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ABSTRACT

A probability density function was derived which
can be used to calculate the probability that the future
position of a vessel at sea will be in a given region.
The density function was derived for the following
conditions: at the initial time the actual position of
the vessel is a sample from a normal distribution
with known mean and covariance matrix; the velocity
of the vessel remains constant during the time period
of interest; the speed of the vessel is a sample from
a chi distribution; and the course of the vessel is a
sample from an arbitrary distribution.

PROBLEM STATUS

This is an interim report; work on the problem
is continuing.
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A PROBABILITY DENSITY FUNCTION FOR THE
FUTURE POSITION OF A VESSEL AT SEA

INTRODUCTION

Assume that at an initial time to the probability distribution of the position of a
vessel on the surface of the ocean is known, as well as the distribution which governs the
vessel's velocity. A natural question to ask is what can be said about the position of the
vessel at a later time tI, where tI = t 0 + -r (Fig. 1). Under the assumption that the
random variables being considered are independent the problem of calculating the ex-
pected position of the vessel at time t1 is not difficult. But the problem of deriving a
probability density function which can be used to calculate the probability that the vessel
will be in a given region at time t, is not trivial in all cases. This is the problem ad-
dressed in this report.

ACTUAL
POSITION AT t1

PREDICTED

7 'POSITION AT TI.
(THIS IS THE DEAD-

RECKONED POSITION,
ACTUAL WHICH IN GENERAL

,'COURSE DOES NOT COINCIDE
9 WITH THE EXPECTED

POSITION.)
ACTUAL
POSITION .----- EXPECTED COURSE
AT to

EXPECTED
POSITION AT to

Fig. 1 - The geometry of the problem

The reader should note that there are a number of solutions to this problem; for ex-
ample see Ref. 1. Since these available solutions use a normal distribution to approxi-
mate the distribution of the components of the velocity vector, it was determined that
each of these solutions is inappropriate for the particular application for which this work
was done.

ASSUMPTIONS

The probability density function which was discussed in the Introduction will be de-
rived under the following assumptions:
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1. The earth's surface is approximated by a plane.

2. The vessel maintains a constant velocity from time t o to time t 1 .

The actual p6sition of the vessel at time t o is a sample from a random vector
(random variables will be boldfaced and capitalized) where

(X 0 ,Y 0 ) N N

and

0_X2 0)

0Y

Note that any covariance matrix
rotational transformation.

can be transformed into a diagonal matrix by a proper

4. Let the actual course be a sample from the random
probability density function of A, be such that

variable A, and let fA, the

IT+v

fA(a) da = 1

for some constant v.

5. Let the speed be a sample from the random variable S which is distributed ac-
cording to the chi distribution* (see Ref. 2, page 181) which has the following density
function:

n/2
(n/2)2 n exp (-ns 2/2c- 2)r (n/2) Urn

fs(s) =

s > 0 ,

0 , otherwise ,

where n > 1.

6. All of the random variables under consideration are independent.

Hereafter, the random variables (X0 ,Yo), A, and S will be referred to as the posi-
tion, course, and speed respectively, but the reader should bear in mind that in reality
the position, course, and speed are samples of these random variables.

DERIVATION

For mathematical convenience the transformation

*The chi distribution was chosen because it is intuitively appealing for approximating the distribu-
tion of a population of ship speeds and its functional form is convenient for this problem.

3.
(X0 ,tYO)
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is applied to the reference coordinate system, and the random variables with respect to
the transformed coordinate system are denoted by primes, as for example,

T T(x0", o) , = T.(XoVo)

First observe that under this transformation the actual position of the vessel at time t o
is such that (x(Y0) F/O

(X ,T NT , j

Although A and S, the actual course and speed, are independent, it will now be
shown that A and S' are dependent in the general case when cX y -T. It is easily seen
that for a given value of A, say A a,

' = [ T .(S cos a, S sin a )T]Tt

= S. (O-2 COS
2  a + Oy2 sin 2 a)1/2

= Sq

where

q = q(a) = ( 2 COS 2 a +i 2 sin2 a)' 2

The conditional probability density function of S' given A = a is
n/2

S'IA1' (n!2) sn-qf 1fS' A (s IA = a) = 2 n1)/2s -1exp [-ns2/(2o-2q2)]
F ( n/2) O-nqn

for s positive. In other words S' is distributed according to a chi distribution with
parameters n and c-q. Since q is a function of a, then A and S' are dependent as long
as ax 7 c-, and independent if ax = ory.

Now define the random variable W to be the distance traveled by the vessel during

the time interval (t 0 , t ). Thus,

and
W TS

W' being conditionally distributed given A a according to the chi distribution with
parameters n and r q.
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If (X1 ,Y1) is the random vector denoting the position of the vessel at time t,1 , then

(X1 ,Y 1 ) = (X0
+ W cos A, Yo +W sin A)

and

(X ,Y¥) = (Xo +W' cos A', Y + w' sin A')

Given A' = a and W' = w the transpose of (X' ,Y') has the conditional distribution

W Cos

W sin

a

a

and

E [(X,,Y') IA' = a and W'= w] = w.

Next define the random variables

R (X ,Y )

and

= I (xY')[

A special case of a well-known result (see Ref. 3, page 28) is that when W' = w is given,
R' has the conditional probability density function

fR'w 1I(rIW' = w) = r exp [-(r 2 
+ W2 )/2] Io(rw)

for positive r, where I0 is the modified Bessel function of order zero. Observe that

this density is independent of A'.

A standard integral formula from the theory of conditional probability yields

_CD

fR, IA(rIA= a) = j fR' IwI(rIW'= w) fWi IA(WA= a) dw
-- /2

2 (n/2) r exp (-r 2 /2)

F (n/2) (crrq)

J wfl { 
2  n f wn - exp -_ - 1 + -- 2

o (a-.q) I

From Ref. 4, page 198, it is known that

f exp (-c 2x 2 ) x1- 1 Jl,(bx) dx = 2

0 2"+1c & +vF(v + 1)

Io(rw) dw.

F (L_+ " , + 1 _ b 2 ); v+ 4 ;2 4c 2

where
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F(al; a 2 ; a 3 )
W r(a+k) F(a 2 )

= Tkk=0 F(al)F (a 2+k)

and the real parts of u + v and c 2 are required to be positive. To integrate Eq. (1) re-
call that

I0 (x) = Jo(ix)

and in Eq. (2) set

c 2 =  1+ -- 2
I + (cxq) 2

- 0,

and

b= ir .

The substitutions yield

fR',A(rIA= a) =
2 (n/2) n / 2 r exp (-r 2 /2)

2 n[(a-q) + n]
F(n/2) 2n/2

2 c
n F(n/2; 1; r 2/4c 2 )

n/2 2
(n) r e (-r2/2)

[(crrq)
2 + n

n / 2

r exp (-r2/2) {1 +
k=1(crq)2 +n

2 - k

n(n+ 2) ... (n+2k- 2) (rcxTq)

(2" k!) 2  ( rq)2 +n

(3)

for r positive.

Since for a given value of A, say A = a,

R' qR,

a change of variables in Eq. (3) yields

fRIA(rIA= a) = fR' A(rqlA= a) q .

It is interesting to note that if n = 2, then Eq. (4) reduces to a chi density function given
by

2q 2 r

fRIA(rIA= a) = ~ + exp {-r2q2/[(crTq)2 + 2]
(0-7-q) 2 + 2

for r positive.

aak

F(n/2; 1; r 2/4c 2 )
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Recall that the density function of the actual course A is fA , and it follows that the
joint density function of R and A is

fR,A(r,a) = fRIA(rJA=a) FA(a) , (5)

where f.IA is given by Eq. (4).

The density function given by Eq. (5) is not the desired result, since A is the course
as measured from the point (Xo I Yo ), not (0,0). If 0 is the random variable denoting the
angle corresponding to the point (X1 ,Y1 ) as in Fig. 2, then a simple approximation can be
made, namely,

fR',(r,0) -- R,A(r,0) (6)

where fRA is given by Eq. (5)

(X0, Yo)

(X,Yl)

Fig. 2 - The relationship between A and 0

Simulation has shown that if the expected distance traveled, -r • E (S), is at least
several times as large as the magnitude of the initial position error, then the probability
calculations are relatively insensitive to the approximation made in Eq. (6).

In any case, consider a region Q in the plane. The probability that the vessel will
be in Q at time t 1 is

ff fR'E(r,0) dr dO

Q

and the integrand is given approximately by Eq. (6)

CONDITIONS FOR APPLICATION

The developed probability density function should be used when the variance of S,
the speed, is not large (e.g., var (S) = 2 knots squared) and when the variance of A, the
course, is large (e.g., var (A) = 7/4 radians squared). Under these conditions a 90%
probability region for the velocity vector (S, A) might have the general appearance of
Fig. 3. It is understood that the assumptions and conditions as stated in previous sections
also apply.
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Fig. 3 - A possible 90% contour for the
velocity vector (S,A) when var(S) is
small and var(A) is large

If var (A)
in this report.
by a bivariate

and

is small, there is an attractive alternative to the density function derived
In this case the distribution of (S, A) can be approximated reasonably well

normal distribution in (X, Y) where

_ =X_ S cos A
dt

YdY = S sin A
dt

The approximate distribution of (X,Y) is

N

where

Fuj = E(S) E(cos A)

= E(S) E(sin A)

and

10= \/

with
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0-i2 =E(S 2 ) E(cos 2 A) - Ui 2 ,

c-jj = E(S 2 )E(sin A cos A) - LkA ,

and

0i
2 = E(S 2 )E(sin 2 A) - /_2

The distribution of (X1 ,Y1 ) is approximately

X)

N + -r 
2 5:o

The reader is advised to exercise caution in applying the normal approximation, for
if the appropriate conditions are not satisfied, this approximation can lead to erroneous
results.

EXAMPLE

To illustrate the density function developed in this report the following values of -the
input parameters were used:

T = 4 hours

0-X2 = 3 nautical miles squared

UY
2 = 5 nautical miles squared

n = 24

and

o-= 12

When the last two parameter values are substituted into the chi density function for the
speed of the vessel, a simple calculation yields

E (S) :: 11.88 knots

and

var (S) ; 2.97 knots squared .

For the distribution of the course of the vessel a truncated normal distribution with
mean 7T/4 and standard deviation 7/6 was chosen.

Figure 4 represents the density function given by Eq. (5) when the approximation in
Eq. (6) is used and the above substitutions have been made.
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Fig. 4 - The graph of fR, when the
approximation in Eq. (6) is used with
the illustrative parameter values listed
in the text
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