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ABSTRACT

A set of FORTRAN functions and subroutines has been written to facili-
tate calculations, using matrix techniques, of the first order properties of
ion-optical systems for particle accelerators. These functions and subrou-
tines generate matrices for various magnetic elements used in ion-optical
systems and also program various matrix manipulations. A subroutine to
calculate the strength of magnetic quadrupoles required to achieve prescribed
focal conditions is available. Functions used to calculate the maximum ex-
cursion of a particle trajectory from the optic axis in a magnetic element,
to calculate the waist of a particle beam if the emittance satisfies certain
conditions, and to calculate the location of the focal plane for an arbitrary
ion-optical arrangement have been written.

Programs can be written, using these functions and subroutines, to cal-
culate the properties of particular ion-optical systems. Illustrative coding
shows how such programs are written.

PROGRAM RUN QUAD 4 may be used to calculate the properties of an
arrangement of two quadrupole doublets. It has been useful for calculations
on the NRL Cyclotron Beam Transport System. Included in PROGRAM RUN
QUAD 4 is a subroutine, SUBROUTINE QUAD 4, which can be used as a build-
ing block for writing programs for a system which includes two quadrupole
doublets in succession. PROGRAM QUAD MAG 2 is used to calculate the
properties of a system of two quadrupole doublets, preceding a bending mag-
net, which is followed by two more quadrupole doublets. This arrangement of
quadrupoles and a bending magnet can be used in both a dispersive mode and
a minimum-dispersion mode.

PROBLEM STATUS

This is a final report on one phase of the problem; work on other phases
continues.

AUTHORIZATION

NRL Problem H01-23
Project RR 002-06-41-5008

Manuscript submitted February 14, 1968.



FORTRAN PROGRAMS FOR FIRST ORDER CALCULATION
OF PROPERTIES OF BEAM TRANSPORT SYSTEMS

INTRODUCTION

It is convenient to calculate the path of a particle to first order through an ion-
optical system using matrix techniques (1). The coordinates that describe a particle at
some point in an ion-optical system are the displacement x from the optic axis, the an-
gle x' the trajectory makes with the optic axis, and the fractional deviation in momentum
Ap/p of the particular particle from the central momentum of the particle beam. In ma-
trix notation the particle is described by the column vector

(x(

'&p/p

The change in coordinates of a particle passing through an ion-optical system is de-
scribed by the matrix transformation

Xf (M 1 1  M 1 2  M 1 3  X 0

f = 21 22 M 2 3  x0 . (2)

Ap/p) M 3 1  M32 M33) Ap/p/

The matrix indicated in Eq. (2) may be the transformation matrix for a single ion-optical
element or the matrix product of the transformation matrices representing various ele-
ments in sequence.

It is generally necessary to trace the properties of a particle beam in two perpendic-
ular planes. These calculations can be performed separately for each plane using 3 x 3
matrices, or the calculations for both planes can be performed simultaneously using 6 x 6
matrices. The programs described in this report use 3 x 3 matrices.

A set of functions and subroutines has been written in FORTRAN-63 (a Control Data
Corporation version of FORTRAN) to generate matrices for the various elements of an
ion-optical system, to program various matrix manipulations, and to calculate various
properties of the system. A list of these functions and subroutines with their arguments
is given in Appendix A for the convenience of programmers.

Programs for the investigation of particular ion-optical systems can be written using
these functions and subroutines. The technique for writing such programs will be ex-
plained by a detailed discussion of the coding for a particular example. A description of
two programs which have been useful for calculations on the NRL Cyclotron Beam Trans-
port System will be given, along with instructions for using these programs.
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BASIC FUNCTIONS AND SUBROUTINES

All programs which call on the basic functions. and subroutines must contain the de-
clarative statements

TYPE REAL MX

and

C0MM0N/MX/MX (100,3,3).

The array MX which is in the labeled COMMON block MX is intended to be one-hundred
3x3 matrices. For the element MX (I,J,K), I is the index for the particular matrix; J
is the row index, and K is the column index for that matrix.

The usual FORTRAN convention for the variable type of the arguments of functions
and subroutines, real or integer, is used in the descriptions of functions and subroutines
in this report. All the real arguments are single-precision variables, and all the real
functions are single-precision functions. In a few cases the internal arithmetic of the
routine is done in double precision for greater precision.

Some checks are made for illegal arguments in a routine. If an illegal argument is
detected, an error message is printed and the computation is terminated by a STOP
command.

It is important that consistent units be used in all calculations. All lengths must be
in the same units, inches for example, and the quantity x' in Eq. (1) must be in radians.
The routines for bending magnets are coded so that the arguments representing the de-
flection angle and the angle the particle trajectory makes with the entrance-pole face and
the exit-pole face of the magnet must be given in degrees.

Matrix Manipulation Functions and Subroutines

SUBROUTINE MX MULT (IJK) - The subroutine MX MULT (I,J,K) multiplies the
matrix I by the matrix J and puts the result into matrix K. The order for this multi-
plication is

(I) x (J) = (K) . (3)

SUBROUTINE ACCUMULT (IJK)- The subroutine ACCUMULT (I,J,K) does succes-
sive multiplication of a string of matrices having indices starting with I and going to J
in steps of 1. The result of the multiplication is put into matrix K, i.e.,

(I) x (I+ 1) x...x (J) = (K). (4)

This routine is valid only for J > I. There is an error stop for I > J with the error
message: ERROR IN ACCUMULT (I,J,K).

SUBROUTINE DACCUMUL (I,J,K)- The subroutine DACCUMUL (I,J,K) is the same
as ACCUMULT, except that the internal arithmetic is done in double precision. There is
an error stop for I => J with the error message: ERR0R IN DACCUMUL (I,J,K).

SUBR0UTINE MX ZERO (I) -The subroutine MX ZERO (I) puts zeros into all the
elements of matrix I.

SUBROUTINE PUT MX (IJ)- The subroutine PUT MX (I,J) transfers the elements
of matrix I to the corresponding locations in matrix J.
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SUBROUTINE PT MX (I) -The subroutine PT MX (I) generates the printout of the
contents of matrix I. The printout begins with MX I, followed by the elements of the
matrix printed in E13.6 format, in three rows of three elements each.

FUNCTION DETR (I) - The function DETR (I) is used to calculate the value of the
determinant of matrix I.

FUNCTION DODETR (I) - The function DODETR (I) calculates the value of the deter-
minant of matrix I using double-precision arithmetic.

SUBROUTINE INVERSE (I,J)- The subroutine INVERSE (I,J) calculates the inverse
of matrix I and puts the result into matrix J. There is an error stop if the determinant
of matrix I is zero. The associated error message is:

ERROR IN INVERSE (I), DETR = 0.

SUBROUTINE DINVERSE (IJ) -The subroutine DINVERSE (I,J) calculates the in-
verse of matrix I, using double-precision arithmetic, and puts the result into matrix J.
There is an error stop if the determinant of matrix I is zero. The associated error
message is:

ERROR IN DINVERSE (I), DETR = 0.

Beam Transport Matrices

A derivation and more complete discussion of the matrices used in the subroutines
described in this section is given by Penner (1).

SUBROUTINE VECTOR (X,XP,DELP,I)- The subroutine VECTOR (X,XP,DELP,I)
generates the column vector representing the coordinates of a particle and puts it into
matrix I. A matrix with zeros in columns 2 and 3 is used as a column vector. This ma-
trix is

( x 00

XP 0 . (5)

DELP 0 0

The correspondence between the notations of Eqs. (1) and (5) is obvious.

SUBROUTINE F SPACE (XI)- the subroutine F SPACE (X,I) places the matrix rep-
resenting a field-free region of length X into matrix I. This matrix isIX0)

1 0 . (6)

0 0 1)

SUBROUTINE QUAD C (XK,XL,I)- The subroutine QUAD C (XK,XL,I) places the ma-
trix representing the converging plane of a magnetic quadrupole into matrix I. Here XK
is the quadrupole strength parameter k = (VB/Bp) 1/2, where VB is the field gradient of
the magnetic quadrupole and Bp is the magnetic rigidity of the particle. The quantity
XL is the effective length f of the quadrupole. This matrix is
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cos ki I sln kk 0
k

-ksin ki cosk 0 (7)

0 0 0)

SUBROUTINE QUAD D (XK,XL,I) - The subroutine QUAD D (XK,XL,I) places the ma-
trix representing the diverging plane of a magnetic quadrupole lens into matrix I. The
notation is the same as for QUAD C. This matrix is

/ 1
cosh ki 1 sinh kf 0( k

Ik sinh ki cosh ki 0 .(8)
0 0 1

SUBROUTINE MAG R (XNTHETAIE 1E2I)- The subroutine MAG R (XN,THETA,
R,E1,E2,I) places the matrix representing the radial plane (the plane with dispersion) of
a bending magnet into matrix I. Here XN is the field index n. The magnetic field in
the magnet is assumed to have a radial dependence given by

B(R') = B(R) x (RI/R) - . (9)

The quantity R is the radius of the central trajectory in the magnet. This trajectory has
radial-plane coordinates x = 0 and x' = 0. Note that x is positive if the particle is out-
side the central trajectory in the magnet (R' > R). The geometry of the magnet which
bends the central trajectory through the angle 0 (THETA in the subroutine) is shown in
Fig. 1. The arguments E1 (- E 1) and E2 (E € 2) of the subroutine are the angles the in-
cident trajectory and the exiting trajectory, respectively, make with the normal to the
pole edge of the magnet. The angles E1 and -2 are positive if the path outside the mag-
net lies on the same side of the normal to the pole edge as the center of curvature of the
particle's deflection (E 1 and E 2 are both positive, as shown in Fig. 1). This sign con-
vention means that positive E1 or positive c2 implies focusing in the axial plane of the
magnet at the respective pole edges.

In the subroutine the angles THETA, El, and E2 are in degrees. The field index n
is restricted to values such that 0 = n < 1.

The matrix for the radial plane of the magnet is

sin 0 tan 1  R R
Cos 0 + sin 0 (1- cos 0)

(1 - n) 1/
2 (1 - n) 1 / 2 1 - n

sin 0 tan E2  M 23  (10)

(1 - n)1/ 2

0 0 1

where
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M2 1 = - 1 sin 0 L(1 - n)1 /2
tan E tan E2 1
(1 - n)1/ 2 j

- Cos 0 (tan E1 + tan E2)

sin 0 tan E2-(i-n) /
2 + -n (1 - cos 0) ,

and

0 = (1 - n)"' 2 .

01--

Fig. 1 - Geometry of the central trajectory
in a bending magnet. The angles c1 and e 2

are positive for the case illustrated.

SUBROUTINE MAG Z (XN,THETARE1,E2,I) -The subroutine MAG Z (XN,THETA,
R,El,E2,I) places the matrix representing the axial plane of a bending magnet into matrix
I. The arguments of the subroutine are the same as those for MAG R. The matrix gen-
erated by this subroutine depends on whether n = 0 (uniform field magnet) or 0 < n < 1.

For n = 0, the matrix is

- 0 tan E 1

M 21 1 - otan E2

0

0 ,

1)

(11)

where

M 2 1 R [(tan E +tan E2) - Otan E, tan E2].

For 0 < n < 1, the matrix is
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n
1 / 2 9- 1 sin n1/2 Otan c

n1/2

M 21

R sin n 1/2

n 1 /2

cos n 1 / 2 0- 1 sin n 1/2 o tan c
nI/2 2

0

0,

1)
(12)

MI -1 [sin n 1 /2 a (nl/2M21 R_
1 tan tan 2 ) + cosnl/2 0(tanf1 +tan E2)]

SUBROUTINE REVERS (I) - Many beam transport systems have several bending
magnets, some of these magnets deflecting the beam to the right and others deflecting
the beam to the left in the radial plane. When the matrix transformations are applied to
such a system, it must be remembered that x was defined as positive for a particle tra-
jectory with radius greater than R. Hence, it is necessary to define an inverted bending
magnet as one in which the direction for positive x is opposite to the direction assigned
as positive in the main portion of the system. This is equivalent to a reflection of the
coordinate system about the central axis in the inverted magnet, with Ap/p unchanged.
This reflection, which is generated by the matrix

R 0

0

0 0

-1 0

0 1

(13)

must be done at the entrance
for an inverted magnet is

-1

MI= 0

0

and at the exit of the inverted magnet; therefore, the matrix

0 0
-1 0 (MAG R)

0 1

where (MAG R) is the matrix for the motion in the radial plane for the magnet which
bends the beam in the normal direction. Clearly, the inversion of a magnet does not af-
fect the matrix representing the beam trajectory in the axial plane.

SUBROUTINE REVERS(I)- The subroutine REVERS (I) puts the matrix R of Eq.
(13) into matrix I.

Maximum Excursion in Magnetic Elements

Several functions have been written to determine the maximum excursion of a parti-
cle trajectory from the optic axis in magnetic focusing elements. This information is
important to assure correct design or selection of the magnetic elements so that no par-
ticles in the beam will strike the poles of the magnet.

cos

where

0-l

0

0 0
-1 0

0 1)

(14)
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FUNCTION C QUAD MAX (XKXLI)- The function C QUAD MAX (XK,XL,I) is used
to calculate the maximum excursion of a particle trajectory from the optic axis in the
converging plane of a quadrupole. Here the arguments. XK and XL have the same mean-
ing as in the subroutine QUAD C, and the argument I refers to the matrix containing the
vector representing the coordinates of the particle at the entrance to the quadrupole.

From Eq. (7), the equation of motion in the quadrupole is

!x?

x = x o coskX±+0 sinkX, (15)
k

where x o and x' are the coordinates of the particle at the entrance to the quadrupole,
and X is the distance from the entrance to the quadrupole. A possible maximum in this
trajectory occurs at the value of A where dx/dA = 0, i.e.,

1 x'
X tan-' -x (16)

k kxo

This possible maximum is only of interest if 0 - A - f, where f is the effective length
of the quadrupole. Since x(X) is not necessarily the maximum excursion in the quadru-
pole, the function C QUAD MAX compares x(X), if A is within the quadrupole, and x at
the entrance and exit of the quadrupole, and it selects whichever of these quantities has
the maximum absolute value as the maximum excursion in the quadrupole.

The function C QUAD MAX is coded so that it is valid only for kf < 7/2. There is
an error stop if MX(I,2,1) > 0.3. The associated error message is: QUAD MAX
ERROR,MX(I,2,1) GREATER THAN 0.3. This error stop has been included in the maxi-
mum excursion functions because, if the slope of a trajectory is as large as 0.3 radian,
either the parameters used in the calculations are nonsensical or there has been an error
in writing the program which includes these functions.

FUNCTION D QUAD MAX (XKXL,I)- The function D QUAD MAX (XK,XL,I) is used
to calculate the maximum excursion of a particle trajectory from the central trajectory
in the diverging plane of a quadrupole. The notation for the arguments is the same as
that for C QUAD MAX.

Since there are no focusing forces in the diverging plane of a quadrupole, the maxi-
mum excursion will occur at either the entrance or the exit of the quadrupole. This
function compares x at the entrance and at the exit of the quadrupole and selects the one
having maximum absolute value as the maximum excursion in the quadrupole.

There is an error stop if MX(I,2,1) > 0.3. The associated error message is: QUAD
MAX ERROR, MX(I,2,1) GREATER THAN 0.3.

FUNCTION R MAG MAX (XN,THETA,RE1II) -The function R MAG MAX (XN,THETA,
R,E1,I) is used to calculate the maximum excursion from the central trajectory in the ra-
dial plane of a bending magnet. Here the arguments XN, THETA, R, and El have the
same meaning as in the subroutine MAG R, and the argument I refers to the matrix con-
taining the vector representing the coordinates of the particle at the entrance to the bend-
ing magnet.

From Eq. (10) the trajectory of the particle in the radial plane of the bending magnet
is given by
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x = [cos (1 - n) 1/ 2 0 +
sin (1 - n) 1/2 a tan Ei1

(1- n)1/2 x °

R sin

(1 -
/ 2

(l - n) 1 / 2 a] x + (-n) [1 - cos (1-n)'/ 2 a] AP

where x 0 , x0, and Ap/p are the coordinates of the particle at the entrance to the magnet,
and a is the angular displacement of the particle along its trajectory, as indicated in
Fig. 2. A possible maximum in this trajectory occurs at a where dx/da = 0, i.e., where

1
(1 - n) 1/2

This possible maximum
of the magnet.

tn F x tan E1 + Rx"tan)- 0 0
n)12 0 R Ap

(1 n)1 2 x - 1 n) 1/ 2 P

is only of interest if 0 - a =< , where o is the deflection angle

Fig. 2 - Illustration of the coordinates used in the
discussion of the function R MAG MAX and the func-
tion Z MAG MAX. These functions determine the
maximum excursion of a trajectory from the optic
axis in a bending magnet.

FUNCTION R MAG MAX compares x(0), if 0 5 a !_ a, and x at the entrance and at
the exit of the magnet and selects whichever of these quantities has maximum absolute
value as the maximum excursion in the magnet.

This function is coded so that it is only valid for (1 - n) 1/2 a < 7T, with n < 1.
There is an error stop if MX(I,2,1) > 0.3. The associated error message is: R MAG
MAX ERROR, MX(I,2,1) GREATER THAN 0.3.

FUNCTION Z MAG MAX (XNTHETARE1,I) -The function Z MAG MAX (XN,
THETA,R,E1,I) is used to calculate the maximum excursion of a particle trajectory from
the central trajectory in the axial plane of a bending magnet. The notation for the argu-
ments of the function is the same as that for FUNCTION R MAG MAX.

(17)

(18)
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The two cases treated are (a) n = 0, in which there are no focusing forces in the
axial plane, and (b) n 0, in which there are focusing forces in the axial plane and the
treatment is analogous to that given in FUNCTION R MAG MAX, with (1 - n) replaced
by n.

If n = 0, the values of x at the entrance and at the exit of the magnet are compared,
and the maximum excursion is whichever of these quantities has maximum absolute value.

If n # 0, the equation of motion of the particle, Eq. (12), is

x = cosn 1/ 2 - 1 sinn 1/ 2  12tan 1 x o + sinn / (19)
n 1/2 n 1/2

A possible maximum occurs at a- where dx/da = 0, i.e., where

n1"2 - x ta
- tan Ln/2x ] (20)

This possible maximum is only of interest if 0 =< - a.

In this case n , 0, and the function Z MAG MAX compares x(&), if 0 o = a, and x
at the entrance and at the exit of the magnet and selects whichever of these quantities has
maximum absolute value as the maximum excursion in the magnet.

The coding for this function is only valid for n 1/ 2  < 7r when n 0.

There is an error stop if MX(I,2,1) > 0.3. The associated error message is:
Z MAG MAX ERROR, MX(I,2,1) GREATER THAN 0.3.

Focal Plane Function and Waist Function

FUNCTION FOCAL PL(I) - The function FOCAL PL is used to determine the loca-
tion of the focal plane of an ion-optical system. This function may be used to check for
errors when writing ion-optics programs. It can also be used to determine the focal
properties of an ion-optical element or system when the parameters of the element or
system are given.

Consider the ion-optical system indicated schematically in Fig. 3. The matrix M
represents the transfer matrix from the object up to and including the last focusing

I--ION OPTICAL SYSTEM
OBJECT (REPRESENTED BY TRANSFER I

MATRIX M)

1

LFP

Fig. 3 - Schematic representation of the ion-optical
system discussed in connection with the function FOCAL
PL. This function determines the location of the focal
plane LFP from the transfer matrix M.
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element preceding the image. The image is located a distance LFP from this last focus-
ing element. The distance LFP is determined from the matrix M, which in turn may be
calculated for the ion-optical system using the matrix subroutines described earlier.

If the coordinates of the object are x0 , x', and Ap/p and the coordinates of the
image are x, x', and Ap/p, the image and object vectors are related by

x LP MlM1, 2  MI13  x0
x) 1 0 M 2, M 22  M 23  x? (21)

p/p 0 1 M 31 M 3 2  M 33  Ap/p

where the transfer matrix M has been written out explicitly and multiplied by the matrix
representing the field-free region of length LFP. When the matrix multiplication has
been performed,

x M11+ L FPM 2 1 M 12 +L pM 2 2  M13 + LFP M 2 3 '\ x0
xM 2  M 2 2  M2 3  x' ; (22)

p/p M31 MI3 2  M 3 3  Ap/p/

then

x = (Ml, + Lfp M2 1 )X0 + (M1,2 + L~p MI2 2 )X4 + (M1,3 + Lfp M3) AP. (23)
p

The condition for a first order focus is that the coefficient of x' equal zero. Hence,

MI,2
LF=M 12 (24)LFp 

M 22

FUNCTION FOCAL PL(I) evaluates LFP using Eq. (24) for the matrix denoted by
index I in the argument of the function. One must remember that the matrix denoted by
the index I represents the entire ion-optical system up to but not including the last field-
free region preceding the image.

FUNCTION WAIST (XXPI) - Many accelerator users have noted that the location of
the focal plane of an ion-optical system, as determined experimentally, often differs
from the location theoretically predicted. This discrepancy is usually explained by say-
ing that an experimental focus is determined by finding the minimum in the beam size,
or waist, which may be at a different location from the first order focus computed from
theory.

The location of such a waist may be easily calculated when the beam emittance
boundary at the source is an ellipse in phase space; i.e., the values of x and x' of the
individual rays in the beam are within the boundaries of an ellipse, as indicated in Fig.
4a. The boundary of the ellipse is given by

x = Xo cos 0 (25a)

and

x? = xT sin 00 (2 5b)
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The ellipse is assumed to be imaged by an ion-optical system represented by the
matrix M, followed by a field-free region of length L, in complete analogy with the
treatment given for FUNCTION F0CAL PL. The ellipse will be rotated with its area un-
changed, as shown in Fig. 4b. The apparent size of the beam downstream from the
source is xmax, as indicated in the figure, and the waist occurs at that value of L for
which x max is a minimum.

(a) Phase-space ellipse
at the source

_ XMAX

(b) Phase-space ellipse down-
stream from the source

Fig. 4 - Representation of the particle beam by an ellipse in phase space

The image vector for the rotated ellipse is given by

x 1

Ap/ 0

L 0 MI l

1 0 M2 1

0 1 )M3 1

(27)X = (MIl + LM 2 1 )X0 cos 0 + (M1 2 + LM 2 2 )X' sin 0 + (MI 3 + LM 2 3 ) p?0 0 +(M13 M23)P

The angle 0 at which Xax occurs may be determined by differentiating Eq (27)
with respect to 0 and setting the result equal to zero. That is,

dx= (MI11 + LM 21 )x 0 sin 0 + (MI1 2 + LM 2 2)x cos 0 = 0 (
do

so that

MI12 MI 3 1

M 2 2  M 2 3

M 3 2 M 3 3 Xo cos 0

sin 0

Ap,/p /

(26)

(28)
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giving

(M1 2 + LM 2 2 )x(

(Mil + LM 2 1 )x °  (29)

Substituting this result into Eq. (27) gives

x = {(MI, + LM2 1 ) 2 X02 + [MI + (M, + LM22)
2 X12}1/2. (30)max "- 11 2X 2 1 2 02 (30

The location of the waist will be that value of L for which xmax is a minimum. Dif-
ferentiating Eq. (30) with respect to L and setting the result equal to zero yields

dxmax M 2 1 x0
2 (MIl + LM 2 1 ) + M 2 2 x' 2 (M1 2 + LM 2 2 )

-L = 0 . ( 3 1 )
dL Xmax

It can be assumed that xmax # 0, because the problem becomes trivial in this case.
Solving Eq. (31) for L yields

MI, M x 2 +M M xt2
La1 M21 0 12 22 0(Lwaist_ _ 2 x M 2  • (32)

M21 x 0
2 +M 2 x2

Another approach to finding the location of the waist is to determine where the major
and minor axes of the phase-space ellipse are parallel to the major and minor axes of
the source phase-space ellipse. It can be shown that an identical result is obtained for
L waist as was obtained by minimizing x max . It might be noted that, for a point source
(x o = 0),

M12
Lwaist = - M 22

which is exactly the expression for LFP given in Eq. (24), the distance for a first order

focus.

The location of the waist from the last ion-optical focusing element is calculated by
the function WAIST for the matrix denoted by the index I. The arguments X and XP
are the semiaxes of the phase-space ellipse denoted by x 0 and x, respectively, in Fig.
4a. It is important to remember that the matrix denoted by the index I represents the
entire ion-optical system up to but not including the last field-free region preceding the
image.

SUBROUTINE TWO QUAD (RTOL,S,XL, ACD, ADC,B,H1,H2,PCD,PDC)

The subroutine TWO QUAD (RTOL,S,XLACDADC,B,H1,H2, PCD,PDC) is used to
calculate the values of the strength parameters kI and k 2 of a quadrupole doublet when
the image and object distances are specified. Enge (2) has shown that the quadrupole
strength parameters may be determined by solving a pair of simultaneous transcendental
equations. These equations, specialized to the arrange'ment shown in Fig. 5a, are

1 1
- coth (k1L + D,) = 1 cot (k 2 L - (D2) - S , (33a)
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(a) Real object

ACD

DC PLANE

VIRTUAL
OBJECT

(b) Virtual object

Fig. 5 - Schematic representation of a quadrupole doublet,
illustrating the coordinate system used in the subroutine
TWO QUAD

where

coth 4", = klADc

cot 'P 2 = k 2 B,

1 1
k cot (k 1 L + 4') - S = 1 coth (k 2 L - 4 '),

where

cot = -k 1Act41 CD

CD PLANE

OBJECT

DC PLANE

IMAGE

B

OBJECT IMAGE

and

and

(33b)
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and

coth V = k2 B

Here the object distances ACD in the CD plane (converging quadrupole first) and ADc in
the DC plane (diverging quadrupole first) are not necessarily the same, but the quadru-
pole doublet is double-focusing; the image distance B is the same in both planes. Object
and image distances are measured from the effective entrance-field and exit-field bound-
ary of the first and second quadrupoles, respectively. The quadrupole strength parame-
ters for the first and second quadrupoles are k 1 and k2 , respectively; the effective pole
length of each quadrupole is L; and S is the spacing between the effective pole edges of
each element of the doublet.

Equations (33a) and (33b) are valid only when k1ADc > 1 and k 2 B > 1, since the
absolute value of the hyperbolic cotangents must be greater than unity. Enge gives an-
other set of equations for the case where kIADc < 1 and k 2 B < 1. However, it will be
shown that these equations can be recast so that both cases are covered by one set of
equations.

Sometimes the beam transport system preceding the quadrupole doublet focuses the
beam beyond the doublet, and it is desired to refocus the beam closer to the doublet, as
indicated in Fig. 5b. This situation is called the virtual-object case, to be distinguished
from the real-object case already discussed. Following the procedure given by Enge (2)
for the real-object case, the following equations to be satisfied by the quadrupole strength
parameters for the virtual-object case can be derived:

1 1
coth (k 1 L + DO) = cot (k 2 L - 4)2 ) - S (34a)

where

coth •1 = -ki ADC

and

cot •2 = k 2 B,

and

1 cot (kL+ O)-S = 122 coth (k L - OV), (34b)

where

cot (ID = k, ACD

and

coth V = -k 2 B.

Again, these equations are given for k1 ADc > 1 and k2 B > 1. These equations for the
virtual-object case are valid only if ACD > S + 2L and ADc > S + 2L.

Equations (33) and (34) can be combined by introducing the variable R, where R
equals +1 for a real object and -1 for a virtual object. The equations then become

1 coth (k1L + O1 = 1 cot (k 2L - 2) - S (35a)

where

coth 4, = RkIADc
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and

cot 42 = k 2 B,

and
1 i
1 cot (k L + 4b') - S = coth (k 2-L - 4) (35b)kl 1 k2 2

where

cot 41 = -Rk, AcD

and
coth 4 = -k 2 B

Substituting the expressions for 4),, '"2, 4, and 4 into the arguments of the trigono-
metric and the hyperbolic functions and expanding these functions into functions of a sin-
gle argument yields

k, ADc + R tanh k1 L 1 k2B +tan k 2 Lm ×- -S (36a)
k, k, ADC tanh k, L + R k 2  k 2 B tan k 2 L - 1

and

1 klACD + R tan kL 1 k 2 B + tanh k 2 L
k- kIAcD tan kxL- R k2 ^ k2B tanh k2 L+1 (36b)

Recasting the equations into this form eliminates the necessity of using different equa-
tions depending on whether k1 ADc and k 2 B are less than or greater than unity. The
subroutine TW0 QUAD obtains the quadrupole parameters k 1 and k 2 by solving Eqs.
(36) by an iterative technique until the differences in k, and k 2 obtained by further iter-
ation are less than a prescribed tolerance.

Expressions for the magnification M, where M = Image Size/Object Size, have been
given by Enge* (2) for the real-object case, and expressions for the magnification for the
virtual-object case can be derived by the method Enge used for the real-object case.
Again, introducing the variable R makes it possible to use one set of expressions for
both cases, and the magnifications are given by

cos k2L - k 2 B sin k 2 L
MDC = cosh (kL) + Rk 1ADc sinh kL (37a)

and

cosh k2 L + k2 B sinh k2 L

cD Cos k L - RkACD sink,L (37b)

where R equals +1 for a real object and -1 for a virtual object.

The arguments R, ACD, ADC, B, and XL are input parameters for the subroutine
TWO QUAD, corresponding to the parameters R, AMD ADC, B, and L, respectively, pre-
viously defined. The argument T0L is the tolerance to be allowed in determining k,
And k2 (TOL = L.OE-6 has generally been used in practical calculations). The arguments

"The definition used by Enge for the magnification is the negative of the definition given
here.
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H, H2, PCD, and PDC are outputs from the subroutine corresponding to the parameters
ki, k 2 , MCD, and Mix, previously defined.

The method used to solve for k1 and k 2 is valid only for k 1 L < 7T/2 and k 2 L < n/2.
There is an error stop if I R I e 1. The associated error message is: ABSOLUTE VALUE
0F R N0T EQ 1.0, TWO QUAD (R,T0L,S,XL,ACD,B). There is an additional error stop
if the solution of Eqs. (36) does not converge after 100 iterations. Experience in using
this subroutine with a tolerance of 1 x 10-6 has indicated that this error stop is reached
only when incorrect arguments have been used in the subroutine, particularly if the re-
striction ACD > S + 2L and ADC > S + 2L for the virtual-object case is violated. The
solution for the quadrupole parameters will usually converge to a tolerance of 1 x 10-6 in
eight to ten iterations. The associated error message for this error stop is: D0ES N0T
CONVERGE FOR TWO QUAD (R,T0L,S,XLACDADCB).

A listing of the basic functions and subroutines, as well as the subroutine TWO
QUAD, is given in Appendix B.

ILLUSTRATIVE CODING EXAMPLE

Use of the various basic functions and subroutines to build up a program for a spe-
cific ion-optical system will be illustrated by programming the tracing of a trajectory
through a quadrupole doublet. When coding PROGRAM EXAMPLE, comments were in-
cluded at essentially every step to guide the reader in understanding the program.

The geometry of the quadrupole doublet is shown in Fig. 6, along with the indices of
the matrices used to represent the various elements of the system in each plane. The
input data are given in the data statement. The various lengths are defined in Fig. 6, and

CD PLANE

MX 7 6 5 4 3 2

DC PLANE

IMAGE

MX 17 16 15 14 13

Fig. 6 - Schematic representation of a quadrupole doublet to
show the notation used in the program EXAMPLE. The in-
dices representing the locations of the matrices represent-
ing each quadrupole, each field-free region, and the object
and image vectors are given below each of these elements.

12 II
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the initial coordinates of the trajectory to be traced, xi and x are XCD and XPCD,
respectively, in the CD plane, and XDC and XPDC, respectively, in the DC plane;
Ap/p = 0.

The subroutine TWO QUAD permits the quadrupole strength parameters for Q1 and
Q2 to be computed and stored in XK1 and XK2, respectively, and the magnifications in
the CD plane and DC plane are computed and stored in PCD and PDC, respectively.
Using the subroutines for the beam transport matrices, the matrices representing the
initial coordinates of the particle, quadrupoles, and field-free regions are put into the
locations indicated in Fig. 6. Since these matrices are stored in consecutive locations,
the vector representing the image can be easily obtained using the subroutine ACCUMULT.
The ratio xoUt /xi n can then be determined and compared with the magnification com-
puted in the subroutine TW0 QUAD. The maximum excursion in the quadrupole is ob-
tained by first computing the vector representing the ray at the entrance to the particular
quadrupole and then using the function C QUAD MAX or the function D QUAD MAX, which-
ever is appropriate, to compute the maximum excursion.

As an overall check on the programming, the function FOCAL PL has been used to
calculate the distance of the image from the exit of Q2. To do this the matrices repre-
senting the beam transport system, up to and including Q2, are first multiplied using the
subroutine ACCUMULT to obtain the transfer matrix up to the exit of Q2, as required for
input to the function FOCAL PL.

The first four columns of the printout are the values of xln, In xout and x'
respectively. The ratio xout/Xin , computed by ray tracing, and the magnification ob-
tained using the subroutine TWO QUAD, are compared in columns 5 and 6, respectively.
The results of the focal plane calculations, given in column 7, agree with the input data
for B, as they should for a correct calculation. The maximum excursions of the ray
from the optic axis in Q1 and Q2 are given in columns 8 and 9, respectively.

PRCGRAM EXAMPLE

TYPE REAL MX
COPM0N/MX/MX ( 100 s 3. 3)
PATA (ACD=Ioof), (ADC=I5O,n),(8=50.o),(XCD=,02)(XDC=,04).

1(XPCD=,1Oi)(XPDC=,001)o(S=f,0)(XL=IO,O)
C**DIMFNSION QUAD STRENGTH PARAMFTERS

XKi=XK2=0
C**DIMENSION MAGNIFICATI.N OUTPUT FOR SUBROUTINE TWO QUAD

PCE=PDC:O

C*,CALCULATE XK1 AND XK2
CALL TWO QUAD(I,O ,,OE'6.SXL#ACD,ADCBoXKI, XK2,PCDsPDC)

C**PREPARE MATRICES FOR CD PLANE
CALL VECT@R(XCCXPCDoO7m
CALL F SPACE(ACD.6)
CALL QUAD C(XKIXL,5)
CALL F SPACE(S14)
CALL QUAD D(YK2,XL,3)
CALL F SPACE(Bt2)

C**PREPARE MATRICES FOR EC PLANE
CALL VECTOR(XDC#XPDCP017)
CALL F SPACE(ADC#16)
CALL QUAD D(XKIXL,2.5)
CALL F SPACE(S#J4)
CALL QUAD C(XK2,XL,13)
CALL F SPACE(8,12)

C**START CALCULATION-aCD PLANE

C**COMPUTE IMAnE VECTOR AND PUT IN MX J
CALL ACCUMULT(2p7,)
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C**COMPUTE X OUT/X IN
RATIO CDz=X(1,1,1)/XCD

C**CoMPUT ENTRANCE VECTOR TO Q1 ANr PUT IN MX 20
CALL MX MULT(6,7,20)

C**C@MPUTE MAXIMUM EXCURSION IN 01
DiCDMAX=C QUAD MAX(XKIXL'20)

C**COMPUTE ENTRANCE VECTGR To C2 AND COMPUTE MAXIMUM EXCURSION IN 02
CALL ACCUMULT(4,7,20)

02CDMAXzD QUAD MAX(XK2#XLo7D)
C**FOCAL PLANE CHECK--MX 20 WILL CONTAIN ENTIRF TRANSPIRT SYSTEM EXCEPT MX 2

CALL ACCUMULT(3s6,20)
FPCD=FOCAL PL(20)

C**START CALCULATIN-.&C PLANE

C**COMPUTE IMAGE VECTOR AND PUT IN MX 11
CALL ACCUMULT(12,17,11)

C**COMPUTE X OUT/X IN
RATIO DC=MX(11.1,1 /XDC

C**COMPUTE ENTRANCE VECTRR TM 01 AND PUT IN MX 20
CALL MX MULT(16#17,20)

C**CMMPUTE MAXIMUM EXCURSION IN 01
OICCMAX=D QUAD MAX(XK1,XL,?0)

C**COMPUTE ENTRANCE VECTOR To C2 AND CMMPUTE MAXIMUM EXCURSION IN 02
CALL ACCUMULT(14s17P20)
02rCMAX.zC QUAD MAX(XK2sXL,20)

C**FOCAL PLANE CHECK--MX 20 WILL CONTAIN ENTIRF TRANSPORT SYSTEM EXCEPT MX 12
CALL ACCUMULT(13,16s20)
FPDCnF@CAL PL(20)

C* *** * **** * ** **** **

C**STAPT PRINTOUT

PRINT 1
I FORMAT(IHI,1IX,*X IN XP IN! X OUT XP OUT XOUT/XIN MAG FOC P
IL 01 MAX 02 MAX*/)
PRINT 2,XCDXPCDMX(iii)MX(.2,1) RATIQ CDPCDsFPCDQ1CDMAX,

I Q2CDMAX
2 FORMAT(1X,*CD PLANE*,2(iX F6.3),4(IX.F7,4),3(IX.TF73))

PRINT 3,XDC.XPDCMX(I1,1,),MX(II#21),RATIO DC. PDCsFPDC.QIDCMAX,
1n2 CMAX

3 FORMAT(lX,*DC PLANE*,2(IXF6,3) 4(i.KF7,4) 3(iXF7,3))
FNr

X IN XP IN X OUT XP OUT YOUT/XIN MAG FMC PL 01 MAX 02 MAX

CD PLANE 0,020 0,010 -0,0230 -0,0092 w1,i500 =1.1499

DC PLANE 0104fl 0,001 -0,0074 -0,0068 P0.1854 -0,1854

50,000
50,000

1,030 0,659

0,248 0,348

PROGRAM RUN QUAD 4

Many beam transport systems use a combination of two quadrupole doublets to form
an image of a source at some distance downstream from the source. The quadrupoles
can be adjusted to form an intermediate image between the doublets, or not, according to
various requirements. If an intermediate image is used the variation in the location of
the intermediate image makes it possible to change the magnification of this quadrupole
arrangement by adjusting the currents in the quadrupoles rather than by physically mov-
ing the quadrupoles. There is sometimes another consideration in choosing whether or
not to use an intermediate focus. Every time a particle beam goes through a focal plane
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of the system the momentum dispersion perpendicular to the optic axis is reversed. If
dispersive magnetic elements precede and follow the system of two quadrupole doublets,
the choice of whether or not to use an intermediate focus may be dictated by considera-
tions of maximizing or minimizing the momentum dispersion perpendicular to the optic
axis.

The subroutine QUAD 4 has been written to facilitate writing programs for beam
transport systems which use two quadrupole doublets as a subsystem. In addition, the
program RUN QUAD 4 has been written so that data can be read into the subroutine
QUAD 4 from data cards to ray trace through the system of two quadrupole doublets by
itself.

Subroutine QUAD 4 (NARR,NPRINT,I)

The subroutine QUAD 4 (NARR,NPRINT,I) requires the same declarative statements
as are required for the basic functions and subroutines, plus the additional labeled
COMMON block Q4. Thus, every program which calls on the subroutine must begin with

TYPE REAL MX

and

COMMON/MX/MX(100,3,3)/Q4/TABLE(50,12),PARAM(8),N TABLE, XKK(4).

The geometrical arrangement of the quadrupoles is shown in Fig. 7. All notations
for the various quantities on this figure correspond to the notations used on the printout
for the subroutines. The vectors shown above the object, intermediate image, and image
indicate the notation for the coordinates of a particle trajectory at these points. All
quadrupoles have the pole length LQUAD, and each doublet has the spacing SQUAD be-
tween the individual quadrupoles.

Because the radial and the axial virtual sources of many cyclotrons are not in the
same plane, the distances from the object to the entrance of the first quadrupole, LIH in
the horizontal plane and LIV in the vertical plane, need not be identical. However, it is
assumed that the system is double focusing, so that only one quantity L3 is required to
specify the distance from the exit of the last quadrupole to the image.

The quantity L2 is the distance between the exit of the second quadrupole and the
entrance of the third quadrupole. If focusing with an intermediate image is used, the

/ X N
XEPI VERTICAL PLANE / P I /P OUT \

OBJECT DELP/P) ODELP/P

14 LIV INTERMEDIATE
I SQUAD IMAGE SQUAD IMAGE

me L I H

QUAD LUA L BQUAD L3

HORIZONTAL L
PLANE I I I I IL _QU A D D 'C' L

Fig. 7 - Schematic representation of the beam transport system consisting of two
quadrupole doublets, illustrating the notation used in the subroutine QUAD 4. The
vectors shown above the object, intermediate image, and image give the notation
for the coordinates of the particle trajectory at these points.
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intermediate image is located at a distance L2A downstream from the second quadrupole
and a distance L2B upstream from the third quadrupole. Thus, for an intermediate image,

L2A + L2B = L2. (38)

When no intermediate image is desired a large value (; 10 13) is used for L2A and L2B;
the first quadrupole doublet essentially focuses at infinity, and the object for the second
quadrupole doublet is taken to essentially be at infinity.

The argument NARR of the subroutine can have only the values 0 or 1. If NARR = 0,
the arrangement of quadrupoles in the horizontal plane is CDDC, and if NARR = 1, the
arrangement in the horizontal plane is CDCD, as indicated in Table 1.

Table 1
Arrangements of Quadrupoles for Various Values of NARR

QUAD 1 QUAD 2 QUAD 3 QUAD 4

NARR = 0 Horizontal Plane Converging Diverging Diverging Converging

(CDDC) Vertical Plane Diverging Converging Converging Diverging

NARR = 0 Horizontal Plane Converging Diverging Converging Diverging

(CDCD) Vertical Plane Diverging Converging Diverging Converging

The argument NPRINT can also have only the values 0 or 1. If NPRINT = 0, there
is no printout from the subroutine; if NPRINT = 1, there is printout of the results from
the subroutine. This option is included, because the programmer using the subroutine to
calculate the properties of a subsystem of a beam transport system may not want all the
results printed out, or he may want the results printed out in a different format combined
with results from calculations on other parts of the beam transport system.

There is an error stop if the input values of NARR and NPRINT are neither 0 nor 1.
The associated error message is: QUAD 4 INPUT ERROR.

This subroutine uses the fourteen matrices I to I + 13, where I is the third argu-
ment of the subroutine, during execution of the subroutine. The programmer must choose
a value of I (of course, I - 87) such that any matrices previously stored and required
later in the calling program are not disturbed.

Input data from and output data to the program calling for the subroutine are handled
through the variables dimensioned in the labeled COMMON block Q4.

The various distances involved have to be stored in the array PARAM before calling
the subroutine. The correspondences between the elements of the array PARAM and the
distances shown in Fig. 7 are given in Table 2.

The quadrupole strength parameters K1, K2, K3, and K4 are computed from the in-
put data stored in PARAM, and these results are stored in XKK(1), XKK(2), XKK(3), and
XKK(4), respectively, where they are available for further computation or printout. The
quadrupole strength parameters depend on Bp, which is proportional to p, the momentum
of the particle; corrected values of the quadrupole strength parameters which depend on
the actual Ap/p of the individual ray, i.e.,
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Table 2
Correspondences Between Array PARAM and
Quantities Shown in Fig. 7 and in the Printout

Array Element [ Distance Array Element Distance

PARAM (1) SQUAD PARAM (5) L2

PARAM (2) LQUAD PARAM (6) L2A

PARAM (3) LIH PARAM (7) L2B

PARAM (4) LIV PARAM (8) L3

1Kl(corrected) = K1 x 1 -
(39)

(and so forth for each quadrupole strength parameter), are used in the calculations.

The input and output data associated with the individual trajectories to be traced are
handled through the array TABLE. The NTABLE/2 trajectories are traced in the hori-
zontal and vertical planes, where NTABLE must be less than 50 and must be an even
number. The correspondences between the elements of the array TABLE, the notations
in Fig. 7, and the printout are shown in Table 3. The initial coordinates of the trajecto-
ries to be computed have to be stored in TABLE (N,1), TABLE (N,2), and TABLE (N,3),
where N goes from 1 to NTABLE, with N odd for the initial coordinates in the horizon-
tal plane and N even for the corresponding coordinates in the vertical plane. After exe-
cution of the subroutine, the computational results are stored in TABLE (N,4) through
TABLE (N, 12), where MAG OUT = X 0UT/X IN, and MAX 1, MAX 2, MAX 3, and MAX
4 are the maximum excursions of the particular trajectory in the quadrupoles Ql to Q4,
respectively.

Table 3
Correspondences Between Array TABLE and
Quantities Shown in Fig. 7 and in the Printout

During execution a check is made to determine whether the
an intermediate focus or not. If the condition

input parameters imply

0.9 xL2 = L2A + L2B =< 1.1xL2 (40)

is satisfied by the input parameters, an intermediate focus is assumed, and the results
for X1 and XP1 are transferred to TABLE (N,4) and TABLE (N,5). If this condition is
not satisfied, it is assumed that there is no intermediate focus; no results are stored in
TABLE (N,4) and TABLE (N,5), and ******** is printed in the printout for Xl and XPI.
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In this case the programmer should exercise caution when extracting the results, because
meaningless data may be stored in TABLE (N,4) and TABLE (N,5).

After execution of the subroutine, the complete transfer matrix from the object to
the image in the horizontal plane for Ap/p = 0 is stored in matrix I, and the correspond-
ing transfer matrix in the vertical plane is stored in matrix I + 1. These matrices are
then available to the programmer for use in further calculations.

A sample printout from the subroutine is shown in Appendix C. The notation used in
the printout should be clear from the preceding discussion. A focal plane check is made,
using the function F0CAL PL, to see that the data have been read in correctly and the
system focuses at the required distance L3 from Q4. The quantities HF0CAL PL and
VF0CAL PL in the printout should be in reasonable agreement with L3 (=a few parts in
104). The values of K1 to K4 that are printed out are for Ap/p = 0; a tolerance of
1 x 10-6 is used in the subroutine when these quantities are computed.

Data Input to PROGRAM RUN QUAD 4

The program RUN QUAD 4 was written so that the subroutine QUAD 4 can be run
from data read into the computer on data cards. The order and the format of the required
data cards is given in Table 4. After the data are read in, the subroutine is executed
NPARAM times, each time computing NTABLE/2 trajectories in both the horizontal and
the vertical plane for the same sets of initial conditions. Prior to each execution, a new
set of distances is read into PARAM from the NPARAM sets of data on the data cards.

The output from a sample run with this program is given in Appendix C.

Table 4
Order and Format of Data Cards for the Program RUN QUAD 4

Column 1 11 21 31 41 51 61 71

Quantity NTABLE NPARAM
Format 12 12

There are NPARAM sets of the following two data cards.

Quantity SQUAD LQUAD L1H L1V L2 L2A L2B L3
Format El0.4 El0.4 El0.4 El0.4 El0.4 El0.4 El0.4 El0.4

Quantity NARR

Format Ii

There are NTABLE/2 of the following cards.

Quantity X IN XP IN DELP/P For the Horizontal Plane
Format El0.4 E10.4 El0.4

There are NTABLE/2 of the following cards.

Quantity X IN XP IN DELP/P For the Vertical Plane
Format El0.4 El0.4 El0.4

Note: Each item of data is written in the specified format starting in the indicated column.
The values of NTABLE and NPARAM are restricted to NTABLE < 50 and NPARAM < 10.
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PROGRAM QUAD MAG 2

The program QUAD MAG 2 was written to trace particle trajectories through the
beam transport system for the initial beam paths to be activated at the NRL Cyclotron
Facility. Two sets of quadrupole doublets transport the beam to the analyzing magnet,
and two other sets of quadrupole doublets transport the beam from the magnet to form
the image at an experiment. The notation for the various quantities used in the program,
illustrated in Fig. 8, are similar to those discussed for the subroutine QUAD 4 and the
program RUN QUAD 4. In fact, the subroutine QUAD 4 is used to trace the particle tra-
jectories through the quadrupole subsystems preceding and following the analyzing mag-
net. The radial plane of the analyzing magnet is assumed to be in the horizontal plane.

/X ENT)(I / X/ IXPENT
XP IN XPI \DELP/P/

(DELP/P) VERTICAL (OELPIP) ENTRANCE
PLANE INTERMEDIATE SLIT ANALYZING

OBJECT IMAGE eI . 1 Mt_""MAGNET

i V _ 2 A .I2 B " ( F I E L D_L V _] __ 4 d 'IINDEX=N)

HORIZONTAL PLANE

K0 I?

Fig. 8 - Schematic representation of the beam transport system
treated in the program QUAD MAG 2. The notation used is identical
to the notation on the printout from this program. The vectors
shown at the object, and the various images, give the notation for
the coordinates of the trajectory at these points.
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Again, as in the discussion for the subroutine QUAD 4, there is the option of using
or not using an intermediate image between the first and second quadrupole doublets of
each of the quadrupole subsystems. For an intermediate image between the quadrupole
doublets at the input to the analyzing magnet,

L2A+ L2B = L2, (41)

and for no intermediate image L2A and L2B are taken to be a large number (Z 10 13).
Similarly, for an intermediate image between the quadrupole doublets following the ana-
lyzing magnet,

L5A+ L5B = L5, (42)

and for no intermediate image L5A and L5B are taken to be a large number (z 10 13)
The test made in the program for an intermediate focus and the convention for printout
of the results at the intermediate images have been described in the preceding section.

The quadrupoles preceding the analyzing magnet can have the arrangement CDDC
or CDCD, according to whether NARR (Ql-Q4) is 0 or 1; similarly, the quadrupoles fol-
lowing the analyzing magnet can have the arrangement CDDC or CDCD, according to
whether NARR (Q5-Q8) is 0 or 1. In the printout the first entry following the word AR-
RANGEMENT refers to Q1 to Q4, and the second entry refers to Q5 to Q8.

The analyzing magnet has radius of curvature of the optic axis R, field index
N (0 _- N < 1), and angle of deflection THETA. The angles the incident trajectory and the
exiting trajectory make with the normal to the pole edge of the magnet are E1 and E 2 ,
respectively, with the same sign convention as described in the discussion of the subrou-
tine MAG R. There are two modes of operation for this beam transport system. In the
dispersive mode NDISP = 0, the quadrupoles preceding the analyzing magnet produce an
image on the entrance slit, and the magnet produces an image on the exit slit, which is,
in turn, focused by the quadrupoles following the analyzing magnet to produce the final
image. It is implicitly assumed that the input data for L ENT and L EXIT are chosen so
that the analyzing magnet will produce an image of the entrance slit at the exit slit. For
reference, these relations (3,4) are given below for the case E1 = E 2 = 0. In these equa-
tions L ENT is denoted by f0 and L EXIT is denoted by fi. In the horizontal plane
(radial plane of the magnet)

R tan (1 - n) 2 6 + tan- 1 (1 - n) 1(43)
(1- n)1/2 LR - n

and, in the vertical plane (axial plane of the magnet)

= -R tan n2 0+tan- ' 1 _12 (44)

n1/ 2 tnI Rn_

for n 0. If n = 0 the analyzing magnet has no focusing properties in the axial plane.
For the symmetric case f 0 f i, and, with E1 = F2 = 0, these relations reduce to

R cot (1-n)1/ 2 -3 (45)o: i (1 - n) 1/ 2 11

in the horizontal plane and
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to = i = R~ Cot (n I12 0- (46)n 11/2 2

in the vertical plane, for n - 0. The complete relationships for E, 0 and E2 ± 0 are
given by Bretscher (4). An error in input data for L ENT and L EXIT will be detected by
the focal plane check during execution of the program. In this case, HF0CAL PL and
VF0CAL PL in the printout will not be in agreement with L6 (za few parts in 104).

The other mode of system operation is the minimum dispersion mode, NDISP = 1.
In this case the quadrupoles preceding the analyzing magnet produce an image of the
source at the first principal plane of the magnet in the radial plane. It is shown in Ap-
pendix D that, if the object is a point source, all the trajectories of particles leaving the
magnet appear to originate from the same point on the optic axis at the second principal
plane of the magnet, irrespective of their momenta. Hence, if the object distance for the
quadrupoles following the analyzing magnet is taken to be the distance from the second
principal plane of the magnet to the entrance of Q5, the beam transport system will have
zero dispersion if the object is a point source. In the practical case of an object with
small but finite dimensions, calculations show that the dispersion at the image is negligi-
ble when the system is operated in the minimum-dispersion mode. This mode is useful
when large, well-focused beam currents are required to be transported to an experiment
with a potentially highly dispersive system and energy spread at the target is of no
consequence.

The coding in this program for the minimum-dispersion mode is valid only if the
field index n of the analyzing magnet is 1/2 and if E1 = E2 = 0. There are various op-
tions in the way the quadrupoles can be adjusted, so that the beam transport system pro-
duces a final image in the vertical plane at the required location without affecting the
minimum-dispersion operation of the system. In this program the quadrupoles preceding
the magnet are adjusted to produce an image in the vertical plane at the first principal
plane of the analyzing magnet, and the object distance in the vertical plane for the quad-
rupoles following the magnet is taken to be the distance from the entrance of Q5 to the
second principal plane of the analyzing magnet.

There is an error stop if NDISP = 1 and n - 1/2. The associated error message is:
MINIMUM DISPERSION N0T VALID - N NOT EQ 1/2. There is an additional error stop
if NDISP = 1 and n = 1/2 but EI and E2 are not both equal to zero. In this case the
error message is: MINIMUM DISPERSION N0T VALID - EPS 1 or EPS 2 NOT ZERO.

Most of the notation in the printout should be clear from the preceding discussion.
The phrase MINIMUM DISPERSION is printed below the heading on each page when this
mode is selected; the phrase is omitted when the dispersive mode is selected.

The various magnifications printed out are (a) MAG IN = X ENT/X IN, (b) MAG
OUT = X 0UT/X EXIT, and (c) MAG T0TAL = X OUT/X IN. The maximum excursions
of the trajectory in the various quadrupoles are printed out under MAX Q1, etc., and the
maximum excursion in the analyzing magnet is printed out under MAX MAG. As before,
the various quadrupole strength parameters are printed out for Ap/p = 0.

The order and format of the data cards for this program are given in Table 5. Par-
ticle trajectories are traced NPARAM times in both the horizontal and the vertical planes
for NTABLE/2 sets of initial conditions at the object- for each of the NPARAM sets of
parameters characterizing the arrangement of quadrupoles and analyzing magnet in the
beam transport system. It is required that NTABLE =< 50 and even, and NPARAM =- 20.
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Table- 5
Order and Format of Data for the Program QUAD MAG 2

Column T 11 11 21 31 41 51 61 71

Quantity NTABLE NPARAM
Format 12 12

There are NPARAM sets of the following three data cards.

Quantity S L LIH L1V L2 L2A L2B L3
Format El0.4 El0.4 E10.4 El0.4 E10.4 El0.4 El0.4 El0.4

Quantity L4 L5 L5A L5B L6 NARR NARR NDISP
Format E10.4 El0.4 El0.4 El0.4 E10.4 (Q1-Q4) (QS-Q8)

I1 I1 I1

Quantity N THETA R El E2 L ENT L EXIT

Format E10.4 E10.4 El0.4 E10.4 E10.4 E10.4 E10.4

There are NTABLE/2 of the following data cards.

Quantity X IN XP IN DELP/P For Horizontal Plane
Format E10.4 E10.4 E10.4

There are NTABLE/2 of the following data cards.

Quantity X IN XP IN DELP/P For Vertical Plane
Format El0.4 E10.4 E10.4

Note: Each item of data is written in the specified format starting in the indicated column.
The values of NTABLE and NPARAM are restricted to NTABLE = 50 and NPARAM : 20.
NARR (Ql-Q4) or NARR (Q5-Q8) = 0 refers to arrangement CDDC for the particular
quadrupoles, and NARR (QI-Q4) or NARR (Q5-Q8) = 1 refers to the arrangement CDCD
for the particular quadrupoles. NDISP = 0 refers to operation in the dispersive mode,
and NDISP = 1 refers to operation in the minimum dispersion mode.

A sample run for this program is shown in Appendix E. All lengths for this run are
in inches, so that the units for the quadrupole strength parameters are inches- 1 . The
input data for Parameter Set 1 is for operation of the system in the normal or dispersive
mode, and Parameter Set 2 is for operation of the system in the minimum-dispersion
mode.
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Appendix A

LIST OF FUNCTIONS AND SUBROUTINES

SUBROUTINE MX MULT (I,J,K)

SUBROUTINE ACCUMULT (I,J,K)

SUBR0UTINE DACCUMUL (I,J,K)

SUBROUTINE MX ZERO (I)

SUBROUTINE PUT MX (I,J)

SUBROUTINE PT MX (I)

FUNCTION DETR (I)

FUNCTIOiN D0DETR (I)

SUBROUTINE

SUBROUTINE

SUBROUTINE

SUBROUTINE

SUBROUTINE

SUBROUTINE

SUBROUTINE

SUBROUTINE

SUBROUTINE

INVERSE (I,J)

DINVERSE (I,J)

VECTOR (XXPDELP,I)

F SPACE (X,I)

QUAD C (XK,XL,I)

QUAD D (XK,XL,I)

MAG R (XN,THETA,R,E1,E2,I)

MAG Z (XN,THETA,R,E1,E2,I)

REVERS (I)

FUNCTION C QUAD MAX (XK,XL,I)

FUNCTION D QUAD MAX (XK,XL,I)

FUNCTION R MAG MAX (XN,THETA,R,E,I)

FUNCTION Z MAG MAX (XNTHETA,R,E1,I)

FUNCTION F0CAL PL (I)

FUNCTI0N WAIST (X,XP,I)

SUBROUTINE TWO QUAD (R, TOL, S, XL, ACDADCB, Hl,H2,PCD, PDC)

SUBROUTINE QUAD 4 (NARR,NPRINT,I)



Appendix B

LISTING OF BASIC FUNCTIONS AND SUBROUTINES

FUNCTION DETR(I)

C ENTIRE PACKAGE UPDATED 9/18/A7
r SINGLE PRECISIMN FUNCTION

TYPE REAL MX
CONMON/MX/MX(100,33)
DETR2

U MX(I.i.i)*(MX(I 2.2)*MX(7.3,3)vMX (1 2.3)eMX( ,3.2))
i-MX(I ,12).
I (MX(I.2,1)*MX(I.3.3)-MX(I.2,3)*MX(I.3.1))*MX(I.i.3)*(MX(I.2.i)*

IMX(I.3,2)-MY( ,2,2)*MX(I13.1))
FNr

SUPROUTINE INVERS(IaJ)

Cl SINGLE PRECISION INVERSE
TYPE REAL MX
C0PMON/MX/MX(100,3,3)
A: OETR(I)
IF(ANE.O)1,2
MX(Js1,1)=(MX(Is2.2)*My(I.3,3
'X(J#..2:(MX(1,1,3)*MX(1.32
MX(Ja.s3) (MX(I.1.2 )MX(1.2 3

MX(J.2,1)m(MX(1.2.3)*MX(I,3,
MX (J.2,2): (MX (I .1, ) *MX (1,3 3
MX (J,2,3): (MX (I .1,3) *MX (1,2,

MX(J#3#1).(MX(1#2ol)*MX(I.3o2
MX(Js3#2):(MX(I1,12)*MX(1,3s
MX(J#3,3):(MX(I.,1.)*My(1,?s2

)-MY
)-MX
)-MX
)-MX
)-MX
)-MX

)'MX
WM)(
) M

(1.2.3)*MX(

(T1.,3)*MX(
(1,2,1) aMY
(I ,1,3)aMY(

(1 .,) *MY(

(1.2.1),aMY

RETURN

2 PRINT 3,1
3 FoRMAT(5XI7NERRMR IN INVERSE(,I3,8H),DETRs0)

STt P

FNE

SUBROUTINE My MULT(I,*JK)
TYPE REAL MX
COMMON/MX/MX(100.3,3)
CALL MX ZERO(K)
not M=l.#3
no1 Lzl,3
ne1 Nzij.

I MX(KLM):MX(KLM)*MX(ILN)*MX(JsNM)
FNC

.3.2)
I .3,3)
1,2,2)
1,3.3)
1,3.1)
1,2,3)
1.3.1)
1.3,2)
1.1.2)

)A
)A

)/A

)/A
/A
)A
I A
)/A
)I/A

ION I

ION 2
ION 3
ION 4
ION 5
ION 6
ION 7
ION B
ION 9
ION 10
ION 11

ION 12

ION 13
ION 14
iON 15
ION 16
ION 17
IN 18
ION 19
ION 20
ION 21
10N 22
ION 23
IN 24
ION 25
ION 26
ION 27
I0N 28
ION 29
ION 30
ION 31

ION 32

ION 33
ION 34
IN 35
IN 36
ION 37
ION 38
ION 39
ION 40



SUBROUTINE MX ZERO(I) TON 41

TYPE REAL MX ION 42
COPMON/MX/MX(I10,3,3) ION 43
no1 J=1,3 ION 44
no1 K:I,3 ION 45

I MX(IJJK)=0 ION 46
FNr ION 47

SUERTUTINE PUT MX(IJ) ION 48

TYPE REAL MX ION 49
CONMN/MX/MX(100.3,3) ION 50
P0i L=1,3 ION 51
not M2103 ION 52

j MX(JL#M)cMX(ILM) ION 53
FNE ION 54

SUBROUTINE ACCUMULT(IJ#K) ION 55

SINGLE PRECISION SUBROUTINE ION 56
TYPE REAL MX ION 37
COMMON/MX/MX(100,3,3) 1ON 58
nIPENSION R(3,3),C(3#d) ION S9
IF(JGTI)i,2 ION 60

1 D03 LaI,3 ION 61
DP3 M:1,3 ION 62

3 C(LiM)xMX(I,LM) ION 63
L=J- I ION 64
P08 NNEIsL ION 65
r06 IJ=1,3 ION 66
PO6 IKul,3 ION 67
P(IJIK)uO ION 68
PO6 IL=1,3 ION 69

6 R(IJIK)uB(IJ.IK).C(IJIL)aMX(I*NN IL,IK) ION 70
DP IA:1,3 ION 71
Doe 182,3 ION 72

8 C(IA.I8)aB(IAI8) ION 73
D09 1AuEs3 ION 74
D09 IB=1,3 ION 75

9 MX(KIA.1B):C(IA.I@) ION 76
PETURN ION 77

2 PRINTIOIJK ION 78
10 FORMAT(IOxY18HERROR IN ACCUMULT(,2(I3,iH,),13#IH)) ION 79

STOP ION so
FNr ION 8

SUBROUTINE PT MX(I) ION 82

TYPE REAL MX ION 83
COPMON/MY/MX(100,3o3) ION 84
PRINT lII,((HX(IsJ K)aK:1,3)Jzi#3) ION 85

1 FORMAT(5X,3HMX 113',5X13(EI3,6o2X)/2(16X#3(EI3,6#2X)/)/) ION 86
FNC ION 87

FUNCTION DODETR(I) ION 88

r POBLE PRECISION FLNCTION ION 89
C ALSO CONTAINS FOCAL PL ION 90

TYPE REAL MX ION 91
TYPE DOUBLE F ION 92
DIWENSION 9(3,3) ION 93



COPMON/MX/MX(IOO#3s3) ION 94

P1 J=1#3 ION 95

P01 KuI,3 ION 96

i R(J,K)XMX(I,JK) ION 97

DOCETRa ION 98
B(1,1)a(B(2,2).B(3,3)-B(2,3)*B(3,2)) ION 99

ZB(1,2)a(B(2,1)aB(3,3)-B(2,3)B(3,1)) ION 100

Z*B(1,3)a(8(2,1)*B(3,2)-B(2,2)*B(3e1)) ION 101

RETURN ION 102
ENTRY FOCAL PL ION 103

POCETR =MX(I,,2)/MXtI,2,2) ION 104

ENC ION .05

SUBRPUTINEDINVERSE(I J) ION 106

C DOLBLE PRECISION SLBROUTINF ION 107
TYPE REAL MX ION 108
TYPE DOUBLE R ION 109
DIPENSION 9(3.3) $COMMON/MX/MX(1O0,3,3) ION 110
A=CODETR(I) ION 111
IF(A.NE,0)is2 ION l1i

1 P04 K=a,3 ION 113
D04 LuIP3 ION 114

4 R(KL)uMx(I,KL) ION 115
MX(J,1,i)=(B(2,2)*B(3,3)-B(2,3)*a (3,2))/A ION 116
MX(J,1.2)=(B(I13)*(3,2)-R(1,2) F(3,3))/A ION 117
MY(J,1,3)=(B(1,2)aR(2,3)-8(,3)aB(2,2))/A ION 118
MX(J.2,1)=(B(2,3)*8(3,1)-B(2,1)*R(3,3))/A ION 119
MX(J,2s2)=(B (I,1)B('N,3)-N(1,3)*B(3,1))/A IOn 120
MX(J,23)=(B(1,3)*a(2,1)-B(1t.)aR(2,3))/A ION 121
MX(J,3 ,1)=(B(2,1)*B(3.2)-B(2,2)*R(3,1))/A ION 122
MX(J.3,2)=(B(l,2)aR(3,1)-B(1,1)aR(3,2))/A ION 123
MX(Js3,3)w(B(Ii)*B(2g2)-(2,i)*B(1,2))/A ION 124

RETURN ION 125
2 PRINT 3,1 ION 126
3 FORMAT(5X,18HERROR IN DIKVERSE(,I3,8H),DETR=M) ION 127

STCP ION 128
N C ION 129

SUPROUTINE REVERS(!) ION 130

TYPE REAL MX ION 131
CO'MN/MY/MX(100,3,3) ION 132
CALL MX ZERO(I) ION 133
MX(Ii,1)xMX(Io2,2)z-1,0 ION 134
MX(I13.3)=1,0 ION 135
ENC ION 136

SURROUTINE TWO QUAr(RTOLSIXLAC I ,ADCIBI ,HIIN21,PCDPDC) ION 137

SWF(X) e(ExPF(X)**2 w1,0)/(2,0ExPF(X)) ION 138
CWF(X) *(FXPF(X)**2 *1,0)/(2,OaEXPF(X)) ION 139

IF(ABSF(R),EQ,1,0)100si0l ION 140
100 S=SI/L ION 141

ACD:ACDI/XL ION 142
P=R I /XL ION 143
ADC:ADCI/XL ION 144
V30,5 S CUT:100,O $ RUNNO ION 145
H1=V $ H=V ION 146

c ITERATE ION 147
C ELATI ION 148

15 TERuO ION 149



Ca(WiADCR*TANHF(W1))/(Pi(H1*ADCaTANHF(Hi)aR))4S ION 150

C WALKI ION 151

17 TH2EDH2*(B+C)/(C*BaH2*W2.1.Q) $ H2P3ATANF(TH2E) ION 152
Xa(H2E-H2)/H2E $ Y=ABSF(Y) ION 153
IF(YGTTOL)19,21 ION 154

19 W2=0,5*(H2*H2E) $ TERaTER41,O $ GO TO 17 ION 155
21 H28H2E ION 156

C EQLAT2 ION 157
TER=0 ION 158
P=(H2*B*TANHF(H2) )/(H2(H2B*TANHFtH2)*I.O))*S ION 159
wl"= i ION 160

C WALK2 ION 161
23 TH1EuHIa(ACD*R*D)/(Hi*HI*ACD*D-R) ION 162

WIEATANF(THIE) ION 163
XY(HIE-HI)/HIE S Y=ABSF(X) ION 164
IF(YGT,TOL)25,27 ION 165

25 H20,50(HI*HIE) $ TERNTERi,0 $ Go TO 23 ION 166
27 HI=HiE ION 167

RUNaRUN,10 ION 168
XY(HIHeHi)/Hl S Y=ABSF(X) ION 169

IF(YGT.T@L)29,31 ION 170
29 IF(RUNLECUT)15.77 ION 171

C PAGNIFICATION ION 172
31 PDC: (COSF(H2)B*H2*SINF(H2))/(CWF(Hi)ROADC*Hi*SHF(H1)) ION 173

PCn= (CHF(42)aP*W2*SWF(H2))/(COSF(Hi)uR*AC*HI*SINF(Wi)) ION 174
WjI. H/XL ION 175
H2I=w2/XL ION 176

GO TO 99 ION 177
101 PRINT i02,RTOLSI,XLACCIADCIRI ION 178
102 FORMAT(6Y,*A9SeLUTF VALUE MF R NOT ED 1so ION J79

1/6Y.*TWO QUAD(*F4,1,aa5(EIO,3,1H,),FEO,3,2H,)) ION 180
STeP ION 181

77 PRINT 79,R*TGLSI#,YLACDIADCI.BI ION 182
79 FORMAT (22H DOES NeT CONVERGE FOR ,3X ION 183

3 104 TWOQUAD (,7(XYElI,?), IH),W) ION 184
STeP ION 185

99 END ION 186

FUNCTISN R MAG MAX(XNTHETAREII) ION 187

C Z MAG MAX CORRECTED 9/18/67 ION 188
C CONTAINS Z MAG MAX ION 189
c THETAE1, IN DEGREES ION 190

TYPE REAL MX ION 191
COPMON/MX/MX(100,3,3) ION 192
DIPENSION T(2)#X(3) ION 193
nATA(Cizs1745329252E-w0),(2=u,57079637EO0),(C3=,3141592654Eo0) ION 194
TF(MX(I,2,1 ),LT.O.3)1,2 ION 195

1 W3SMX(I ,,1)*TANF(CIaEI)*R*M( 1.2,1) ION 196
W4=SORTF(1,-XN)*MX(I ,1,)-RaPX( I,3,1)/SQRTF(IwXN) ION 197
IF(W4,EQ.o)3,4 ION 198

3 IF(W3.EQ,0)5,6 ION 199
5 T(1)uo ION 200

GO TO 7 ION 201
6 T(1)=C2 ION 202

GO TO 7 ION 203
4 T(1)xATANF(W3/W4) ION 204
7 IF(T($))8p9,9 ION 205
8 T(I):T(1),C3 ION 206
9 T(2):SORTF(i,.XN)aCI*TWETA ION 207

IF(T(j),GTT(2))iO ,ll ION 208
10 Jx2 %XtX)=O SGO TO 20 ION 209
11 J=1 ION 210
20 X(3)MX(I,ii) IoN 21l



Pe 12 K=J,2 ION 212
C.COSF(T(K)) ION 23
SeSINF(T(K)) ION 214

12 Y(K)R(C4STANF(ClIE1)/SQRTF(i-XN)) X([,41.i) ION 215
C*(R/SQRTF(IuXN))*S*MX(I2,1).(R/(iXN))a(1,,PC)MX(I,3,1) ION 216
IF(A8SF(X( ))sGTASSF(X(2))) 13o14 ION 217

13 YMAXX(1) ION 218
GO TO 15 ION 219

14 YMAXX(2) ION 220
15 IF(ABSF(X(3)),GT,AeSF(X MAY))16o17 ION 221
16 XMAX=X(3) ION 222
17 RMAGMAX=XMAX ION 223

RETURN ION 224

2 PRINT i8.1 ION 225
18 FoRMAT(5XI9HR MAG MAX ERRMRMX(,13,22H3 2#1) GREATER THAN 03,// ION 226

) ION 227
STEP ION 228

ENTRY Z MAG MAX ION 229
IF(MX(I,2,t),LT,O,3)2lp22 ION 230

21 IF(XN.EQ,)23,24 ION 231
23 YMAX(i,-THETA*CI*TANF(EI*C))aMX(It,1,)*ROTHETACI*MX( i2,1) ION 232

IF(ABSF(YMAX).GTASF(MX(,±,jt)))2526 ION 233
25 R PAG MAX:Y MAX ION 234

RETURN ION 235
26 R MAG MAXzMX(I,l1l) ION 236

RETURN ION 237
24 T(2)mClaTHETASQRTF(XN) ION 238

W32RaMX( I,2,1)-MX(I i,,)*TANF(CI*Ei) ION 239
W4=S0RTF(XN),MX(1,1.1) ION 240
IF(W3,EQo .ANDW4.EQ,0)40,41 ION 241

40 T(1)=O ION 242
GO TO 29 ION 243

41 IF(W4,Eo,o)42,43 ION 244
42 T(1)C2 ION 245

GO TO 28 ION 246
43 T(l)9ATAN(W3/W4) ION 247

IF(T(1))27,28,28 ION 248
27 T(l)uT(l)+C3 ION 249
28 IF(T(1),GT.T(2))29s30 ION 250
29 Ju2 $X(1)u0 $GO TO 31 ION 251
30 Jul ION 252
31 V(3)mMX(I,1,£) ION 253

D0 32 KxJ,2 ION 254
SmSINF(T(K)) ION 255

32 X(W)u(COSF(T(K)).S*TANF(CISE)/SQRTF(XN))aMX(1,,i) ION 256
C *RaS*MX(tI2o1)/SQRTF(XN) ION 257
IF(ABSF(X(1)),GT,ABSF(X(2)))33,34 ION 258

33 YMAXX(J) $GO TO 35 ION 259
34 YMAXxX(2) ION 260
35 IF(ARSF(X(3)),GT,ABSF(YMAX))36,37 ION 261
36 YMAXNX(3) ION 262
37 R MAG MAXxYMAX ION 263

RETURN ION 264

22 PRINT 38.! ION 265
38 FORMAT(SYi9HZ MAG MAX ERRMR.MX(t13o22H#2,1) GREATER THAN 0;3,// ION 266

C) ION 267
STOP ION 268
ENt ION 269



SUPROUTINE DACCUMUL(I#J#K) ION 270

TYPE REAL MX ION 271
COMMON/MX/MX(100,3,3) ION 272
PINENSION A(3,3),8(3.3),C(3,3) ION 273
TYPE DOUBLE A,2,C ION 274
IF(J.GT,I)i,2 ION 275

1 D03 L=1,3 ION 276
P93 M=1,3 ION 277

3 C(LM)=MX(I.L,M) ION 278
L=JwI ION 279
rO kNliL ION 280
DOl f11:,3 ION 281
Poll JJ=1,3 ION 282

it A(IIJJ)=MX(I*NNpIIJJ) ION 283
P06 IJ=1,3 ION 284

P06 IK=I#3 ION 285
P(IJIK)=o ION 286
n96 ILcl,3 ION 287

6 (IJIK)=R(I4,IK).C(IJ.IL)aA(ILIK) ION 288
P08 IAcl,3 ION 289

np8 16:1,3 ION 290
A C(IAIP)= (IAIB) ION 291

P09 IAvls3 ION 292
rPg IB=1,3 ION 293

9 X(KIA#I1)=C(IAoI0) ION 294

RETURN ION 295
2 PRINT IOIJK ION 296

10 FORMAT(IOXI8HERROP IN DACUMUL(s2(13,lH#,)I3,1H)) ION 297
STFP ION 298
ENr ION 299

SUBROUTINE QUAD C(XKXLI) ION 300

C CONTAINS QUAD C ANC QUAD D ION 301
TYPE REAL MX ION 302
COMMON/MX/MX(00,3s,3) ION 303
SINH(X)=(EXPF(X)-EXPF(-X))*0,5 ION 304
CSH(X)=(EYPF(X)*EXPF(-X))D,5 ION 305
MX(I,11)zMX(1,22)=C@SF(XKaXL) ION 306
MX(Il.I2)=(STNF(XK*XL))/XK ION 307
MX(I,2,l)-XK*SINF(XK*XL) ION 308

I MY(I,313):i. ION 309
D02 Jxi,2 ION 310

2 MX(I,3,J)=MX(IJ,3)=0 ION 311
RETURN ION 312
ENTRY QUAD D ION 313
MX(Isi1)=MX(I,22)=COSH(XK*XL) ION 314
MX(It,2):SINH(XK*XL)/XK ION 315
MX(I,2,1)=XK*SINH(XK*XL) ION 316

r. TO I ION 317
FNE ION 318

SUBROUTINE F SPACE (yoI) ION 319

TYPE REAL MX ION 320
COMMON/MY/MX(10,3,3) ION 321
CALL My ZERO(I) ION 322
01 J=i,3 ION 323

1 PX(IJJ)zl,0 ION 324
mX(lI,1,2):X ION 325
ENC ION 326



SUBROUTINE VECTOR(YTHETADELPo!) IeN 327

TYPE REAL MX ION 328
COMMON/MY/MX(i00,3,3) IeN 329
CALL MX ZERO(I) ION 330
MX(Ilfl)=Y ION 331
MX(I2,1)zTHETA ION 332
MX(1,3,1)xDELP ION 333
FNV ION 334

SUBROUTINE MAG R(XK#THETAoR#El#E2fI) ION 335

C CONTAINS HAG Z ION 3J6
C THETAEIE2,IN DEGREES ION 337

TYPE REAL MY ION 338
COPMON/MX/MX(1O0,3,3) ION 339
DATA(Cl@1745329252E-0i) ION 340
S09SORTF(l.-XN) ION 341
S:SINFCSO*CI*TlETA) ION 342
C:COSF(SQaCI*THETA) ION 343
TEI:TANF (ElCI) ION 344
TE2=TANF(E2aCi) ION 345
MX(Is,1,)mC*S*TEI/SQ ION 346
MXNtla2)=R*S/SQ ION 347
MY(I,13)vR*(1,wC)j (1, XN) ION 348
MX( I2e£)=-(S*(SQTEI*TE2/SQ)-C*(TE£.TE2))/R ION 349
MX( I,22)=CS*TE2/SQ ION 350

NX(I,2o3)=S/SQ*TE2*(1,.C)/(1,.XN) ION 351
3 MX(I13#1)xMX(I3,2)xO. ION 352
MX(I,33)=l, ION 353
RETURN ION 354
ENTRY MAG Z ION 355
SQ:SQRTF(XN) ION 356
SuSINF(SO*CI*THETA) ION 357
CzCOSF(SOCI*TWETA) ION 358
TElzTANF(ClaFi) ION 359
TE2=TANF(CiaE2) ION 360
MX(Isi3)MX( I,2,3)=O ION 361

IF(XNINE,0)1,2 ION 362
I MX(I,1,1)=C.S*TEI/SQ ION 363
MXNlCi2)=RaS/SQ ION 364
MYC I,2s)um(S*(SO.TEI*TE2/SQ)*C*(TEI4TE2))/R ION 365
MX(I ,22):CoSaTE2/SQ ION 366
GO TO 3 ION 367

2 MX(I,1,1)=1.uTHETA*Cl*TEI ION 368
MX(I.12)9R*TWETA*aC ION 369
MX(I,2,1)u-(TEI*TE2wTHETA*CI*TEI*TE2)/R ION 370
MX(I I2s2)ml,-CI*THETAaTE2 ION 371
neTs3 ION 372
FNV ION 373

FUNCTION COUADMAX(XKXL#I) ION 374

C CONTAINS D QUAD MAY ION 375
TYPE REAL MX ION 376
COMMON/MX/MX(1O0,303) ION 377
SIKN(X)v(EXPF(Y).EYP(wX))*0,5 ION 378
COSH(X):(FXPF(X)+EYP(-X))aO,5 ION 379
IF(MX(I2oi),LTO,3)1.2 ION 380

1 SuSINF(XKXL) ION 381
CaCOSF(XKaXL) ION 382
XMAX=MY(I.,1)*C*My(1.2,1)*S/XK ION 383
IF(ABSF(MX(I,1i,)),GTABSF(XNAX))3s4 ION 384



3 XMAXUMX(I,11)
4 IF(MX(I,1,i ),NE40)5,10
5 XLMXsATANF(MX(I,2l)/(XK*MY(I ,l )))/XK

IF(XLMX.GT.O.ANDXL.MXLT.XL)7,10
7 A=P X(I,1, ),COSF(XK*XLMX) MX(I 2,i)aSINF(XK*LMX)/IXK

IF(ABSF(A),GT.ABSF(XMAY))9,10
9 XMAXvA

10 rQ4AD MAXxYMAX
6 RETURN
2 PRINT 11,1

11 FORMAT(5x,2OHC QUAD MAX ERRORMX(,I3#22H,2,1) GREATER
ST .P
FNTRY D QUAD MAX
IF(MX(I,2,1),LTj,0 3) 12#13

12 XMAX=MX(I,1,i)*COSY(XK*XL)MX(I ,2.l)*SINW(XKaXL)/XK
IF(APSF(MX(C I 1$)),GToABSF XMAX))14 10

14 rCQAD MAXmMX(I,1,1)
RETURN

13 PRINT 15ol
15 FORMAT(5Y,2oHD QUAD MAX ERRORMX(,13,22H,2#1) GREATER

STEP
FND

ION
ION
ION
ION

ION
ION
ION
ION

ION
THAN O,3#//)ION

ION
ION
ION
ION
ION
ION
ION
ION

THAN 0,3#//)ION
ION
ION

FUNCTION WAIST(XoXPI)

TYPE REAL MX
COPMN/MX/MX(00,3,3)
YSCuYaX
XPSQXXPXP
WAIST=-(MX(I,1,1)*MX(I.2,1)*SO*MX(I,1.2)*MX(I,2,2)*XPS)/

I(MY(1,2.1)aMX(1.2,1)*XSQ*MY(1,2.2)aMX(1.2,2)*XPSO)

ENE

SUBROUTINE QUAD 4(NARRNPRINTI)

PATA((NC(J),J51,2)U4HCDDC,4HCDCD),(ND=8Ha*a*a*aa),
1 ((JK(J)mJw1,2)=2HOHo2H V)

TYPE REAL MX
COMMON/MX/MX(lOO,3,3)/04/TABLE(50,12).PARAM(8),NTABLEoXKK(4)
DIMENSION XK(4)t NC(?),JK(2)
IF(NARR,EQOs,OR,NARREOIAND.NPRINT.EO,,R,NPRINTEQ.1)te100

I S uPARAM(1)
XL$PARAM(2)
XLIHUPARAM(3)
)LIVOPARAM(4)
XL2=PARAM(5)
YL2A:PARAM(6)
WL2BxPARAM(7)

WL3PARAM(8)

RtL , OE'TgL=i,OE-6
wivW2=0

CALL TWO QUAD(RTOL,SXLXLIH#,LiVXL2AYKK(1),XKK(2),W£,W2)
CALL TWO QUAD(RTOL, SXLXL2RWL28,XL3,XKK(3).XKK(4),Wi.W2)
CALL FSPACE(XL1H,1*12)
CALL FSPACE(SI10)
CALL FSPACE(SI*5)
CALL FSPACF(YL3s,13)

C CHECK FOR INT FOCUS
IF(XL2A.XL2B,GT.0,9*XL2,ANn,XL2A*XL2B,LT.I.I*XL2)3,4

C INT FRCUS

ION
ION
ION
ION
ION
ION
ION
ION

ION
ION
ION
ION
ION
ION
ION
ION
ION
ION
ION
ION
ION
ION
IN
ION
ION
ION
ION
ION
ION
ION
ION
ION
ION

ION
ION

385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406

407

408
409
410
411
412
413
414

415

416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441



3 CALL FSPACE(XL2AIaB) ION 442
CALL FSPACE(XL28,I*7) ION 443

GO To 5 ION 444

C N( INT FOCUS ION 445
4 CALL MXZERM(I.7) ION 446

P0 6 Jz1,3 ION 447
6 MY(I*7,JJ)=l,0 ION 448

CALL F SPACE(XL2pIaB) ION 449

C START H-PLANE ION 450
5 KaNTABLE-i ION 451

DO 7 JmlpKt2 ION 452
no 14 JJ21s4 ION 453

14 YK(JJ):XKK(JJ)*(l,0"O,5TARLEUJ,3)) ION 454

rALL QUAD C(YK(1),XlI*.l) ION 455
CALL QUAD D(XK(2),XL#I*9) ION 456

J3 I*6-2*NARR ION 457
J4 I*4*2aNARR ION 458
CALL QUAD D(XK(NARR*3),XLIJ3) ION 459
J3=4wNARR ION 460

CALL QUAD C(XK(J3)sXLJ4) ION 461

CALL VECTOR(TARLF(J,),TABLE(J2),TAPLF(J3),I*13) ION 462

CALL MY MULT(I*12,I.13*1) ION 463
TA8LE(J9)ECCUADMA0(YK(j)sYLI) ION 464

CALL MX, MULT(I*$0,I*ilI+2) ION 465
CALL Mx MULT(I*2,I1'a,13) ION 466
TABLE(JlO)=DQUAnMAX(XK(2),XLI*13) ION 467

C CHECK FOR INT FOCUS ION 468
IF(XL2A*XL2RGT,0,g*XL2,AND,XL2A*XL2B,LT,I,I*YL2)8,9 ION 469

C INT FOCUS ION 470

8 CALL MXMULT(I*#I 9lI) IO N 471

CALL MYMULT(II*i3,I*2) ION 472
TA9LE(J#4)mMX(I*2#1#1) ION 473
TA8LE(Ja5)=MY(I+2,2#) ION 474

CALL MXMULT(I+7pI*2 I) ION 475
GO TM 10 ION 476

C NO INT FOCUS ION 477

9 CALL ACCUMULT(I 7,I*9.I*2) ION 478
CALL MYMULT(I12,1.13#1) ION 479

10 IF(NARR,EQ,0)1ll12 ION 480
C H-PLAKE IS CDDC ION 481

11 TAPLE(Jjli)zD 0UADMAX(XK(3)mYLsI) ION 482
CALL MXMULT(I*5,I+6,*143) ION 483
CALL MXMULT(1*13,I1+2) ION 484
TABLE(J,12)=C 0UADIAX(YK(4)vLI*2) ION 485
GO TO 13 ION 486

C H-PLAKE IS CDCD ION 487

i TABLE(Joll)UC QUAD 4AX(XK(3),XLI) ION 488
CALL MX MULT(I+5#I*6sl*13) ION 489
CALL Mx MULT(I.13,II*4) ION 490
TA8LE(J12)zD QUADMAX(XK(4),XLmI*2) ION 491

13 CALL ACCUMULT(I*3,I*i2#I) ION 492
CALL VECTOR(TARLE(Jpi),TABLE(J,2),TAPLE(J,3).*13) ION 493

CALL MX MULT(II*13#I*2) ION 494

TABLE(J,6)=MY(I.2,?l,) ION 495
TABLE(J*7)sMX(*.#2,pi) ION 496

7 TABLE(JB)=TABLE(J 6)/MX(I'*13,l~) ION 497
CALL QUAD C(XKK(I),XL#I.*1) ION 498

CALL QUAD D(XKK(2),XLI*9) ION 499

J381*6-2*NARR ION 500
J4xI+4*2aNARR ION 501

CALL QUAD D(XKK(NARR*3)PXLJ3) ION 502



J3u4wNARR 18N 503

CALL QUAD C(XKK(J3)XLsJ4) ION 504
CALL ACCUMULT(1*4,l+l2#1*13) ION 505
WFP=FOCAL PLCI*13) ION 506
CALL MXMULT(I+ 3#1*13#1) IeN 507

C FINISk W.PLANE ION 508

C START V-PLANE ION 509
DO 15 J=2,NTABLE#2 ION 510

CALL VECTOR(TABLE(J t).TABLE(J.2)*TABLE(J.3)s1a13) ION 511
Do 16 J3*j,4 ION 512

16 XK(J3)UXKK(J3)*(l,0-O.,5*TALE(J,3)) ION 513
rALL QUAD D(XK(1)*XL#I*1l) ION 514
CALL QUAD C(XK(2)eXL#I*9) ION 515

J3I *6-2*NARR ION 516
J4=I*4*2*NARR ION 517
CALL QUADC(XK(NARRA3)XLJ3) ION 518
J384*NARR ION 519
CALL QUAD D(XK(J3)XL#J4) ION 520
CALL FSPACE(XLIVI*12) ION 521
CALL MXMULT(I*121*I13oI*l) ION 522
TABLE(Jo9).DUADMAX(XK(1),yLI'1) ION 523
CALL MMMULT(1*10,1*11,1*2) ION 524
CALL MXMULT(I*2,I.lI*13) ION 525
TABLE(JiO)xCQUADMAX(XK(2)XL I 13) ION 526

C CHECK FOR INT FOCUS ION 527

IF(XL2A.XL2BGTO,9aXL2.AND,XL2A*XL2OLTI,1aXL2)17.18 ION 528
C INT FeCUS ION 529

17 CALL MXMULT(I+8sI*9,I*i) ION 530
CALL MXMULT(I*,Iji3#I*2) ION 531
TABLE(Ja4)XMX(I*2si, ) ION 532
TABLE(J,5)vMX(I*2,2s1) ION 533
CALL MXMULT(!*7,1#2#11i) ION 534
GO TO 19 ION 535

C NO TNT FOCUS ION 536
18 CALL ACCUMULT(I*7I.*9oI*2) ION 537

CALL MXMULT(I*2,I*13.R.1) IeN 538
19 IF(NARREQ,o)20,21 ION 539

C H-PLANE IS CDDC ION 540
20 TABLE(J,11)2CQUADMAX(XK(3),XL.I*i) ION 541

CALL MXMULT(I.5I.+6,I*13) ION 542
CALL MXMULT(I4131I*,I,12) ION 543
TABLE(J.2)=DQUADMAX(XK(4).XLI*2) ION 544
GO TO 22 ION 545

C NO INT FOCUS ION 546
21 TABLE(J,1)DQUADMAX(XK(3),XL,1*1) ION 547

CALL MXMULT(I,5,I,6#143) ION 548
CALL MXMULT(I*13,I1*I*2) ION 549
TA8LE(Jo12)XCQUADMAX(XK(4)oXLtI*2) ION 550

22 CALL ACCUMULT(I*3.I*12,I*£) ION 551
CALL vECTOR(TABLE(J,1i)TABLE(J2),TABLE(J,3),[*13) ION 552
CALL MXMULT(I.lI*13tl* 2) ION 553

TABLE(Jf6)wMX(1*21*1) ION 554
TA8LE(J7)*MX(I*2#2#1) ION 555-

0S TABLE(J,8)TABLE(J.#6)/MX(1*13.1.i) ION 556

CALL QUAD D(XKK(1)XLPI*Il£ ION 557
CALL QUAD C(XKK(2).XL#I*9) ION 558

J3I *6*2*NARR ION 559-
J4I*4*2*NARP ION 560

CALL QUAD C(XKK(NARR*3)XL#J3) ION 561
J394-NARR ION 562



CALL QUAD D(XKK(J3hYXLPJ4) ION 563
CALL ACCUMULT(I+4sI+12sI.13) ION 564
VFPmFOCAL PL(I*13) ION 565
CALL MYMULTCI* 3,1153u [1) ION 566

c FINSIW VwPLANF ION 567
IF (NPRINT ,EQ .0)23,24 ION 568

23 RETURN ION 599
24 PRINT 25#NC(NARR*I) ION 570
25 FaRMATCIHI,8HH PLANEwoA4) ION 571

PRINT 26, CPARAM(K)',Kz6,8) ION 572
26 FORMAT (IY,4HLIHUE13,6s2YD 4HLivB.E13,6. 2Y,3HL23,013.6,2Y,4HL2AZ, ION 573

1 E13,6s2Y,4HL283,E13,6,2Y,3HL3,E,3,6) ION 574
PRINT 27#HFPVFP ION 575

27 FORMAT(1XiOHHFOCAL PLm#E£3,6#3XtIoHVFOCAL PLc#Et3*6) ION 576
PRINT 28#YLS, (XKK(J) ,Jxl#4) ION 577

28 FORMAT (jY,6HLQLADz, F7 ,3,2X ,6HSQUADuF7 .3 .2Y ,3HKi: F9 .7. 2Y 3HK2:, ION 578
1 F9,7D2Y,3HK3aF9.7D2X,31 K4.F9,7) ION 579

PRINT 29 ION 580
P9 rORMAT(lHO,3Y,4HY INt4YSHVP IKO,6HDELP/PO,Y3HX l#7Y.4HYP l,6YION 581

i 5W.X @PTs6YaHXP OUT#4Xo7HMAG COUTt3Xs5HMAX 1.#2Y,5HMAY 2#2X# ION 582
2 54MAX 3o2Y,5HMAY 4) ION 583

KaNTABLEel ION 584
C CHECK FOR IN! FOCUS ION 585

IF(XL2A.YL28,GT ,0,9*YL2,AND.YL2A*YL2OLT ,1,1aYL2)30,31 ION 506
30 P@ 33 JxlisK#2 ION 587

PRINT 32,,JK(l), (TA8LE(JsP),Mzl,12) ION 588
33 PRINT 32#JK(2), (TA9LE(J.IM),Mx£,12) ION 589

RETURN ION 590
32 FORMAT(A2,F8,5,1YD2(Eli,4,IX) ,2(FS,5e£YEII,4DIY) ,EIO.3,IY, ION 591.

I 4(F6,3#iY)) ION 592
31 Po 34 ,4JxiK#2 ION 593

PRINT 35,JK(l), (TA8LE(J.P),Mu1,3),NDsND, (TABLE(J.MhoMu6,12) ION 594
34 PRINT 35,JK(2), (TABLE(JaIM),MUI,3)DNDND, CTABLECJ*1,#M),M36,12) ION 595

RETURN ION 597
35 FORMAT(A2,F8.5,1Y,2(El1,4,iX) ,A8,2XA8,2YF8,5.iYE1i,4.iYEiQ,3, O 9

1 IX,4(F6,3.iX))IO 59

t00 PRINT 101 ION 600
101 FORMAT(lX#*QUAD 4 INPUT ERPeR*)IO 60

STOPION 601
F rION 602
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Appendix C

LISTING OF PROGRAM RUN QUAD 4 AND SAMPLE RUN
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PROGRAM RUN QUAD 4 RQ 4 1
TYPE REAL MY RQ 4 2
COMN/MX/MX (100.3,3 )/04/TABLE (50 .12) DPARA.M(8) ,NTABLEXKK (4) RD 4 .3
DIMENSION YPARAM(10#8) ,NARR(IO) RQ 4 4
NPARAM*0 RD 4 5
READ 1,NTABLEgNPARAM RQ 4 6

j FORMATC2 (12*8X)) RQ 4 7

DO 2 1P1.NPARAM RD 4 8
READ 3. (XPARAM I .J) Jz5.,8) RD 4 9

3 FORMAT8BE1O.4) RQ 4 10

2 READ 4mNARR(I) RQ 4 11
4 FO0RMAT(I5.) RD 4 12

KxNTABLE-1 RQ 4 13
DO 5 I1.sKo2 RD 4 14

5 READ 6#(TABLE(IDJ)sJ'1,3) RQ 4 15
6 FORMAT (3ElO,4) RQ 4 5.6

Do 11. 1u2, NTAOLE, 2 RD 4 17
ji READ 6oCTABLE(I,J)-Jxl#3) RQ 4 18

DO 7 14jNPARAM RQ 4 1.9
DO 8 Jji8 RQ 4 20

8 PARAM(J)RYPARAM(IJ) RQ 4 21
CALL QUAD4(NARR(I),£4l) RQ 4 22
CALL DINVERSEC4j15) RQ 4 23
CALL MY MULT(15a1#16) RQ 4 24
WWUWAIST(TABLE(NTABLE5.,1),TAOLE(NABLEi.,2)s16) RQ 4 25
CALL MY MULT(15t2s16) -RQ 4 26
VWSWAIST(TC(NTABLEti)oT(TBL,)s6 RQ 4 27

PIT9,TABLE(NTABLE;1,1),TABL (NTABLEu1,'2),HW RQ 4 29
9 ORMATC1WO, aHWAIST(*EI. 4*, aFi. ,4a)xaE5.1.4)RD42

7 PRINT 10,TABLE(NTABLE,5.),TABLE(NTABLE,2b'VW RQ 4 30
10 FORMAT5.X,*VWAIST(.Eii.4*s.E5.j.4*3u*E5,4) RD 4 31

ErN D RQ 4 32
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Appendix D

MINIMUM DISPERSION ARRANGEMENT OF
QUADRUPOLES AND BENDING MAGNET

Draper" has shown that an arrangement of quadrupoles and a uniform-field bending
magnet (n = 0) can be used as a dispersionless beam transport system. To achieve this
objective Draper adjusts the quadrupoles preceding the magnet to form an image of a
point source at the center of the magnet; this image is then the object for the quadrupoles
following the magnet. It will be shown that Draper's analysis can be generalized for
n 0. In this case the quadrupoles preceding the magnet form an image of a point
source at the first principal plane of the magnet, and the particles leaving the magnet
appear to come from a point source at the second plane of the magnet.

The matrix transformation for the radial plane of the magnet with E1 = E 2 = 0 is

cos 0

(1 -n)"' 2/-
R sin 0

0

R sin 0

(1 - n) 1/2

cos 0

(1 -n) [1 - cos

sin 0

( -

P pp

where 0 = (1 - n) 1/2 0. Consider the trajectory of two particles at the exit of the mag-(D1)

net, as indicated schematically in Fig. Dl. The ray described at the exit by

0)

had initial coordinates at the entrance to the magnet described by

X'

0 
,

The trajectory described at the exit by

"J.E. Draper, "A Dispersionless Combination of Quadrupole and Wedge Magnets for De-
flecting a Beam," CNL-UCD-37, Crocker Nuclear Laboratory, University of California,
Davis, Nov. 22, 1965.
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Fig. Dl - Illustration of the quantities
used in the discussion of the minimum-
dispersion arrangement of a bending
magnet and quadrupoles. The particle
trajectories with Ap/p = 0 and Ap/p 0
appear to come from a common point
at a distance D upstream from the exit
of the magnet.

( Xt

had initial coordinates at the entrance to the magnet described by

(x)
hp/p

From Eq. (Dl),

p
( -n) [1 - cos (1 - n) / 2 ]

and

hp sin (1 - n) 1/2

P (I n) 1/ 2

Extending the two trajectories upstream until they meet at a distance D upstream from
the exit of the magnet, as shown in Fig. D1, the relation

(D2)

(D3)



X - DX' = it - D' (D4)

is obtained. Thus,

X - R R tan (1 - n) 1/ 2  (D5)
X' - R1 (1 - n)1/ 2  2

This result shows that D is identically equal to the distance from the exit of the
magnet to the second principal plane of the magnet (4). Thus, any two exit trajectories
having the same initial conditions, except that Ap/p = 0 in one case, and Ap/p 0 in the
other case, when extended upstream from the exit, cross at the second principal plane.

The displacement A from the optic axis will now be evaluated. From Fig. D1,

A = k - DR'. (D6)

Substituting for X and R' using Eq. (DI) with Ap/p = 0 yields

A = Xo + DX'0 . (D7)

Now, A = 0 for X = -DX . This relation will be satisfied for all trajectories at the
entrance to the magnet if a point source upstream from the magnet is focused to form a
point image at a distance D downstream from the entrance of the magnet, or at the first
principal plane of the magnet (3).

Consider all the trajectories that satisfy the condition given in the previous para-
graph. The matrix equation for these trajectories in the magnet is

x = (M) X, (D8)

Ap/p \Ap/p;

where the matrix M is the matrix given in Eq. (DI). Carrying out the indicated matrix
multiplication, the result can be written

X = D (X r + sin - n)1/ 2  (D9)

and

, = X + Ap sin(1 - n) 1/ 2 a (D1O)P (1 - n) 1/2

Thus, X = DX' for all Ap/p. Hence, all trajectories appear to originate at a distance D
upstream from the exit of the magnet, on the optic axis of the system, with X' depending
on Ap/p. The various values of Ap/p increase the angular divergence for trajectories
leaving the magnet, as indicated in Eq. (D1O), but they do not introduce dispersion, as the
apparent point source inside the magnet can be imaged to a point focus by quadrupoles
following the magnet.

In practice, the source is not a point source but is usually quite small. Hence, the
conditions for a dispersionless system cannot be exactly achieved. Calculations for ex-
amples of interest at the NRL Cyclotron show that dispersion at the image is negligible if
the focusing conditions described above are met (see the sample run in Appendix E).
Hence, this system is called a "minimum-dispersion system" in our programs.



Appendix E

LISTING OF PROGRAM QUAD MAG 2 AND SAMPLE RUN

PR6GRAM QUAD MAG 2 DM2 1
C MINIMUtI DISPERSION ONLY APPLICABIF TO N=1/2 AND EPS I=EPS 2=0 QM2 2

TYPE REAL, MX QM2 3
COMN//MXMX(100,3,3)/04/TABLE(5n,12),PARAM(8),NTABLE,XKK(4) DM2 4
DATA((NRR(h),I=1,2)=4HCDCC.4HCnCn),((ND(J),J=I,2)=2H H,2H V) DM2 5

1,(CNRAD=.1745329252) DM2 6
DIVENSION PAR IN(20,8),PAR OUT(2n,8),PAR MAG(20,7)sTAB IN(50,12), QM2 7

iTAB 0UI(5D,12),NARR(5U,2),YMAG MAX(5 ),XMAG(5n),NRR(2),XXK(8), DM2 8
2ND(2),NODP(20) CM2 9

C READ IN CAIA TO PARAM TABLES DM2 10
NDISP=0 QM2 11
NPARAM=0 QM2 12
READ 1,NTABLE,NPARAM GM2 13

1 FORMAT(2(12,8X)) QM2 14
PG 2 1=1,NPARAM QM2 15
READ 3,(PAR IN(IJ),J=1,8) DM2 16

3 FORMAT(8EO.4 ) QM2 17
READ 4,(PAR OIJT(I,J),J=4,B l(NARR(IK),K=1,2),NGnP(I) QM2 18

4 FORMAT(5EIO.4,I1,9X,I1,9X, T ) DM2 19
PAR (UJ(I,3)=PAR OLT(1,4) DM2 20
PAR 6lJi(I,1)=PAR IN(I,.) DM2 21
PAR (-)UI(I,2)=PAR IN(I,2) QM2 22

2 READ.5,(PAR MAG(I,J),J=1,7) QM2 23
5 FORMAT(7EI1 .4) DM2 24

C READ IN N-PLANE INPUT DM2 25
K=NTABLE-1 aM2 26
DP 6 I1=,K,2 DM2 27

6 READ 7,(TAR IN(I,J),J=$,3) cM2 28
7 FGORMAT(3EI0.4) DM2 29

C READ IN V-PLANE INPUT QM2 30
DO 8 I=2,NTABLE,2 QM2 31

8 READ 7,(TAB IN(I,J),J= ,3) GM2 32
DO 101 J=1,NTABLE CM2 33

101 TAE (-3H(J,3)=TAB IN(J,3) QM2 34
Do 100 I=I,NIPARAM DM2 35
NDISP=NeDP(1) QM2 36

C START CALCULATIR N Cl-Q4 DM2 37
DO 9 [=l,NTABLE QM2 38
Do 9 ,=1,3 DM2 39

9 TAPLE(L,J)=TAB IN(L,J) DM2 40
Do 10 -=1,8 QM2 41

10 PARAM(J)=PAR IN(I,J) GM2 42
IF(NDTSP.EQ.)200,201 DM2 43

201 IF(PAR MAG(I,1).EQ.O.5) 209,203 OM2 44
203 PRINI 204 QM2 45
204 FORMAT(* MINIMUM DISPERSION NOT VALID--N NOT ED 1/2a) QM2 46

'Go TO 100 aMp 47
202 XX=SORF(2.0) QM2 48

DD =PAP MAG(I,3)*XX*TANF(PAR MAG(I,2)*XXaCNRAD/4.0) QM2 49
PARAM(8)=DD+PAR IN(I,8) + PAR MAn (I6) DM2 50

220 IF(PAR MAG(ID4).EQ.O.AND.PAR MAG(I,5).EQ.0)200,221 QM2 51
221 PRINT 222 QM2 52
222 FORMAT(* MINIMUM DISPERSION NOT VALID--EPS I OR EPS 2 NOT ZERO*) QM2 53

GO TG 100 QM2 54
200 CALL DUAl) 4(NARR(I,1),0,1) QM2 55

DO 23 j=1,4 QM2 56



23 XXK(J)=XKK(J)
DO 11 L=1,NrARLE
Pig' 11 j=4,12

11 TAB IN(Lj)=TABl-E(LJ)
IF (ND ISP.-EQ - 0)206, 207

207 CALL P[NVERSE(4,100)
C MX 100 INV FSPACE(DD+L3.LENT)

CALL MX M(ILT(100,1,91)
CALL MX MIJLT(100,2,92)
CALL FSPACE(PAR IN(I,8).4)
CALL MXMULT( 4 ,91.1)
CALL MXMULT( 4 ,92,2)
DO 205 L~i,NTABLE
CALL VECT8R(TABLE(L,1),TABi E(L,2) ,TABLF-(L.3) .14)
CALL VECTOR(TABLE(L,6),TABI E(L,7),TABLE(L,3),3)
CALL MX MtIT(100,3,80)
CALL F SPACE(PAR IK(I'8),8P)
CALL MX MULT(82,80,83)
TAB IN (L .6)=MX (83.ti 1)
TAB IN (L, 7):MX (83, 2,1)

205 TAB IN(LP8)=TAB IN(L,6)/TAR IN(L.1)
C START CALCULATION IN MAGNET

206 CALL FSPACE(PARMAG(I.6).39)
CALL PUT MX(39,49)
CALL FSPACE(PAR MAG(1'7),37)
CALL PLT mX(37,47)
CALL MAG R(PAR MAG(I.1).PAR MA((Y2).PAR MAG(I,3),PAR MAG(I,4),
1PAR MAG(I,5),38)
CALl- MAG Z(PAR MAG(l'1).PAR MA,(7,2),P.4R MAG(I,3),PAR MAG(I,4),

A pAu? MAG(1,5),48)
CALL ACCUJMW-T(37,39,100)
CALL ACCLMUL-T(47p49,99)

c mxnoO C(-NTAINS H MATRIX
C MX 99 CeNTA INS V MATRIX
C START H PLANE

K=N TABLE-i
Po 12 j.~l,K,2
CAL'- VECTOR(TA8 IN(J,6),TAR IN(J,7),TA9 TN(J,3),40)
CAL L MXmULT (39,40,98)
XMAG MAX(J)=RMAG MAX(PAR MAG(I.1),PAR MAG(I,?),PAR MAG(I,3),

I PAR MAc(,4),98)
CALL MX MtLV(100,40,36)
TAB JTJ,1:ABE(J1):X(61,)

12 TAB Fi-JI (J,2 F=TA8LE CJ'2)=MX (36,2,1)
C START V PLANE

DO 13 J=2,NTABLE,2
CALL VECTEORITAB INCJ,6),TAP IN(J.7),TAR JN(J,3),50)
CALL MX MULF(49,50,98)
XMAG MAY(J)=ZMAG MAX(PAP MAG(I,1),PAR mAG(I,?),PAR MAG(IP3),

1 PAR MAG(I,4).98)
CALL MX MuLl'(99,50,46)
TAB -UT U,1 )=FABLE(J,1)=VMX(46,1 '1)

13 TAB GUI (J,2)=TABLE(J,2)=tMX(46,2,1)
C START CALC(JLATIRN 05-08

DO 102 J=1,8
10? PARAM(-i)=PAR (-)T(I,J)

IF (N U' SPF- FC 0 20F,209
209 PARAM(3)=PAPAM(4)=CD + PAR Gt'T(I.3) + PAR MAq(I,7)
2n8 CALl- CLAD 4c1ARQ(I,2),0,?1F

DO 24 J=1,4
24 XXI<(J+4 )=XKK(J)

Po 14 L=1,MITABLE
DO 14 )=4,12

14 TAB (-ui(L,J)=TABLE(L',J)

CM? 57
CM? 58
CM2 59
CM? 60
CM? 61
CM2 62
CM2
CM?
CM2
CM2
CM?
CM2
CM?
CM;)
CM?
CM2
CM?
CM2
CM?
GM2
CM2
CM2
CM?
CM2
CM?
CM?
SM,?
CM?
CM?
CM?
CM?
CM2
CM?
CM?
CM2
CM?
cm?
CM?
CM?
CM2
CM2
CM?
CM?
CM?
CM?
CM?
CM?
QM2

M 2
QM2
CM2
CM?
CM?
CM?
CM2
CM?
Cm?

QM?
CM?
cm?
CM?
CM?
CM?
C m?

63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
09
90
91
92
93
94
95
96
97
98
99

100
101
102
103
104

106
107
108
109
110
I11
112
113
114
115
116
117
118
j19
120



IF(ND ISP.EQ.0)224,223
C START V-PLANE--MIN DISPERSIeN

C uSES SAME LOCATIONS FCR QUAC 4 AS NMRMALLY USED

223 CALL DINVERSF(33,91)
CALL F SPACE(PAR OUT(I,3),33)
XL=PAR 6)UT(I,2)
SUMl=pAR 8UT(I,6)+PAR OT(1,7)

XLS=PAH O(JT(I,5)
IF(SUML.LT.1.1*XL5.AND.SUMI .GT.O.Q*XL5)230,231

230 CALL FSPACE(PAR OUT(1,6),29)
CALL F SPACE(PAR @T(I,7),P8)
Po 1-! 232

231 CALL F SPACE(XL5,28)
CALL MX ZER(-(29)

P0 233 JJ=1,3
233 MX(29,JJ ,J J)=1.0
232 D 210 L=2,NTABLE,2

O 225 J= 1 ,4

225 XKK(J)=XXK(J+4)*(1.0-0.5*TAB IN(I,3))

CALL VECTOR(TAB OUT(L,1),TAB OI)T(d.,2),TAB (-)UT(L,3),34)

CALL QLAD D(XKK(1),XL,32)
CALl- CLAD C(XKK(2),XL,30)
NP=27-2*NARR(1,2)

NC=3+NARR(I,2)

CALL (iLAD C(XKK(NQ),XL,NP)
NP=25 2*NARR(I,2)
NO=4-NARR(I,2)

CALL OLAD D(XKK(NQ),XLNP)
CALL ACCUMUT(29,34,51)
TAB (-U'I(L,4)=MX(51,1,1)
TAB Ul(L,5)=MX(51,2,1)

CALL ACCUMUI T(24,28,52)
CALL MXMUt.T(52,51,23)
IAE (U-l(L,6)=MX(23,1,1)

TAB (tJ T (L,7)=MX(23,2,1)
TAB (-t, l(L,8)=TAB OLT(L,6)/TAB OUT(L.,1)
CALL MX MULl(33,34,60)

C MX 60 IS VECTOR ENT 05

CALL MX MULT(31,32,70)
CALL MX MULT(70,60,61)

C MX 61 IS VECTOR ENT ;6
CALL ACCUMUI T(28,30,70)
CAL( MX MULT(70,61,62)

C MX 62 IS VECTOR ENT G7
CALL MX MULT(26,27,70)
CALL MX MtJLT(70,62,63)

C MX 63 IS vECTFFR ENT 08
TAB (6UI(L,9)=D QUAC MAX(XKK(1).XI,60)
TAB OUT(L,10=C QUAD MAX(XKK(2),X',61)

IF(NARk(I,2).Ec.0)211,212

211 TAB 6UI1(I,11)=C QUAD MAX(XKK(3),Y[_,62)
TAB @UT(L,12)=D QUAD MAX(XKK(4),XL,63)

GO TO 210

212 TAB OUT(L,l)=D QUAD MAX(XKK(3),XL,62)
TAB OUT(L,12)=C QUAD MAX(XKK(4),YI,63)

210 CONTINUE
CALL MX MULr(22,91,92)
CALL MX MULT(92,33,22)

C START H-PLANE--MIN DISPERSIeN
NN=NTABLE-i

DP 215 L.=1,NN,2
D 226 J= 1,4

226 XKK(J)=XXK(J 4)*(1.O-O-5*TAB IN(1,3))
CALF OLAD C(XKK(1),XL,32)
CALL QUAD D(XKK(2),XL,30)
NP=NARR(I,2)+3

NO=27-2*NARR(I,2)

CALL QUAD D(XKK(NP),XL,NC)
NP:4-NARR(I,2)

QM?
CM2
CM2
CM?
CM2
QM2
M?

QM2
QM2
QM2
QM2
GM2
QM2
cm?
cM?
QM2
QM2
QM2
CM2
QM2
QM2
CM2
CM2
QM2
CM2
QM2
CM2
QM2
CM2
QM2
CM?
QM2
QM2
QM2
QM2
QM2
QM2
CM?

QM2
CM2
QM2
QM2
QM2
CM2
QM2
QM2
QM2
QM2
CM2

QM2
QM2
QM2
QM2
QM?
CM2
QM2
QM2
QM2
QM2
QM2
QM2
QM2
CM2
CM2
QM2
QM2
QM2

QM2
CM?

121
122
123
124
125

126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
J42
143
144
145
j46
j47
j48
149
.50
t1j
j_52

153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169

170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
j_85

186
187
188
189



N:25+2*NARR(1,2) QM2 190
CALL QUAD C(XKK(NP),XLNC) CM2 191
CALL ACCUMULT(24,28,52) QM2 192
CALL VECTOR(TAB OUT(Ll),TAB OtJT(L-,2),TA9 OUT(L,3),34) QM2 193
CALL ACCUMULT(29,34,51) OM2 194
TAB (I-UT(L,4):MX(51,1,1) QM2 95
TAB OFJ'T(L,5)=MX(51,2,1) CM2 196
CALL MX MULT(52,51,23) QM2 197
TAB PUT(L,6):MX(23,1,1) QM2 198
TAB UT(L,7):MX(23,2,1) CM2 199
TAB OLII(L,s):rAB OUT(L,6)/TAB AUT(L,1) GM2 200
CALL MX MULT(33,34,60) CM2 201

C MX 60 IS VECTOR ENT 05 QM2 202
CALL MX MUI.T(31,32,70) QM2 203
CALL MX MULT(70,60,61) CM2 204

C MX 61 IS VECTOR ENT 06 QM2 205
CALL ACCUMtJT(28,30,70) CM2 206
CALL MX MULT(70,61,62) QM2 207

C MX 62 IS VECTOR ENT Q7 QM2 208
CALL MX MULT(26,27,70) QM2 209
CALL MX MULT(70,62,63) CM2 210

C MX 63 IS VECTOR ENT 08 CM2 211
TAB OUT.(L,9)=C oUAD MAX(XKK(1),XI,60) QM2 212
TAB IJT(I_,±p):D QUAD MAX(XKK(2),XL_,61) CM2 213
IF(NARR(I,2).EQ.0)216,217 CM2 214

216 TAB OtJT(L,11)=C QUAD MAX(XKK(3),XL,62) QM2 215
TAB OUT(L,12)=C QUAD MAX(XKK(4),XF.,63) CM2 216
GB TO 215 CM2 217

217 TAB J UT(L,11):C QUAD MAX(XKK(3),XL,62) GM2 2±8
TAB (1J1(L,1 2)=D QUAD MAX(XKK(4),'Xl,63) CM2 219

215 CONTINUE CM2 220
CALl_ MX MULT(21,91,92) QM2 221
CALL MX MIJLT (92,33,21) CM2 222

224 DB 15 J=1.NFABLE QM2 223
15 XMAG(J)=TABIN(J,8)*TAB OLT(J,8)*TAROUT(J,±)/TAR IN (J,6) QM? 224.

CALL DINVER!E(24,90) CM2 225
CALL MX MULO(100,1,91) QM2 226
CALL MX MULT(21,91,92) CM2 227
CALL MX MULT(90,92,93) QM2 228
HFF:FOCAL PL(93) CM2 229
CALL MX MULT(99,2,93) QM2 230

V" CALL MX MULT(22,93,91) CM2 231
CALL MX MULT(90,91,92) CM2 232
VFP=FOCAL PL (92) QM2 233

C START PRINIOUT CM2 234
NLINE=O CM2 235
NPAGE:1 GM2 236

46 PRINT 16,T,NPAGE QM2 237
16 FORMAT(15HIPARAMETER SET ,72,3XHPAGE ,12) CM2 238

PRINT 17,(PAR IN(IJ),J:3,A),PAR MAG(I,6) QM2 239
17 FORMAT(5H I. H=,E±3.6,2X*L±V =$FI .6,2X,*L2=*F13.6,2X,*L2A:*E13.6, QM2 240

1 2X,*L2B:*E13.6,2X,*L3:*E13.6,9X,*L ENT=*E13.6) CM2 241
PRINT 18,PAR MAG(I,7),(PAR (-)UT(I,J),J=4,8) CM2 242

18 FORMAT(SH L EXIT=Ei3.6,2X,*L4:E3.6,2X,*L5=*EI3.62X,*L5A=*E13.6,QM2 243
A 2X,*L. 5B=*Fl3.6,2X,*L6=*E±3.6) QM? 244
NI:NARR(I,) CM2 245
N2:NARR(I,2) QM2 246
PRINT 19,PAP IN(I,j),PAR IN(I,P),NRR(Nj+j),NRR(N;?- i)\  QM2 247

19 FBRMAT(9H OQtAD--S:, 7.3,2X.*L*F7.3,2X,*ARRANGEMENT-*A4*,*A4) CM2 248
PRINT 20,PAR MAG(I,3),PAR MAG(T,?),PAR MAG(I,±),PAR MAG(I,4), QM2 249

1 PAR MAG(T,5) QM2 250
20 FORMAT(11H MAGNET--R:,F8.3,2X,.THETA:*F8.3,2X,*N=.F6.3,2X, GM? 251

1 *EPSILON 1=:*F7.3,2X,*EPSIiON >:*F7.3) QM2 252
PRINI 21.,HFP,VFP QM2 253



21 F@RMAT(3X,*H F6CAL PL=*E13.6,3y,*VI FOCAL PL=*-E±3,61 CM2 254
PRI NT 22. (XXK(J) ,J=1.8) CM? 255

22 FBRMAT(1X,*K1:*Fio.6,2X,*K,:.,Fln, 62X, *K3=*F1O .6,2X,*K4u.F1O .6,2XCM? 256

A *K5=*F ±O.6.2X*K6:*F1O -6. 2 K7z*F1O .6. 2X, *K8:*FIO .6) CM? 257
IF(NDlSP-E0.fl)44,218 CM? 258

210 PRINT 219 CM? 259
219 FORMAT'(1.HO,47X,10(IH*) ,18HMINIMUM DISPFRSIE8N,10(1.H*)/) CM? 260
44 PRINT 25 CM2 261
25 FORMAT(1H0, 5X.*X IN*5X*XP IN.6Y*DBLP/P*5X.X1*8X*XPi*7X*X ENT*4X CM? 262

1 *XP Fr\T*4X*X( BXIT*4X*XP EYIT.7XOX2*7X*XP2*5X*X r)UT*4X*XP OUT*). CM2 263
XL2A=PAR IN(I.6) CM? 264
YL2B=PAR INCI,7) CM? 265

YL2=PAI( IN(1,5) CM? 266
XL5=l-AR 91T(1,5) CM? 267
XLSA=PAR OUi(1.6) CM? 268

XL58=PAR OLUI(1,7) CM? 269

DB 31 KK=1,2 CM? 270
jJ:zNL 1TNE=NL INE1 CM? 271

IF (XLPA+XL2R LT -1A *XL2.-ANn.- XI.A4-XL2R - CT -0-9*XL2 )26,27 CM? 272
26 IF(XL5A4XL5B.L-T. IX5AnX5+LBG..*L)82 CM? 273
28 PRIN11 30,ND(KK),(TAB IN(jj.j),j:~q,7),(TA8 nLT(JJ,J)pJji2)0 CM? 274

1(TAR OL)l (JJ,J),J=4,7) CM? 275
30 FORMAT(A2,±X,F8.5,IX.2(B1.3,±X) .5(F8.5.iX,E1.3,±X) ) CM? 276

GB T-,' 31 CM2 277

29 PRINT' 32,NP)(KK),(TAB IN(JJ.J),4:=i,7).(TA8 O-UT(JJ,J),J=6v7) CM? 278
32 FORMAT(A2,1X,F8.5,1.X.2(B1.3,iX) .3(F85,1X,EI0.3.1X),OH*******'*,iXCM2 279

1 ,I-H**********, 1X,FB-5.E10 .3) CM?2 280
GB TO 31 CM? 281

27 IF(XL5A+XL5B.LT -± A*XL5.ANfl.XL9AXL5R.GT.9 .9*XL5)33,34 Cm2 282
33 PRINT 35,NPCKK),(TAB IN(JJ,K),K=1,3),(TABIN(JJ,K),K:6,7)s CM? 283

1(TA8 9UI(JJ,K),K=±,2),(rAB (8UT(J.J,K)#K=4.7) CM? 284
35 FORMAT(A2,1Y,F8.5,IX,2(B±0.3,±X) .8H********,IX,10H**********,IX, CM? 285

14(F8.5.1 X,El0.3.1X)) CM? 286
GO T-' 31CM? 287

,34 PRINT 36,ND(KK),(TAB IN(JJ.K),Kci,3),('TAR IN(JJK)oK:6#7)0 CM? 288
±(TAB O,1(JJ.I<),K=1,2).(rAO OUT(J.1,K)oK=6,7) CM? 289

36 FOFRMAT(A2,±,F8.5,jX,2(E±o.3,jX ),8CJH*) ,±X,10(14*iX2(F8.5,JX, CM? 290
A E1o.3,±X), CM? 291
B 8(lH*) ,±X,10(IH*),1XF8.5.1XE10.3) CM? 292

31 CONTINUE CM2 293
PRINT 37 CM? 294

37 FORMAT(1Ho,5X,*MAG IN*,5X,*MAG IBIIT*v2X,*MAG TnTAL MAX CI MAX 0? MACH? 295
IX G3 MAX 04 MAX MAG MAX (35 MAX 06 MAX 07 MAX CA*) CM? 296
4L I NE:NL INE-2 CM? 297
00 30 KK=±,2 CM? 298
JJ:NL INE=NLTINE+j GM? 299

38 PRINT 39,ND(KK),TAR IN(JJ,R)PTAB OLJ1(JJ,8)#XMAG(JJ),(TAB IN(JJ,K),CM2 300
I K=9,12),XMAGMAX(J.),(TAB rnUT(.J.K)pK=9,i.2) CM2 301

39 FORMAT(A2,IX,3(B10.3.1X) .4cF6.1 X) IX,F7,3,2X,4(F6.3,IX)) CM? 302
PRINi 50 CM? 303

50 FORMAT(1HO,130(1H-)) CM? 304
IF(NLINE.LT.NTABLE)43,10O CM? 305

43 IF(XMPDF(NLlNE,±0).EQ.O)45,44 CM2 306
45 NPAGE=NPAGE+I OM2 307

GB TC 46 CM? 308
100 CONTINLE CM? 309

ENE CM? 310
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certain conditions, and to calculate the location of the focal plane for an arbitrary
ion-optical arrangement have been written.

Programs can be written, using these functions and subroutines, to calculate the
properties of particular ion-optical systems. Illustrative coding shows how such
programs are written.

PROGRAM RUN QUAD 4 may be used to calculate the properties of an arrange-
ment of two quadrupole doublets. It has been useful for calculations on the NRL
Cyclotron Beam Transport System. Included in PROGRAM RUN QUAD 4 is a sub-
routine, SUBROUTINE QUAD 4, which can be used as a building block for writing

(over)

DD FORM (PAGE I)
S/N 0101-807-6801 Security Classification



Security Classification

14 LINK A LINK B LINK C
KEY WORDS

ROLE WT ROLE WT ROLE WT

Cyclotron
Beam transport system
Ion-optical system
Fortran programs
Bending magnets
Quadrupole magnets
Particle beams
Ion beams
Focusing
Energy analysis

programs for a system which includes two quadrupole doublets in succession.
PROGRAM QUAD MAG 2 is used to calculate the properties of a system of two
quadrupole doublets, preceding a bending magnet, which is followed by two more
quadrupole doublets. This arrangement of quadrupoles and a bending magnet can
be-used in both a dispersive mode and a minimum-dispersion mode.
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