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ABSTRACT

A set of FORTRAN functions and subroutines has been written to facili-
tate calculations, using matrix techniques, of the first order properties of
ion-optical systems for particle accelerators. These functions and subrou-
tines generate matrices for various magnetic elements used in ion-optical
systems and also program various matrix manipulations. A subroutine to
calculate the strength of magnetic quadrupoles required to achieve prescribed
focal conditions is available. Functions used to calculate the maximum ex-
cursion of a particle trajectory from the optic axis in a magnetic element,
to calculate the waist of a particle beam if the emittance satisfies certain
conditions, and to calculate the location of the focal plane for an arbitrary
ion-optical arrangement have been written,

Programs can be written, using these functions and subroutines, to cal-
culate the properties of particular ion-optical systems. Illustrative coding
shows how such programs are written.

PR@GGRAM RUN QUAD 4 may be used to calculate the properties of an
arrangement of two quadrupole doublets. It has been useful for calculations
on the NRL Cyclotron Beam Transport System. Included in PROGRAM RUN
QUAD 4 is a subroutine, SUBR@QUTINE QUAD 4, which can be used as a build-
ing block for writing programs for a system which includes two quadrupole
doublets in succession. PROGRAM QUAD MAG 2 is used to calculate the
properties of a system of two quadrupole doublets, preceding a bending mag-
net, which is followed by two more quadrupole doublets. This arrangement of
quadrupoles and a bending magnet can be used in both a dispersive mode and
a minimum-dispersion mode.

PROBLEM STATUS

This is a final report on one phase of the problem; work on other phases
continues.

AUTHORIZATION

NRL Problem H01-23
Project RR 002-06-41-5008

Manuscript submitted February 14, 1968.
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FORTRAN PROGRAMS FOR FIRST ORDER CALCULATION
OF PROPERTIES OF BEAM TRANSPORT SYSTEMS

INTRODUCTION

It is convenient to calculate the path of a particle to first order through an ion-
optical system using matrix techniques (1). The coordinates that describe a particle at
some point in an ion-optical system are the displacement x from the optic axis, the an-
gle x' the trajectory makes with the optic axis, and the fractional deviation in momentum
Ap/p of the particular particle from the central momentum of the particle beam. In ma-
trix notation the particle is described by the column vector

X
x' . (1)

Ap/p

The change in coordinates of a particle passing through an ion-optical system is de-
scribed by the matrix transformation

Xy M,;, M,;, My; X0
Ap/p M31 M32 M33 Ap/p

The matrix indicated in Eq. (2) may be the transformation matrix for a single ion-optical
element or the matrix product of the transformation matrices representing various ele-
ments in sequence.

It is generally necessary to trace the properties of a particle beam in two perpendic-
ular planes. These calculations can be performed separately for each plane using 3x3
matrices, or the calculations for both planes can be performed simultaneously using 6x 6
matrices. The programs described in this report use 3 x3 matrices.

A set of functions and subroutines has been written in FORTRAN-63 (a Control Data
Corporation version of FORTRAN) to generate matrices for the various elements of an
ion-optical system, to program various matrix manipulations, and to calculate various
properties of the system. A list of these functions and subroutines with their arguments
is given in Appendix A for the convenience of programmers.

Programs for the investigation of particular ion-optical systems can be written using
these functions and subroutines. The technique for writing such programs will be ex-
plained by a detailed discussion of the coding for a particular example. A description of
two programs which have been useful for calculations on the NRL Cyclotron Beam Trans-
port System will be given, along with instructions for using these programs.
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BASIC FUNCTIONS AND SUBROUTINES

All programs which call on the basic functions.and subroutines must contain the de-
clarative statements

TYPE REAL MX

and
COMMON,/MX/MX (100,3,3).

The array MX which is in the labeled COMM®N block MX is intended to be one-hundred
3x3 matrices. For the element MX (I,J,K), I is the index for the particular matrix; J
is the row index, and K is the column index for that matrix.

The usual FORTRAN convention for the variable type of the arguments of functions
and subroutines, real or integer, is used in the descriptions of functions and subroutines
in this report. All the real arguments are single-precision variables, and all the real
functions are single-precision functions. In a few cases the internal arithmetic of the
routine is done in double precision for greater precision.

Some checks are made for illegal arguments in a routine. If an illegal argument is
detected, an error message is printed and the computation is terminated by a ST@P
command.

It is important that consistent units be used in all calculations. All lengths must be
in the same units, inches for example, and the quantity x' in Eq. (1) must be in radians.
The routines for bending magnets are coded so that the arguments representing the de-
flection angle and the angle the particle trajectory makes with the entrance-pole face and
the exit-pole face of the magnet must be given in degrees.

Matrix Manipulation Functions and Subroutines

SUBR@UTINE MX MULT (I,J,K) — The subroutine MX MULT (I,J,K) multiplies the
matrix I by the matrix J and puts the result into matrix K. The order for this multi-
plication is

@M x J) = K). (3)

SUBRQUTINE ACCUMULT (I,J,K) — The subroutine ACCUMULT (I,J,K) does succes-
sive multiplication of a string of matrices having indices starting with I and going to J
in steps of 1. The result of the multiplication is put into matrix K, i.e.,

OxT+1)x...xJ) = (K). (4)

This routine is valid only for J > I. There is an error stop for I = J with the error
message: ERR@R IN ACCUMULT (1,J,K).

SUBR@UTINE DACCUMUL (I,J,K) — The subroutine DACCUMUL (I,J,K) is the same
as ACCUMULT, except that the internal arithmetic is done in double precision. There is
an error stop for I 2 J with the error message: ERR@R IN DACCUMUL (L,J,K).

SUBRQUTINE MX ZER@ (I) — The subroutine MX ZER@ (I) puts zeros into all the
elements of matrix I.

SUBR@UTINE PUT MX (I,J) — The subroutine PUT MX (I,J) transfers the elements
of matrix I to the corresponding locations in matrix J.
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SUBR@UTINE PT MX (I) — The subroutine PT MX (I) generates the printout of the
contents of matrix I. The printout begins with MX I, followed by the elements of the
matrix printed in E13.6 format, in three rows of three elements each.

FUNCTION DETR (I) — The function DETR (I) is used to calculate the value of the
determinant of matrix I.

FUNCTION D@DETR (I) — The function D@DETR (I) calculates the value of the deter-
minant of matrix I using double-precision arithmetic.

SUBRQUTINE INVERSE (I,J) — The subroutine INVERSE (I,J) calculates the inverse
of matrix I and puts the result into matrix J. There is an error stop if the determinant
of matrix I is zero. The associated error message is:

ERRQR IN INVERSE (I), DETR = 0.

SUBRQ@UTINE DINVERSE (I,J) — The subroutine DINVERSE (I,J) calculates the in-
verse of matrix I, using double-precision arithmetic, and puts the result into matrix J.
There is an error stop if the determinant of matrix I is zero. The associated error
message is:

ERRQR IN DINVERSE (I), DETR = 0.

Beam Transport Matrices

A derivation and more complete discussion of the matrices used in the subroutines
described in this section is given by Penner (1).

SUBRQUTINE VECTOR (X,XP,DELP,I) — The subroutine VECTOR (X,XP,DELP,I)
generates the column vector representing the coordinates of a particle and puts it into
matrix I. A matrix with zeros in columns 2 and 3 is used as a column vector. This ma-

trix is

X 0 0
XP 0 0| (5)

DELP 0 O

The correspondence between the notations of Egs. (1) and (5) is obvious.

SUBR@UTINE F SPACE (X,I) —the subroutine F SPACE (X,I) places the matrix rep-
resenting a field-free region of length X into matrix I. This matrix is

1 X 0
0 1 o0 (6)
0 0 1

SUBR@UTINE QUAD C (XK,XL,I) — The subroutine QUAD C (XK,XL,I) places the ma-
trix representing the converging plane of a magnetic quadrupole into matrix I. Here XK
is the quadrupole strength parameter k = (VB/Bp)!’?, where VB is the field gradient of
the magnetic quadrupole and Bp is the magnetic rigidity of the particle. The quantity
XL is the effective length ¢ of the quadrupole. This matrix is
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cos ki % sih ki 0
-k sin k¢ cos k¢ 0 |. (1)

0 0 0

SUBR@UTINE QUAD D (XK,XL,I) — The subroutine QUAD D (XK,XL,I) places the ma-
trix representing the diverging plane of a magnetic quadrupole lens into matrix I. The
notation is the same as for QUAD C. This matrix is

cosh ki % sinhk{ 0

k sinh k¢ coshk¢ 0 | (8)

0 0 1

SUBRQUTINE MAG R (XN,THETA,R,E1,E2,I) — The subroutine MAG R (XN,THETA,
R,E1,E2,I) places the matrix representing the radial plane (the plane with dispersion) of
a bending magnet into matrix I. Here XN is the field index n. The magnetic field in
the magnet is assumed to have a radial dependence given by

B(R') = B(R) x (R'/R) ™. 9)

The quantity R is the radius of the central trajectory in the magnet. This trajectory has
radial-plane coordinates x = 0 and x' = 0. Note that x is positive if the particle is out-
side the central trajectory in the magnet (R' > R). The geometry of the magnet which
bends the central trajectory through the angle ¢ (THETA in the subroutine) is shown in
Fig. 1. The arguments E1 (= €;) and E2 (= €,) of the subroutine are the angles the in-
cident trajectory and the exiting trajectory, respectively, make with the normal to the
pole edge of the magnet. The angles ¢, and €, are positive if the path outside the mag-
net lies on the same side of the normal to the pole edge as the center of curvature of the
particle's deflection (¢, and €, are both positive, as shown in Fig. 1). This sign con-
vention means that positive €; or positive €, implies focusing in the axial plane of the
magnet at the respective pole edges.

In the subroutine the angles THETA, E1, and E2 are in degrees. The field index n
is restricted to values such that 0 =n <1.

The matrix for the radial plane of the magnet is

sin ¢ tan €, R R

cos 6 + TR TRRE sin 6 1_n(l—cose)
sin 0 tan €,
le cos 6 + (l—n)l—n Mys s (10)
0 0 1

where
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M 1 " [(1 y1/2 tan €; tan 62} o (t ¢ )

= - = {8in -n - ————— | - cos an €, +tane ,
M,, = —m9 tan €, (1 - cos 9)

23 — (1 _n)l/2 1 -n ’

and

(1-n)t?9,

el
U}

Fig. 1 - Geometry of the central trajectory
in a bending magnet., The angles ¢, and ¢
are positive for the case illustrated.

2

SUBRGUTINE MAG Z (XN,THETA,R,E1,E2,I) — The subroutine MAG Z (XN,THETA,
R,E1,E2,I) places the matrix representing the axial plane of a bending magnet into matrix
1. The arguments of the subroutine are the same as those for MAG R. The matrix gen-
erated by this subroutine depends on whether n = 0 (uniform field magnet) or 0 <n < 1.

For n = 0, the matrix is

1-9tane, Ry 0
M,, 1- gtane, 0 [, (11)
0 0 1
where
M, = - %{ [(tan €, + tan €,) - dtan €, tan €,].

For 0 <n < 1, the matrix is
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cos nl/2 9 - 1 sinn!/2 9 tan ¢, sinnl/2 g 0
nl’2 ni/2
M,, cosnl/% y - s sinn!/2gtane, 0 |,
0 0 1
(12)
where
M -1 sin nl/2 ¢ n1/2-——1~ tan €. tan €, ) + cosnl/2 9 (tan e, +tan ¢e,)
21 7 T R nl/2 1 2 1 2 :

SUBRQUTINE REVERS (I) — Many beam transport systems have several bending
magnets, some of these magnets deflecting the beam to the right and others deflecting
the beam to the left in the radial plane. When the matrix transformations are applied to
such a system, it must be remembered that x was defined as positive for a particle tra-
jectory with radius greater than R. Hence, it is necessary to define an inveried bending
magnet as one in which the direction for positive x is opposite to the direction assigned
as positive in the main portion of the system. This is equivalent to a reflection of the
coordinate system about the central axis in the inverted magnet, with Ap/p unchanged.
This reflection, which is generated by the matrix

-1 0 0
R={ 0 -1 0 (13)
0 0o 1

must be done at the entrance and at the exit of the inverted magnet; therefore, the matrix
for an inverted magnet is

-1 0 0 -1 0 0
M,=| 0 -1 0 |(MAGR)| 0 -1 0 |, (14)
0 0 1 0 0o 1

where (MAG R) is the matrix for the motion in the radial plane for the magnet which
bends the beam in the normal direction. Clearly, the inversion of a magnet does not af-
fect the matrix representing the beam trajectory in the axial plane.

SUBRQUTINE REVERS(I) — The subroutine REVERS (I) puts the matrix R of Eq.
(13) into matrix L

Maximum Excursion in Magnetic Elements

Several functions have been written to determine the maximum excursion of a parti-
cle trajectory from the optic axis in magnetic focusing elements. This information is
important to assure correct design or selection of the magnetic elements so that no par-
ticles in the beam will strike the poles of the magnet.
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FUNCTI®N C QUAD MAX (XK,XL,I) — The function C QUAD MAX (XK,XL,I) is used
to calculate the maximum excursion of a particle trajectory from the optic axis in the
converging plane of a quadrupole. Here the arguments. XK and XL have the same mean-
ing as in the subroutine QUAD C, and the argument I refers to the matrix containing the
vector representing the coordinates of the particle at the entrance to the quadrupole.

From Eq. (7), the equation of motion in the quadrupole is

: X
X = X, cos kx+ > sin ki, (15)

where X, and x; are the coordinates of the particle at the entrance to the quadrupole,
and A is the distance from the entrance to the quadrupole. A possible maximum in this
trajectory occurs at the value of x where dx/dx= 0, i.e.,

tan-! — . (16)

This possible maximum is only of interest if 0 =X = £, where £ is the effective length
of the quadrupole. Since x(}) is not necessarily the maximum excursion in the quadru-
pole, the function C QUAD MAX compares x(}), if X is within the quadrupole, and x at
the entrance and exit of the quadrupole, and it selects whichever of these quantities has
the maximum absolute value as the maximum excursion in the quadrupole.

The function C QUAD MAX is coded so that it is valid only for k¢ < 7/2. There is
an error stop if MX(1,2,1) > 0.3. The associated error message is: QUAD MAX
ERRQOR,MX(1,2,1) GREATER THAN 0.3. This error stop has been included in the maxi-
mum excursion functions because, if the slope of a trajectory is as large as 0.3 radian,
either the parameters used in the calculations are nonsensical or there has been an error
in writing the program which includes these functions.

FUNCTI@ON D QUAD MAX (XK,XL,I) — The function D QUAD MAX (XK,XL,I) is used
to calculate the maximum excursion of a particle trajectory from the central trajectory
in the diverging plane of a quadrupole. The notation for the arguments is the same as
that for C QUAD MAX.

Since there are no focusing forces in the diverging plane of a quadrupole, the maxi-
mum excursion will occur at either the entrance or the exit of the quadrupole. This
function compares x at the entrance and at the exit of the quadrupole and selects the one
having maximum absolute value as the maximum excursion in the quadrupole.

There is an error stop if MX(L,2,1) > 0.3. The associated error message is: QUAD
MAX ERR@R, MX(1,2,1) GREATER THAN 0.3.

FUNCTION R MAG MAX (XN,THETA,R,E1,I) — The function R MAG MAX (XN,THETA,
R,EL,I) is used to calculate the maximum excursion from the central trajectory in the ra-
dial plane of a bending magnet. Here the arguments XN, THETA, R, and E1 have the
same meaning as in the subroutine MAG R, and the argument I refers to the matrix con-
taining the vector representing the coordinates of the particle at the entrance to the bend-
ing magnet.

From Eq. (10) the trajectory of the particle in the radial plane of the bending magnet
is given by
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sin (1 - n) 12 o tan ¢,
X0

x=|cos(1-n)t2%qa+
[ (1-n)t/2

——R—n—) [l-cos (1-n)l/2 a] ép? , (17

sin (1 - n)1/2 a} Xy + i

R
+ S —
{(1 - n)l/2

where x,, Xj, and Ap/p are the coordinates of the particle at the entrance to the magnet,
and o« is the angular displacement of the particle along its trajectory, as indicated in
Fig. 2. A possible maximum in this trajectory occurs at o where dx/da = 0, i.e., where

1
X, tan €; + Rxj

G=—2"'  tan-t
(1 -n)l/2 (1 -n)t/2x, - R Ap
(1 _n)1/2 P

(18)

This possible maximum is only of interest if 0 = @ =9, where g is the deflection angle
of the magnet.

TYPICAL
TRAJECTORY

CENTRAL
TRAJECTORY

Fig. 2 - Illustration of the coordinates used in the
discussion of the function R MAG MAX and the func-
tion Z MAG MAX. These functions determine the
maximum excursion of a trajectory from the optic
axis in a bending magnet.

FUNCTI®N R MAG MAX compares x(a), if 0 = a = ¢, and x at the entrance and at
the exit of the magnet and selects whichever of these quantities has maximum absolute
value as the maximum excursion in the magnet.

This function is coded so that it is only valid for (1 - n)!/2 9 <7, with n < 1.
There is an error stop if MX(I,2,1) > 0.3. The associated error message is: R MAG
MAX ERROR, MX(I,2,1) GREATER THAN 0.3. '

FUNCTION Z MAG MAX (XN, THETA,R,E1,I) — The function Z MAG MAX (XN,
THETA,R,E1,]) is used to calculate the maximum excursion of a particle trajectory from
the central trajectory in the axial plane of a bending magnet. The notation for the argu-
ments of the function is the same as that for FUNCTION R MAG MAX.
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The two cases treated are (a) n = 0, in which there are no focusing forces in the
axial plane, and (b) n = 0, in which there are focusing forces in the axial plane and the
treatment is analogous to that given in FUNCTION R MAG MAX, with (1 - n) replaced

by n.

If n=0, the values of x at the entrance and at the exit of the magnet are compared,
and the maximum excursion is whichever of these quantities has maximum absolute value.

If n = 0, the equation of motion of the particle, Eq. (12), is

X = (cos nt/?2 o -

nl/2

sin n¥'? « tan el) Xq +<
n

sin n1/2 oz) X} . (19)

A possible maximum occurs at @ where dx/da = 0, i.e., where

Rx! -x,tan ¢
a = 1 tan-1 9 0 L. (20)
nl/2 n1/2XO

This possible maximum is only of interest if 0 =& = 0.

In this case n = 0, and the function Z MAG MAX compares x(a), if 0 S a =9, and x
at the entrance and at the exit of the magnet and selects whichever of these quantities has
maximum absolute value as the maximum excursion in the magnet.

The coding for this function is only valid for n!/2 ¢ <7 when n = 0.

There is an error stop if MX(L,2,1) > 0.3. The associated error message is:
Z MAG MAX ERR@R, MX(I,2,1) GREATER THAN 0.3.

Focal Plane Function and Waist Function

FUNCTI@ON FOCAL PL(I) — The function FOCAL PL is used to determine the loca-
tion of the focal plane of an ion-optical system. This function may be used to check for
errors when writing ion-optics programs. It can also be used to determine the focal
properties of an ion-optical element or system when the parameters of the element or
system are given.

Consider the ion-optical system indicated schematically in Fig. 3. The matrix M
represents the transfer matrix from the object up to and including the last focusing

|
ION OPTICAL SYSTEM — o
OBJECT | (REPRESENTED BY TRANSFER

|

IMAG

MATRIX M) : MA £
|
] t
! |

! o Llepp— ]

| |
I |

Fig. 3 - Schematic representation of the ion-optical

system discussed in connection with the function FQCAL
PL. This function determines the location of the focal
plane L ., from the transfer matrix M.
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element preceding the image. The image is located a distance L from this last focus-
ing element. The distance Lgp is determined from the matrix M, which in turn may be
calculated for the ion-optical system using the matrix subroutines described earlier,

If the coordinates of the object are x,, X}, and Ap/p and the coordinates of the
image are x, x', and Ap/p, the image and object vectors are related by

x 1 Ly 0\ /M,, M, M

11 12 13 X9

x' |=]|0 1 0 M, M,, M, Xy s (21)

Ap/p 0 0 1 M;, Mj;, Mj; Ap/p

where the transfer matrix M has been written out explicitly and multiplied by the matrix
representing the field-free region of length L. When the matrix multiplication has
been performed, '

X My, + Lgp My;  Myy + Lgp My, My3 + Lgp My Xg
x' = M, M,, My, xp |} (22)
Ap/p M;, M;, M;; Ap/p
then
X = (My; + Lgp My )xg + (M, + Lgp My,)xh + (M5 + Lgp My3) _AFp . (23)

The condition for a first order focus is that the coefficient of xj, equal zero. Hence,

Lep = - 31— * (24)

FUNCTI@N FOCAL PL(I) evaluates Ly using Eq. (24) for the matrix denoted by
index I in the argument of the function. One must vemembevr that the matvix denoted by
the index I represents the entive ion-optical system up to but not including the last field-
free region preceding the image.

FUNCTION WAIST (X,XP,I) — Many accelerator users have noted that the location of
the focal plane of an ion-optical system, as determined experimentally, often differs
from the location theoretically predicted. This discrepancy is usually explained by say-
ing that an experimental focus is determined by finding the minimum in the beam size,
or waist, which may be at a different location from the first order focus computed from
theory.

The location of such a waist may be easily calculated when the beam emittance
boundary at the source is an ellipse in phase space; i.e., the values of x and x' of the
individual rays in the beam are within the boundaries of an ellipse, as indicated in Fig.
4a. The boundary of the ellipse is given by

X

\!

X, cos 0 (25a)

and

x‘
i

x| sin 6 . (25b)
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The ellipse is assumed to be imaged by an ion-optical system represented by the
matrix M, followed by a field-free region of length L, in complete analogy with the
treatment given for FUNCTION F@CAL PL. The ellipse will be rotated with its area un-
changed, as shown in Fig. 4b. The apparent size of the beam downstream from the
source is X,,,, as indicated in the figure, and the waist occurs at that value of L for
which x ., is a minimum.

X' X'
y [
———
]
Xo
|
|
. .
X | X
| |
| I
| I
I |
I
| ‘_XMAX_’!
"—Xo"‘ |
| |
(a) Phase-space ellipse (b) Phase-space ellipse down-
at the source stream from the source

Fig. 4 - Representation of the particle beam by an ellipse in phase space

The image vector for the rotated ellipse is given by

X 1 L 0 M,, M, M;; X, €c0s 6
x |={0o 1 o || M, M, M, ||x,sino6], (26)
Ap/p 0 0 1 Miz; Mj;, Mg; Ap/p

so that
x = (M,, + LMy, )%, c0S 6 + (M, + LM,,)x}, sin 6 + (M, + LM,,) % L@

The angle 6., at which x ., occurs may be determined by differentiating Eq (27)
with respect to 6 and setting the result equal to zero. That is,

dx

rr il (M, + LM,,)x, sin 6 + (M;, + LM,,)x}, cos 6§ = 0, (28)
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giving
(M,, + LM,,)x}
tan 6 = 29
Substituting this result into Eq. (27) gives
2 1/
Xpax = {(M11 + LMy,)% x 2+ [My, + (M, + LM,,)] x;,z} z. (30)

The location of the waist will be that value of L for which x,,, is 2 minimum. Dif-
ferentiating Eq. (30) with respect to L and setting the result equal to zero yields

dx M,, xo2 (M,, + LM,,) + M,, x'2 (M;, + LM,,)

Tl . =0. (31)

max

It can be assumed that x .. = 0, because the problem becomes trivial in this case.

Solving Eq. (31) for L yields

M. M, x2+M, M, _x'2
L __ 1121 %o 12 "22%0 (32)

waist 2 .2 3 12
M;; x4 + M3, X

Another approach to finding the location of the waist is to determine where the major
and minor axes of the phase-space ellipse are parallel to the major and minor axes of
the source phase-space ellipse. It can be shown that an identical result is obtained for

L, .;<: @s was obtained by minimizing x__ . It might be noted that, for a point source
(xo = 0);
L B M,
waist — M22 4

which is exactly the expression for Lyp given in Eq. (24), the distance for a first order
focus.

The location of the waist from the last ion-optical focusing element is calculated by
the function WAIST for the matrix denoted by the index I. The arguments X and XP
are the semiaxes of the phase-space ellipse denoted by x, and x;, respectively, in Fig.
da. It is important to remember that the matvix denoted by the index I represents the
entive ion-optical system up to but not including the last field-free vegion preceding the
image.

SUBR@UTINE TW@ QUAD (R,TOL,S,XL,ACD,ADC,B,H1,H2,PCD,PDC)

The subroutine TW@ QUAD (R, TQL,S,XL,ACD,ADC,B,H1,H2, PCD,PDC) is used to
calculate the values of the strength parameters k; and k, of a quadrupole doublet when
the image and object distances are specified. Enge (2) has shown that the quadrupole
strength parameters may be determined by solving a pair of simultaneous transcendental
equations. These equations, specialized to the arrangament shown in Fig. 5a, are

1 1
— coth (k;L + &;) = — cot (k,L. - &,) - §, (33a)
k1 k2
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CD PLANE
Ql —_— Q2
0BUECT NAGE
' (CONVERGING) (DIVERGING) \
je——ACD——» ja—S l———— B ————————————»]
1 |
fe— L —a (—L—
DC PLANE
Ql L] Q2
oeaeil// IMAGE
| {DIVERGING) (CONVERGING) 0
[—————— ADC —————» la— 5 — f«——8 =!I
1
{
[ L— —L—
(2) Real object
CD PLANE
Ql Q2 | VIRTUAL
-] -‘\N.;‘t —_ OBJECT
(CONVERGING) (DIVERGING) IMAGE i
" «——8 ——»]
|
-~ L—] e— L —u :
- ACD -
DC PLANE
al ™ a2 ~ VIRTUAL
- — OBUECT
(DIVERGING) CONVERGING) ——=
IMAGE |
la—5—» l@«——— 8 \ .
! |
j———! - | —— 1
e ADC —

(b) Virtual object

Fig. 5 - Schematic representation of a quadrupole doublet,
illustrating the coordinate system used in the subroutine

TWO QUAD
where
coth &, = k; A
and
cot ¢, = k,B,
and
1 1
K, cot (k;L + &) -8 = K, coth (k,L - &}), (33b)
where

cot &} = -k; A,
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and
coth ¢, = k,B.

Here the object distances A(p in the CD plane (converging quadrupole first) and Apc in
the DC plane (diverging quadrupole first) are not necessarily the same, but the quadru-
pole doublet is double-focusing; the image distance B is the same in both planes. Object
and image distances are measured from the effective entrance-field and exit-field bound-
ary of the first and second quadrupoles, respectively. The quadrupole strength parame-
ters for the first and second quadrupoles are k; and k,, respectively; the effective pole
length of each quadrupole is L; and S is the spacing between the effective pole edges of
each element of the doublet.

Equations (33a) and (33b) are valid only when k;Ap- > 1 and k,B > 1, since the
absolute value of the hyperbolic cotangents must be greater than unity. Enge gives an-
other set of equations for the case where k;Ap. <1 and k,B <1. However, it will be
shown that these equations can be recast so that both cases are covered by one set of
equations.

Sometimes the beam transport system preceding the quadrupole doublet focuses the
beam beyond the doublet, and it is desired to refocus the beam closer to the doublet, as
indicated in Fig. 5b. This situation is called the virtual-object case, to be distinguished
from the real-object case already discussed. Following the procedure given by Enge (2)
for the real-object case, the following equations to be satisfied by the quadrupole strength
parameters for the virtual-object case can be derived:

kil coth (k; L + &) = T{l_z cot (k,L - &,) -8, (34a)
where
coth &, = -k, Ap.
and
cot &, = k,B,
and
1 1
k_1 cot (k;L+ ®})-8 = k_2 coth (k,L - &}), (34b)
where
cot @y = k; A¢p
and

coth &, = -k,B.

Again, these equations are given for k;Ap- > 1 and k, B > 1. These equations for the
vivitual-object case are valid only if Acp > S + 2L and Apc > S + 2L.

Equations (33) and (34) can be combined by introducing the variable R, where R
equals +1 for a real object and -1 for a virtual object. The equations then become

1 1
— coth (k;L + &;) = — cot (k,L - &,) - S, (35a)
k, k,
where

coth &; = Rk; Ape
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and
cot &, = k,B,

and

1 1

k_1 cot (k;L + &}) -8 = k_2 coth (k,L - &), (35b)
where

cot ) = ~RKk; Ap

and

coth ) = -k,B.

Substituting the expressions for &,, &,, ¢}, and &/ into the arguments of the trigono-
metric and the hyperbolic functions and expanding these functions into functions of a sin-
gle argument yields
lxk1ADc+Rtanhk1L_L k,B +tan k,L
kl klADctanhle+R_ k2 sztank2 L-1

-s (36a)

and
1 kjAgpp+Rtank L 1 k,B + tanh k, L

k; “K;Agptank,L-R "> "k, “k,Btanh K,L+1 ° (36b)

Recasting the equations into this form eliminates the necessity of using different equa-
tions depending on whether k; Ap. and k,B are less than or greater than unity. The
subroutine TW@ QUAD obtains the quadrupole parameters k, and k, by solving Egs.
(36) by an iterative technique until the differences in k; and k, obtained by further iter-
ation are less than a prescribed tolerance.

Expressions for the magnification M, where M = Image Size/Object Size, have been
given by Enge* (2) for the real-object case, and expressions for the magnification for the
virtual-object case can be derived by the method Enge used for the real-object case.
Again, introducing the variable R makes it possible to use one set of expressions for
both cases, and the magnifications are given by

cos k,L -k,B sink, L

Mpc = Cosh (k,L) + Rk, Ap. sinh k, L (372)
and
coshk,L + k,B sinh k, L
M, = : ; (37b)
cosk;L -Rk; Apsink, L

where R equals +1 for a veal object and -1 for a virtual object.

The arguments R, ACD, ADC, B, and XL are input parameters for the subroutine
TW@ QUAD, corresponding to the parameters R, A.p, A, B, and L, respectively, pre-
viously defined. The argument T@L is the tolerance to be allowed in determining k,
and k, (TOL = 1.0E-6 has generally been used in practical calculations). The arguments

*The definition used by Enge for the magnification is the negative of the definition given
here.
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H1, H2, PCD, and PDC are outputs from the subroutine corresponding to the parameters
k;, k,, Mcp, and Mpc, previously defined.

The method used to solve for k, and k, is valid only for k; L <7/2 and k,L <u/2,
There is an error stop if |R |= 1. The associated error message is: ABSOLUTE VALUE
OF R N@QT EQ 1.0, TW@ QUAD (R,TQL,S,XL,ACD,B). There is an additional error stop
if the solution of Egs. (36) does not converge after 100 iterations. Experience in using
this subroutine with a tolerance of 1x10-% has indicated that this error stop is reached
only when incorrect arguments have been used in the subroutine, particularly if the re-
striction Acp > S + 2L and Ap- > S + 2L for the virtual-object case is violated. The
solution for the quadrupole parameters will usually converge to a tolerance of 1X10-¢ in
eight to ten iterations. The associated error message for this error stop is: DPES N@T
CONVERGE FOR TWQ QUAD (R,TQL,S,XL,ACD,ADC,B).

A listing of the basic functions and subroutines, as well as the subroutine TW@
QUAD, is given in Appendix B.

ILLUSTRATIVE CODING EXAMPLE

Use of the various basic functions and subroutines to build up a program for a spe-
cific ion-optical system will be illustrated by programming the tracing of a trajectory
through a quadrupole doublet. When coding PROGRAM EXAMPLE, comments were in-
cluded at essentially every step to guide the reader in understanding the program.

The geometry of the quadrupole doublet is shown in Fig. 6, along with the indices of
the matrices used to represent the various elements of the system in each plane. The
input data are given in the data statement. The various lengths are defined in Fig. 6, and

CD PLANE
-+——ACD ———» la—— 5 —» l«— B —»
° Ql Q2 e
OBUECT IMAGE
KCONVERGING) DIVERGING)
]
X |—»{ f— X | —~
MX 7 6 5 4 3 2 |
DC PLANE
- ADC —— j—— 5 — lg—— g ———P
L4 Ql Q2 ————————————
OBJECT IMAGE
(DIVERGING) (CONVERGING)
X 1— X L—
MX 17 16 15 14 13 12 1

Fig. 6 - Schematic representation of a quadrupole doublet to
show the notation used in the program EXAMPLE. The in-
dices representing the locations of the matrices represent-
ing each quadrupole, each field-free region, and the object
and image vectors are given below each of these elements.
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the initial coordinates of the trajectory to be traced, x; and x}_ , are XCD and XPCD,

respectively, in the CD plane, and XDC and XPDC, respectively, in the DC plane;
Ap/p = 0.

The subroutine TW@ QUAD permits the quadrupole strength parameters for Q1 and
Q2 to be computed and stored in XK1 and XK2, respectively, and the magnifications in
the CD plane and DC plane are computed and stored in PCD and PDC, respectively.
Using the subroutines for the beam transport matrices, the matrices representing the
initial coordinates of the particle, quadrupoles, and field-free regions are put into the
locations indicated in Fig. 6. Since these matrices are stored in consecutive locations,
the vector representing the image can be easily obtained using the subroutine ACCUMULT.
The ratio x,,,/X;, can then be determined and compared with the magnification com-
puted in the subroutine TW@® QUAD. The maximum excursion in the quadrupole is ob-
tained by first computing the vector representing the ray at the entrance to the particular
quadrupole and then using the function C QUAD MAX or the function D QUAD MAX, which-
ever is appropriate, to compute the maximum excursion,

As an overall check on the programming, the function FOCAL PL has been used to
calculate the distance of the image from the exit of Q2. To do this the matrices repre-
senting the beam transport system, up to and including Q2, are first multiplied using the
subroutine ACCUMULT to obtain the transfer matrix up to the exit of Q2, as required for
input to the function FGCAL PL.

The first four columns of the printout are the valuves of x, , x}, x_,,, and x' .,
respectively. The ratio x,,./X;,, computed by ray tracing, and the magnification ob-
tained using the subroutine TW® QUAD, are compared in columns 5 and 6, respectively.
The results of the focal plane calculations, given in column 7, agree with the input data
for B, as they should for a correct calculation. The maximum excursions of the ray

from the optic axis in Q1 and Q2 are given in columns 8 and 9, respectively.

PREGRAM EXAMPLE
TYPE REAL MX
COMMON/MX/MX(100,3,3)
NDATA (ACD=100,0).(ADC=150,n),(B=50,0),(XCD=,n2),:(XDC=,04),
1(XPCP=,01),(XPDC=,001),(S=6,0),(X =10,0)
C*»»DIMENSION QUAD STRENGTH PARAMFTERS
XK1sXK2=0
C**DIMENSION MAGNIFJCATIGN OQUTPUT FOR SUBROUTINE TWO QUAD
PcCsPDC=0
CesCALCULATE XK1 AND XK2
CALL TWO QUAD(1,0,1,0E=6,S,XL,ACD,ADC,B)XK1,XK2,PCD,PDC)
C**PREPARE MATRICES FOR €D PLANE
CALL VECTAR(XCR,XPCD,»0,7)
CalL F SPACE(ACD,6)
CALL QUAD C(XK1,XL.:5)
CALL F SPACE(S,4)
CALL QUAD D(xK2,X%XL,:3)
CALL F SPACE(B,2)
C#«PREPARE MATRICES FOR LCC PLANE
CaLL VECT@R(XDC,XPRC:»0,17)
CALL F SPACE(ADC,16)
CALL QUAD D(XK1,XLs15)
CALL F SPACE(S,14)
CALL QUAD C(XK2,XL,13)
CALL F SPACE(B,1?2)
Creseaspbpkpsasghssrn
Co*START CALCULATION~=SCD PLANE
Cosnbnnrpsshptrbssnns
CxsCOMPUTE IMAGE VECTOR AND PUT IN MX 1
CALL ACCUMULT(2,7,1)
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Ce*COMPUTE X QUT/X IN
RATI® CD=MX(1,1,1)/XCD
C*#COMPUT ENTRANCE VECTOR T® Q1 AND PUT IN MX 20
CALL MX MULT(6,7,20)
C*sCOMPUTE MAXIMUM EXCURSION [N 01
Q1CDMAX=C OQUAD MAX(XKL,XL,20)
Ce*CAMPUYE ENTRANCE VECTEGR TO €2 AND COMPUTE MAXIMUM EXCURSION IN Q2
CALL ACCUMULT(4,7,20)
02CDMAX=D QUAD MAX(XK2,XL,?20)
C**FOCAL PLANE CHECK==MX 20 WILL CONTAIN ENTIRE TRANSPORT SYSTEM EXCEPT MX 2
CALL ACCUMULT(3,6,20)
FPCDEFBCAL PL(20)
Crxppaspbsbabebgsdnrsy
Ce*START CALCULATION-eNC PLANE
Cttttttt#t‘titttttl#
Cx+COMPUTE IMAGE VECTOR AND PUT IN MX 11
CALL ACCUMULT(12,17,11)
C»eCOMPUTE X QUT/X IN
RATIO DC=MX(11,1,1)/XDC
C**COMPUTE ENTRANCE VECTARR T® G1 AND PUT IN MX 20
CALL MX MULT(16,17,20)
Ce*CAMPUTE MAXIMUM EXCURSION IN Q1
NiCCMAXsD QUAD MAX(XK1,XL,20)
C**COMPUTE ENTRANCE VECTER TO €2 AND COMPUTE MAXIMUM EXCURSION IN Q2
CALL ACCUMULT(14,17,20)
Q20CMAX=C QUAD MAX(XK2,XL,20)

C*sFOCAL PLANE CHECKe=MX 20 WILL CONTAIN ENTIRE TRANSPORT SYSTEM EXCEPT MY 12
CALL ACCUMULT(13,16,20)
FPCCaFOCAL PL(20)
Coepdamasssstsfasnnyg
C*+START PRINTOUT
CHsnMpmadRsgRubsh kg
PRINT 1
1 FORMAT(LH1,11X,#»X IN XP N X AUT XP OUT XOUT/XIN MAG FeC P
1L Q1 MAX Q2 MAXs/)
PRINT 2,XCD,XPCD ,MX(1+1,4),MX(1,2,1),RATIO CD,PCD,FPCD,Q1CDMAX,
1 Q2CDMAX
2 FORMAT(1X,#CD PLANE® 201X ,F6,3),4(1X,F7,4),3(1%X,F7,3))
PRINT 3,XDC,XPDC,MX(11,1,1),MX¢11,2,4),RATI® DC,PNC,FPDC,Q1DCMAX,
102ECMAX
3 i@;MAT(1X,*DC PLANE® s 2(AX ,F6,3)14(1X+F7,4),3(1X%:F7,3))
NT

X IN XP IN X eUT XP OUT XOLT/XIN MAG FOC PL Q1 MAX Q2 MAX

CD PLANE 0,020 0,010 =0,0230 »0,0092 =1,1500 =~1,1499 50,000 1,030 0,659
DC PLANE 0,040 0,001 »0,0074 «0,0068 ~0,1854 =~0,1854 50,000 0,248 0,348

PROGRAM RUN QUAD 4

Many beam transport systems use a combination of two quadrupole doublets to form
an image of a source at some distance downstream from the source. The quadrupoles
can be adjusted to form an intermediate image between the doublets, or not, according to
various requirements. If an intermediate image is used the variation in the location of
the intermediate image makes it possible to change the magnification of this quadrupole
arrangement by adjusting the currents in the quadrupoles rather than by physically mov-
ing the quadrupoles. There is sometimes another consideration in choosing whether or
not to use an intermediate focus. Every time a particle beam goes through a focal plane
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of the system the momentum dispersion perpendicular to the optic axis is reversed. If

dispersive magnetic elements precede and follow the system of two quadrupole doublets,
the choice of whether or not to use an intermediate focus may be dictated by considera-
tions of maximizing or minimizing the momentum dispersion perpendicular to the optic

axis.

The subroutine QUAD 4 has been written to facilitate writing programs for beam
transport systems which use two quadrupole doublets as a subsystem. In addition, the
program RUN QUAD 4 has been written so that data can be read into the subroutine
QUAD 4 from data cards to ray trace through the system of two quadrupole doublets by
itself.

Subroutine QUAD 4 (NARR,NPRINT,I)

The subroutine QUAD 4 (NARR,NPRINT,I) requires the same declarative statements
as are required for the basic functions and subroutines, plus the additional labeled
COMMON block Q4. Thus, every program which calls on the subroutine must begin with

TYPE REAL MX
and
COMMON/MX,/MX(100,3,3)/Q4/TABLE(50,12), PARAM(8),N TABLE, XKK(4).

The geometrical arrangement of the quadrupoles is shown in Fig. 7. All notations
for the various quantities on this figure correspond to the notations used on the printout
for the subroutines. The vectors shown above the object, intermediate image, and image
indicate the notation for the coordinates of a particle trajectory at these points. All
quadrupoles have the pole length LQUAD, and each doublet has the spacing SQUAD be-
tween the individual quadrupoles.

Because the radial and the axial virtual sources of many cyclotrons are not in the
same plane, the distances from the object to the entrance of the first quadrupole, L1H in
the horizontal plane and L1V in the vertical plane, need not be identical. However, it is
assumed that the system is double focusing, so that only one quantity L3 is required to
specify the distance from the exit of the last quadrupole to the image.

The quantity L2 is the distance between the exit of the second quadrupole and the
entrance of the third quadrupole. If focusing with an intermediate image is used, the

X IN

XP IN X 1 X ouT
DELP/P VERTICAL PLANE XP I XP OUT
OBUECT DELP/P DELP/P

fe——uv—> INTERMEDIATE
: SQUAD \MAGE SQUAD IM‘I\GE
' | i “ i |
LIH ‘l ) 1
QUAD QUAD |eg—— | pp———tle— | 28 QUAD QUAD |g Ls -
r— 2 3 ’— q
/ le———— 2
HORIZONTAL .
PLANE h ] \ | [ ]
LQUAD LQUAD Touad !  'Touap

Fig. 7 - Schematic representation of the beam transport system consisting of two
quadrupole doublets, illustrating the notation used in the subroutine QUAD 4. The
vectors shown above the object, intermediate image, and image give the notation
for the coordinates of the particle trajectory at these points.
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intermediate image is located at a distance L2A downstream from the second quadrupole
and a distance L2B upstream from the third quadrupole. Thus, for an intermediate image,

L2A + L2B = L2.

(38)

When no intermediate image is desired a large value (~10'3) is used for L2A and L2B;
the first quadrupole doublet essentially focuses at infinity, and the object for the second
quadrupole doublet is taken to essentially be at infinity.

The argument NARR of the subroutine can have only the values 0 or 1. If NARR = 0,
the arrangement of quadrupoles in the horizontal plane is CDDC, and if NARR = 1, the
arrangement in the horizontal plane is CDCD, as indicated in Table 1.

Table 1
Arrangements of Quadrupoles for Various Values of NARR
QUAD 1 QUAD 2 QUAD 3 QUAD 4
NARR = 0 | Horizontal Plane | Converging | Diverging Diverging Converging
(CDDC) - Vertical Plane Diverging Converging | Converging | Diverging
NARR = 0 | Horizontal Plane | Converging | Diverging Converging | Diverging
(CcDCD) Vertical Plane Diverging Converging | Diverging Converging

The argument NPRINT can also have only the values 0 or 1. If NPRINT = 0, there
is no printout from the subroutine; if NPRINT = 1, there is printout of the results from
the subroutine. This option is included, because the programmer using the subroutine to
calculate the properties of a subsystem of a beam transport system may not want all the
results printed out, or he may want the results printed out in a different format combined
with results from calculations on other parts of the beam transport system.

There is an error stop if the input values of NARR and NPRINT are neither 0 nor 1.
The associated error message is: QUAD 4 INPUT ERROR.

This subroutine uses the fourteen matrices ItoI + 13, where I is the third argu-
ment of the subroutine, during execution of the subroutine. The programmer must choose
a value of I (of course, I =87) such that any matrices previously stored and required
later in the calling program are not disturbed.

Input data from and output data to the program calling for the subroutine are handled
through the variables dimensioned in the labeled COMMON block Q4.

The various distances involved have to be stored in the array PARAM before calling
the subroutine. The correspondences between the elements of the array PARAM and the
distances shown in Fig. 7 are given in Table 2.

The quadrupole strength parameters K1, K2, K3, and K4 are computed from the in-
put data stored in PARAM, and these results are stored in XKK(1), XKK(2), XKK(3), and
XKK(4), respectively, where they are available for further computation or printout. The
quadrupole strength parameters depend on Bp, which is proportional to p, the momentum
of the particle; corrected values of the quadrupole strength parameters which depend on
the actual Ap/p of the individual ray, i.e.,
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Table 2
Correspondences Between Array PARAM and
Quantities Shown in Fig. 7 and in the Printout

Array Element Distance Array Element Distance
PARAM (1) SQUAD PARAM (5) L2
PARAM (2) LQUAD PARAM (6) L2A
PARAM (3) L1H PARAM (7) L2B
PARAM (4) L1v , PARAM (8) L3
Kl(corrected) = K1 X (1 - % f‘p—p> (39)

(and so forth for each quadrupole strength parameter), are used in the calculations.

The input and output data associated with the individual trajectories to be traced are
handled through the array TABLE. The NTABLE/2 trajectories are traced in the hori-
zontal and vertical planes, where NTABLE must be less than 50 and must be an even
number. The correspondences between the elements of the array TABLE, the notations
in Fig. 7, and the printout are shown in Table 3. The initial coordinates of the trajecto-
ries to be computed have to be stored in TABLE (N,1), TABLE (N,2), and TABLE (N,3),
where N goes from 1 to NTABLE, with N odd for the initial coordinates in the horizon-
tal plane and N even for the corresponding coordinates in the vertical plane. After exe-
cution of the subroutine, the computational results are stored in TABLE (N,4) through
TABLE (N,12), where MAG @UT = X @UT/X IN, and MAX 1, MAX 2, MAX 3, and MAX
4 are the maximum excursions of the particular trajectory in the quadrupoles Q1 to Q4,
respectively.

Table 3
Correspondences Between Array TABLE and
Quantities Shown in Fig. 7 and in the Printout

Array Element Quantity Array Element Quantity
TABLE (N,1) X IN TABLE (N,7) XP OUT
TABLE (N,2) XP IN TABLE (N,8) MAG OUT
TABLE (N,3) DELP/P TABLE (N,9) MAX 1
TABLE (N,4) X1 TABLE (N,10) MAX 2
TABLE (N,5) XP1 TABLE (N,11) MAX 3
TABLE (N,6) X ouT TABLE (N, 12) MAX 4

During execution a check is made to determine whether the input parameters imply
an intermediate focus or not. If the condition

0.9xL2 = L2A + L2B = 1.1xL2 (40)

is satisfied by the input parameters, an intermediate focus is assumed, and the results

for X1 and XP1 are transferred to TABLE (N,4) and TABLE (N,5). If this condition is
not satisfied, it is assumed that there is no intermediate focus; no results are stored in
TABLE (N,4) and TABLE (N,5), and **¥***** jg printed in the printout for X1 and XP1.
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In this case the programmer should exercise caution when extracting the results, because
meaningless data may be stored in TABLE (N,4) and TABLE (N,5).

After execution of the subroutine, the complete transfer matrix from the object to
the image in the horizontal plane for Ap/p = 0 is stored in matrix I, and the correspond-
ing transfer matrix in the vertical plane is stored in matrix I + 1. These matrices are
then available to the programmer for use in further calculations.

A sample printout from the subroutine is shown in Appendix C. The notation used in
the printout should be clear from the preceding discussion. A focal plane check is made,
using the function FOCAL PL, to see that the data have been read in correctly and the
system focuses at the required distance L3 from Q4. The quantities HFPCAL PL and
VFQCAL PL in the printout should be in reasonable agreement with L3 (=a few parts in
10%). The values of K1 to K4 that are printed out are for Ap/p = 0; a tolerance of
1x10-% is used in the subroutine when these quantities are computed.

Data Input to PROGRAM RUN QUAD 4

The program RUN QUAD 4 was written so that the subroutine QUAD 4 can be run
from data read into the computer on data cards. The order and the format of the required
data cards is given in Table 4. After the data are read in, the subroutine is executed
NPARAM times, each time computing NTABLE/2 trajectories in both the horizontal and
the vertical plane for the same sets of initial conditions. Prior to each execution, a new
set of distances is read into PARAM from the NPARAM sets of data on the data cards.

The output from a sample run with this program is given in Appendix C.

Table 4
Order and Format of Data Cards for the Program RUN QUAD 4

Column 1 11 21 31 41 51 61 71

Quantity | NTABLE | NPARAM
Format 12 12

There are NPARAM sets of the following two data cards.

Quantity SQUAD LQUAD L1H L1V L2 L2A L2B L3
Format E10.4 E10.4 E10.4 E10.4 | E10.4 | E10.4 | E10.4 | E10.4
Quantity NARR _ _ _ _ _ _ _
Format I1

There are NTABLE/2 of the following cards.
Quantity X IN XP IN DELP/P .
Format | E10.4 E10.4 E10.4 For the Horizontal Plane

There are NTABLE/2 of the following cards.
Quantity X IN XP IN DELP/P .
Format | E10.4 E10.4 E10.4 For the Vertical Plane

Note: Each item of datais writtenin the specified format starting in the indicated column.
The values of NTABLE and NPARAM are restricted to NTABLE =50 and NPARAM £ 10.
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PROGRAM QUAD MAG 2

The program QUAD MAG 2 was written to trace particle trajectories through the
beam transport system for the initial beam paths to be activated at the NRL Cyclotron
Facility. Two sets of quadrupole doublets transport the beam to the analyzing magnet,
and two other sets of quadrupole doublets transport the beam from the magnet to form
the image at an experiment. The notation for the various quantities used in the program,
illustrated in Fig. 8, are similar to those discussed for the subroutine QUAD 4 and the
program RUN QUAD 4. In fact, the subroutine QUAD 4 is used to trace the particle tra-
jectories through the quadrupole subsystems preceding and following the analyzing mag-
net. The radial plane of the analyzing magnet is assumed to be in the horizontal plane.

X ENT
X IN X) XP ENT
XP IN ( XPI > DELP/P
DELP/P XENECAL DELP/P ENTRANCE
INTERMEDIATE SLIT ANALYZING
OBUECT / IMAGE MAGNE T
L | onbiosd (FIELD
at b1 a2 Q3 Q4 INDEX =N}
~—LIH — S~ —— L2 —+ s+ s
\ FH FE FA

HORIZONTAL PLANE

Fig. 8 - Schematic representation of the beam transport system
treated in the program QUAD MAG 2. The notation used is identical
to the notation on the printout from this program. The vectors
shown at the object, and the various images, give the notation for
the coordinates of the trajectory at these points.
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Again, as in the discussion for the subroutine QUAD 4, there is the option of using
or not using an intermediate image between the first and second quadrupole doublets of
each of the quadrupole subsystems., For an intermediate image between the quadrupole
doublets at the input to the analyzing magnet,

L2A + L2B = L2, (41)

and for no intermediate image L2A and L2B are taken to be a large number (10 !3),
Similarly, for an intermediate image between the quadrupole doublets following the ana-
lyzing magnet,

L5A + L5B = L5, (42)

and for no intermediate image L5A and L5B are taken to be a large number (=10 13y,
The test made in the program for an intermediate focus and the convention for printout
of the results at the intermediate images have been described in the preceding section.

The quadrupoles preceding the analyzing magnet can have the arrangement CDDC
or CDCD, according to whether NARR (Q1-Q4) is 0 or 1; similarly, the quadrupoles fol-
lowing the analyzing magnet can have the arrangement CDDC or CDCD, according to
whether NARR (Q5-Q8) is 0 or 1. In the printout the first entry following the word AR-
RANGEMENT refers to Q1 to Q4, and the second entry refers to Q5 to Q8.

The analyzing magnet has radius of curvature of the optic axis R, field index
N (0 =N < 1), and angle of deflection THETA. The angles the incident trajectory and the
exiting trajectory make with the normal to the pole edge of the magnet are €; and ¢,,
respectively, with the same sign convention as described in the discussion of the subrou-
tine MAG R. There are two modes of operation for this beam transport system. In the
dispersive mode NDISP = 0, the quadrupoles preceding the analyzing magnet produce an
image on the entrance slit, and the magnet produces an image on the exit slit, which is,
in turn, focused by the quadrupoles following the analyzing magnet to produce the final
image. It is implicitly assumed that the input data for I. ENT and L EXIT are chosen so
that the analyzing magnet will produce an image of the entrance slit at the exit slit. For
reference, these relations (3,4) are given below for the case €; = ¢, = 0. In these equa-
tions L ENT is denoted by ¢, and L EXIT is denoted by £,. In the horizontal plane
(radial plane of the magnet)

R £y ,
= - —— tan |(1-n)/? 9 +tan"?! B (1-n)t2| (43)

i (1 -n)1’2

and, in the vertical plane (axial plane of the magnet)

0
0 = - n52 tan [n”z 9+ tan-1 EO nl/z] , (44)

for n = 0. If n =0 the analyzing magnet has no focusing properties in the axial plane.
For the symmetric case {,= £, and, with ¢, = ¢, = 0, these relations reduce to

R D
o= by = oy eot |- m 2 g ()

in the horizontal plane and
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_ __R [ 172 9.)
Ly =L, = 2 cot \n 5 (46)

in the vertical plane, for n = 0. The complete relationships for €¢; = 0 and ¢, = 0 are
given by Bretscher (4). An error in input data for L ENT and L EXIT will be detected by
the focal plane check during execution of the program. In this case, HF@CAL PL and
VF@CAL PL in the printout will not be in agreement with L6 (=a few parts in 10%).

The other mode of system operation is the minimum dispersiOn mode, NDISP = 1,
In this case the quadrupoles preceding the analyzing magnet produce an image of the
source at the first principal plane of the magnet in the radial plane. It is shown in Ap-
pendix D that, if the object is a point source, all the trajectories of particles leaving the
magnet appear to originate from the same point on the optic axis at the second principal
plane of the magnet, irrespective of their momenta. Hence, if the object distance for the
quadrupoles following the analyzing magnet is taken to be the distance from the second
principal plane of the magnet to the entrance of Q5, the beam transport system will have
zero dispersion if the object is a point source. In the practical case of an object with
small but finite dimensions, calculations show that the dispersion at the image is negligi-
ble when the system is operated in the minimum-dispersion mode. This mode is useful
when large, well-focused beam currents are required to be transported to an experiment
with a potentially highly dispersive system and energy spread at the target is of no
consequence,

The coding in this program for the minimum-dispersion mode is valid only if the
field index n of the analyzing magnet is 1/2 and if €, = €, = 0. There are various op-
tions in the way the quadrupoles can be adjusted, so that the beam transport system pro-
duces a final image in the vertical plane at the required location without affecting the
minimum-dispersion operation of the system. In this program the quadrupoles preceding
the magnet are adjusted to produce an image in the vertical plane at the first principal
plane of the analyzing magnet, and the object distance in the vertical plane for the quad-
rupoles following the magnet is taken to be the distance from the entrance of Q5 to the
second principal plane of the analyzing magnet.

There is an error stop if NDISP = 1 and n = 1/2. The associated error message is:
MINIMUM DISPERSI@N N@T VALID — N N@T EQ 1/2. There is an additional error stop
if NDISP =1 and n=1/2 but ¢; and €, are not both equal to zero. In this case the
error message is: MINIMUM DISPERSI@GN N@T VALID —EPS 1 or EPS 2 N@T ZERQ.

Most of the notation in the printout should be clear from the preceding discussion.
The phrase MINIMUM DISPERSION is printed below the heading on each page when this
mode is selected; the phrase is omitted when the dispersive mode is selected.

The various magnifications printed out are (a) MAG IN = X ENT/X IN, (b) MAG
@UT = X @UT/X EXIT, and (c) MAG T@TAL = X OUT/X IN. The maximum excursions
of the trajectory in the various quadrupoles are printed out under MAX Ql1, etc., and the
maximum excursion in the analyzing magnet is printed out under MAX MAG. As before,
the various quadrupole strength parameters are printed out for Ap/p = 0.

The order and format of the data cards for this program are given in Table 5. Par-
ticle trajectories are traced NPARAM times in both the horizontal and the vertical planes
for NTABLE /2 sets of initial conditions at the object — for each of the NPARAM sets of
parameters characterizing the arrangement of quadrupoles and analyzing magnet in the
beam transport system. It is requived that NTABLE = 50 and even, and NPARAM = 20,
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Table 5
Order and Format of Data for the Program QUAD MAG 2

Column 1 11 21 31 41 51 61 1

Quantity [ NTABLE | NPARAM
Format 12 12

There are NPARAM sets of the following three data cards.

Quantity S L L1H L1V | L2 L2A L2B L3
Format | E10.4 E10.4 E10.4 | E10.4 |E10.4 | E10.4 | E10.4 | E10.4
Quantity L4 L5 L5A L5B | L6 | NARR | NARR |NDISP
Format | E10.4 E10.4 E10.4 | E10.4 | E10.4 | (Q1-Q4) | (Q5-Q8)

11 11 11
Quantity N THETA R El E2 | L ENT |L EXIT
Format | E10.4 E10.4 E10.4 |E10.4 |E10.4 | E10.4 | E10.4

There are NTABLE/2 of the following data cards.

Quantity X IN XP IN DELP/P

Format | E10.4 E10.4 E10.4 For Horizontal Plane

There are NTABLE/2 of the following data cards.

Quantity X IN XPIN |DELP/P

Format E10.4 £10.4 E10.4 For Vertical Plane

Note: Each item of data is writtenin the specified format starting in the indicated column.
The values of NTABLE and NPARAM are restricted to NTABLE = 50 and NPARAM = 20,
NARR (Q1-Q4) or NARR (Q5-Q8) = 0 refers to arrangement CDDC for the particular
quadrupoles, and NARR (Q1-Q4) or NARR (Q5-0Q8) = 1 refers to the arrangement CDCD
for the particular quadrupoles. NDISP = 0 refers to operation in the dispersive mode,
and NDISP = 1 refers to operation in the minimum dispersion mode.

A sample run for this program is shown in Appendix E. All lengths for this run are
in inches, so that the units for the quadrupole strength parameters are inches-!. The
input data for Parameter Set 1 is for operation of the system in the normal or dispersive
mode, and Parameter Set 2 is for operation of the system in the minimum-dispersion
mode.
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Appendix A

LIST OF FUNCTIONS AND SUBROUTINES

SUBR@UTINE MX MULT (I,J,K)
SUBR@UTINE ACCUMULT (I,J,K)
SUBR@UTINE DACCUMUL (I,J,K)
SUBR@UTINE MX ZER® (I)

SUBR@UTINE PUT MX (I,J)

SUBR@UTINE PT MX (I)

FUNCTI@N DETR (I)

FUNCTI@N D@DETR (I)

SUBRQUTINE INVERSE (I,J)

SUBROUTINE DINVERSE (I,J)

SUBR@UTINE VECT@R (X,XP,DELP,I)
SUBR@UTINE F SPACE (X,I)

SUBR@UTINE QUAD C (XK,XL,I)
SUBR@UTINE QUAD D (XK,XL,I)
SUBR@UTINE MAG R (XN,THETA,R,E1,E2,I)
SUBR@UTINE MAG Z (XN,THETA,R,E1,E2,])
SUBR@UTINE REVERS (I)

FUNCTI®N C QUAD MAX (XK,XL,I)
FUNCTI@N D QUAD MAX (XK,XL,I)
FUNCTION R MAG MAX (XN, THETA,R,E1,I)
FUNCTI@N Z MAG MAX (XN, THETA,R,E1,I)
FUNCTI@N F@CAL PL (I)

FUNCTI@N WAIST (X,XP,I)

SUBR@UTINE TW® QUAD (R,TOL,S,XL,ACD,ADC,B,H1,H2,PCD,PDC)
SUBRPUTINE QUAD 4 (NARR,NPRINT, I)

28
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Appendix B

LISTING OF BASIC FUNCTIONS AND SUBROUTINES

FUNCTION DETR(I)
ENTIRE PACKAGE UPDATED 9/18/4&7
SINGLE PRECISIAON FUNCTION
TYPE REAL MX
COMMEN/MX/MX(100,3,3)
DETR=
u MXQT 1, L)m(MXCL22,2)®MX(]+3,3)eMX(],2,3)8MX(],3,2))
1eMX(],1,2)=
1 (MXCT 2030 wMX (3432 oMX(]422s3)*MXLI 3,1 eMX(1,1,3)e(MX(],2,1)n
IMXCTaZ22)aMX(],2,2)9MX(],3,4))
FNE

SUBRGUTINE INVERSE(Il.,J)

SINGLE PRECISION INVERSE

TYPE REAL MX

COMMON/MX/MX(100,3,3)

A=z DETR(I)

1IFCANE,0)1,2 N )

1 MXCJag oY= IMX (T ,2,2)%MX(],3,3)=MX(1,2,3)0MX(1,3,2))/74A
MXCJa1a2¥sIMX (T, 1, 3)8MX (T, 3,2)eMX(Vs1,2)0MX(1,3,3))/4A
MY CJa1a3de(MX (T ,1,2)%MX(],2,3eMX(T1,4,3)eMX(1,2,2))/4A
MXCJa201)2(MX (] ,2,3)%MX (T, 3,1 )eMX(1,)2,4)%MX(1,3,3))/4A
MXCJ3202)sEMX LT, 1,00 %MXCT 3,3 eMX(1,1,3)eMX(1,3,1))/A
MXCJa2s3)(MX(T,1,3)MXCT,2,4)=MX(1,1,1)+MX(],2,3))/A
MXCDaZ3p1 ¥ IMXCT,2,1)oMX(],3,2)wMX(1,2,2)eMX(1,3,1))/A
MXCJa302)e(MX(T],1,2)"MX(],3,4)eMX (1,1, )eMX(1,3,2))/A
MXCJeJ3a3¥sMXIT,1,1)%MX(],2,2)eMX(1,2,1)%MX(),1.2))/A
RETURN

2 PRINT 3,1

3 FORMAT(5X,17HERRBR IN INVERSE(,13,8H),DETR=0)

STEP
ENC

SUBRBUTINE MX MULT(].Ja2K)
TYPE REAL MX
COMMON/MX/MX(10043,3)
CALL MX ZERO(K)
NeY M=1,3
ney L=1,3
netY N=4,3
4 MXCK L aMISMX (K, LoMICMXCL, L ,NIOMX(Jy,NoM)
ENE

29

10N
16N
1oN
10N
10N
18N
16N
19N
IoN
160N
16N

IoN
1oN
16N
10N
HCIY
16N
[oN
[oN
{oN
1oN
IeN
18N
TeN
1aN
10N
16N
16N
16N
10N
10N

10N
1eN
1aN
16N
10N
16N
lan
1oN
IoN

HOOVO N RAAEGN -

[T TS



30

SUBRBUTINE MX ZERG(])
TYPE REAL MX
COMMEON/MX/MX(100,3.3)
nei1 J=1,3

ne1 K=1|3

MX(1sJaK)=0

END

SUEREBUTINE PUT MX(1,J)
TYPE REAL MX
COMMON/MX/MX(100,3,3)
net L=1,3

ne1 M=1,3
MXCJaLaMYSMX (T, L M)
ENC

SUBRBUTINE ACCUMULTY(1rJ,K)

SINGLE PRECISION SUBROUTINE

TYPE REAL MX
CEMMON/MX/MX(100,3,3)
DIVMENSIBN B(3,3),C(3,38)
IF(J.GT, 11,2

PR3 L=g,3

n@3 M=1.3

CelL e MYEMX (L, L, M)

Lede!

NEA NNE1,|

neé 1J=1,3

N6 t1K=1,3

R(1J,1K)mp

Neé 1L.=21,3 ’
REIJoeIK)BBOTIJa IKY#CCIJ o TL) oMY (T ONN, TL, 1K)
NEE 1A=1,3

NEé 1B=1.,3
C(lA,1B)=B(]1A,18)

DES 1A=1,3

DRSS 1B=1,3
MX(K,1A,1B)sC(1A,IB)
RETURN

PRINT10,!,J,K
FORMAY(10X,18HERROR IN ACCUMULT(,2(13,1H,)»13,1H))
SYEP

ENT

SUBRGUTINE PT MX(])

TYPE REAL MX

COMMON/MX/MX (100,3,3)

PRINT 1,1, 0 (MXC],J,K)sK=1,3)J21,3)

FORMATISX , 3HMX , 13,5Xs3(E13,6,2X)/2(16Xs3(EL3,642X)/)/)
FNC

FUNCTJGN DB®DETR(I)

DELUBLE PRECISIGN FUNCTIOMN
ALSO CENTAINS FOCAL PL
TYPE REAL MX

TYPE DOUBLE B

DIMENSION B(3,3)

16N
1aN
ToN
16N
18N
[oN
19N

16N
19N
TN
{oN
IeN
1oN
1eN

16N
10N
10N
TN
1oN
10N
1eN
1aN
10N
10N
10N
1N
1oN
10N
l1oN
1ON
1oN
16N
10N
1N
1oN
IoN
1N
16N
1oN
1oN
10N

16N
16N
16N
10N
16N
1oN

16N
16N
1eN
LON
1eN
[6N

a1
42
43
44
45

47

82
83
84
85
86
87

88
89
90
91
92
93



100

COMMON/MX/MX(100,3,3)

ret J=i1,3

D@i K=1.3

ReJKYEMX (T, J,K)

DECETRS
1 B(1,1)¢(B(2,2)*B(3,3)=B(2,3)+B(3,2))
Z=B(1:2)#(B(2,1)%B(3,3)nB(2,3)=B(3,1))
Z+B(1:3)*(B(2,1)¢B(3,2)eB(2,2)+B(3,1))
RETURN

ENTRY FOCAL PL )

DOCETR =«MX(1,1,2)/MX(],2,2)

ENC

SUBRCUTINEDINVERSE(],J)

DOUBLE PRECISIEN SUBRRUTINE

TYPE REAL MX

YYFE DOGUBLE R

DIMENSION B(3,3) SCOMMON/MX/MX(100,3,3)
AsCTODETRI(])

IFCA.NE,0)1,2

NP4 K=t,3

Pp4 L=1,3

R(K,LyeMX(I,K,L)
MX(Jr111)2(B(2,2)%B(3,3)»B(2,3)%8(3,2))/4A
MY (J1142)2(B(1,3)%RB(3+12)=R(1,2)%B(3,3))/A
MX(J1103)c(B€1,2)2B(2,3)=B(1,3)%B(2,2))/A
MX(J1201)3(B(2,3)»B(3,4)=B(2,1)%B(3,3))/4A
MX(Js2:2)2(B (1,1)%B(3,3)nB(1,3)sB(3,1))/A
MY (J12:3)=(B(1,3)%B(2,1)=B(1,4)2B(2,3))1/A
MXCJr301)=(B(2,1)%B(3,2)=B(2,2)¢B(3,1))/A
MX(Ji302)s(Bl1,2)%B(3,1)=B(1,1)%B(3,2))/A
MX{J1313)e(B(1,1)%B(2,2)=B(2,4)"B(1,2))/A
RETURN

PRINT 3,1

FORMATY(5X,18KERROR [N DINVERSE(,13,8K),DETR=3D)
STEP

ENC

SURRBUTINE REVERS(!)
TYPE REAL MX
COMMAN/MX/MX(100,3,3)
CALL MX ZER®(])
MX(Taget1YaMXC],2,2)5=1,0
MX(1+323)=21,0

END

SUBROUTINE TWO QUAD(R,TOL,SI1.XL,ACDI,ADCI,BI,Ht],H21,PCD,PDC)

GhRFIX) S(EXPF(X)®e2 »1,0)/(2,0%EXPF (X))
CRF(X) B(FXPF(X)®e2 *1,0)/(2,0%EXPF (X))
IF(ABSF(R),EQ,1,0)100,101

SaS1/xL

ACPD=ACDI /XL

BR=R1/XL

ApC=ADCI /XL

va0,5 § CyT=100,0 § RUN=0O

Hizy § H2=V

ITERATE

EQLATY

15 TERs0

16N
18N
10N
IeN
16N
18N
1oN
Ten
16N
10N
1N
18N

TeN

1eN
1ON
19N
feN
16N
16N
18N
16N
18N
10N
16N
1oN
10N
1oN
{oN
16N
18N
16N
160N
1eN
18N
16N
1@N

{eN
10N
16N
16N
16N
16N
16N

16N
1eN
toN
IoN
16N
16N
16N
16N
1oN
10N
16N
10N
18N

31

94
95
96
97
98
99
100
104
102
103
104
4105

108

107
108
109
110
111
11¢
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129

130
134
132
133
134
135
136

137

138
139
140
141
142
143
144
145
146
147
148
149
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32

Cz(HLeADCHRaTANHF (ML) )/ (H{w (HKi#ADCo TANHF (H1)«R))*S
WALKY
17 TH2ERH2#=(B+C)/(C*BsH2%KH2e1,0) § H2EEZATANF(TH2E)
Xe(H2E=H2)/H2E $ Y=sABSF(X)
1FeY,6T,70L)19,21 ’
19 H2=0,5%(H24H2E) § TER3TER+1,0 § GO T 17
21 H23HZE
EQLAT2
YER=zO
Dx(H2*«BeTANHF (H2))/(H2% (H2eBeTANHF (H2)#1,0))eS
Hikzhk]
WALKZ
23 THIESHI*=(ACDeR#D)/(H1#H1eACD*D=R)
HYESATANF (THYE)
Xz (HiE=HY)/HI1E § YoABSF(X)
1F(Y.GT,T0L)25,27
25 Hy=(,5%(H1*H1E) § TERSTER+4,0 $ GO TO 23
27 HYsHLE
RUNERUNes , 0
Xe(HiMeH1)/H1 § Y=ABSF(X)
TF(Y,GT,TOL)29.,31
29 IF(RUN,LE,CUT)L5,77
MAGNIFICATION
31 PDC= (COSF(H2)cBsH2*SINF(H2))/(CHF (HYL)sR*ANCuH1wSHF (H1))
PCD= (CHF (M2)#R®H2®SHF (KH2))/(COSF(H1)wRACDSHL*SINF (HY))
HelaWt/XL
H2laW2/XL
Go T8 99
101 PRINT $02,R,TOL,SI.XLsACE],ADCI,B]
102 FORMAT(6X,sABSGLUTE VALUE OF R NOT EQ 1,0,%
176X ,*TWD QUAD(*F4,1,*,%5(E10,3,1H,)»F10,3,2H,))
STEP
77 PRINT 79,R,TOL,S1,XL+ACDI1,ADC],B!
79 FORMAY (22H DOGES NET CONVERGE FOR ,3X,
3 10K TWOQUAD (,7(X,E11,2), 1H),X)
STEP
99 END

FUNCTIGON R MAG MAX(XN,THETA,R,E1,1)
Z MAG MAX CORRECTED 9/18/67
CONTAINS Z MAG MAX
THETA,E1, IN DEGREES
TYPE REAL MX
COMMON/MX/MX(100,3,3)
DIMENSION T(2),X(3)
DATAtC18,1745329252E=01),(02=2,1570796327E01),(C3=,3144592654E014)
TP(MX¢1,2,1 ), LY,0,3)142
1 WIaMX(I,1,1)sTANF(CL1*EL)+ReMX(]1,2,1)
W43SORTF (1, eXN)eMX(]21s1)=ReMX(],3,1)/SQRTF(1,=XN)
IF(W4,EQ.03,4
I IF(W3,EQ,0)5,6
5 T¢1)=0
Ge TO 7
6 T(1)=c2
Ge T0 7
4 T(L)=mATANF(WI/WG)
7 1F(7(1))8,9,9
8 T(1)8T(1)C3
9 T(2)=SORTF(1,=XN)*C1*THETA
1FET(1),GY,T(2))10,11
10 J=2 $X(1)=0 %GB TO 20
11 Js1
20 X(3)mMX(1,1,1)

1oN
1oN
10N
1N
1oN
10N
10N
1oNn
10N
loN
16N
1oN
16N
10N
1LY
1eN
10N
1eN
1oN
16N
1N
1ON
10N
[oN
IeN
10N
10N
1oN
1N
10N
10N
IoN
10N
10N
10N
10N
1LY

16N
16N
ML
16N
1N
16N
16N
18N
16N
1N
10N
10N
HGLY
10N
1eN
18N
1N
16N
10N
IoN
Ten
16N
1eN
10N
1aN

150
151
182
153
154
155
1%6
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
17?7
178
179
180
181
182
183
184
185
186

187
188

190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
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ne 12 KaJ,?2
C=COSFITIK))
SeSINFITIK))
X(K)E(C+SeTANF(CL#EL)/SQRTF (1, »XN)Y®MX (] 1s1)

C*(R/SQRTF (1, aXN)IuSeMX(],2,1)e(R/(1,aXN))I® (L, eC)eMX(],3,1)

13

21
23

25
26

24

40

41
42

43

27
28
29
30
31

32

IF(ABSF(X(1)),6T,ARSF(X(2))) 13,14
XMAXEX (1)

GO TO 15

XMAXaX(2)

IFCABSF(X(3)),GT,ABSF(X MAX))16,17
XMAXEX(3)

RMAGMAXaXMAX

RETURN

PRINT 18,1

FORMAT(5X,19HR MAG MAX ERRAR,MX(,13,22H,2,1) GREATER THAN 0,3,//
c)

STEP

ENTRY Z MAG MAX

1F(MX(1,2,1),LT7,0,3)21,22
1F(XN,EQ,0)23,24

YMAXZ(1 ,wTHETA®C1*TANF (E1%C1))®MX (Y 1,1 ) 4RO THETASCLEMX (1,21}
TFC(ABSF(YMAX),GT,ABSF(MX(1,1,1)))25,26
R MAG MAXsY MAX

RETYURN

R MAG MAX=zMX(1,1,1)

RETURN

T(2)RCLIeTHETA®SQRTF (XN} )
WIZReMX(],2,1)=MX(1,1,31)*TANF(C1*E1L)
WasSORTFIXN)I®MX(],4,1)

1F(W3,EQ,0 ,AND,Wd4,EQ,0)40,41

Y(1)=0

GO T8 29

IF(W4 ,EQ,0)42,43

T(i)sc2

GO TO 28

T(L)SATAN(WI/W4)

1F(T(1))27,28,28

Y(1)aT(1)«C3

IF(T(1),G7,T(2))29,30

Je2 $x(1)=0 $GO TO 34

Jel

X(3)mMX(1,1,1)

ne 32 k=J,2

SaSINF(T(K))
X(K)e(COSF(T(K))eSaTANF(CLwEL)/SORTFIXN))aMX(],1,1)
C +RaSaMX(1,2,1)/SQRTF(XN)
IFCABSF(X(1)),GT,ABSF(X(2)))33,34
YMAXEX (1) $GO TO 35

YMAXaEX(2)
IF(ABSF(X(3)),GT,ABSF(YMAX))36,37
YMAXEX(3)

R MAG MAXzYMAX

RETURN

PRINT 38,1

FORMAT(5X,19RZ MAG MAX ERROR,MX{,13,22H,2,1) GREATER YHAN 0,3,//
c)

STEP

ENC

16N
1N
1eN
1@N
16N
1eN
18N
1N
16N
10N
1ON
16N
16N
16N
16N
{oN
10N
1oN
IoN
16N
1oN
10N
1aN
1aN
10N
1oN
16N
16N
16N
16N
1N
16N
16N
16N
16N
1oN
16N
[oN
10N
10N
16N
1N
10N
[oON
1oN
ToN
16N
1oN
16N
T1oN
1oN
10N
16N
[eN
10N
10N
1oN
10N
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212
213
214
215
216
217
218
219
220
2214
222
223
224
225
226
227
278
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
2%2
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
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11

SURRBUTINE DACCUMUL (T, J.K)
TYPE REAL MX
COMMAN/MX/MX(100,3,:3)
DIMENSION A(3,3),Bt3:3),C(3,3)
TYPE DOUBLE a,B,C
TF(J.GT,1)1,2

D3 L=1,3

ne3 M=1,3

ClLeM)SMX(T,L,M)

Lade!

P8 ANsS1,L

ety 11=4,3

Np11 JJd=1,3

ACTL o JJ)sMX(TNN,1T,JJ)

Daé 1J=21,3

DAéE 1K=1,3

F(lJd,1K)=p

DEé 1L=4,3
R(IJSIK)IESRUTIJ,IKI+C(IJaIL)®ACIL,IK)
neé 1Az4,3

NP8 1B=1.,3

C(lA,IB)=R(1A,1B)

NP9 1A31.3

Pe9 1B=1,3
MX(Ks1A,1BYsC(1A,]1B)

RETURN

PRINT 10+1,JsK
FORMAT(10X,18HERROR IN DACCUMUL (,2€13,1M:),13,1H)Y)
STEP

ENC

SUBROUTINE QUAD C(XKsXL,1)
CONTAINS QUAD € ANL QUAD D

TYPE REAL MX
COVNMEN/MX/MX(100,3,3)
SINHIX)Y=(EXPF(X)-EXPF({=X))sD,5
CASHIX)Y=(EXPF(X)+*EXPF(=X))*D,5
MX(1a421)MX(],2,2)=COSFOXKRX])
MXCT,402)3(SINF(XKeXL))/XK
MXCT»201)amXKaSINF{XK*XL)
Mx(1,3,3)=1,

Dp2 J=1,2

MXETa30d)sMX(L,J,3)20

RETURN

ENTRY QUAD D
MX(Tad01)8MX(]1,2,2)=COSHIXK=XL)
MX(14402)cSINHEXKEXL) /XK

MX (12221 )3XKeSINH{XK*XL)

Go TO 1

FND

SUBRBUTINE F SPACE (Xa 1)
TYPE REAL MX
COMMON/MX/MX(100,3,3)
CALL MX ZERO(])

net1 Jst,3

MX(Isdadd=1,0
MX(X.i'?’BX

END

1N
1eN
18N
16N
1aN
IoN
10N
16N
1oN
loN
1aN
16N
1oN
l1eN
16N
1oN
10N
1oN
16N
1eN
16N
1eN
18N
10N
lonN
10N
19N
16N
1oN
10N

16N
10N
10N
16N
10N
16N
1onN
18N
10N
1oN
10N
16N
10N
18N
10N
10N
10N
10N
1oN

Ten
loN
1an
16N
16N
19N
1eN
1oN

270

271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299

300
3n1
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318

319
320
321
322
323
324
325
326



SUBROUTINE VECTOR(X,THETA,DELP,])
TYPE REAL MX
COMMON/MX/MX(400,3,:3)

CALL MX ZER@(])

MX(1a101)eX

MX(12201)1=THETA

MX{14341)=DELP

END

SUBRBUTINE MAG R(XN,THETA,R,E1,E2,1)

CONTAINS MAG 2

THETA,E1,E2,IN DEGREES

TYPE REAL MX

COMMAON/MX/MX(100,3,:3)

DATA(C1%,4745329252E=01)

SQESARTF (1, 2XN)

S=SINF(SACYL*THETA)

CzCOSF(SQ#C1*THETA)

TE1=TANF(E12C1)

TE2=TANF(E2CY)

MX(1,1.1)2CeSaTEL/8Q

MX(1,1:2)=ReS/SQ

MX{14103)2Re(1,=C)/(1,mXN)

MX(19211)n(S*(SQeTEL®TE2/SQ)nCo(TEL¢TE2))/R

MX(1,242)3C+SnTE2/8Q
MX(12243)3S/SQ+TE2%(1,»C)/ (1, XN}

MXC1a301)aMX(],3,2)30

Mx(xls'3)=1.

RETURN

ENTRY MAG Z

SQ3SQRTF (XN)

SsSINF(SQ«CLeTHETA)

CaCRSF(SQsCYLeTHETA)

TEL1=TANF(C1eFY)

TEZ2=TANF((C1+E2)

MX(12103)eMX(1,2,3)30

IF(XN,NE,0)1,2

MX(1,441)2CeSeTEL/SQ

MX(1,142)=R¥S/SQ

MX(122:1)am(S*(SQ=TEL*YE2/SQ)+Ce(TEL+TE2))/R

MX€122:2)zCeSeTE2/530Q

G Y0 3

MX(1210413=1,«THETASC1oTEY

MX(121s2)2ReTHETARCY

MXC]02:1)2=(TE1+TE2=THETACL*TEL#TE2) /R

MX(1,242)31,=CioTHETARTE2

GRTHI

END

FUNCYTION COUADMAX(XKaXL,1)
CONTAINS D QUAD MAX

TYPE REAL MX
COMMEN/MX/MX(100:3,3)
SINH{X)S(EXPF(X)=EXP(=X) )50 ,5
COSHIXIZ(EXPF(X)+EXP(eX))en,5
IFeMX(1,2,1),L7,0,3)1,2
SeSINFIXKeXL)

CzCOSF (XK»X[)

XMAXBMX (1 ,4,4)sCoeMX(],2,1)e8/XK
TFCABSF (MX(1,1,1)).GT,ABSF(XMAX))3,4

IeN
18N
1en
1oN
160N
fon
JGLY
1N

16N
1eN
16N
10N
10N
1N
1aN
16N
1aN
16N
10N
16N
18N
18N
1oN
16N
feN
1eN
1eN
1eN
TeN
10N
1eN
18N
18N
1aN
1eN
16N
1N
lan
1eN
16N
16N
1eN
1eN
18N
1N
16N
TeN

16N
16N
18N
16N
1eN
1oN
1N
16N
10N
18N
10N
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327
328
329
330
331
332
333
334

335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
364
362
363
364
365
366
367
368
349
370
374
372
373

374
375
376
377
378
379
380
381
382
383
384



36

S RNy

12
14
13

1

€ CHEC

C INT

XMAXEMX(1,1,1) 1oN
TF(MX(1,4,1) NE,0)5,10 1N
XLMX2ATANF(MX(1,2,1)/7(XKeMX(],2,4)))/XK 1eN
TF(XLMX,GT40,AND XLMXsLT XL)7,40 16N
AzMX (10154 COSFEXKRXLMX)eMX(],2,1)¢SINFIXKeXLMX) /XK [oN
IF(ABSF (A) ,GT ,ABSF(XMAX))9,10 ‘ 16N
XMAXEA 1aN
CQLAD MAXsXMAX 1N
RETURN 1eN
PRINY 11,1 10N
FORMAT(5X,20HC QUAD MAX ERROR,MX(,13,22M,2:1) GREATER THAN 0,3.//)10N
STEP 1oN
ENTRY D QUAD MAX 1N
TFOMX(1,2,14),LT7,0,3) 12,13 10N
XMAXEMX (] ,4:1)*COSKHIXK®X Y#MX(],2,1)*SINH(XK®XL) /XK 10N
TF(ARSF(MX(]1,1,1)),GT,ABSF(XMAX))14,10 1eN
CQUAD MAXEMX(1,1,1) 18N
RETURN 1N
PRINT 15,1 1eN
FAORMAT(5X,20MD QUAD MAX ERROR,MX(,13,22H,2,1) GREATER THAN 0,3,//)16N
STEP 18N
END 18N
FUNCTION WAIST(X,XP,1) 18N
TYPE REAL MX 1eN
COMMBN/MX/MX (100+343) 18N
XSCeXeX 10N
XPSQEXP#XP 1oN
WAISTSm (MX(],121)8MX(]12,1)#XSO&MX(]+1,2)8MX(],2,2)¢XPSQ)/ 1N
LMY (L2201 )OMX LT 42,1 )"XSQ#MX(T,2,2)8MX(1,2,2)%XPSQ) 16N
ENE 16N
SUBRAUTINE QUAD 4(NARR,NPRINT,I) 16N
DATACINC( ) o J21,2)84HCDDC,4HCDED ), (ND=BHessnsnes), 1N
(CJK(J)aJmL,2)82H0H2H V) 1oN
TYPE REAL MX , 1eN
COMMON/MX/MX(100,3,3)/04/TABLE(50,12),PARAM(8) ., NTABLE,XKK(4) 160N
DIMENSION XK(4), NC(2)sJK(2) 16N
{F(NARR,EQ.0,AR,NARREQ,4 ,AND ,NPRINT.ED,0,B8R ,NPRINT,EQ,1)1,100 10N
S sPARAM(1) 1eN
X_BPARAM(2) 1eN
XLIHEPARAMI(Z) 1oN
XLi1VEPARAM(4) 1oN
XL2sPARAM(5) leN
XL2AEPARAMI(6) [oN
Xt 2B3PARAM(7) 1eN
XL 3=PARAM(8) 16N
Rz1,0 10N
ToL=1,0Ex6 1eN
WysW2=z0 TeN
CALL TWO QUAD(R,TOL,»SaXLoXL1IH ) XLIV,XL2A)XKK (1), XKK(2),W1,W2) 1oN
CALL TWO QUAD(R,TOL,)SoXL,XL2R,XL2B,XLI s XKK(3),XKK(4),W1,W2) 1eN
CALL FSPACE(XL1iH,1+12) IoN
CALL FSPACE(S,1¢10) 16N
CALL FSPACE(S,1¢5) 10N
CALL FSPACF(X{3;1¢3) 16N
K FAR INY F@CUS 16N
IF(XL2A«XL2B,GT,0,9«XL2 ,AND XL2A+XL2B,LT.1.1XL2)3.:4 160N
FECUS 10N

385
386
387
388
389
390
3614
392
393
394
395
396
397
398
399
400
4014
402
403
404
405
406

407

408
409
410
411
412
413
414

415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
444



e

9]

CALL FSPACE(XL2A,1#8)
CALL FSPACE(XL2B,1+7)
Ge TR B

INT FpCUS

CALL MXZER®(1+7)

ne 6 J=1,3
MX(I+74J0J)=1,0

CALL F SPACE(XL2,1¢8)

START H=PLANE

S

14

KsNTABLE»Y

e 7 Jsi1,K,2

ne 14 Ju=1,4
XKOJJIEBXKK (DI *(4,0-0,5%TARLE(J)»3))
CALL QUAD C(XK(41),XLs1e11)

CALL QUAD D(XK(2),XL+1#9)

3Bl e6e2*NARR

J4s1+4¢2eNARR

CALL QUAD D(XK(NARR#3),XL,J3)
J3=24~NARR

CALL QUAD C(XK(J3),XL1J4)

CALL VECTOR(TABLE(JsL) s TABLE(U22), TARLFE(J,3),1#13)
CALL MX MULT(]+12,1+13,])
TABLE(J,9)2CQUADMAX(XK(1),XL, 1)
CALL MX MULT(le10,1+11,]1+2)

CALL MX MULT(]1+2,1,113)

TABLE(J 10)=DQUANMAX(XK(2) XL ,1+13)

CHECK FOR INT FBCUS

TF(XL2A+X_ 2R,GT,0,9*XL2,AND, XL2A+XL2B,LT,1.1+¢XL2)8,9

INT FECUS

B

NO
9

10

CALL MXMULT(1+8,149,1)

CALL MXMULT(1,1413,[+2)
TABLE(J,)4)2MX(142,4,1)
TABLE(J,5)=2MX(1#2,2,1)
CALL MXMULT(I+7,1+2,1)

Ge TP 10

INT FoCuUS

CALL ACCUMULT(147,1+9,1+2)
CALL MXMULT(1+2,1+13,1)
IF(NARR,EQ.0)11,12

H=PLANE 1S €DDC

11

TABLE(J,11)=D QUADMAX(XK(3),XLs1I)
CALL MXMULT(1+5,1+6,1¢13)

CALL MXMULT(le13,1,1+2)
TABLE(J,12)=C QUADMAX(XK(4),XL,[+2)
Go TO 13

H=PLANE 18 €CDCD

1?

13

TABLE(J,11)2C QUADMAXIXKE3)Y XL 1)
CALL MX MULT(1+5,146,]¢13)
CALL MX MULT(1+13,1,1+2)
TABLE(WJ,12)=D QUADMAX(XK(4),XL,]#2)
CALL ACCUMULT(1#3,1¢42,1])
CALL VECTOR(TABLE(J, 1) TABLE(J)2),TABLE(J,3),1+13)
CALL MX MULT(],1¢13,1+2)
TABLE(J,6)=MX(1¢2,1,1)
7ABLE‘J;7)'NX(I*2|2|1)
TABLE(J,B)STABLE(J,6)/MX(]1+13,1,1)
CALL QUAD C(XKK(1),XLs1+11)

CALL QUAD D(XKK(2),XLi1e9)
JIB]+4m2eNARR

Ja4z]+442=NARR

CALL OUAD D(XKK(NARR#*3),XL,J3)}

16N
10N
16N
10N
loNn
16N
10N
Ton
1N
1oN
16N
16N
160N
16N
1eN
1N
10N
16N
16N
1eN
10N
10N
1N
1oN
18N
10N
16N
16N
1oN
19N
16N
10N
1N
IoN
10N
18N
{oN
leN
1oN
10N
1N
1gN
18N
10N
1oN
16N
18N
IaN
1N
IoN
teN
16N
16N
16N
IoN
1N
18N
19N
18N
1oN
18N
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443
444
445
446
447
448
449
450
451
452
453
454
455
456
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458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502



38

J334«NARR

CALL QUAD C(IXKK(J3),XLiJ4)
CALL ACCUMULT(1+4,1¢12,]1413)
HFP=FQOCAL PL(1#+13)

CALL MXMULT(le 3,1413,1)

C FINISK WHePLANE
C START V=PLANE

16

0P 1% J=2,NTABLE,2

CALL VECTOR(TABLE(JsL)sTABLE(J)2),TABLE(J,3),1+13)
be 16 J3mg,4
XK(J3)EXKK(J3)®(1,0°0,5¢TARLE(J3))
CALL QUAD D(XK(L),XLsl®11)

CALL QUAD C(XK(2),XL)1*9)
J3z]+6e2¢NARR

JEE[+4¢2*NARR

CALL QUADCIXK(NARR+3) XL ,J3)
J3®4eNARR

CALL QUAD D(XK(J3).XLsJ4)

CALL FSPACE(XL1V,1#12)

CALL MXMULT(1+¢12,1413,1e%)
TABLE(J,9)=DQUADMAX (XK (1) ,XL,1¢1)
CALL MXMULT(1¢10,1411,142)

CALL MXMULT(142,1¢1,1+413)
TABLE(J,10)SCQUADMAXIXK(2),XL,1+43)

C CHECK FOR INT FOCUS

1F(XL2A+X . 2B,GT,0,9sXL2,AND, XL2A®XL2B,LT,1,13XL2)17,18

€ INT FECUS

17

C N©
18

19

CALL MXMULT(1+8,149,1¢4)
CALL MXMULT(1e1,1+43,]¢2)
TABLE(J,4)mMX(1e2,1,1)
TABLE(J,5)eMX(142,2,1)
CALL MXMULT(1+7,182,1¢1)
GO YO 49

INT FORCUS

CALL ACCUMULT(147,149,142)
CALL MXMULT(le2,1413,11)
IF(NARR,EQ,0)20,2%

C HsPLANE 1S €DDC

20

21

22

15

TABLE(J, 14 )=2CQUADMAXIXK(Z) ,XL,1+1)
CALL MXMULT(1+5,146,1+43)
CALL MXMULT(1+13,1¢4,1¢2)
TABLE(J,12)aDQUADMAX(XK(4) ,XL,1+2)
Ge TO 22

INT FOCUS
TABLE(Js11)2DQUADMAXIXK(3) XL, 141)
CALL MXMULT(145,146,1413)
CALL MXMULT(I1413,11,1+2)
TABLE(Js12)3CQUADMAX (XK (4),XL,1¢2)
CALL ACCUMULT(1e3,1¢12,]¢1)

CALL VECTOR(TABLE(Js4)sTABLE(Js2),TABLE(J,3),]1#13)
CALL MXMULT(le1,1¢13,]9¢ 2)
TABLE(J,6)sMX(1e2,1,1)
TABLE(J,7)sMX(1e2,2,1)
YABLE(J,8)=TABLE(J,6)/MX(1#13,1,1)
CALL QUAD D(XKK(1),XL,T®11)

CALL QUAD C(XKK(2),XLs1#8)
J3Is[e6m2¢NARR

J4m]»4#2eNARR

CALL GUAD CUXKK(NARR®J),XL,»J3)
J3=4wNARR

1eN
ieN
16N
1eN
18N
16N
16N
[eN
1oN
IeN
TON
16N
1eN
feN
16N
18N
{eN
IoN
1eN
[oN
16N
1eN
1ON
1aN
18N
16N
{oN
16N
1eN
1eN
16N
19N
1oN
I8N
1eN
feN
1eN
1eN
16N
1eN
10N
ToN
{oN
10N
IoN
10N
1eN
16N
16N
10N
1oN
1eN
1@N
10N
1oN
1oN
ToN
10N
ToNn
18N

503
504
505
506
507
508
509
510
511
512
513
514
515
516
547
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559-
560
561
562



CALL QUAD D(XKK(J3),XLsJ4)
CALL ACCUMULT(144,1412,1443)
VFP3FRCAL PL(1+13)
CALL MXMULT(le¢ 3,1413,1¢1)
FINSIN VePLANE
IF(NPRINT,EQ,0)23,24
23 RETURN
24 PRINT 25,NC(NARRe+1)
25 FORMAT(1H1,BHH PLANE=,A4)
PRINT 26, (PARAM(K),K=23,8)
26 FORMAT(AX,4HL1H3 ,E13,6:2X,4MHL1V=,E13,6,2X,3HL23,E13,6,2X,4MHL2Ax,
1 E13,642X,4HL28B3,E13,6,2%,3HL39,E13,6)
PRINT 27,HFP,VFP )
27 FORMAT(1X,10WHFBCAL PL®,E13,6,3X,10HVFOCAL PLE,E13,6)
PRINT 28,XL .S, (XKK(J)1J=1,4)
28 FORMAT(4X,6HLQUAD® F7,3,2X,6MSQUADE F7,.3,2X,3HK1e,F9,7,2X:3HK2=,
1 FO.7,2X,3HK3I=,F9,7,2Xs3FKA3,F9,7)
PRINT 29
29 FORMAT(1HO, 3X,4HX IN,4X,5HXP IN,7X,6KHDELP/P,7X,3HX L,7X,4HXP 1,6X,
1 SKEX QUT, 60X, 6HXP QUT»4X,7THMAG BUT,IX,5HMAX 1,2X,5HMAX 2,2X,
2 SHMAX 3,2X,5HMAX 4)
KsNTABLE=1
CHECK F@R INY FOCUS .
IF(XL2A+XL28,GT,0,9*XL2 AND,XL2A~XLR2B,LT,1,1%XL 230,31
30 NB 33 J=i,K,2
PRINT 32,JK(1))(TABLE(J,¥) ,M=1,12)
33 PRINT 32, K(2), (TABLE(J*1,M) ,M21,12)
RETURN
32 FORMAT(A2,FB8,5,1X,2(E11,4,1X),2(F8,5,1X,)F11,4,1X),E10,3,1X,s
1 4(F6.3,1X))
. 31 D 34 J=1,K,2
PRINT 35,JK(1) ) (TABLE(J)¥),Ma34,3),NDsND, (TABLE(J,M) M26,12)
34 PRINT 35, K(2),(TABLE(J+1,M),Mu1,3),ND,ND, (TABLE(J*1,M),M26,12)
RETURN
35 FORMAY(A2,FB8,5,1%,2(E11,4,1X),A8,2X,A8,2%X,F8,5,1%X,E11,4,1X,E10,3,
1 1X.4CF6,3,1X))
100 PRINT 101%
101 FORMAT(1X,*QUAD 4 INPUT ERRORs)
STep
END

10N
16N
loN
IoN
1N
16N
1oN
19N
1oN
{eN
1oN
1aN
1aN
16N
{eN
{eN
16N
ToN
1ON
f1ON
10N
160N
10N
IoN
18N
1@N
18N
1aN
[eN
[oN
1oN
10N
16N
1oN
1N
1aN
1@N
ToN
16N
1oN
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569
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575
576
577
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579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
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H NI

11

PROGRAM RUN QUAD 4

TYPE REAL MX
COMMAN/MX/MX(100,3,3)/04/TABLE(50,12),PARAM(8) ,NTABLE XKK(4)
DIMENSION XPARAM(10,8),NARR(10!

NPARAM®R(

READ 1«NTABLE,NPARAM

FORMAT(2(12,8X))

DB 2 I®1,NPARAM

READ 3 (XPARAM(I,J),J31,8)

FORMAT(BEL0,.4)

READ 4.NARR(I)

FORMAT(11)

KaNTABLE=1

DO 5 1®1,K,2

READ 64 (TABLE(!,J),J=1:3)

FGRMAT (3E1p,4)

Do 11 =2, NTABLE, 2

READ 645 (TABLE(!,J):Jx1,3)

DO 7 1%1,NPARAM

DO 8 J®1,8

PARAM(J)EXPARAM(T, )

CALL QUAD4(NARR(I),1+1)

CALL DINVERSE(4,15)

CaLL MX MULT(15,1,16)
H'NAIST(TABLE(NTABLE=1:1).TABLE(NTABLE-1.2).16)

CALL MX MULT(45,2,16)
VH'HA!ST(TABLE(NTABLE:1)-TABLE(NTAQLE:Z).16)
PRINT 9,TABLE(NTABLE®L4s1),TABLE(NTABLE«1,2),HN

F@RMATtng,cHHAISTC'Ell 4% ,%E11,45)2*EQ1,4)
PRINT 10cTABLE(NTABLEoi);TABLE!NTABLE,Z).VN
FORMAT (41X, *VWAIST(wE11,4%,8Eq1.4»)u*E1q,4)
END

S
w
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Appendix D

MINIMUM DISPERSION ARRANGEMENT OF
QUADRUPOLES AND BENDING MAGNET

Draper* has shown that an arrangement of quadrupoles and a uniform-field bending
magnet (n = 0) can be used as a dispersionless beam transport system. To achieve this
objective Draper adjusts the quadrupoles preceding the magnet to form an image of a
point source at the center of the magnet; this image is then the object for the quadrupoles
following the magnet. It will be shown that Draper's analysis can be generalized for
n = 0, In this case the quadrupoles preceding the magnet form an image of a point
source at the first principal plane of the magnet, and the particles leaving the magnet
appear to come from a point source at the second plane of the magnet.

The matrix transformation for the radial plane of the magnet with ¢; = €, =0 is

R R

1-n)t2 sin 6

1 —_— - N e 1

X = R sin 6 cos 6 T X0 s
Ap/p 0 0 1 Ap/p

(D1)

where 6 = (1 - n)!/2 9. Consider the trajectory of two particles at the exit of the mag-
net, as indicated schematically in Fig. D1. The ray described at the exit by

X
Xl
0

had initial coordinates at the entrance to the magnet described by

X
Xy .
0

The trajectory described at the exit by

*J E. Draper, ""A Dispersionless Combination of Quadrupole and Wedge Magnets for De-
flecting a Beam,'" CNL-UCD-37, Crocker Nuclear Laboratory, University of California,
Davis, Nov. 22, 1965.
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MAGNET
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Fig. D1 - Illustration of the quantities
used in the discussion of the minimum-
dispersion arrangement of a bending
magnet and quadrupoles. The particle
trajectories with Ap/p = 0 and Ap/p = 0
appear to come from a common point
at a distance D upstream from the exit
of the magnet.

X
Xl
Ap/p

had initial coordinates at the entrance to the magnet described by

X
Xy .
Ap/p
From Eq. (D1),
> Ap R 1
X=X+ = 1-cos(l-n)l"2y D2
and
: o172
X' 2 R4 Ap  sin (1-n) 8 (D3)

p (1 -n)t/2

Extending the two trajectories upstream until they meet at a distance D upstream from
the exit of the magnet, as shown in Fig, D1, the relation
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X -DX' = X -DX' (D4)
is obtained. Thus,

- % - 1/2 9
D= X )_( = R tan a-n) (D5)
X' - X! (l_n)1/2 2

This result shows that D is identically equal to the distance from the exit of the
magnet to the second principal plane of the magnet (4). Thus, any two exit trajectories
having the same initial conditions, except that Ap/p = 0 in one case, and Ap/p = 0 in the
other case, when extended upstream from the exit, cross at the second principal plane.

The displacement A from the optic axis will now be evaluated. From Fig. D1,
A =X -DX'. (D6)
Substituting for X and X' using Eq. (D1) with Ap/p = 0 yields
A = X, + DX}, (D7)
Now, A =0 for X = -DX{. This relation will be satisfied for all trajectories at the
entrance to the magnet if a point source upstream from the magnet is focused to form a
point image at a distance D downstream from the entrance of the magnet, or at the first

principal plane of the magnet (3).

Consider all the trajectories that satisfy the condition given in the previous para-
graph. The matrix equation for these trajectories in the magnet is

X -DX}
X' = (| X, |, (D8)
Ap/p Ap/p

where the matrix M is the matrix given in Eq. (D1). Carrying out the indicated matrix
multiplication, the result can be written

i - 1/2
X =D [xy 440 Sin{-ni2?9 (D9)
p (1 -n)tr2

and
; _n)1/2
X' = X 4 Ap sin(1-n)""98 (D10)
p (1 - n) 1/2

Thus, X = DX"' for all Ap/p. Hence, all trajectories appear to originate at a distance D
upstream from the exit of the magnet, on the optic axis of the system, with X' depending
on Ap/p. The various values of Ap/p increase the angular divergence for trajectories
leaving the magnet, as indicated in Eq. (D10), but they do not introduce dispersion, as the
apparent point source inside the magnet can be imaged to a point focus by quadrupoles
following the magnet.

In practice, the source is not a point source but is usually quite small. Hence, the
conditions for a dispersionless system cannot be exactly achieved. Calculations for ex-
amples of interest at the NRL Cyclotron show that dispersion at the image is negligible if
the focusing conditions described above are met (see the sample run in Appendix E).
Hence, this system is called a "minimum-dispersion system" in our programs,
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Appendix E

LISTING OF PRGGRAM QUAD MAG 2 AND SAMPLE RUN

PREGRAM QUAD MAG 2

MINIMUM DISPERSION ONLY APPLICABIE TO N=1/2 AND EPS 1=zEPS 2=0

TYPE REAL Mx

COVMUN/MX/MX(100,3,3)/Q4/TABLE(5N,12),PARAM(8),NTABLE,XKK(4)

DATAC(NRR(IY,1=1,2)=4HCDCC,4HCNCN), ((ND(J),J=1,2)=2H H,2H V)
1,(CNRAL=.01745329252)

DIVENSION PAR IN(20,8),PAR OUT(2n,8),PAR MAG(20,7),TAB IN(50,12),
1TAB GUT(50,12),NARR(5U,2),XMAG MAX(50),XMAG(50),NRR(2),XXK(B),
2ND(2),NEDP(20)

D IN CATA 7O PARAM TABLES

NDISP=0

NPARAM=Q

READ 1,NTABLE,NPARAM

FORMAT(2(12,8BX))

Ng 2 1=1,NPARAM

READ 3, (PAR IN(I,J),J=1,8)

FORMAT(8E10.4)

READ 4, (PAR GUT(l.J)'J=4,8)-(NARR(I'K).K=1.2).NQDP(I)

FORMAT(5E10.4,11,9%,11,9X,11)

PAR GUT(I,3)=PAR @GLT(1,4)

PAR QUT(I,1)=PAR IN(I,4)

PAR GUT(1,2)=PAR IN(I,2)

READ .5, (PAR MAG(]I,J),J=1,7)

FORMAT(7E4n.4)

D IN H-PLANE INPUT

K=NTABLE-1

DO 6 1=1,K,2

READ 7, (TAB IN(I1,J)»J=1,3)

FORMAT(3E10.4)

D IN V-FLANE INPUT

DO 8 1=2,NTABLE,?2

READ 7,(TAB IN(I'J,IJzils)

D@ 101 J=1.NTABLE

TAB GCUT(J,3)=TAB IN(J»3)

D® 100 1=1,NPARAM

NDISP=NEDP (1)

RT CALCULATI®WN G1-04

DO 9 L=1,NTABLE

De 9 J=1.,3

TABLEC(L,J)Y=TAB IN(L,J)

De 10 v=1,8

PARAM (JY=PAR INC(I,J)

IF(NDISP.ER.0)200,201

IF(PAR MAG(1,1).EQ.0.5) 202,203

PRINI 204

FARMAT (% MINIMUM DISPERSION N@T VALID--N NOT EQ 1/2%)
.G@ TO 100

XX=SQRIF(2.0)

DD SPAR MAG(T,3)*XX*TANF(PAR MAG(I1,2)*XX*«CNRAD/4.0)

PARAM(8)=pD+PAR IN(I,8) + PAR MAG (1,6)

IF(PAR MAG(1,4).EQ.0.AND.PAR MAG(I,5).FQ.0)200,221

PRINT 222

FORMAT (x MINIMUM DISPERSIAON NOT VALID--EPS 1 QR EPS 2 NOT ZERQ*)
Ge T6 100

CALL QUAD 4(NARR(I,1):0,1)

DO 23 v=1,4
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OM2

aM2
aM2
M2
GM2
amM2
M2
GM2
M2
GM2
GM2
OM2
GM2
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GM?2
aM2
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GM2
amM?2
QM2
GM2
OM?2
amM2
GM2
GM2
oM2
am2
OM2
GM2
QM2
omM2
GM2
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GM2
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OM2
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QM2
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M2
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23 XXK(J)=XKK (J)

D® 11 L=1,NTARLE
P 11 u=4,12

11 TAE

INCL,J)=TABLE(L,J)

IF(NDISP.EQ.0)206,207

207 CALL

c MX 100

CALL
CALL
CatL
CALL
CALL

DINVERSE(4,100)

INV FSPACE(DD+L3+LENT)
MX MULT(100.1,91)
MX MULT(100.2,92)
FSPACE(PAR IN(I,8),4)
MXMULT( 4 ,91,1)
MXMULT( 4 ,92,2)

D@ 205 L=4,NTABLE

CALL
CALL
CALL
CALL
CALL

VECTOR(TABLE(L,1),TABI E(L,2), TABLE(L,3),14)
VECTOR(TABLE(L,6),TABI E(L,7),TABLE(L,3),3)
MX MULT(100,3,80)

F SPACE(PAR IN([,8),892)

MX MULT(82,80,83)

TAB INCL,6)=MX(83,1,1)

TAB
205 TAB

IN(Lv7)=MX(8312v1)
INCL,8)=TAB IN(L,6)/TAR IN(L.,1)

C START CALCULATIGN IN MAGNET

206 CALL
CALL
CALL
CALL
CaLL

1 PAR
CALL
A PAR
CALL
CALL

FSPACE(PARMAG(1,6),39)
PUT MX(39,49)
FSPACE(PAR MAG(1,7),37)
PUT MX(37,47)

MAG R(PAR MAG(I,1),PAR MAG(T.?).P»R MAG(1,3),PAR MAG(I,4),

MAG(1,5),38)

MAG Z(PAR MAG(I,1),PAR MAG(1,2),PAR MAG(I,3),PAR MAG(I.,4),

MAG(1,5),48)
ACCUMUI T(37,39,100)
ACCUMUI.T(47,49,99)

C MX1ng CENTAINS H MATRIX
C MX 99 CENTAINS V MATRIX

C START H

PLANE

K=NTABLE-1
ne 12 J=1,K,2

CALt
CALL:
XMAG
1 PAR
CALI

VECTAR(TAB IN(J,6),TAB IN(J,7),TAB IN(J,3),40)
MXMULT(39,40,98)

MAX(J)=RMAG MAX(PAR MAG(I.1),PAR MAG(I,2),PAR MAG(1,3),

MAG(1,4),98)
MX MULT(100,40,36)

TAB GUT(J,1)=TABLE(J,1)2MX(36,1,1)

12 TAB

EyT(J,2)=TABLE(J,»2)=MX(36,2,1)

C START V PIL_ANE
NEe 13 U=2,NTABLE,2

CALL
CALL
XMAG
1 PAR
CALL

VECTOR(TAB IN(J+s6),TAR IN(J,7),TAB IN(J,3),50)

MX MULT(49,50,98)

MAX(J)=ZMAG MAX(PAR MAG(I1,1),PAR MAG(I,?),PAR MAG(1,3),
MAG(1,4),98)

MX MUL(99,50,46)

TAB QUT(J,1)=TABLE(J,1)3MX(46,1,1)
13 TAE BUI(J,2)=TABLE(J»2)3MX(46,2,4)
C START CALCULATIAN (05-08
De 102 JU=1.,8
102 PARAM(U)=PAR ALTI(I,J)
IF(NDISF.EQ.0)208,209
209 PARAM(3)=PARAM(4)=DD + PAR QUT(1.3) + PAR MAR(I,7)

208 CALL

QLAD 4(NARR(1,2),0,21)

ne 24 J=1,4

24 XXK(U+4)=xXKK ()
NO 14 L=1,NTABLE
DE 14 J=4,12

14 TAE

Ui (L,J)Y=TABLE(L,J)

oOM2

oM2
M2
QM2
am2
QM2
GM2
GM2
GM2
GmM2
M2
M2
M2
GM2
GM2
GM2
M2
OM2
M2
GM2
M2
QM2
aM2
QM2
QM2
QM2
QM2
M2
GM2
QM2
M2
GM2
M2
QM2
M2
aM2
amM2
QM2
GM2
GM2
QM2
OM2
QM2
M2
QM2
QM2
GM2
GM2
OM2
GM2
GM2
GM2
GM2
GM2
M2
OM2
CM?2
GM?2
GM?2
GM2
OM?2
QM2
GM2
GM?

110
111
112
113
114
115
116
117
118
119
120
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IF(NDISP.EQ.0)224,223 GM2 121

C START V-PLANE--MIN DISPEKSIEN GM2 122
C  USES SAME LLOCATIGNS FER QUAL 4 AS NARMALLY USED GM2 123
223 CALL NDINVERSE(33,91) eM2 124
CALL F SPACE(PAR QLT(I,3),33) OM2 125
XLSPAR GUT(1,2) OM2 126
SUML=PAR BUT(T,6)+PAR OUT(1,7) OM2 127
XL5=PAK OUT(I,5) QM2 128
IF(SUML.LT.1.1¢XL5.,AND.SUMI .GT.0.9*XL5)230,231 aM2 129

23p CALL FSPACE(PAR QUT(1.6),29) M2 130
CALL F SPACE(PAR MAUT(1,7),28) GM2 131

Ge 16 232 oOM2 132

231 CALL F SPACE(XL5,28) cM2 133
CAL!. MX ZERB(29) GM2 134

pe 233 JJ=1,3 oM2 135

233 Mx(29,J04,4J)=1.0 OM2 136
232 D@ 210 L=2,NTABLE,?2 oM2 137
De 225 J=1.4 GM2 138

225 XKK(J)ZXXK(J+4)%(1.0-0.5+TaB INC1 ,3)) GM2 139
CALL VECTER(TAB OUT(Ls1),TAB BUT(1.,2),TAB BOUT(L,3),34) GM2 140

CALL QUAD D(XKK(1),XL»32) AM2 4414

CALLL QUAD C(XKK(2),XL+30) GM2 142
NP=27-2#NARR(1,2) GM2 143
NQ=3+NARR(1,2) GM2 144

CALL NULAD C(XKK(NQ),XL,NP) OM2 145
NP=z25+2%«NARR(,2) GM2 146
NQ=4-NARR(I,?2) GM2 147

CALL QUAD D(XKK(NQ):»XLsNP) GM2 148

CALL ACCUMWLI.T(29,34,51) GM2 149

TAE GUIT(L,4)=MX(51,1,1) GM2 150

TAE CUT(L,5)=MX(54,2,1) GM2 151

CALL ACCUMU| T(24,28,52) oM2 152

CALL MXMU|.T(52,51,23) GM2 153

TAE GUI(L,6)=MX(23,1,1) oM2 154

TAB GyT(L,7)=MX(23,2,1) GM2 155

TAE GUT(L,8)=TAB @QUT(L,6)/TAB AUT(l.,1) GM2 156

CALL MX MUL1(33,34,60) GM2 157

v MX 60 IS VECTOR ENT @5 GM2 158
CALL MX MyLT(31,32,70) QM2 159

CALIL MX MyLT(70,60,61) aM2 160

c MX 61 IS VECTAR ENT @6 oM2 161
CALL ACCUMUI.T(28,30,70) GM2 162

CALL. MX MULT(70,61,62) M2 163

c MX 62 1S VECTBR ENT G7 oM2 164
CALL MX MULT(26,27,70) GM2 165

CALL MX MULT(70,62,63) GM2 166

c MX 62 1S VECTAR ENT @8 GM2 167
TAB €Ul (L,9)=D AUAD MAX(XKK(1).XI ,60) QM2 168

TAB GUT(L,109=C QUAD MAX(XKK(2),X' ,61) aM2 169
IF(NARK(],2),EC.0)211,212 GM2 170

211 TAB GUT(1.,211)=C QUAD MAX(XKK{(3I),XI|.,62) aM2 171
TAB GUT(L,12)=D QUAD MAX(XKK(4),XL,63) GM2 172

Ge T6 210 aM2 173

212 TAB OUT(L,11)=D QUAD MAX(XKK(3),XL,62) M2 174
TAB QUT(L,12)=C QUAD MAX(XKK(4),xl ,63) aM2 175

210 CONTINUE aM2 176
CALL MX MULT(22,91,92) OM2, 177

CALL MX MULT(92,33,22) M2 178

C START H-PLANE--MIN DISPERSIEN aM2 179
NN=NTABLE-1 OM2 180

DO 215 L=4,NN,2 GM2 181

DE 226 J=1.,4 QM2 182

226 XKK(J)=XXK(.)+4)*(1,0-0.5«TAB IN(I,3)) Gm2 183
CALIL QUAD C(XKK(1),XL.32) GM2 184

CALL QUAD D(XKK(2),XL,3D) QM2 185
NP=NARK(I,2)+3 GM2 186
NQ=27-2*NARR(],2) GM2 187

CALL QUAD D(XKK(NP),XL,NQ) GM2 188

NP=4-NARR(1,2) amM2 189
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NQ=25+2«NARR(1,2) oM2 190
CALL QUAD C(XKK(NP),XLsNG) GM2 191
CALL ACCUMUIT(24,28,52) QM2 192
CALL VECTQR(TAB OQUT(L,1),TAB GUT(L,2),TAB BUT(L,3),34) GM2 193
CALL ACCUMULT(29,34,51) OM2 194

TAB QUT(L,4)=MX(51,1,1) QM2 195

TAB QUT(L,5)=MX(51,2,1) QM2 196
CALL MX MULT(52,51,23) QM2 197

TAB PUT(L,6)=MX(23,1,1) QM2 198

TAB QUT(L,7)=MX(23,2,1) GM2 199

TAB OUl(L,8)=TAB ALT(L,6)/TAB AUT(L,»1) GM2 200
CALL MX MULT(33,34,60) GM2 201

C MX 6p IS VECTBOR ENT 0% GM2 202
CALL MX MULT(31,32,70) GM2 203
CALL MX MULT(70,60,61) GM2 204

C MX 61 1S VECTOR ENT Q6 omM2 205
CAaLL ACCUMULT(28,30,70) GM2 206
CALL MX MULT(70,61,62) GM2 207

C MX 62 1S VECTOR ENT Q7 Gm2 208
CALL MX MULT1(26,27,70) GM2 209
CALL MX MULT(70,62,63) GM2 210

C MX 63 1S VECTOR ENT 0B eGM2 211
TAB QUT(L,9)Y=C QUAD MAX(XKK(1),Xl ,60) aM2 212

TAB GUT(LL,10)=D QUAD MAX(XKK(2),XI_,61) OM2 213
"IF(NARR(I,2).FQ.0)216,217 QM2 214
216 TAB GUT(L,11)=0 QUAD MAX(XKK(3),¥XL,62) M2 215
TAB BUT(L,12)=C QUAD MAX(XKK(4),XI. ,63) eM2 216

, Ge 16 215 aM2 217
217 TAB GUT(L,11)=C QUAD MAX(XKK(3),XL,62) GM2 218
TAB G0V (L,12)=D QUAD MAX(XKK(4),X_,63) GM2 219

215 CANTINUE GM2 220
CALIL MX MULT(21,91,92) GM2 221
CALL MX MUL7T(92,33,21) GM2 222

224 D@ 15 J=1,.NTABLE aM2 223
15 XMAG(J)=TABIN(J,8)%TAB BLT(J,BI*TARBUT(J,1)/TAB IN (J,6) OM2 224
" CALL DINVERSE(24,90) oM2 225
CALL MX MULT(100,1,91) aM2 226
CALL MX MULT(21,91,92) GM2 227
CALL MX MULT(90,92,93) aM2 228
HFF=FACAL PL(93) QM2 229
CALL MX MULT(99,2,93) GM2 230

™ CALL MX MULT(22,93,91) OM2 231
CALL MX MULT(90,91,92) GM2 232
VFP=FACAL PL(92) aM2 233

C START PRINIQUT GM2 234
NLINE=D gM2 235
NPAGE=1 M2 236

46 PRINT 16,1,NPAGE Gm2 237
16 FORMAT(15H1PARAMETER SET ,12,3X,5HPAGE ,12) M2 238
PRINT 17, (PAR IN(I,J)»J=3,8),PAR MAG(],6) M2 239

17 FORMAT(5H 1.1H=,E13.6,2X*L4V =eF13.6,2X, % 2=%F13.6,2X,*«L2A=*E13.6, QM2 240
1 2X"L28=—E13.6'2X.*L3=‘513.6.9X,*L ENT=%E13.6) GM2 ?41
PRINT 18,PAR MAG(I,7),(PAR OUT(I,J)»J=4,8) GM2 242

18 FORMAT(8H L EXIT=F43.6,2X,#L.452Eq43.6,2X, % . 5=%xF13.6:2X,*L5A=%F13,6,0M2 243
A 2X,* 5B=wF13.6,2X,*L6=*F1X.6) QM2 244
N{=NARRC(I,1) GM2 245
N2=NARR(I,2) aM2 246
PRINT 19,PAR IN(I,4)sPAR IN(I,2),NRR(N1+1),NRR(N2+1)) QM2 247

19 FORMAT(OH DUAD--S=,77.3,2X,*LesF7.3,2X,*ARRANGEMENT-%A4x»,%A4) OM2 248
PRINT 20,PARK MAG(1,3),PAR MAG(T1,2),PAR MAG(I,1),PAR MAG(I,4), GM2 249

1 PAR MAG(T,5) GM2 250

20 FBRMAT(11H MAGNET-<R=,FB8.3,2X,*THETA=*FB8.3,2X,*N=#F6.3,2X, GM2 251
1 #EPSILON 1=*F7.3,2X,*EPSI{ ON 2=#F7.3) aM2 252

PRINT 21,HFP,VFP GM2 253
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29 FORMAT(3X,%H FECAL PL=%E13.6,3X,sV FOCAL PL=+E13.6) GM2 254
PRINT 22, (XXK(J),J=1,8) GM2 255

22 FORMAT(1X,*K1=%F10.6,2X,*KP=%,F1n.6,2X,*K3=%F10.6,2X,+K4=sF10.6,2X0M2 256
A wK5=#F10,6,2X*K6=¢F10.6,2%,*K7=eF10.6,2X,*K8=%F10.6) amM2 257
IF(NDISP.EQ.0)44,218 OM2 258

218 PRINT 219 QM2 259
219 FORMAT(1HQ,47X,10(1H*),18HMINIMUM DISPFRSION,10(1H*)/) GM2 260
44 PRINT 2% ' M2 261

25 FORMAT(1HQ, SX,*X IN*S5X#Xp IN#6X*«DELP/P»5XeX1+8XsXP1*7XeX ENT#4X GM2 262
1 *XP ENT#4XxX EXIT#4X*xXP Ex]Tw7XeX2#7X«XP225XeX QUT*4X*XP QUT=). OM2 263

XL2A=PAR IN(I,6) aM2 264
XL2B=PAR [IN(1,7) GM2 265
XL2=PAk INC(1,5) M2 266
XLE=FAR BUT(1,5) oM2 267
XLSA=PAR QUi (1,6) GM2 268
XL5B=PAR AUT(],7) GM2 269

DO 31 KK=1,2 GM2 270
JJENLINE=NLINE+1 GM2 271
IF(XLPA+XL2R.I.T. 1. 4#XL2. ANN.X[.2PA+XL2B.GT.0.9%XL2)26,27 GM2 272

26 IF(XLS5A+XL5B.LT.1.4*XLS.AND.XL5A+XL5R.GT.0.9%XL5)28,29 GM2 273
28 PRINT 30,ND(KK),(TA3 IN(JJ,J),=4,7),(TAB QUT(JJI,J)rJ=1:2)> OM2 274
1(TAB AUT(JJ,J),J=4,7) ' OM2 275
30 FORMAT(A2,1X,FB.5,1X:2(E10.3,1%X),5(F8.5,1%X,E10.3,1X)) OM2 276
GO T& 31 ) eM2 277

29 PRINT 32,ND(KK), (TAB IN(JJ,J),.0=4,7), (TAB OUT(JJ,J)»J=6,7) gGM2 278
32 FORMAT(A2,1%X,FB8.5,1X+,2(E10.3,1%X).3(FB8.5,1X,E10.3,4X),8He*enswans,1XOM2 279
1pioH*li‘"t‘*‘*'1X:F8-5'E10.3) GM2 280
Ge TO 31 oM2 281

27 IF(XLSA+XL5B.LT.1.1*XL5.ANN.XL5A+XL58.GT.0.9*X.5)33,34 oM2 282
33 PRINT 35,ND(KK), (TAB IN(JJI,K),K=14,3), (TABIN(JJ»K),K=26,7), GM2 283
1(TAB OUT(JJ,K),K=1,2),(TAB BUT(J,.K),K=4,7) GM2 284
35 FORMAT(A2,1X,FB8.5,4X,2(E10.3,1X) ,BH*swuknun 41X, 10Hs*cesrsnnns,1X, OM2 285
14(F8.5,1X,E10.3,1X)) QM2 286
Ge T& 31 : OM2 287

34 PRINT 36,MD(KK),(TAB INCJJ,K),K=4,3), (TAB IN(JJ»K))K=6,7), GM2 288
1(TAB ALT(JJ,K),K=1,2)»(TAB QUT(J.I,K),K=6,7) OM2 289
36 FORMAT(A2,1X,FB8.5,1Xs2(E40.3,4X Y,B(41H*),1X,10(1H*),1X,2(FB.5,1X, GM2 290
A E10.3,1X)., QM2 291

B 8(1H®),1¥,10(1H*)s1X,FB.5,1X,E10.3) GM2 292
31 CONTINUE OM2 293
PRINT 37 GM2 294

37 FORMAT(1HO,5X,*MAG IN*,5X,«MAG B1I1T*,2X,*MAG TOTAL MAX G1 MAX Q2 MAQM2 295
1X €3 MAX 04 MAX MAG MAX N5 MAX Q06 MAX Q7 MAX QB8=) OM2 296
NLINE=NI_INE-2 GM2 297

Ne 38 KK=1,2 aM2 298
JUSNLINE=NL INE+1 oM2 299

38 PRINT 39,ND(KK),TAB IN(JJ,R),TAB QUT(JJ,»8)»XMAG(JJ), (TAB IN(JJ,K),GM2 300
1 K29,12) s XMAGMAX (JJ) » (TAB AUT(JIJ,K)»K=9,12) eM2 301
39 FORMAT(A2,1X,3(E10.3,1X),4(F6.3,1X)»1X,F7.3,2X,4(F6.3,1X)) GmM2 302
PRINT 59g oM2 303

50 FERMAT(1HQ,130(1H=)) GM2 304
IF(NLINE.LT.NTABLE)43,100 QM2 305

43 1F(XMADF(NLINE,10).EQ.0)45,44 GM2 306
45 NPAGE=NPAGE+1 GM2 307
GO TE 46 GM2 308
100 CONTINLE- oM2 309

ENC GM2 310
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