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TABLES OF ASSOCIATED LEGENDRE FUNCTIONS

OF THE FIRST AND SECOND KIND OF VERY LARGE

DEGREE WITH ARGUMENTS NEAR UNITY

S. HANISH, R. V. BALER, R. L. BERKOWITZ, A. L. VAN BUREN, AND W. H. BUCKLER

Transducer Branch
Acoustics Division

ABSTRACT

Formulas useful for the numerical calculation of small-order and very-large-degree
associated Legendre functions of the first and second kind, P m (x) and Qn m (x), to-
gether with their first derivatives, are listed and explained. A digital computer printout
of 2560 entries of these functions for arguments close to unity, previously unpublished,
is reproduced. The ranges of parameters m, n, and x covered in these tables are:
m = 0(1)2, n = 0(1)79, and x = 1.1, 1.01, 1.001, 1.0001, 1.00001, 1.000001, 1.0000001,
and 1.00000001.

INTRODUCTION

In the process of calculating tables of prolate radial spheroidal wave functions (1, 2)
for application in the theory of acoustic radiation from spheroids, a need arose for preci-

sion evaluation to at least 13 significant figures of the associated Legendre functions

Pnm (x) and Qn (x) and their derivatives for argument x close to unity (e.g., 1.00000001
< x < 1.1) and for degreen large (e.g., 0 < n < 79). Although existing tabulations of

Legendre functions areextensive, none of the-published tables (3-5) cover the above re-

quired range. A special task was then undertaken to write, edit, and evaluate a digital

computer program for calculating these functions. The resultant tabulation is presented

in this report.

DEFINITIONS

The terminology and symbols of the associated Legendre functions have been fixed

by long use and accepted custom (6). However, numerical values in the published litera-
ture, particularly of the older tables, differ in the same ranges among authors, because of

differing schemes of normalization. For clarity we will briefly review the definitions to
be assigned to the functions tabulated here.

NRL Problem S01-28: Project RR 102-08-41-5226. An interim report on one phase of the problem; work
on other phases continues. Manuscript submitted December 4, 1967.
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The generalized Legendre functions U(z) are solutions of Legendre's differential

equation

d 2 U dU

(z2 -  d21 u + 2z .( (1)
dz 2  dz

in which z and Y are complex variables.
In many physical applications complex z can be replaced by a real variable x, and Y

reduces to the positive integer n. For the restricted choice of parameters, real x > 1 and
integer n > 0, it can be shown by direct substitution that one solution of Eq. (1) is given

by the finite polynomial P (x), where

I [n/21 (-I)i (2n - 2j)!P 2x) 2n -0 j (n - j)! (n - 2j)! xn2j (2)
j=O

(The symbol [q] stands for the greatest integer less than or equal to q.)
'A second independent solution for Eq. (1), which is valid in the range x > 1 and

n > 0, is the finite series Qn (x) defined by

X (x+ 1(_ [(n-1)/2] (2n - 4j- 1)
QnM P(x) log e  - - P-2j- . (3)

2 Xe - - L (2j- + 1) (n-ij) n-2-2
j=0

The two solutions differ at the point x = 1. As x approaches unity the Legendre function

of the second type, Qn (x), has a logarithmic singularity, loge (2/0), while the Legendre

function of the first type, P (x), is finite and regular.

The functions defined above by special series must be extended to include eigen-

function solutions of Helmholtz's wave equation (V2 + k2) (I = 0 in rotational three-
dimensional coordinate systems. When this wave equation is separable in selected co-

ordinates, the appropriate differential equation changes from Eq. (1) to the form

d 2 T d 2(4
X + 2 x- - n(n + 1) + m j = 0, (4)

dx 2  dx x2 - 1

in which m is a positive integer and m < n.
There are again two solutions, Pm (x) and Qnm (x) (the associated Legendre func-

tions), which are variously defined in the literature. We adopt here the definitions given
by Hobson (6) who gives the following meaning to these symbols:

pm (x) = (x2- 1)m/2 d m (5a)
p (5a)

dx 
m

and

QnM (x) = (x2 - 1)m/2 dm Qn(W). (5b)

dxm

Standard terminology designates n as the degree and m as the order of these functions.
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COMPUTATION PROCEDURE

Using Rodrigues' formula that

dmP(x) 1 d m  1 dn+m [n = (x2 - 1)n =-I d

dxm 2 nn! dxn+m n ! dxn+m [

we get an expression about the point 1 as given in Robin

sum each of whose terms arenonnegative,

- I +- 1) 2 ] (6a)

[8]. The expansion is a finite

PM(x) = (x2 - 1)m/2 n m (n + m + j)!( 1)2L j! (m + j)! (n- m- )!
2m =0

Substituting Eq. (3) into Eq. (5) results in an expression for the

function of the second type

associated Legendre

m-j+l
_n+_ (-1)i M! [(x - - + 1)' - ] P(x)1 M t ) lo , X + m .+-Wn(x W 2 ,Xlox - I T.
j=2 2 ( - 1) (m - j + 1)! (x2 - 1) (Q - 0 / 2

[(n.- /21 (2n - 4j - 1) p m

j=0 (1 + 2j)(n -i) n-2jl

The series

When 1.001 < x

in these formulas converges with reasonable speed when 1 .< x < 1.001.

< 1.1, the Qnm(x) are computed using

= 2n+m+1 (n + m)! (x2 - 1)m/2

Qn M(X) = (O2)m (2n + 1)!! (1/2)(n+m+l)

x [F(n+m+, 2m2+I ; 2n + 3; , (6d)

e = [X - (X2 _ 1)1/2]2,where

(2n + 1)!! = (2n + 1) (2n - 1) (2n - 3) ... 9.7.5,3.1, (-1)!! = 1,

and F is the hypergeometric function. Derivatives of these functions, with respect to

arguments, are calculated by using

(6b)

(6c)
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d I/x n +r nnm (x)V _ ) - + (M = 0,j), (7a)
dx (x 2 

- 1)1/2 x2 - 1

and,

(x2 - ) V Jnm(X) (n - rn + 1) Vn+1 (x) - x (n + 1) Vm(x) (m = 2), (7b)

in which Vrn(x) is either Pro(x) or Qtm(x)

A digital computer program for extensive calculation of Eqs. (6b), (6c), (6d), and

their derivatives was written in FORTRAN IV language and compiled for use on a CDC

3800 computer. Double precision arithmetic (26 significant figures) was employed

throughout. Final printout in the published tables is given to 23 significant figures.

METHOD OF CHECKING TABLES

Before final printout this numerical computational precision was internally checked

by two independent methods. First a check was made using the well-known recursion

formula

(n - m) l/nm(x) = (2n - I) x Vnm I (x) - (n + m - 1) 1/nm 2(x) , (8a)

and second a check was made by calculating the theoretical Wronskian

pm( d ~(1)m+1 22m F (n + mi +1 F n + m + 2)d- (x) d1 2 2
n xQ() n~)dx Wn(X (x (dx(x 2 - 1) F (n-m+1) F (Sbm+ )

2 2 (8b)

The number printed in the last column of the table (labeled accuracy) represents the

number of digits of agreement between the theoretical and the calculated Wronskian. In

all cases the agreement between the theoretical and the computer determined numbers

was 20 significant figures or better. Additional hand checks using desk calculators

showed agreement, for selected values, to at least 22 significant figures.



TABLES OF

ASSOCIATED LEGENDRE FUNCTIONS OF THE FIRST AND

SECOND KIND OF VERY LARGE DEGREE WITH ARGUMENTS NEAR UNITY

Range of Variables:

m = 0(1)2

n = 0(1)79

x = 1.00000001,

1.00000010,

1.00000100,
1.00001000,

1.00010000,

1.00100000,

1.01000000,

1.10000000
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