1 (h).

Differential Eqs. (2.04) in the radial solution R and (2.03) in the angle solution S are es-

sentially the same except for range. The singular points of the differential equation for R may

be found by rewriting Eq. (2.04) in the form

d2R 2e dR [(A -h 2 ý2)(2--1) +m 2] (2.06)

d•2-2 7164 (6 1-2 R =0.

The numbers L = __1 are seen to be regular singular points with indices ±-m12. Setting z= 1/ý

and letting z -- 0 shows that there is an irregular singular point at infinity. All other points in

the complex 6 plane are regular. Each solution R of the differential equation is a function of the-(21

four entities m, 2, h, and f. There are two independent radial solutions, R(mt (h,e) and Rt (h,e),

whose Wronskian is

RM dR(2) dRI) 1 h : o. (2.07)
d6s d h(2 - 1)'

Several graphs depicting the behavior of Rm (h,e) and R(t (h,e) as a function of hý for m =0,

2 = 0, 1, 2, and selected values of h are given in Fig. 2.

III. Prolate Angle Functions

At all regular points -1 < -q < 1 of Eq. (2.03) the angle function Smt (h,e) can be expanded

in a series of associated Legendre functions,

Smt(h,71) = dn(hjm1)PmMn(7O) " (3.01)

n=O

Substitution of this form into Eq. (2.03) leads to the following three-term recursion formula in

the unknown expansion constants dn:

adn+2 + 63dn + yd,,- 2 = 0, (3.02)

in which

(2m+n+2)(2m+n+l) h2  (3.03)
a=(2m + 2n + 3) (2m + 2n + 5)

2(m+ n)(m+ n+ 1) -2M 2 -I h 2 + (m+n)(m+n+ 1)-A, (3.04)

'l (2m+2n+3)(2m+2n--1)

n(n - 1) 2 "

'= (2m + 2n -3) (2m + 2n - 1)

viii
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If the choice of A is arbitrary, solutions given by Eq. (3.01) with constants d" determined by

Eq. (3.02) are divergent either at "- 1 or at 7) =- 1. However in physical applications it is neces-

sary that S(n (h,'i) be finite at both of these points. A search is therefore made to find special

values A = A mt which make d,, satisfy Eq. (3.02), at the same time satisfying the condition

li .2---> 0. (3.06)
n-. d,

These Ant are the characteristic values (eigenvalues) of Eq. (2.03). Use of these values

leads to successful expansions for S(,t (h,'?) of the form given in Eq. (3.01). However, because

the recursion formula Eq. (3.02) relates dn constants which are all even or all odd in subscript n,

the series is summed only on n = odd integers if 2 - m is odd or only on n = even integers if 2-- m

is even.
An efficient algorithm for the determination of Art and d,, is given by Bouwkamp (7). The

d, will be normalized to satisfy the requirement that near the endpoint 1 = +1 both S(1)(h,'q)

and P (,q) have similar behavior. The behavior of Pro+± (7) may be found by writing it as a Gegen-

bauer polynomial Tm(,q) in the form

Prm'+n(71) = (1 - 711)mWITT (7)). (3.07)

When - = 1, the explicit form for T is

(2+m)!

TP_m(l) - (2_m)!2mm! (3.08)

In view of Eq. (3.07), the number 2 = m + n. Equation (3.01) then becomes for 7) - 1

S((h,71)-- (1- q2)m/2 N' dn(hlmi) (n+2m)! 1 (3.09)n! 2mm!.
n=0,1

The prime sign on the sum means that n = 0, 2, 4, ... if 2 - m is even and that n = 1, 3, 5,...

if -m is odd. In the limit ) -- 1, the quantity [(1 - "q2)-mI2SM(h,'q)]=[ (1 -- 2) -m/2

Pi (71) ],=,, provided

N" dn(hIm2) (n+2m)! (I+m)! (3.10)

En! (I - m)p "
n=0,1

The prolate angle function thus has the form

S(1'3 (h, h) = (1 --2)m/2 ' dn(hlm1)Tn'(q). (3.11)
n=0,1

A summary of other normalizations and notations found in the literature is given in Table 1.

IV. Prolate Radial Functions of the First Kind (R ))

The separated wave functions S(1¶,1 (h,,q) and Rmd (h,e) satisfy ordinary differential equa-

tions (Eqs. (2.03) and (2.04) respectively) which are the same except for range of argument.

X
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TABLE 1

Notations for Prolate Spheroidal Wave Functions
(as compiled by Flammer (19))

Radial Angle a Radial Angle
Coord. Coord. k 2 Wave Wave Eigenvalue Normalization of Angle Functions

Function Function

This volume ,, h A R(h,6) S.1(h,71 ) A,, (h) [(1.)2) -2S¶(h,q)],=,

= I( U-- 71') -"/Pl"(7)) ] n=,

Flammer (19) 7 c R,,(c,)" S.,,,7(c.) X,..(c) S,,.(c,0) = Pn'(0), n-rm even,

S'-,,(c,0) =P. (0),n--m odd
()(1) (1)

Chu and 7, c R(c,•) S'."(c,•) A,,m S,, 2 (c,0) = Pmýt (0), 1 even,
Stratton (16) (1), P ., I odd

Smt (C,0) = P,,+ (0), od
y Sn'j)(6;.y mS(q y2 (2) f~

Meixner and ...... y) ps,'((,; y2) X,'(y2) - [psm(rq; y
2 )] 2 do

Schý.ke (59)

2 (n + m)!
2n +I (n -m)!

Morse and 7 h je,2 (h,e) Sm (h,'r) A2 t [(1 -- 2 ) -m/
2
S,,1 (h,iq)]=

Feshbach (65) cosh bt cos 0 ne,,t (h,6)

he h-[(1 -- e2)- f/P"(r)],

Page (73) 7 vE t( ),) Utt,, . [(l - 2) -l1u2t (•)]Ž = 1

P121(71)pq,,(n)

An expression for RM[ (h,e) may be found by an integral transform procedure outlined by
Morse and Feshbach (65). In this procedure let Lz (f) be the ordinary differential equation

L 0 (f) = (z2
- 1) d-f +2(m + 1)zdf + [m(m + 1) - A + h 2z 2] f= 0. (4.01)

Solutions to Eq. (4.01) are the function

F(?) = ,' dn(hjm1)Tm(,) = (1--02)-m/2S"t(h,71), -1 <- 71 -- 1
n=O,1

(4.02)

and its integral transform

f(6) = f eih (1 -- */ 2)-F(71) da9, 1 < o• .
(4.03)

Since (1 - q
2 )m/ 2F(,q) = S3,t (h,77) satisfies the angle equation, Eq. (2.03), the function

(I - e
2 )m/ 2f(e) will satisfy the same equation over the domain 1 -- ý < -; i.e., it corresponds

to a solution of the radial equation, Eq. (2.04). Thus (1 - 6
2 )m/2f(e) must be proportional to the

radial function Rkmi (h,6).

'.44
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Substituting the expansion for F (,7) given in Eq. (4.02) into Eq. (4.03) and noting that
any one term in the series may be written in the form

+1 J. +i+(he )i"nV-2-•F (n + 2m + I)

d.(hm)_ eJ h' ( d = d.(hIm) +n+2

dn~~m2 (n2m! (he -2(n + 2m) ! in2 .
= d(hm n! (hmJn+m(he), (4.04)

where the j's are spherical Bessel functions defined by

jn+(h) I (h),

6 Jn+M+(h22+,

it is seen that the radial function R(M,. (h,e) may be obtained in unnormalized form as a sum
of spherical Bessel functions

R(I(h,6) c (1 __e 2 )m/2f(e) = (1 - e2)m/2 2id,(hl) (n +n2m)!j ).
(he)r - noi~d~~2 n! j~~s)

(4.05)

The constant of proportionality implied in Eq. (4.05) is so chosen that

R(1) 1 [ 7r ] - 0
,,,t(h,f) --- Cos he:--• (1+I), -- o.(06

Using the asymptotic behavior for j. + m (he) as e -- -, the normalized radial function R( (h,m )
is found to be

R)(h\) (I - M)! 62 m/2 j' in+-- 1d.(hjm1) (n + 2m)!

(2+ m) n=0,1 n! jn+m(h)(4.07)

The first derivative of RM) with respect to the radial coordinate e is evaluated using the fol-
lowing standard recursion formula for spherical Bessel functions:

d
(2n + 1) --zj.(z) = nfjn- (z) - (n + 1)jn+,(z). (4.08)

The result is

d (2-rn) ! e2 1/2 (n + 2m)!
7e (2M) (he + in)! i J j+m 'dn(h~in2 n!

[h(n +m) h(nn+ m+1) m (
2 2m j,+m-n (he) -j,+,,+(hm ) + (-- e) j,+(h) • (4.09)

12n + m+I2n + 2m + I ~ I -)

When f -> 1, limiting processes are used to derive formulas for Rt) and dRl)/d6, a list of which
is found in Ref. 19.

xii



V. Prolate Radial Functions of the Second Kind (R(2))

(2) ,,A second solution R 'A (h,f) to the second-order ordinary differential equation, Eq. (2.04),
which is singular at the limit point s - 1, can be obtained by replacing the spherical Bessel func-
tions j,,,. (he) in Rt1) by spherical Neumann functions n,,,m(he). For a specific characteristic
number Ait the formula for R(2) is

•(2) ( -M)! 2-I m/2 ' in - (n + 2m)!
RI t(he) (2+ m)! 2j+m n! d,,(h Inm)nn+m(he) (5.01)

2 =O,1

-- h-sin he - - (1+ 1) 00:- , (5.02)1 2[ 1

where the d, constants are the same as for RM. This solution is only valid for large he; i.e., it
is an asymptotic form. Rt) and R(2) have been constructed so that the function RM) + iR(2) repre-
sents plane waves at large values of the argument e.

The first derivative of R(2) with respect to 6 is obtained in a form analogous to Eq. (4.09):

M I(2 ( I -- M )! 6 2 -- 1 m/2 • 'in+m-td,(hjm1) (n + 2m)!R-- m (h,s6) M) e2 ) n) I--•n
(1 / n=O,1

h( n+m (hi) h(n + mi+ 1) (m n 1,+m(h)

2n 2m 1 +n+m-i(h•) -- 2n + 2m + 1 n+m+(hs) + (e 3-- e) I. (

The asymptotic character of these spherical Neumann series leads one to seek alternate formulas
which would be useful in the range of nonlarge he. The alternative formula is a series of asso-
ciated Legendre functions of both kinds, Pn (6) and Q m (6), for argument e > 1:

= (2) j ' d",(hlin2)Q +2 ) ' m-, . () (5.04)R(h dm•(h,1)Q ,,,+n(f) + n-,h~ £ (e)
K,,,(h) In-=-2m, 222,,,+2,

-2m±l 2m+1

where

K(2) h (1)(t1-m)/2(2 + m) !(2m) !d-2,.Kmt () = hm- (I -- m)!m ! (2m -l) ,(--1)n/2(n + 2m)! dnjh mlm )n= 2 (n)! (n + 2m)!
hm-(2 i) in(2 n=- 1) 2 2 (J2

2 - m even, (5.05)

(2) (-1)(=-m-1)/2(2 + m)!(2m)!d-2mhm- 2 ( --m)! (2m - 3) (2m - 1)m!' (-1)(n-1)/2(n + 2m + 1)!d,,(h mn2)

n=1 1)(n +. 2m+2 1

S- m odd. (5.06)

Here the d,, are the same expansion constants used for Rt1), and dp,,, are special expansion con-
stants whose character and derivation are found in Ref. 95. It is noted that d-1, and dpln present
problems in numerical evaluation which will be described later.

xio.NRL REPORT 7090
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The derivative of Rt2 ) with respect to e is obtained using standard recursion formulas for the

associated Legendre functions. The result is

' dn(hlm£2)

-2m+lI

SQ,( ) if m=0

-mi Q'n(() +(m +n)(n-m+1) Q ,if >0
+ Q•l~2, f m

e 2 -1 1 QM (

(5.07)d, 12(hjim) rPl+l() + me )
n=2m+2,

2m+1

VI. Calculation of A,,a, d,,, and dpt,

The three-term recursion formula Eq. (3.02) may be written in two forms,

h2 - 4m 2 -1
y•=(m+n)(m+n+ 1) + 1 (2m+2n--1)(2m+2n+3)]' n 0', (6.03)

n(n - 1) (2m + n) (2m + n - 1)h 4

= - (2m + 2n - 1) 2 (2m + 2n -3) (2m + 2n + 1) ' 2,

(2m + n) (2m + n - 1) h2 di,
N= (2m + 2n - 1) (2m + 2n + 1) d,-- 2 n _ 2.

(6.04)

(6.05)

The procedure for calculating the characteristic values A,,,t is as follows: for n very large

Eq. (6.01) is developed in a continued fraction involving diminishing values of n by inserting all

of the right-hand side into the third term in its denominator, changing subscripts as needed.

The boundary condition Nm' -• 0 as n - - is used to terminate the fraction at a convenient value

of n. Similarly Eq. (6.02) is developed in a continued fraction beginning with n = 2 and involving

increasing values of n. The boundary conditions which generate the fraction at n = 2 and n = 3 are

NT = -- Y + A.4,

NT = -y'l + A,.

(6.06)

(6.07)

= 1d (2)((h)

df ~ K mt (h

or

where

(6.01)

(6.02)

xiv

A,• ,,t (h) + NmT+2,n 2

NT+2 =--T + A,,m (h) -NP:, n - 2,
N m



The continued fraction with diminishing subscripts developed from Eq. (6.01) and the continued r
fraction with increasing subscripts developed from Eq. (6.02) are equated at a value of the sub-
script n = 2-i + 2, thus forming a transcendental equation in the unknown A2t, the roots of
which are the characteristic values for specific choices of h. An approximate value for A t is ,,
inserted into the transcendental equation, resulting in an error due to the approximation. A
correction to the trial value for A t is then obtained using the variational method of Bouwkamp
(7). The process is repeated until A. 1 is obtained to a desired accuracy.

An accurate first approximation for A2 mg for a given m, 2, and h is obtained by a matrix
method whose detailed description is given in Ref. 38. Briefly, an equation similar to Eq. (3.02)
is derived using normalized associated Legendre functions. Written in matrix form this equation
reduces to

[B] {v} = A {v}, (6.08)

where the {v} are characteristic vectors, the A are the A,,1 characteristic numbers, and [B]
is an n-by-n square symmetric matrix with elements constructed from modified forms of the
coefficients a, /3, and y as given in Eqs. (3.03), (3.04), and (3.05) respectively. The solution of
Eq. (6.08) is obtained by means of the Givens tridiagonalization method followed by an iterative
procedure based upon the Sturm sequence property of symmetric matrices. The numbers A. 1
are then used as starting values in the Bouwkamp variational algorithm.

When the A t have been obtained to within a stated precision, the numbers NT are available
to determine the ratios d22/d,2 -2. The individual d22 are then obtained using the normalization
condition given in Eq. (3.10).

The calculation of d-, and dpl, is more complicated. Using the recursion formula Eq. (3.02),
the following formulas can be derived (Ref. 95):

d-2m U-2M+2

d-2m+2 V-2.0 (6.09)

d-2M+ I U -2M+3 ( .0
d-m+3 V-m+1(6.10)

1
dpl-2m-2 (2m + 1) (2m - 1) (6.11)

d-2. V-2M-2 + -w- 2 n- 4 (d_2m2-4

1
d 2l-2m-1 (2m-- 1) (2m- 3)

V-211-1 + W- 2  (d-2,-3d -2,+l -2,,-I 4- -•m .• d-2m- ,I)

d,,-.'2 (6.13)
d.+2 V2 + W11- 2 n\ d2

where

(n + 2m) (n + 2m - 1) (6.14)
U, (2n + 2m + 1) (2n + 2m - 1)'

V 2 (n+m)(n+m+ 1) -2Mn 2 -1 + (n+m)(n+rm+ 1) -A.t(h)=I 1 . . . . . . (6.15)
kznl - Zm +) l4Zfn + Zm - 1)

NRL REPORT 7090 XV
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(n +2) (n+ 1)
= (2n + 2m + 3) (2n + 2m + 1) (6.16)

The expansion constants d-n and dpl, are obtained from Eqs. (6.09) through (6.16) using pre-
viously calculated values for do and di.

VII. Computational Procedure

The calculation of the tables was organized into a computer program called PRAD, written
in Fortran IV language for execution on a high-speed digital computer. The specific quantities

calculated are the prolate radial functions of the first and second kind, their first derivatives,

the associated characteristic values of the governing differential equation, and an indicator of

accuracy. Calculations were performed in double precision arithmetic on a Control Data Corpora-

tion 3800 digital computer at the Naval Research Laboratory. Double precision numbers in this
computer have 26 decimal digits.

An outline of the procedure of computation follows.
1. Every calculation began with an input of four nonnegative numbers: two integers, m and

2, and two decimal numbers, e and h.
2. The characteristic values A,,t and the expansion constants d1, d-,, and dpl, were calcu-

lated by methods outlined in Section VI.
3. The associated Legendre functions of both kinds were calculated in accordance with

the following schedule:

Kind

Pmn (e•)
Q'nn(s), n _> 0, e: -- 1.00 1

6 > 1.001
QT(:), n < 0

Method

Hypergeometric series in (1 - e)/2

Expansion in Pm (e) (Ref. 105)

Hypergeometric series in (e4 - N/-2 - 1)2 (Ref. 80)

Backward recursion in n

4. The spherical Bessel functions of both kinds were calculated as follows:

Kind

j 2 (he), he < 0.4
0.4 _- he < 100
he > 100

nn (he)

Method

Power series in he
Backward recursion
Forward recursion
Forward recursion

5. The prolate radial spheroidal wave function of the first kind R(mi (h,e) and its first deriva-

tive dRlmt (h,6) Ide were calculated using Eqs. (4.07) and (4.09) respectively.

6. The prolate radial spheroidal wave function of the second kind RmA (h4) and its first

derivative dR1 (h,f) /de were calculated using either Eqs. (5.01) and (5.03) or Eqs. (5.04)
and (5.07), in accordance with the following:

Range of Parameters

1 < e < 1.05
1.05 < e -_ 1.3
2 -- > 1.3 and h _- 10
5 _- > 2 and h 1 I
e4> 5 and h > 0.1
6 and h outside above ranges

Method

Eqs. (5.04) and (5.07)
All four (select better result)
Eqs. (5.01) and (5.03)
Eqs. (5.01) and (5.03)
Eqs. (5.01) and (5.03)
Eqs. (5.04) and (5.07)
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VIII. Accuracy of the Tables r

Each horizontal line in the tables contains six entries, namely, Rtm,,, (h,4), dR~mt' (h,4) /de,
mt (h,e), dRl, (h,4•)Ide, At (h), and ACC, corresponding to a particular set of the four

parameters m, 2, h, and e. The first five entries are each printed in the format of 18 significant 4

figures rounded off from a double-precision number available in the memory of the computer.
The sixth entry labeled ACC (for accuracy) is a one- or two-digit number whose meaning is
explained below.

Accuracy of the calculated values of the two independent radial functions and their first
derivatives was checked by use of the Wronskian

dR(2) dR(1) 1
de d4 h(e2 -1)" (8.01)

The number of leading significant figures (or one less) that agreed when the calculated Wronskian
(left-hand side of Eq. (8.01)) and the theoretical Wronskian (right-hand side) were compared
was determined in PRAD and printed in the tables under the heading A4CC.

The number A CC represents in terms of significant figures the accuracy of the least accurate
of the four numbers RtI), dRtl)Id4, R(2), and dR(2)Ide when the exponents of the two products
Rta)dR(l)Id4 and R(2)dRtl)Ide in the calculated Wronskian are equal and in turn equal the ex-
ponent of the theoretical Wronskian. When the exponents of the two products differ, the calcu-
lated value of the Wronskian will be more sensitive to the product with the larger exponent. In
this case the accuracy of the least accurate of the two numbers forming the other product may
be less than ACC by as much as the difference in exponents of the two products. However, ACC
still represents a lower bound on the accuracy of both numbers in the product with the larger
exponent. It is possible for random inaccuracies in two or more of the four numbers Rtl), dRM')/de,
R( 2), and dR(2 )Id4 to combine to give a Wronskian check A4CC greater than the number of accurate
significant figures in any of these numbers. However, the probability of a discrepancy of more
than two significant figures is very low.

The upper limit on A4CC is 26 which corresponds to the 26 significant digits carried in double
precision arithmetic in the computer (Control Data Corporation 3800, Naval Research Labora-
tory). In general, the values listed under A4CC are less than 26 due to roundoff errors or to errors
arising from subtraction of numbers which are nearly equal (Ref. 81). Values of ACC much less
than 26 reflect large subtraction errors. For example, when low ACC values occurred for high
values of h and low values of 2, it was determined that a subtraction loss comparable to 26 figures
minus the value of ACC occurred in the formation of the normalized d,2 constants as well as
in the summation of the series for the radial functions and their derivatives. This experience
may easily be verified by examination of the tabular values in question.

Examination of the calculation of the characteristic numbers Amf showed that they are
accurate to at least 21 significant digits in all cases. In addition to the internal accuracy check,
extensive checks on A.,1 t and all radial functions were made by comparing tabulated values with
existing tables by other authors and by hand calculations. Since the theoretical Wronskian is
independent of the integers m and 2, it was necessary in each line of entries to verify by means
other than the Wronskian that the printed values corresponded correctly to the indexed m and
2 parameters. This was done chiefly by examining the ordering of the list of A14 for monotonicity
and continuity. Monotonically increasing A24m together with absence of duplicated numbers
indicated correct correspondence between parameters and printed values.
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X. Historical Review

In 1881 Niven (72) solved a three-dimensional vibration problem in rotational ellipsoidal

coordinates by separation of variables and made a considerable investigation of the resultant

differential equations in the spheroidal wave functions. He was the first to expand the angle

spheroidal wave functions in associated Legendre functions and the radial spheroidal wave

functions in spherical Bessel functions. He also developed power series formulas for the char-

acteristic (eigenvalue) numbers A22 t. A decade later MacLaurin (55) used these expansions in

several applications involving spheroidal coordinates. About the same time Abraham (1) under-

took the study of electromagnetic radiation from linear antennas and first introduced specific

integral formulas relating angle and radial spheroidal wave functions. In 1911 radial spheroidal

wave functions of the second kind were expanded by Herzfeld (42) in a correctly formed series

of associated Legendre functions of the second kind.
The greatest impulse toward further development of spheroidal wave functions was given

by the famous dissertation of Bouwkamp (7) on acoustic radiation from pistons and by the

thorough work of Chu and Stratton (16) on electromagnetic radiation from antennas and on

forced vibrations of ellipsoids. Further investigations of integral relations between radial and

angle spheroidal wave functions were successfully undertaken by Ince (44), Moglich (63), Kotani

(47), and Bouwkamp (7,8). The convergence properties of spheroidal angle functions of the

first and second kind, developed in series of associated Legendre functions, were studied exten-

sively by Hanson (39), Baber and Hass6 (5), and Bouwkamp (7,8). Asymptotic forms for cal-

culating eigenvalues and eigenfunctions of spheroidal wave functions for large values of the

argument were developed by Baber and Hass6 (5), Svartholm (102), Wilson (111), Meixner (60),

Sips (89), and Abramowitz (3). Meixner (61) demonstrated that many already known series

expansions of spheroidal functions could be derived from a general expansion of products of two

spheroidal functions in series of products of Bessel and Legendre functions. Leitner and Spence

(53) applied special expansions of radial functions to the solution of diffraction problems. Expan-

sions of plane waves in spheroidal functions were developed by MacLaurin (55) and Mbglich

(63). Expansions of spherical waves in these same functions were derived by Morse (66). Mono-

graphs tying together many aspects of the theory of spheroidal wave functions were written by

Strutt (100), Bouwkamp (7), Chu and Stratton (16), Meixner and Schafke (59), Leitner and

Spence (53), and Flammer (19).
Major recent citations in the world literature on the use and tabulation of spheroidal wave

functions are found in the bibliography.
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XII. Symbols Used in the Tables

The column headings appearing in these tables were printed by the computer, which has

limited alphabetical output. For this reason it was necessary in the final printout to diverge

from the symbols of this text. The changes are noted below:

Radial function of the first kind =R1

Derivative of the radial function of the first kind

(with respect to e) = R1D

Radial function of the second kind = R2

Derivative of the radial function of the second kind

(with respect to 6) = R2D

Accuracy index as defined in Section VIII = ACC

Radial coordinate e = X

The parameters h, m, I = H, M, L

XIII. Range of Variables

The ranges of variables covered in the tables are:

m 2

2=2(1)51

1.00000001, 1.0000001, ... , 1.01, 1.02(0.02)1.2, 1.4(0.2)2, 4(2)10

h = 0.1(0.1)1, 2(1)10, 12(2)30, 35, 40

xxii
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