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ABSTRACT

A theoretical approach was made to developing a
technique for approximating the time error of a sig-
nal from a satellite caused by free electrons reducing
the electromagnetic propagation speed. The devel-
opment involved the use of the Transit satellites' dual
frequency transmissions at 400 and 150 MHz, the AN/
SRN-9 receiver, and a knowledge of the orbital loca-
tion of the satellite. The technique gives a reasonably
close delay measurement for a given satellite at a
given time under a given ionospheric condition.
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IONOSPHERE PROPAGATION DELAY MEASUREMENT
TECHNIQUES USING DUAL PHASE COHERENT DOPPLER

FREQUENCIES AND A THIN SHELL MODEL

INTRODUCTION

The free electron content of the ionosphere causes electromagnetic radiation to
propagate at a reduced speed. This change in propagation-velocity introduces a time
error when a transmitted signal from a space orbiting satellite is used as a time trans-
fer or a navigational device.

Through the use of the Transit satellites' dual frequency transmissions at 400 and
150 MHz, the AN/SRN-9 receiver, and a knowledge of the orbital location of the satellite,
a technique was developed to approximate the error due to ionospheric irregularities.

IONOSPHERIC DELAY

The velocity of propagation is inversely proportional to the square root of the di-
electric constant. The dielectric constant of the ionosphere with its free electrons in the
earth's magnetic field is a complex tensor. However, if the magnetic field is neglected,
we may assume an isotropic dielectric constant (1).

The magnitude of the ratio between the propagation velocity in the ionosphere (V2 )
to that in a vacuum (V1 ) is very nearly 1. The Snell law states that V2 /V = cos 0 1 /cos 02,

where 0 and 02 are the angles the respective wave propagation paths make with the
boundary surface. The difference (A0 = 01 - 0 2) in the angles of the waves in the two
mediums is small. The additional path length produced by this bending is approximately
(1 - cos AO) times the original length. Willman and Tucker (2) found that a 54-MHz ray
through a layer at a height of 625 km and an elevation angle of 41.290 deviated about
3926 m from a straight-line path and that the ray through another layer 165 km in height
and a small elevation angle of 0.810 deviated 82.05 km. This would amount to an addi-
tional path length of under 20m for the 410 source and under 5 km for the 0.810 source.
The bending is less as the elevation angle is greater. The bending decreases further
with a frequency increase approximately proportional to 1/f. The delay is proportional
to 1/f 2

. If the delays for the 5-km and 20-m additional path lengths at 54 MHz are pro-
jected to 400 MHz, the delays would be that which would result from path lengths of less
than 100 m and 1 m.

The delay due to path length change will be shown to be a second-order delay com-
pared to that produced by a velocity of propagation change along the straight path in the
medium.

The ionospheric delay expressed in distance can be shown to be equal to

receiver

AL= --bf N(s)ds (1)
transmitter
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where s is assumed to be a straight-line path, N(s) is the electron density per unit vol-
ume, w is the angular frequency (rad/sec), and b is a constant equal to e 2 /2com , in which
e is the charge of an electron, c0 is the electric permittivity of free space, and m is the
mass of an electron.

The 1/w)2 term is a first-order approximation for the frequency dependence of the
delay. The errors introduced by the 1/0)2 approximation can be of the order of 9% for
angles near the horizon and zero at the angles of closest approach (2).

THIN SHELL OF
THE IONOSPHERE

dh

900
- 
e

90
°
+( h

SATELLITE

EARTH SURFACE

Fig. 1 - Obliquity factor geometry used to transform the
an ionosphere shell ds into a function of elevation angle
and thickness dh (taken from Fig. 6-12 of Ref. 3a)

path length through
0, shell altitude h,

Referring to Fig. 1 showing the earth and incremental shell surrounding the portion
of earth shown, where a is the earth's radius, h is the height of shell above earth, € is
the angle the transmitted wave makes with the tangent to the earth at the receiver point,
and 0 is the angle between the transmitted wave and tangent to the shell, Eq. (1) gives

AL - b
W)2

hr
N(h, ) dh - b± N(h,sb)Q(h, 0) dh

sin 0 02
c ht

where Q(h,b) 1 1/sin 0 is the obliquity factor.

Actually N (s) in Eq. (1) is also a function of the time and azimuth-angle variables.
By working with half of a pass it can be shown that time, altitude, elevation angle, and
azimuth angle are single valued and dependent functions.
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By the law of sines,

- ) sin 2+
a a +

a
cos 0 - cos Sa, + ""

so that

Q(h'€) -sin 0 - (a/ )2

N(h ,5)

o 
h) 

2 2

The vertical dependence of N(h, 4,) is approximately as shown in the typical electron
density profile of Fig. 2. The peak may vary from 200 to 500 km and the base from 80 to
100 km.
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Fig. 2 - The two extremes of a typical range of electron
density N (h) vs altitude h (data from Fig. 6-13 of Ref. 3a)

The function Q(h,o) for angles above 150 and for a typical value of h has a small

fractional change with h. The integral for \L can be approximated by defining

Q(h,6) - Q(h,6)

where h is the altitude of the peak of the electron density. This is called the thin-shell
approximation, because it is equivalent to assuming that all the electrons are concen-
trated in a layer at the altitude h. Thus

and
h

AL = - , 1 -

W2 ht

dh.
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hr

h - bNT
.\L -- Q(hO) f N(h, ) dh = - Q(h, 0)

(J 2 ht (02

where NT is the total number of electrons in a vertical column of unit area between the
altitude of the transmitter and the altitude of the receiver.

Using this thin shell approximation with only a knowledge of NT and h, \ values will
be within ±10% when o is greater than 150 (3b).

It will be shown later that data coming from the receiver is in the form of rate of
change of path length with respect to time. To keep these variables the same as in the
delay equation, d(\L)/d6i is evaluated, where 6 = f(t) is known:

hr

d (\L) b(f

cl 4 ( 2 t
__[N(h 0)Q(h,:)] dh

dh r  dh t'

+ N(hr, ) Q (h,,/ ) d - N(ht',)Q(ht' ) - f "
do d("J

But since the electron density at the receiver happens to be zero, N(h",o)
the receiver is fixed in position, dlhr/d6- O, so that

d (.\L) b Fh dN(h,6)
d h,!, 2 dh +

0, and since

OQ (1h, o dh t
N(h,6o) dh - N(ht,6) Q(ht, 0) -

ht 06

Evaluation of the first term within the brackets of Eq. (4) using the thin-shell concept,
where Q(h,o) = Q(h,6), gives

aN(h,6) dh : Q(h, 6) Sho~,6 0 h t
oN (h,6)

dh

Expansion of the integral gives

hiaN (h,6)d

h N 60 c

hr

f N(h, 6) dh- N (hr,6)
hd t

dhr dh t
- + N (ht, o)do do

and again N (h ,) 0 0, dh, d"!, o, and

N(h,6) - NT,

so that

f (N(h6)

h (U

dNT dh t
-- + N(ht,6) --do do
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Hence Eq. (5) may be written

______ ( dNT dht\Q(h,) doN(h,) dh = Q(h,+0) + N(h do.

Evaluation of the second term within the brackets of Eq. (4) gives

N Q (h, ) A sin 2  J N1(h, a Q3 (h,+) dh (6)
N(h,) -d 2 ht (a + h)

At

since

(a + )h

and

dQ 1(a a2 _Q 3(
do 2 sin 2) (h, )

Under the thin shell approximation where a/(a+ h) = a/(a+ h), Q(h,o) Q(h,o), and

hr

f N(h, 0) dh = NT
ht

Eq. (6) becomes

h 2
a h a 2dQ(h, 0)

S (h,d - 1 sin 25 Q3 (h"q) N+ d----T NT
ht2 do

This use of the thin shell approximation will probably have several times the error
over its use in the evaluation of AL (Eq. (3)):

d (\L) _b rN dh t
(AL) b N(ht'o) [Q(R, ,) - Q(hto)]
dcf0 W2 do ic

dNT dQ(h,0)1
+ Q(ho) - + NT

dob dob

The first term, (b/o 2 ) N(ht,o) dht/do [Q(ho) - Q(ht,o)] , is proportional to the electron
density at the satellite N(ht,o), the rate of change of the altitude of the satellite with re-
spect to angle dhT/do, and the difference in obliquity factor at h and ht: Q(h, )- Q(h t,).
The second term, (b/a 2 ) Q(h,+) dNT/do, is due to horizontal gradients and time changes.
The third term, (b/& 2 ) NrdO(h,,l)/d, is what would have been obtained if the derivative
of Eq. (3) had been taken.

In the approximate evaluation of these terms, Q(h,,) and Q(htd) will be assumed to
have a maximum value of 1.5 because of the value of i and ht and the elevation angle
restrictions, 0 > 150, imposed by the use of the thin shell model. Their difference will
be assumed to have a maximum value of 0.5.
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N (ht,e), at 1000 km, has a maximum value of about 2 x 1011 electrons/m 3 (3c). The
value of NT is about 1018 electrons/m 2 to an altitude of 1000 km and can change by a fac-
tor of 10 in each direction (3d). If it is assumed that N (ht,6) is proportional to NT, the
maximum values give

N (h 6)2, 10- N
meter T

Through a change of form d(\L)1d 6 becomes

d (\,L) bNTfdt [1 2 x 1-~ dh~ t 1.5 s T + dN1T2 (h,6)%Q
dk o--2 bd L2 meter dt NT \dt + dt ds t 6 )

The orbit of the satellite is such that dht/dt z 2 x 103 m/min. Also since dNT/dt is about
equal to 1% NT per 200 sec or dNT NTdt = 3 x 10- 3 per min, and since dNT ds = 1% NT per
100 km (4), and since ds/dt (h/ht) 440 km/min (based on the orbit), then

dNT dNT dsi/!NT -d-t- + ds /t ( 1.5 × 10-2 + 3 10- 3) per mrai .5 10-2 per rai.

Considering the largest terms in the approximation, d(\L)/d0 becomes

d(AL) bNT [ dt 2.25 x 1 0 - 2 d2 1
do 2 c min + d (g ' ) "

In the range 6 = 100 to 150, 1dQ/di is near or at its maximum value for a reasonable
range of 11, but the thin shell approximation leaves much to be desired in this range.

A rough approximation above 300 that improves with elevation is Q - csc , (3e),
giving dQ/do= csc 0 cot . The value of dt/do is a function of the orbit and goes to
infinity at closest approach. With the satellite passes used to obtain experimental data
the minimum values for dt/do occurred at angles around 0.8 to 0.9 of the maximum ele-
vation angle of 4, and have an approximate value of 4 to 6 min per 6 max.

Using the values of dt/do and dQ/do it is found for angles between about 150 and 0.8
or 0.9 of 0 max that the contribution to d(XL)/do from changes in satellite altitude, hori-
zontal gradients, and time change in electron density amount to only 5 to 10% of the total.
Therefore assuming

d(NL) - bNT dQ h

do 2 (h,)

the largest error in the expression is from the thin shell approximation used in the term
that gives dO(h, )/d5.

SUPPORTING EQUIPMENT

The primary equipment was an SRN-9 navigation receiver which was used to track
four doppler satellites. The satellites transmit at 149.988 MHz and 399.968 MHz (nomi-
nally 150 and 400 MHz) and are exactly in the ratio of 3:8. The received signal is shifted
in frequency by doppler and ionospheric effects.
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The received frequency fr and the transmitted frequency ft are related by
f, ft [1 - (1/c) ds/dt], in which c is the velocity of propagation in a vacuum and
s - L + AL is the total path length from the receiver to the satellite, where L is the
straight-line length and AL is the equivalent ionospheric delay in distance. The received
frequencies from the 150-MHz and 400-MHz satellite transmitters would be

[r = ft I -150 150

fr 4  = t [I =

400 400L

1 (dL d ALISo)]

c dt

1 (dL d V"4 0 0

C \dt dt /

The receiver processes the two received frequencies in the following manner. The
400-MHz signal is multiplied by a factor of 3/8 and then mixed with the 150-MHz signal
so that the mixer output frequency is

fmix = 3/8 fr400 15 0

But the mixed frequency of the 400-MHz and 150-MHz signals modified by the doppler
and ionosphere is

fmix = 3 4ft [1 (dAL 15o9'i = t400 c \ d
d\L400)]

Assuming AL 1 5 0  (8/3)2 AL 4 0 0, since the ionospheric delay is approximately inversely
proportional to the frequency squared,

f -3 1 55 dL 400
mix 8 _40_0 9 dt

and

24 00fmix 55 400 fm. 1.0737 ft
mix cycle fmix0.3273 meters/mix cycle

dAL40 0  fmix (1.0737 ft/cycle) dt

d\L 1so fmix (7.6352 fticycle) dt.

The d'\L4 0 0 
i
dt of Eq. (7) can be either positive or negative, and this information is ob-

tained from the SRN-9 by having two mixers with a quadrature network on the input to
one mixer. The quadrature relationship of the mixer outputs indicates the sign of d \L (It.

To aid in the processing of the receiver output data, additional electronic equipment
was utilized. Since the quadrature outputs of the two mixers have a maximum frequency
near 8 Hz, it was possible to display the outputs on an oscilloscope as a Lissajou figure.
The sign of d.\L /dt can be determined by the direction of rotation of the dot on the scope.
The noise in the signal is indicated by the irregularity in the circular motion of the dot.

and

dAL 4 0 0

dt

and
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The purpose of the study was to measure ionospheric path length rather than rate of
change. The integration of d\L cit was done easily by electronic counters. Two ungated
counters were used with the signal being switched between them, depending on the sign of
d \L (It as indicated by the dot movement of the Lissajou figure. Changes in the difference
in the count of the counters are proportional to changes in the path length through the
ionosphere. An integration constant exists that will be evaluated in the next section.

The outputs of the counters were displayed in the form of a staircase signal on a
chart recorder with the receiver agc voltages, quadrature outputs of the mixers, and a
time coded signal. In addition, the outputs of the counters were connected to two digital-
to-analog (D-A) converters. The D-A converter outputs were, in turn, used to drive dif-
ferential inputs of a second recorder to show the integrated count from the frequency
mixer against time.

DATA REDUCTION

Two methods will be derived to calculate the integration constant: one method for
data at low angles such as between 25: and 300 and the other method for high angles be-
tween 450 and 0.8 ,, max. Both methods use the approximation d(\L)/d6 -(bi2)(dQid.5).

For the low-angle method the ratio was taken of d(\L) ld for two angles:

K d (\L) d6 sin 261 a1 (aa+ h)
2 cos

2 c2] 3 2

d L 2 S i l 2 6 2 [ ( a , a 4- h ) 2  C O S 2  6 ] 3 2

Since the magnitude and sign of errors of d(\L)id0 at 0, and 62 are nearly the same,
there will be a reduction in the errors of K as compared with those of d(,L)/d6. Curves
of the K function which uniquely define a value of h for a given ratio have been made to
facilitate easy data processing. Since h and ,l, give a value for 9 (defined in Eq. (2)), *VT

or NTh (,,2 can be found from

31VT
b

\LI \L2 ( Q1

completely solving the equation for \L. For convenience Q1 ' Q2 was available from
prepared plots of Q, 0 Q2 vs K. The curves were also drawn for elevation angles of

- 25~ and 2 = 30 for measuring Q. These angles were chosen high enough to sat-
isfy the ray-bending approximation, the thin shell approximation, and the inverse square
approximation. Choice of higher angles would have reduced the usefulness and accuracy
of the curves, because the ratio of the slopes K is less at higher angle values. At higher
angles the receiver monopole antenna pattern causes the signal strength to diminish, re-
sulting in the receiver losing lock as the satellite approaches 90 ° elevation angle. The
two angles were also chosen with a 50 difference as a compromise to obtain better data
by providing an ample length of time but short enough to minimize the horizontal and
time variable gradients in the ionosphere.

Predictions were obtained to give the elevation angle to the satellite every minute
during a pass (5). By assuming a linear approximation between the minute time dura-
tions, the time that the satellite is at a given angle can be determined to a fraction of a
second.
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Data (the difference in cycle count) were taken between the angles of 22.50 and 27.50
and between the angles of 27.50 and 32.50. These data were used to construct a parabola
of count vs angle. It can be shown for this curve that the slope at the 250 and 300 angles,
chosen for the set of prepared working curves for Q1 - Q2 vs K, is equal to the average
slope between 22.50 and 27.50 and between 27.50 and 32.5 and the difference between the
count at 250 and 300 is equal to one half the difference between the count at 22.50 and
32.50.

The high-angle method is much simpler and makes use of the approximation Q csc 0,
which is a very good approximation above 0 = 450:

d(AL) - NTb dQ -NTb

dkb 2 - cot csc,

so that

Nrb - 1 d(AL)
2  cot 0 csc 0 do csc

or
AL = d (AL)

AL=-tan

This method can be used between 450 and 0.8 0 max. By taking the change in count
over a period of time derived from the data and dividing it by the change in angle in ra-
dians over the same period of time, d(AL)/do is found.

A comparison between satellite rise and set data shows a dissymmetry of delay
about the angle of closest approach, since this rarely coincides with the region of highest
electron content. In nearly all cases the highest electron content is south of the closest
approach (for the north temperate zone location). The difference in ionosphere delay is
comparable to the difference in cycle count. The largest difference between rise and set
count has been around 200 ft at 400 MHz. Inaccuracies in determining this difference
are caused by such things as the receiver losing lock, causing error in the count, and in-
correct angle-to-time transformation based on orbital predictions, causing error in the
count and the slope. Other inaccuracies may be attributed to thin shell approximations
and the effects of a horizontal gradient of the ionosphere and how it varies during the
period of measurement.

Due to unknown ionospheric changes during the measurement period it is impossible
to write exact expressions and integrate AL precisely. For this reason the assumed val-
ues were often considered to be constant during the measuring period. However, by ac-
cepting the reasonably close assumptions used in the two methods of measurement, fairly
accurate values of AL may be obtained.

An appendix provides sample calculations based on the above methods. Included are
samples of the helpful work-saving charts and graphs used.

EXPERIMENTAL RESULTS

Measurement of differences in radio propagational vs geometrical path lengths be-
tween this Laboratory's location and Transit satellites were made during the 1968 spring-
summer season. The path length differences were determined by the high-angle and low-
angle methods previously described. The results of the measurements on 23 total passes
of four different satellites are plotted in Fig. 3.
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(a) Satellite 2754 or 1967
034A; 6-24-68; 1943-
2000Z; CA (closest ap-
proach), 44: rise az.,
90 set az., 164 °

-1000-

-500V

- 2 -FEET~CUNT

('-FEET
--- COUNT

- 1750 1755 1800 1805

(b) Satellite 2807 or 1967
048A; 5-10-68; 1751-
1804Z; CA,70); rise az.,
183D; set az., 3573

(C) Satellite 2807 or 1967
048A; 5-13-68; 1713-
1731Z; CA, 730; rise az.,
1700: set az., 1

1725 1730 1735 1740

-1000-r

+500-

+500 -

-1OO0

-500

1 I _71 1

1705 1710 1715 1720

(d) Satellite 2807 or 1967
048A; 5-15-68; 1723-
1741Z; CA,810 ; rise az.,
1790; set az., 3580

-1000

-500-

0-

+50 L L L
1720 1725 1730 1735

(g) Satellite 2807 or 1967
048A; 5-24-68; 1716-
1733Z; CA,49°; rise az.,
1950; set az., 3520

1435 1440 1445 1450

(j) Satellite 2807 or 1967
048A; 6-14-68; 1435-
1452Z; CA,460 ; rise az.,
157 ° ; set az., 70

(e) Satellite 2807 or 1967
048A; 5-20-68; 1655-
1705Z; CA, 870; rise az.,
1755; set az., 3590

(f).Satellite 2807 or 1967
048A; 5-22-68; 1705-
1723Z: CA,68 ° ; rise az.,
1840; set az., 356)

-1500,

-1000
-500

1635 1640 1645 1650

(h) Satellite 2807 or 1967
048A; 5-27-68; 1637-
1655Z; CA, 770; rise az.,
1810; set az., 3570

-1500[

-1000 K
-500I

1500 1505 1510 1515

(k) Satellite 2807 or 1967
048A; 6-18-68; 1455-
1512Z; CA,870 ; rise az.,
175°; set az., 3590

a

1620 1625 1630 1635

(i) Satellite 2807 or 1967
048A; 6-3-68; 1619-1637Z;
CA, 640; rise az., 1860;
set az., 3550

-15001

-10001
1

1505 1510 I515 1520

(1) Satellite 2807 or 1967
048A; 6-20-68; 1505-
1523Z; CA,680 ; rise az.,
1840; set az., 3560

1700 1705 1710 1715

-10
-5001
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-1500I-

-1000-

1420 1425 1430 1435

(in) Satellite 2807 or 1967
048A: 6-21-68; 1417-1435Z:
CA, 56 rise az., 162
set az., 4

-1000-

0

S-500-

0 1420 1425 1430 1435

(p) Satellite 2807 or 1967
048A; 7-2-68; 1419-1437Z:
CA, 65°; rise az.., 1860;
set az., 3550

-I(1(10

-500-

+500L I I I I
1225 1230 1235 1240

(s) Satellite 2965 or 1967
092A; 5-20-68; 1223-
1240Z; CA, 67 0 ; rise az.,
40; set az., 1750

-10

-51
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o •50

0a

0- +50

00 I+100

(v) Satellite 3133 or 1968
012A; 6-21-68; 1704-
1722Z; CA,513; rise az.,
80; set az., 1680

I -I(

2

-50o

1350 1355 1400 1405

(n) Satellite 2807 or 1967
048A; 6-26-68; 1349-
1406Z; CA,493; rise az.,
1900; set az., 3540

+500

092A; 5-13-68; 1300-
1318Z; CA, 77°; rise az.,
2°; set az., 1790

-1000

-500 a

0-

+500 I I I I1320 1325 1330 1335

(t) Satellite 2965 or 1967
092A; 5-21-68; 1319-
1336Z; CA,42 "; rise az.,
3520; set az., 2050

1645 1650 1655 1700

w) Satellite 3133 or 1968
)12A; 6-28-68; 1644-
.701Z; CA, 57 0 ; rise az.,0 set az., 1700

+5001 1 I I i
1450 1455 1500 1505

(o) Satellite 2807 or 1967
048A; 6-27-68; 1448-
1505Z; CA,56; rise az.,
1900; set az., 3540

0

+500!

+1000 I 31 I I
1310 1315 1320 1325

(r) Satellite 2965 or 1967
092A; 5-17-68; 1309-
1327Z; CA,680 ; rise az.,
3580,; set az., 1920

-1000

+500 I I I I

1235 1240 1245 1250

(u) Satellite 2965 or 1967
092A; 5-24-68; 1232-
1250Z; CA, 780 : rise az.,
80; set az., 1880

Fig. 3 - Data for 23 satellite
passes giving the approxi-
mate range errors caused
by ionospheric irregulari-
ties. Note that the delay .\L,
as indicated in (a), is the
difference between the par-
ticular curve and the zero
offset value indicated by the
points above the curve. The
zero offset data points fail
to fall on a horizontal line
because of measurement
errors.
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Each graph shows delay in terms of feet at 400 MHz vs time similar to the presen-
tation of Fig. A8 in the appendix. The zero offset (zero bias) values are shown by data
points above where data were taken to calculate them. Each satellite is identified by two
numbering systems, for example, 1967-048A (NASA) and 2807 (SPADATS). Each subtitle
gives the rise and set times, rise and set azimuth angles, and closest approach (CA) ele-
vation angles as observed from NRL.

The direction of orbit can be determined by noting the azimuth angles of rise and set.
The dissymmetry of the curves show a greater rise length for a south-to-north pass or
vice versa, showing the expected denser ionospheric conditions lying south of NRL. The
approximate maximum range (labeled in Fig. 3a) is the difference between the lowest foot
count (rise or set) and an approximate zero offset. The range in zero offset values indi-
cates the possible error inherent in the system for measuring AL. This range is also
portrayed in Fig. A8.
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Appendix A

CALCULATIONS OF RANGE ERROR BY THE
LOW-ANGLE AND HIGH-ANGLE METHODS

Two methods are described for determining the range error between satellite and
ground observer due to the ionospheric effect. One is the low-angle method for 6 valued
around 22.50 to 32.50. The second method is the high-angle method which uses the ap-
proximation Q , csc 0 and which is good for o > 450 . It is a much simpler method than
the first.

Included are samples of typical worksheets demonstrating the methods of calculating
the data obtained from a typical recording of ionospheric correction signal (fmix) from
an SRN/9 receiver tuned to a Transit satellite. Also included is a typical satellite pre-
diction sheet and some specially prepared graphs to aid in the rapid evaluation of some
functions.

LOW-ANGLE METHOD

The worksheet sample shown in Fig. Al demonstrates the order of calculation with
a definition of the steps and gives the numerical values connected with each step for the
particular satellite pass used.

The data from the predictions (Fig. A2) are tabulated to include the range 6 = 22.50
to 32.50 for both rise and set. For both rise and set a linear approximation is used to
find the times (T22 5

o , T 27 , and T32 So ) the satellite is at the elevation angles 22.50,
27.5 ° , and 32.50. Using these times and the recorded correction signal data from the
SRN/9 receiver (Fig. A3 shows a portion of the recorded signals during set) the counts
(C 22 5 , C 2 7 5, and C3 2 , ,,) are found for both rise and set by taking the difference in
the readings of the two counters as described in the test. The sign of the count is deter-
mined by considering the rate of change of count to be negative before closest approach
of the satellite (CA). From the recorded data, the differences in count C2 2 ..5 - C2 7 .. and
C2 7 s ° - 2- 5 are found to one-tenth of a count accuracy and logged as designated on the
sample worksheets. By averaging these count groups, C2 5 o and C 3 0 are found. K is the
ratio of the slope C2 2 , 5 ' - C2 7. s to the slope C27 . 5 

° - C 3 2. s ° . Figure A4 was prepared for
the easy evaluation of the thin shell height h vs K 25 - 30

o . The values of Q(h, 250),
Q(h, 3O0), and Q(h, 25c) -Q(h, 300) are easily found from Figs. A5 and A6. By the use
of the formulas indicated on the work sheets, NTb/a2, AL2 5 o, and %L3 0 0 , the zero offset,
and the zero offset differences are found.

HIGH-ANGLE METHOD

Similar to the example of the first method, the sample worksheets of Fig. A7 is pro-
vided. The angles , and q52 and the times t 1 and t 2 obtained from the predictions
(Fig. A2) are logged on the worksheet. Likewise the counts c, and c 21 obtained from
the output of the SRN/9 receiver (Fig. A3) are listed on the worksheets. From this the
average time and average angle are derived for the interval. Likewise the average count
is determined. Using the tangent of the average angle , AL is obtained from (Ac/A0 tan 0
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in terms of count. The zero offset in counts is the average count J minus AL. The data
were left in the form of counts to be equated to linear dimensions based on the chosen
linear unit per count for the frequency as shown in Fig. A8.

IONOSPHERIC DELAY VS TIME

Figure A8 shows typical ionosphere delay vs time for the particular satellite pass
used throughout the example. This is applicable to the data obtained by both methods.
The zero offsets are shown as points at positions along the abscissa to show the areas of
data from which they were calculated.
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Sat. No.: 207
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Fig. Al - Explanatory worksheet sample to demonstrate
the low-angle method of calculating range error
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DATE HR MIN SECONDS
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Fig. A2 - Satellite predictions for satellite 2807 (1967 048A);
longitude, 77.02489720; latitude, 38.8202080; height above sea
level, 0.01108 mi; doppler frequency, 400 MHz
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Fig. A3 - A portion of a recording of the ionospheric correction signal
(f i . ) of a Transit satellite from an SRN/9 receiver
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Fig. A4 - Thin shell height plotted against K 2 5s - 3 00
with the worksheet shown in Fig. Al
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Fig. A5 - Graph prepared for use with
the worksheet shown in Fig. Al
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Fig. A6 - Values for the worksheet shown in Fig. Al

Date: 5-27-68
Time: Z1637-1655
Sat.: 2807
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Fig. A7 - Explanatory worksheet sample to demonstrate
the high-angle method of calculating range error
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Fig. A8 - Calculated range error data for a typical satellite pass based On
the preceding appendix figures. Note that the range error or actual delay
is not given directly by the curve but by the difference between the curve
and the zero offset value. Note further that the zero offset value, which
should be a single horizontal line, is indicated by points over a range of
values, which is a measure of errors in the measurements of the delay.
The explanatory labels refer to the count values; similar labels would ap-
ply to the values in terms of feet of delay. Conversion from counts to
distance is as follows: 1 count = 1.0737 ft (the curve shown) or 0.3273 m
at 400 MHz and 1 count = 7.6352 ft or 2.3275 m at 150 MHz.
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