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ABSTRACT

The ionization equilibrium equation of state (IEEOS) is formulated
relative to the numerical solutions of the Schr6dinger equation with the
complete screened Coulomb potential (CSCP). A finite electronic par-
tition function and the change in ionization potential with screening
radius - the radius of the mean atomic volume - which have been
derived elsewhere, are used in the author's modification of the Saha
equation. The resulting IEEOS is used for hydrogen and iron, where
pressures at high densities and temperature are compared with pres-
ures from the equation of state based upon the Thomas-Fermi-Dirac
(TFD) statistical model of the atom. The present formulation is com-
pletely independent of TFD results; yet it gives very good agreement,
for monatomic elements of all Z, with TFD pressures at high densities
and temperatures, where the TFD results are believed to be reason-
able; at low temperatures and densities, where the TFD pressures are
either much too high or negative, the IEEOS yields the correct mon-
atomic limit. Furthermore, in the region with T 1 eV and p p 0 , the
normal solid-liquid density, the IEEOS pressures are in good agree-
ment with experimental extrapolations. Consequently, since mixtures
of monatomic elements can also be handled with equal ease, the pres-
ent IEEOS represents a significant improvement over the TFD equation
of state.

PROBLEM STATUS

This is a report of the work accomplished to date on the problem;
work on various phases of the problem continues.

AUTHORIZATION

NRL Problem AO1-02
Project RR 004-02-42-5300
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Manuscript submitted May 18, 1967.



SCREENED COULOMB FORMULATION OF THE IONIZATION
EQUILIBRIUM EQUATION OF STATE

INTRODUCTION

The ionization equilibrium equation of state (IEEOS) (1-7) will be formulated in
terms of screened Coulomb solutions to the Schr6dinger equation (8-12). Specific atten-
tion will be given to the equation of state (EOS) of hydrogen and iron at high densities and
temperatures, where pressures calculated with the IEEOS will be compared to pressures
calculated with the equation of state based upon the Thomas-Fermi (TF) and/or Thomas-
Fermi-Dirac (TFD) statistical models of the atom.

No review of the well-known TFEOS or TFDEOS will be given. The reader is re-
ferred to the reviews by Gomb~ls (13), March (14), and Brush (15,16) with their extensive
bibliographies. However, the results given by Cowan and Ashkin (17), Cowan and Kirk-
wood (18), and in the review by Brush (15) will be used for comparison purposes.

The new contributions of this report are the inclusions of self-consistent electronic
partition functions (pf) and ionization potentials (IP) based upon the author's numerical
solutions (8) of the Schr6dinger equation (SE) with the complete screened Coulomb poten-
tial (CSCP) (9-12). The quantities derived are used in the author's modification of the
Saha equation (6).

In this report we will formulate the CSCP-IEEOS with a review of the modified Saha
equation (MSE) (or modified ionization equation); then we will review the CSCP solutions
to the SE with the derivation of expressions for the hydrogenic electronic partition func-
tion and ionization potentials as a function of effective screening radius. We will next
present IEPOS results and a discussion of hydrogen and iron at high densities and tem-
peratures.

Clearly, the temperature-density regions of astrophysical interest for the applica-
tion of the present equation of state are the photospheres, the envelopes, and in the cores
of those stars below nuclear densities.

FORMULATION

In the present formulation all applications to atoms (ions) with two or more bound
electrons will be developed as first-order approximations, using the independent electron
picture of the many-electron atom. Furthermore, in the high-density region the IEEOS
itself will be considered a first-order formulation for a monatomic gas, relative to the
TFDEOS as a zero-order formulation. In general, the word "ion" will be used, where a
neutral atom will be an "ion" with zero charge.

Review of the Modified Saha Equation

In Ref. 6 the MSE was given by

C.
- P, K+ I(T) (I(P)Ci +I
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where the Ci's are the concentrations of the various ionic species (1,2); Pe represents
the electron pressure derived from Maxwell- Boltzmann statistics (MBS), K+ I (T) defines
the standard Saha equilibrium constant, and (D (p) expresses the postulated probability
that a j th ion can exist at a density o in a mean atomic volume of radius r. In expanded
form Eq. (1) becomes

Pe  exp (lI/kT) (Dj(P), (2)

Ci + 1 2( 27me)
3

/
2  (kT) 5/

2 uj+ I I , (

where I - 0, 1, 2, ... , Z; the uj's are the electronic partition functions of ion j; and I is
the difference in the ground-state energies of ions j and j + j, i.e., the ionization potential
of ion j. The other symbols have their standard meanings.

Given a density and temperature, the method for the complete solution of the MSE is
that derived by the author (1,2). Starting with Eq. (2) the present physical problem for a
mixture of monatomic elements is the derivation of expressions for u (p, T), 1j (p, T),
and (FI (p) which represent a first-order many-body interaction of the bound electron with
the nucleus.

In the next part of this section the CSCP will be considered as a representative first-
order, many-body potential (19-23).

Review of CSCP Solutions to the Schrddinger Equation

We consider the SE with the CSCP, where the dielectric constant of the medium is
equal to 1.0. As in Refs. 9 and 11 we make the standard transformations

x = 2Zria0 , (3)

and

Z
2  e

4  1
262 x

2  (4)

and obtain the usual hydrogenic radial SE with X in place of n, or,

d2R 2 dR _ v(x) +b2 + Qt(f+ 1)1 R=0 (5)

dx 2  x dx x2

with

Vi (X) = 1 1 , 0 <x <a

((6
V (X) = (6)

d( ) exp [(a- x)/d] , > a

where X is the CSCP quantum number (qn); d and a are the values of D and A in x-space,
and b2 is a constant to be designated. In the analytic Coulomb solutions b2 = 1/4. In
r -space D is the screening radius and A is the mean minimum radius of the ion atmos-
phere, where

ZD Pda- 0 2 
(7a)
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and

ZA a
ao  2 (

The numerical method of the solution to Eq. (5) is that developed by the author. The
wave function I? (x) and the slope of the wave function m(x) = dR/dx are simultaneously
expanded in a Taylor series between space steps, to the cubic terms, with the first and
higher derivatives of the slope defined by the SE. Exact initial values are obtained from
a series solution of the SE without exp(-xi2) factored out. We write the series solution
in the form

R(X : XF (a,), (8)

with

(X) = k?,xk ,  %o + 0. (9)

Letting (i) indicate the ith derivative, the initial values are given by

(i(R,?, (O) - i!cai_, (10)

where cL>. 0 for i < T. From the series solution the a's are equal to

X
- 2( + 1)

and (11)

b2 a t- I - at>
at+L1  (t +1)(2t+2+t) t >1

with

1 P-
b 2 +--+

4 d+a

All numerical solutions were obtained with c 0 = 1.0. The final values of this second con-
stant in r -space were obtained from other physical considerations, as discussed in Ref.
9 and reviewed below.

Since the CSCP yields wave functions with the same shapes as Coulomb wave func-
tions, the standard Coulomb designations are used.

A simple analytic fit to the CSCP q.n.'s for s-states is given by

- ICwl - _L (0. 525w 2 
+ 0.14w31, (12)

with w = n/d < 1.0 and 0 < a _ d; C C1 = 2/[1 +(a/d)I for w < 1/12, and C=C 2=2[1-(a2d)]
for w > 1/12. For states with t > o Eq. (12) also gives X,p accurately for D > 3aon2/2Z,
which is about the same range above for Xn, s. A more general analytic fit is discussed
in Refs. 7 and 11.

The mean position of the electron in Coulomb s-states is given by

-n 
= 3ao

n 2 /2Z. (13)
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This happens to be near the critical screening radius for all CSCP solutions of interest.
Note that this was deduced intuitively in the supplement of Ref. 7.

In Refs. 9 and 11 it is concluded that the CSCP yields an infinite number of bound
states; hence, there is no explicit maximum bound principal quantum number (19,20,24-
27). To replace this idea the concept of the relative probability of a screened Coulomb
state is introduced in Ref. 9. Using the basic assumption that the relative charge prob-
ability density in r -space be proportional to the relative charge probability density cal-
culated in x-space for s-states (9,28), the relative total probability of the screened to the
Coulomb (unscreened) state is derived as

O) 22+1 N( X, t, d, a)
(pn~ ~ 2(,DA F

2 + 1 
fln,t) (4

where the N's are the corresponding normalization integrals calculated in x-space.

The analytical fit to the mean (-function is given by

( ) a0 21 (15)
(n, Z(,,,) D.D ep -

with m 1 for D > - 1 < m < 3 for D < Fn and 8 1. 5. f we define an effective maxi-
mum bound state as that state for which (F = I/e, call it n., and if we define a maximum
detectable level as that state for which (F - 0. 1, call it n., then there is an excellent
correlation between the present CSCP solutions with A = D/2 and the drop in intensity of
hydrogen lines in the solar atmosphere- provided an effective screening radius is iden-
tified with the radius of the mean atomic volume r 0 (10). In addition, there is good agree-
ment with the disappearance of the Balmer lines from laboratory hydrogen at 21'K (29).
At the densities and temperatures of the solar photosphere and chromosphere the Debye
radius leads to an error of one order of magnitude for the disappearance of H-lines.

Consequently, in what follows we will focus attention on CSCP solutions with A = D/2
and D = ro. To obtain better agreement near ( = i/e we will use 8 = 1.7 (instead of 1.5)
in the (-function.

Now with D = ro and 8 = y the CSCP relative probability of a state - applied to the
ground state - is in excellent agreement with the probability that an ion can exist at a
density p. This was postulated in Ref. 6! Moreover, solutions with A = D, and the change
in (,, deduced in the supplement of Ref. 7 for ro = rn agree almost exactly! (See Ref. 9.)

CSCP Partition Function

In Ref. 9 a finite electronic partition function is defined by

uCSCP = 2 L_ (,,f(k,D,A) exp(-ElkT), (16)
n' f

where the density-dependent F-function is used to modify the Boltzmann factor. Two ap-
proaches to deriving a useful analytic expression are: (a) if n. is equal to or less than,
say 10, then sum from n = 1 to n = n. and approximate the remainder by integration from
n* to infinity, or (b) if n* > 10, then approximate the sum by an integration throughout.

Furthermore, since the eigenvalues for states with t > 0 are about equal to those
with t = 0 (and fixed n) until D < T-, we can use the Coulomb degeneracies (Refs. 9 and
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11). From this point of view the integral and sum, plus integral forms of the p.f., have
been derived (Ref. 12 and Appendix) for the useful hydrogenic approximation to the many-
electron atom - analogous to the form obtained by Fowler (30) - by using the analysis of
the gamma function given by Copson (31). There obtains

uj = w + 5.53 x 10'
1 wj+ I(Z'D)3'2 exp(- lj k') , (17)

where wJ is the degeneracy of the ground state, z' is the core charge (Z' - j + 1), and
I . is the ionization potential of ion j. This analytic CSCP p.f. is a little less in magnitude
tian the hydrogenic p.f.'s derived by Fowler (30) based upon the Urey-Fermi excluded
volume and Planck's choice of an ionic volume.

However, since a better approximation for the energy levels between the ground
state and n* is given by Ex 0.9 I,, the actual CSCP integral partition function used is
given by

Uj = WI + Z (Z'D)
3 / 2 [4.441 11 exp(- 0.91 ./kT) + 1. 08911 exp(- I /kT) (18)

In the approach (a), a sum plus integral, the second term of Eq. (18), in parentheses, is
used for the integral remainder.

In the present IEEOS calculations the integral form of the p.f., Eq. (18), is used in
mixture calculations; and the sum plus integral form, Eq. (A6) in the Appendix, as well
as the integral p.f., are used for single elements.

CSCP Hydrogenic Ionization Potentials

The many-electron hydrogenic ionization potentials are generalized from the CSCP
ground state eigenvalue as a function of screening distance D. From solutions with
A = D12 a fit to the is eigenvalues is expressed by

Z2 /-,e4 C 2 a0 )2 a 3 2 a0)2 ao)] (19)
IE 1 (D) Z 2 [L1 + CD + C ] -3 TD + j+ C(19

with C2 - 0.71248, C, = 6.4364, and 1z equal to the theoretical ionization potential of the
actual hydrogenic ion with nuclear charge Z. For the present first-order generalization
we use Eq. (19) with Z replaced by Z' and with i z replaced by i1, the theoretical ioniza-
tion potential for the isolated ion or the observed ionization potential obtained from a
plasma at very low density (32). In the next section we will apply the above concepts to
IEEOS calculations for hydrogen and iron.

RESULTS AND DISCUSSION

If we considered only the equilibrium between the actual hydrogenic ion and the
stripped nucleus, we would be ready to compute the equation of state using Eq. (16) with-
out the c,(p) in Eq. (2). However, in a first-order generalization to the many-electron
ion we cannot use Eq. (16), since we do not have screened Coulomb solutions for many-
electron ions. In the present approximate formulation we use the CSCP p.f., as given in
Eq. (18), in the standard Saha equilibrium "constant," and we let the (FJ (p) represent the
probability, given a (j + 1) ion, of finding a j ion in the ground-state configuration of the
isolated ion. As indicated above and in Ref. 6 we use, for each ion, the q(,(D) of the
outermost orbital for (, (p). In general, we normalize the ground-state critical screen-
ing distances to 1.7 times the radius of the maximum charge probability density of each
shell, as determined by self-consistent field calculations (33).
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For configurations of two or more bound electrons we key on the closed-shell con-
figurations of He, Ne, Ar, and Kr from Slater (33), with extrapolations for Xe and Rn.
The respective values for 6 used in Eq. (15) are, beginning with the value for the hydro-
genic ion, 1.70, 1.93, 3.07, 4.63, 6.46, 6.80, 8.80, and 8.0. Consequently, our probability
of an ion existing in a mean atomic volume of radius r0 is, from Eq. (15),

F (p (ro) = ex [ (8paon2)n] (20)
) =- 0o \ r /]

with Z' equal to the net core charge; the 6P for p-bound electrons arranged in shells
withn =1 to 7 are givenby 6 = 1.70, 62 = 1.93, 3-10 = 3.07, etc.

Now, using the CSCP p.f., Eq. (18) (or the sum plus integral), the generalized one-
electron screened ionization potential, Eq. (19), and the (D )-probability, Eq. (20), the

IEEOS was calculated for hydrogen and
iron at high densities and temperatures.

10
4  The results are graphically compared

to the TF and the TFDEOS from Cowan
and Ashkin (CA) (17), Cowan and Kirk-

T= IO00eV wood (CK) (18), and Livermore-RAND
(L-R) results reported by Brush (15)., T= 100 eV

0
3

- For comparison with the standard
T= 10 eV total TFDEOS the ions are treated as

satisfying MBS, and the free or mobile
electrons are considered as satisfying
Fermi-Dirac statistics (FDS). For the

102 _T leV free electrons the formulas of Tolman
- '(34) are used.

/Previous IEEOS calculations at low
/ densities are not significantly changed
S/ in the present formulation; hence, they

1o' - will not be reported here.

U) Figures 1 through 4 present the
/j IEEOS results and other TF and TFD

a_ results. Figure 1 shows plots of IEEOS
IEEOS pressure versus density for iron, at five

100 _TFD (Ref 15) temperatures. The value of p0 for iron// / TFD ( Ref. 15)

TF (Ref. 17) is 7.85 g/cc. Also shown are the re-
sults from CA and L-R. Note the very

K EXPERIMENTAL, good agreement with L-R results for
T=O °

K EXTRAPOLATED POINT T > 10 eV.

I-' T 0.282 eV Note particularly for T = I eV and

(BOILING TEMPERATURE
OF IRON (STP)) p/pO = 1 , where the TFD pressure is

above the 0°-K curve, that the present
theoretical IEEOS pressure is in very
good agreement with the L-R experi-

0.1 I 10 102 mental extrapolation - indicated by the
P /Po square in Fig. 1.

Fig. 1 - Pressure versus relative The curve for r = 0.282 eV - the
density for iron, from IEEOS, TF boiling point of iron - is included to
and TFDEOS (p0 = 7.85 g/cc) provide comparison with that which is
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Fig. 2 - Total pressure/ion pressure versus
temperature for hydrogen at p = 0.085 g/cc (or
deuterium at 0.17 g/cc) from the IEEOS and
TFEOS
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Fig. 3 - Total pressure/ion pressure versus
temperature for iron at p = p0 = 7.85 g/cc from
the IEEOS and TFEOS
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Fig. 4 - Total pressure/ion pressure versus
temperature for iron at p = p 0 = 78.5 g/cc from
IEEOS and TFEOS
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well known. At T < 0.282 and p = p0 the theoretical pressure should be 1 atmosphere
(10-12 megabars). In this region a monatomic gas approximation cannot be correct -

one formulation can only be less in error than another formulation. In the present cases
the IEEOS results are about two orders of magnitude less in error than the TFDEOS.
Furthermore, since the IEEOS yields the correct monatomic results at low T and p, the
present results will be compatible with a theoretical solution of the condensation problem.

The wiggles in the two low-T IEEOS curves of Fig. 1 result from the dominant den-
sity ionization in this T--p region. See Fig. 2 of Ref. 6 for the correlations with the cal-
culated number of "free" or mobile electrons.

Finally, for Fig. 1, the region where p < p0 and T < 0.282 eV is an unstable region
where the iron atoms cannot exist' in equilibrium as a gas.

Figure 2 presents P/Pi versus T for hydrogen at p = p0 (= 0.085 g/cc) or for deute-
rium at p = 0.17 g/cc. Pi is the ion pressure, with Pi = N /kT. P is the total ion pressure
plus FDS electron pressure; or, PIP 1  + (PFDS/P 1 is the value plotted for the TF
curve. The other results of CK and the results of Harris, et al. (35), can be added to
Fig. 2. Note that in both cases negative pressures (3) obtain at low temperatures due to
the use of the first-order negative Debye-Hiickel (DH) pressure correction, which be-
comes larger than the MBS gas pressure. Also, an unrealistic correction to the ioniza-
tion potential (35) is used based upon the confinement of an atom in a spherical box (36).

In the present hydrogen results the classical DH pressure correction will not lead to
negative pressures at the normal density p0 . However, the recent results obtained from
more accurate solutions of the screened Coulomb problem show that the radius of the
mean atomic volume is the more fundamental screening quantity- not the DH radius.
Consequently, analysis and results based upon DH theory are open to question.

Figures 3 and 4 present P/Pi for iron at p = p0 (= 7.85 g/cc) and p = 10 p0 , respec-
tively. In Fig. 4 the wiggles in the IEEOS curve at low T reflect nonlinear changes in P
with T at constant p. (See also Fig. 1.)

Finally, relative to minimizing the "free energy," the basic quantity is the partition
function itself. Consequently, for a system where the complete p.f. is not known, nothing
is gained physically by operating on uncertain input. Once approximations are needed,
minimizing the free energy appears to be using a sledge hammer to crack a peanut.

SUMMARY AND CONCLUSIONS

The IEEOS has been formulated relative to recent screened Coulomb solutions to the
Schr6dinger equation which yield a self-consistent, hydrogenic, finite electronic partition
function and density-dependent ionization potentials. The results have been used in the
complete solution to the modified Saha equation to obtain EOS data for hydrogen and iron.

Pressures calculated with the IEEOS are in good agreement with the TFDEOS pres-
sures in the high-temperature, high-density regions where the TFDEOS results are be-
lieved to be reasonable; the IEEOS yields the correct monatomic limit at the low-
temperature, low-density regions where TFDEOS pressures are either much too high or
become negative. Furthermore, IEEOS pressures for T i eV and p p 0 are in good
agreement with experimental extrapolations. These agreements apply to elements of
all Z.

In the present formulation no attempt was made to normalize results to published
data: the present formulation is completely independent of the TF or TFD models of the
atom.
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Having developed a formulation that gives values comparable with accepted values at
high and low densities, the next steps will involve the use of FDS in the MSE, real-atom
ion contributions, higher-order corrections to the pressures, and self-consistent internal
energies.

In conclusion, because of the present results at low and high temperatures and densi-
ties and because the IEEOS for a mixture of any number of monatomic elements can be
calculated with equal ease, the IEEOS based upon the screened Coulomb interaction of
electrons bound to real atoms represents a significant improvement over the equation of
state based upon the Thomas-Fermi-Dirac statistical model of the atom.
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APPENDIX

ANALYTIC EXPRESSIONS FOR THE CSCP
ELECTRONIC PARTITION FUNCTION

The analysis in this appendix is taken from Rouse (12). Analytic expressions for the
CSCP electronic p.f., Eq. (16Y, can be derived in a manner similar to that used by Fowler
(30). The approximate p.f. is defined by

co

u = 2 T n 2 
Dn exp(- E/kT) (Al)

n=i

where 4 is the analytic approximation to (D g (k, D,A), Eq. (15), and the differences in
the energies of t states are neglected. We ffrst consider the two complete integral ap-
proximations to the sum in Eq. (Al). In this approximation the sum is replaced by an
integration from zero to infinity; or, for no electrons or one excited electron,

u w + 2 n 2 
) n exp(-E.X/kT) dn

0 (A2)

= w + 2 1, n 2 (D(m= 1) exp(- EX/kT) + 2 n 2 
D n(m= 3) exp(- Ex/kT),

J0n

where w is the degeneracy of the ground state. If we now assume that for the highly excited
states E. - I,, the ionization potential of the jth ion (atom), then we can take exp(-l /kT)
outside the integral sign. Next, setting t = (6a 0/ZD) n2

m and s = 3/2m, Eq. (A2) becomes

u w. + 2(ZD 3/2 /ik T I e-t t(s-1) dt +- e- t-1) d

From Copson's discussions (31) of the gamma function,

"O

F(s) = fo e- t t ( 8 dt
0$

we can evaluate the integrals at once. Copson shows that

F (s) = '(s) + ( 8)

' =0

where

Od

T (s) = e
- t

t08
- l )

dt
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and

L1 (_1) e J e tr= ! ( S +- r) J0 d

Using the appropriate values of the gamma function for m = 1 and 3, then in evaluating
the p.f. for 8 = 1. 7 Eq. (A3) becomes, in the one-electron, hydrogenic approximation to
the many-electron ion (atom),

ul Wi +5.53 x 1011 wj+(Z'D)3 /2 exp(-l/kT), (A4)

where Z' is the net core charge and wj is the ground-state degeneracy for ion j.

A better approximation for the eigenvalues for n < n* is 0.9 With this ap-
proximation we have different exponential functions with each integral in Eq. (A3). Pro-
ceeding as above we obtain

(2)
Uj = w +wj+ (Z'D)3

/
2  

[4.44111 exp(-0.9 1 j/kT) + 1.08911 exp(-I./kT) (A5)

For the sum-plus-integral form for the p.f.,

n *

u =wj + 2w L n 2 ' n exp(- E/kT) + wj I(Z'D)3 /2 1.0891" exp(-I j/kT) A
n =2

where E, '_lj [1 -(/n 2) ] . In practice, if n* < 10, Eq. (A) is used; otherwise Eq. (AS)
is used.
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