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ABSTRACT

The screened Coulomb formulation of the ionization
equilibrium equation of state (CSCP-IEEOS) is used to
generate data for equation of state (EOS) tables for a
stellar mixture of eight elements. Two temperature-
density (T-p) regions are used: the T-, region of the
photosphere and low chromosphere of the sun and the
T-p region of the interior of normal stars. Information
useful for detailed opacity calculations is also included.
The basic ideas and formulas used in the CSCP-IEEOS
are outlined.
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TABLES OF IONIZATION EQUILIBRIUM EQUATION OF STATE
AT STELLAR TEMPERATURES AND DENSITIES

INTRODUCTION

The screened Coulomb formulation of the ionization equilibrium equation of state
(CSCP-IEEOS) (1) is used to generate equation of state (EOS) data for a mixture of eight
elements of astrophysical interest at stellar temperatures and densities. Information
useful for opacity calculations (2) is also included in the tables which are given at the
end of this report.

Previous IEEOS results were computed using the standard Saha, or ionization, equa-
tion (3-5) with corrections based upon Debye-Huckel theory and Planck's approximate
partition function (p. f.)(6-10). These results were not good at low temperatures (T) and
high densities (p) either because a shift toward neutrality would occur when "pressure"
ionization, more accurately described now as density ionization, would cause a shift
toward greater ionization or because negative pressures were obtained.

The present first-order calculations use a self-consistent formulation of the IEEOS
that is based upon solutions of the Schrodinger equation (S. E.) with the complete screened
Coulomb potential (CSCP)(11, 12). The CSCP represents the first-order, many-body
interaction between the bound hydrogenic electron, the nucleus, and the surrounding par-
ticles of the ion atmosphere (neutrals will be referred to as "ions" with zero charge).
The CSCP applications to many-electron atoms are made from the point of view of the
independent-particle model, where the wave functions for isolated atoms are product
functions. This represents an atom where each electron moves in a well-defined orbital
(15).

Compared to the equation of state (EOS) based upon the Thomas -Fermi-Dirac statis-
tical model of the atom (TFDEOS) (13, 14), the present formulation, when applied to
monatomic elements of all "Z" values, gives very good agreement with pressures and
internal energies in the T-p regions where the TFDEOS is considered reasonable. Yet
at "low" T's and p 's near solid-liquid densities, where the TFDEOS pressures are
either much too high or negative, the CSCP-IEEOS yields the correct monatomic limit.
Consequently, the CSCP-IEEOS is a first-order formulation of the monatomic equation
of state, and the TFDEOS must be considered as a zero-order monatomic EOS.

Since the main purpose of this report is to present tables of results, the basic ideas,
methods, and equations will only be outlined, with further reading in the references.

CSCP-IEEOS

The CSCP-IEEOS is based on a complete solution to the modified Saha equation, with
the electronic partition function (p. f.), changes in the ionization potentials, and the mod-
ifying factor derived from solutions of the S. E. using the CSCP. The CSCP is given
(16) by,

V,(r) =Ze2(! A' 0<r_ A,
V(r) r 2( (1)
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where D is the screening radius and A is the mean minimum radius of the ion atmosphere.
The CSCP modified Saha, or ionization, equation is given (1, 17) by

Ci j h
"3  

/i , j- Ne . ,j (D) exp(Xi,j/k T

Ce 2(27mek T)
3

,2 Ui ( 1, j

(2)

N K i1 (T,D),

where the terms are defined as follows:

i- charge of the ion (I 0, 1, ...

j - index for the element (j - 1 to number of elements);

C - concentration of free electrons; C N AeIN;

C1 ,J - concentration of ion ' of element J; C.,j -- N i,jN;

Ale - number of free or mobile electrons/cc;

NI, . - number/cc of ion / of element J;

N - total number of atoms/cc; Na : Ni,j;

1,j

N - total number of free particles/cc; N - N e N1 ;

me - electron mass;

k - Boltzmann's constant;

h - Planck's constant;

T - temperature;

ui,j - CSCP electronic p.f. of ion i of element j;

xi, j - CSCP difference in ground-state energies between ions 1 and i 1 of
element j;

(D*i j(D) - CSCP relative occupation probability for the outer orbital of ion i of
element j, with screening radius, D.

From CSCP solutions of the Schr6dinger equation with A D/2, the definitions of
u, j, and q) .(D) are found in Ref. 1 and are as follows.

The first of the two electronic partition functions used is

u(1)iJ = wi,j , wi+ ,j(Zl,,jD)3
/214.441 x 1011 exp(-0.9 zi,jkT)

(3)
1 1.089 x 1011 exo (-Xi,j/kT)]
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where

wj, j - ground-state degeneracy for ion i of element j (4, 18, 19) (henceforth ions
will be referred to as "ion (i,J)")

Z1  - net core charge of ion (i,i)" Z' - + 1 with 1<Z'1  <Zj, where Z is the1 . I, j -
atomic number of element J.

The second electronic partition function used is

= n 
2

u(2). w, 2wl X 2  (Dn exp(-En/kTr]

(4)
+ W 1 ,j (Zli, jD)

3
/2(1.089 × 1011) exp (-Xi,j/kT),

where n* is defined as the effective maximum bound state, where q) n F P. (D) 1/ e and
is given by n* 2  0.59 ZD a. If n* > io, then u(1) is used; and if n _< 10, ( 2 ) is used. In
Eq. (4), En ) , 11 - n2 )] .

The variation in the ionization energy (x, j ) as a function of screening radius is

. I L + (;"2 + C 3 (0 (5)

where I 1 is the ionization potential of the isolated ion (i J) (18, 19), C2 0.71248, and
C3  - 6.4364.

The relative occupation probability (12), ¢j, j (D) , is the ratio of the screened Cou-
lomo normalization with screening radius D, divided by the standard Coulomb normali-
zation (i. e., D =). The fit to this ratio is

(Di, j(D) q),(D) =exp (6)

where mn-l for Z1,,j D _ a0 n
2 and m = 3 for z1 , D < . a0n

2 with a being a parameter
for ions with two or more bound electrons that is proportional to the maximum of the
charge probability densities in each closed-shell configurations of He, Ne, Ar, and Kr
(20).

SOLUTIONS

Given a temperature, a density, and the relative abundance of elements of interest,
the method of solution of the modified Saha equation is given in Ref. 7 for a mixture.
Basically, we iterate to obtain Ne for a given T and p. Upon convergence, all other
quantities can be calculated from self-consistent relationships. For example, we
actually obtain C and C0,1 simultaneously in the iterations which leads to (7)

Ne [Cl(1 - C)] Na ; N - NeIC; C1 ,1 = C0 , 1INeKo, 1, etc.; and Ni j = Ci, j N; etc.
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Next, we calculate the pressure and internal energy. We assume for the present
that the ions obey Maxwell -Boltzmann statistics (MBS) and the free electrons obey
Fermi-Dirac statistics (FDS). The pressure due to the ions is

Pa = N kT

and the pressure due to the free electrons (21) is

Pe - N T V(a, 3/2)
e e V(a, 1/2)

where the V's are defined by

V(a, 1 zSdz
1(s 0 e+z, 1

in which a is a degeneracy parameter and [ is the standard
F1 (1/2) + 1 /2. From FDS,

gamma function with

g(2 i mekT)
3

12

1 z
/ 2 dz

I1 (/2 f 1) Z +
0

where g is the degeneracy of the free electrons and p 2.
V(u, 1/2) is fixed by Eq. (10), hence a can be determined,
of V(a, 3/2). However, in the present application it is not
mine a, since we really need the ratio V(u, 3/2)/V(a, 1/2)
and write the ratio above as

f(y) V(a, 3/2)/V(a, 1,2).

Given Ne and T, the value of
followed by a determination
necessary to explicitly deter-
Hence, we write y = V(a, 1/2)

(11)

For slight degeneracy (SD) where a is large and positive, f(y) is given (21) by

fSD(y) 1 , 0.17 68y - 0.0033y2 , y 2,
(12)

and for extreme degeneracy (ED) where a is large and negative, f(y) is given (21) by

fED(y) 2
5

a ) ( 1 y 24.07,2a

with

I) 1~ 1 7 I

(13)

(14)

V(a, 1/2), (10)
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For the transition region (SED) a fit to explicit calculations of f(y) versus y(good to 1%)
is used and is given by

fSED(y) 0.963 + 0.2175y° °8 5 2 , 2 < y < 24.07. (15)

With T in electron-volts (eV),

N h3

e

2(27nenkT)
3 / 2

N o1.65578 x 10
- 22 __

T3/2

(16)

The total pressure PT is given by

PT = Pd 4 Pe " (17)

Now we consider the internal energy E. We consider E as due to the sum of the
kinetic energy of the ions and free electrons EK.E., the ionization energy Eio, the exci-
tation energy Eex t , and one-half the potential energy of the free electrons in the fields of
the various ions, V/2. Hence, the total internal energy is given by

IE - EK.E. E io n + Eex t + f-V, (18)

with

EKE 3 (Pa + Pe)= 3 PT; (19)

Eion = kE E•i E I,(0

E , i ,j Wi ,j e x - E 
i~ j1

S S S

j ' ~ Ws'j exp (- E i'J kT)
s=

text E[ IiJ(uij - wi'J)luij]

j i

in which u' iis given by either u (1) (Eq. (3)) or by u2 ) by (Eq. (4)); and

Z.j z1 e2

V E s N.. ---
j i=1 'j D

where s is the average number of free electrons per ion, s N,/Na.

(21)

(22)
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For a monatomic real gas, an effective gamma Y, is defined (22) by

Ye 1 - PTE. (23)

A mean molecular weight j is defined by

NA V -- , (24)
N

where NAy is Avogadro's number. Using PT we can also define 1, by

NAy V T. (25)

In an ionizing real gas, an adiabatic change is described (22) by

P , _ ____- _ (26)
P T  

, , I -( 
6

and

dT dp d(ye d1)
- (ye 1) (27)T Ye -

or

dT - d I y , (28)

T 6

The terms with Ye and j, in Eqs. (26), (27), and (28) represent the real-gas effects of
ionization, excitation, and the mean potential energies of interaction between ions and
free electrons at finite densities. In particular, for an adiabatic change in which ve and
ft are essentially constant, Eqs. (26), (27), and (28) reduce to the standard expressions
with Ye instead of the standard constant v.

The present screened Coulomb solutions of the Schrodinger equation with A D 2
have been correlated with the fall in intensity and disappearance of hydrogen spectral
lines when the screening radius is given by the radius of the mean atomic volume % and
not with the Debye-Huckel radius rDH (12, 22, 23). Consequently, the present results
have all been obtained using D - r, with

3

ro  3/47TN . (29)

Given N. as the relative number abundance of element J, then the relative mass abun-
dance p1 of element j, is

AN

IAjij (30)

J
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where A is the atomic weight of element j. Now Na at a given p is given by
p1

-- pNAVE-. (31)NA

For purposes of comparison, the Debye-Huckel radius (4, 8) is also calculated. It
is given by

2 F 4 j2 2
rDH kT , Z j , (32)D J 1, I

where 7o is the dielectric constant, assumed to be equal to 1.0. The classical Debye-
Htuckel correction to the perfect gas pressure is

P - 3

PDH - -kT 2477rDH, (33)

which will be compared to the total perfect gas pressure P given by

r - ( , N,)kT NkT. (34)

Finally, the quantitative correlations with the fall in intensity and disappearance of
hydrogenic spectral lines are

n 2  0.59 z ro a0 , (35)

n2 1. O0 Z ro/ao, (36)

and
*2

9L 1.30 Zro ao, (37)

where n* is the effective maximum bound state with 1i - 11e, n,, is the maximum distinct
level with q, - 0. 1, and g* is the maximum bound state with (P - 0(12, 23).

As a final note before discussing the results, the pressures and internal energies
given by Eqs. (17) and (18), respectively, are in very good agreement with the corres-
ponding quantities calculated with the TFDEOS at the high densities and temperatures
where the TFDEOS is accepted (1,13,14). Clearly, the CSCP-IEEOS represents a self-
consistent, first-order description of monatomic matter at high as well as at low densities.

RESULTS

The CSCP-IEEOS results for a solar mixture of eight elements are given in Tables
1 through 4. The Goldberg-Mu'ller-Aller mixture (24) is used with three assumed helium
abundancies, namely, hydrogen to helium number ratios H/He of 5, 10, and 20. Two sets
of temperatures and densities are used. One set covers the T-p range of the solar photo -
sphere and low chromosphere, as given in the Bilderberg Continuum Atmosphere (BCA)
(25); and the second set covers the T-p range of normal stellar interiors. The first set
of T-p 's is used with all three H/He ratios; the second set is used only with H/He = 10.

The Appendix presents a dictionary of the symbols used in the output tables. Except
for TEMP, RHO, PTE, and EGMTDE at the top of the tables, and for C and the entries



C.A. ROUSE

below C, no attempt was made to place the rest of the entries in any particular order.
However, groups of associated quantities are together such as GSTAR and NMAX. As a
reminder, the screening radius used is the radius of the mean atomic volume r0 (RO in
Tables 1-4).

DISCUSSION AND CONCLUSIONS

The tables contain a wide variety of information calculable in the IEEOS, in which
the temperature and density for a given relative abundance of elements are the indepen-
dent thermodynamic variables. Additional results can be generated using the above
formulas. For example, the total number of free particles N at a given T and p is ob-
tained from N eC - N (Ne!C in the tabular data). Also, if one wishes the fraction of ions
of a particular element with charge ., one must add all C1 i's for the given element and
then calculate the ratio, c ,j/X Ci,j.

i 0

The variable information needed for Kramers' opacity formula can be lifted from
the data in the tables, as well as the abundances of ions for line opacity contributions.
Also for opacities, if one wishes the number density of a particular ion in its ground state,
for example, one multiplies Ni, j by the ratio of the ions' ground state degeneracy divided
by the ions' electronic partition function, or

Ni,J wi, /ui, - C , jNw I , /L 11, . (37)

Finally, an important use of the calculations of a maximum detectable level nm (NMAX),
is to infer densities at the sources of hydrogen lines from other stellar objects. For
example, a quasi-stellar object with the Balmer lines identified up to H,, nm 7, would
indicate a density of about 10- s g/cc at the source (26), which would at least be an upper
limit. Support for this is readily seen in the predictions of n - 16 and g* - 18 at the
photospheric density of 2 10 - g cc, which agree with solar observations (12, 23).

In conclusion, the screened Coulomb formulation of the IEEOS yields a wealth of data
for thermodynamic and radiative properties of monatomic matter at low to high densities.
(The inclusion of diatomic molecules is rather straightforward.) Improvements in this
monatomic description will be considered using theories relating the finite sizes of atoms
to thermodynamic properties and theories relating "cluster expansions" for second- and
higher-order corrections of thermodynamic properties to many-body interactions.
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Appendix

DICTIONARY OF SYMBOLS

The mathematical symbols used in Tables 1 through 4 are referenced to the equations

in the text that show how the quantities are calculated.

SYMBOL Explanation and Units

INP

AT WT

ANN

RMA

TEMP

RHO

PTE

EGMTDE

PRATIO

Atomic number z1 .

Atomic weight Ai.

Relative number abundance (hydrogen = 1012).

Relative mass abundance.

Temperature T in degrees Kelvin (DEG K) and in electron volts (EV).

Density p in g/cc.

Pressure PT in dynes/cm2 . PT given by Eq. (17).

Internal energy Eip in ergs/g with E given by Eq. (18).

IEEOS Pressure PT divided by "perfect gas" pressure P with P
given by Eq. (34).

IEEOS effective gamma Ye is given in Eq. (23), with E given by
Eq. (18) in ergs/cc.

Slight degeneracy correction to the pressure of the free electrons;
it equals 0. 1768 y in Eq. (12), with y given by Eq. (16). When
0. 01 <,DEG,<0. 1, electrons may be considered slightly degenerate.

Effective gamma with ye - 1 = P1 3 NkT + E1oj, with Eio n given
by Eq. (20). /

Total "perfect gas" pressure NkT in dynes/cm 2 .

Pressure of free electrons considered to be a "perfect gas,"
Pe NekT in dynes/cm2

Pressure of free electrons from Fermi-Dirac statistics Pe Eq. (8)
in dynes/cn 2 .

Number density of free electrons N/lcc.

Mean molecular weight, p, given by Eq. (24).

GAMTS

DEG

GAMI

P

PE

PEFE

NE

CMU
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SYMBOL

DPP

GSTAR

NMAX

EXT

HO

HEO

HE+

SIO

RO

DEB

EFPN

C

NEUTRALS

IONS

Explanation and Units

Absolute value of classical Debye-Hiickel pressure correction PDH
divided by P. PDH is given by Eq. (33) with 'DH given by Eq. (32).

Maximum bound screened Coulomb state g* for hydrogen only,
given by Eq. (37).

Maximum detectable state n, for only hydrogen given by Eq. (36).
(36).

Approximate excited state energy E.Xt given by Eq. (21) in
ergs/cc.

Number density of neutral hydrogen in H 'ce.

Number density of neutral helium in He"Icc.

Number density of singly ionized helium in He'icc in Table 4
only.

Number density of neutral silicon in Si°/cc in Tables 1-3, only.

Radius of the mean atomic volume in cm given by r0 in Eq. (29).

Classical Debye radius in cm given by rDH in Eq. (32).

Average number of free electrons per ion; s N N D *

Concentration of free electrons, given by C - N N given in
definitions below Eq. (2).

Concentrations of the neutral atoms of the mixture C,j . The
first two columns give the atoms' atomic number Z. and the

charge (i - 0), respectively. They are given in the definitions
below Eq. (2).

Concentrations of ions of mixture c with i > 1. The first two
columns give the ions' atomic number Zj and the ionic charge i

respectively. They are given in the definitions below Eq. (2).



Table 1
CSCP-IEEOS for a Mixture of Eight Elements
in the Goldberg-Muiller -Aller Abundances, with
the Ratio of Hydrogen to Helium Assumed to
be 10. (The temperature-density range is that
of the solar photosphere and low chromosphere
as given in the Bilderberg Continuum Atmosphere.)
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Table 2
CSCP-IEEOS for a Mixture of Eight Elements
in the Goldberg-Muller -Aller Abundances, with
the Ratio of Hydrogen to Helium Assumed to
be 20. (The temperature-density range is that
of the solar photosphere and low chromosphere
as given in the Bilderberg Continuum Atmosphere.)
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Table 3
CSCP-IEEOS for a Mixture of Eight Elements
in the Goldberg-Mller-Aller Abundances, with
the Ratio of Hydrogen to Helium Assumed to
be 5. (The temperature-density range is that
of the solar photosphere and low chromosphere
as given in the Bilderberg Continuum Atmosphere.)
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Table 4
CSCP-IEEOS for a Mixture of Eight Elements
in the Goldberg-Muller -Aller Abundances, with
the Ratio of Hydrogen to Helium Assumed to
be 10. (The temperature-density range is that
of the interior of normal stars. )
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