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ABSTRACT

Numerical methods are described by which the theoretical
formulas specifying the acoustic field resulting from scattering
of an acoustic wave by an elastic sphere may be evaluated. They
are restricted to the case of monostatic reflection of a plane har-
monic wave incident upon the elastic sphere- the sphere being
immersed in a uniform homogeneous fluid, the acoustic proper-
ties of which are assumed to be the same at all frequencies.
Methods of calculating reflection form-functions as a function of
sphere size-parameter are shown in the range of size-parameters
0 < ka - 30.0. The reflection form-functions may be calculated
at any distance from the elastic sphere by one of two formulas,
one describing reflection in the far-field case. A description is
given of the means by which the spherical Bessel function values,
required in computations made using the reflection formulas, are
calculated. Examples are given of form-function computational
results in the case of reflection by elastic spheres and, for pur-
poses of comparison, also in the case of reflection by rigid, im-
movable spheres. Brief tables of computed values of the far-field
reflection form-function as a function of sphere size-parameter
are given in the cases of an aluminum and of a rigid sphere. Im-
plementation of the numerical methods described requires access
to a digital computer. The capabilities and limitations of the two
different computing machines used in the treatment of the elastic
sphere problem by the numerical methods described, are discussed.

PROBLEM STATUS

This is an interim report on the problem; work is continuing.
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TECHNIQUES FOR NUMERICALLY EVALUATING THE
FORMULAS DESCRIBING MONOSTATIC REFLECTION

OF ACOUSTIC WAVES BY ELASTIC SPHERES

INTRODUCTION

This report describes numerical methods by which the theoretical formulas speci-
fying the acoustic field resulting from scattering of an acoustic wave by an elastic sphere
may be evaluated. The treatment presented has as its aim the exposition and description
of techniques which provide the experimental investigator, having access to automatic
computing facilities, with reliable theoretical values with which he may compare his ex-
perimental data. The present treatment is restricted to the problem of monostatic re-
flection in the case of insonification with a plane, harmonic acoustic wave. The field
point, however, need not be at a great distance from the reflector to enable one to calcu-
late the scattered portion of the total field.

The problem of acoustic reflection by an elastic sphere, that is by a solid, homoge-
nous sphere capable of supporting both dilatational and shear waves, was first solved by
Faran (1,2). Faran gives a comprehensive and complete description (2) of the theoretical
solution and numerically evaluates several scattering patterns (i.e., distributions, in
angle, of the pressure amplitudes of the scattered acoustic wave) that were of interest to
him experimentally. Faran expressed his results in terms of the phase-shift angles in-
troduced by Morse (3) and effected his numerical calculations by means of tabulated
values (4) of these quantities. His sphere reflection formulas are restricted to the case
of harmonic plane-wave insonification of the reflector, and his numerical calculations
treat the case of far-field scattering patterns.

Hickling (5,6) also examined the problem of reflection by an elastic sphere, extend-
ing the treatment in several directions. He gives expressions that describe the reflected
field for an incident spherical harmonic wave and for the case when the amplitude of the
incident wave, either spherical or plane, may be time-varying (i.e., the case of the re-
flection of a pulse from the sphere). Hickling used a digital computer to evaluate, in a
considerable number of cases, the theoretical formulas he presents. The major portion
of his numerical evaluations are concerned with finding, in the monostatic far-field case
when the reflector is insonified by a plane harmonic wave, the variation in the modulus
of the reflection form-function as a function of sphere size-parameter (ka) for spheres
composed of particular elastic materials (brass, aluminum, Armco iron, etc.). Hickling
also reevaluated, for incident plane harmonic waves, the modulus of the monostatic re-
flection form-function as a function of reflector size-parameter in the far-field case for
ideally rigid and ideally soft spheres. He examined this form-function modulus versus
size-parameter relationship, in the cases of an ideally rigid sphere and of a brass sphere,
for several constant ratios of range-parameter to size-parameter (kr/ka). Finally, using
a plane wave pulse, whose temporal waveform was a sinusoid modulated by a single rec-
tangular pulse (i.e., a truncated sinusoid), Hickling numerically constructed the pulse
reflected monostatically into the far-field, in the case of an Armco iron reflector, for
several different values of pulse length and dominant frequency component.

FORMULAS SPECIFYING THE REFLECTED FIELD
OF AN ELASTIC SPHERE

A solid sphere, homogeneous and isotropic, is surrounded by a uniform, inviscid,
elastic fluid, considered to be initially undisturbed. At the center of the sphere the
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origin of a Cartesian coordinate system is placed coincidentally with the origin of a
spherical coordinate system. If the same geometry is maintained, with plane waves ad-
vancing in the direction of the Z axis (Fig. 1), the displacement u of an element of the
sphere is due both to deformation of the sphere, assumed to obey the equations of linear
elasticity theory, and to rigid body motion of the sphere under the influence of the im-
pinging sound wave. The coordinate systems used to describe the incident and reflected
fields are thus at rest with respect to the equilibrium position of the reflecting sphere.
The reflected field is described in terms of the fixed polar coordinate system. In this
system, the -reflected field is independent of the azimuthal angle ¢, and, in the case of
monostatic reflection, the polar angle 0 equals -.

PLANE WAVEFRONTS
ADVANCING IN
DIRECTION OF
Z-AXIS

FIELDPOINT<

Y SPHERE OF
"" ,, /;RADIUS a

Fig. I The geometry of monostatic reflection
of an acoustic wave by an elastic sphere

If the pressure in the incident plane wave is

i (wot-kz)
p.(i) =: Poe  ,(

with k the wavenumber and w the angular frequency, the pressure p at an arbitrary f ield
point outside the sphere is the sum of the incident pressure field P(j) and a scattered
pressure field p(, s, that is,

p -- p (i ) +p (8). (2'

Let a be the sphere's radius and suppose the sphere to be composed of a material of
density p, in which the speeds of dilatational and shear waves are C 1 and c 2 respec-
tively. Let the density of the fluid in which the sphere is immersed be 0 and the sound
speed in this fluid be c. The scattered portion of the total acoustic field at a point (,8
may be written (1,5):
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Po a i(wt-kr)
P - r e (3)

where f, is the reflection form-function given as:

fr 2 k7 e (i)
n +  

h 2 (kr)Pn(cos 0)(2n+1) sin n (4)

n=o

In this expression h(2 (kr) is an nth order spherical Bessel function of the third kind
[Eq. (A4b)] in Appendix A, P (cos 0) is the nth order Legendre polynomial, and i-, is
defined as

t njn(ka) - (ka)j,'(ka)1
tan flfl - -Lnyn(ka) - (ka)yn(ka)J (5)

in which ij (ka) and yn(ka) are nth order spherical Bessel functions of the first and sec-
ond kind respectively, with primes here denoting the derivatives of these functions with
respect to the argument. In Eq. (5) the quantity n is defined as

_ (k 2 a) 2 (An Cn(En F) (6)n p , 2 B n / D n  7'.5

where

n  I n(Ia) j'(k a), (6a)

Bn = (k 1a)jn,(kja) - jn(k~a), (6b)

Cn  = 2n(n +1)j"(k 2 a), (6c)

Dn = (k 2 a) 2j,(k 2 a) + (n- 1)(n+ 2)in(k2 a), (6d)

En = (kIa) 
2  

1 2o (k 1 a) - j"(ka), (6e)

and
2n(n+1) [n(k 2 a) - (k 2a) '(" 2 a)] (6f)

in which primes and double primes denote, respectively, first and second derivatives of
the spherical Bessel functions with respect to their arguments. In Eq. (6e), c' is Poisson's
ratio of the reflector material and can be expressed in terms of the dilatational and shear
wave speeds of the material:

- 1 2 
- 2c 2 

2(7)

2( c1
2 

- 2)

For a reflecting sphere composed of a given material, the values of k , a and k 2 a involved
in the complete expression for , are determined from the value of ka (equal to wa/c) in
question and from c 1 and c 2 for the material:

kla = (c/l)ka, (8a)

k 2a = (ec2 )ka. (8b)
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Certain differences will be noted between several of the formulas shown above and
corresponding expressions given by Faran and Hickling. In Faran's journal article (1),
the a-/(1 - 2) term was misplaced in the expression which corresponds to Eq. (6e), al-
though it is correctly placed in his original report (2). Hickling, in both his original re-
port (5) and his journal article (6), omitted the factor ka which multiplies jj(ka) in the
numerator and yn(ka) in the denominator of the expression which corresponds to Eq. (5).
His computed results, however, are obtained from the correct expression for tan , and
he points out this misprint in a later article (7). Corresponding expressions of Faran
and Hickling also differ slightly because Hickling uses the convention of Morse (3) in de-
scribing the incident wave; that is, Hickling expresses the incident pressure wave ad-
vancing in the positive z direction as p(i) = p0 exp 1i (kz - wt)]. The expressions in this
report follow the other convention for expressing the incident wave, the one used by
Faran. Since Faran used special tables to effect his numerical computations, many of
his equations are expressed in terms of tabulated phase-shift angles - a procedure which,
except in the case of the quantity , is unnecessarily cumbersome when performing
numerical evaluations using a digital computer.

For large distances from the reflector the asymptotic expressions for the h(2) ( kr)
terms in the form-function sum are used [Eq. (Al3b)] with the result that frY which may
now be written f , is expressed

-2 P(cos 6)(2n+ 1) sin -)n e (9)

n=0

Equation (9) describes the reflection characteristics in the far-field region of the sphere.
For monostatic reflection, 0 = 77, making P ( os 0) ( 1 )fn, and in this case fr and / are

- 2 k eikr (_i)n+l h( 
2
)(kr)(-1)(2n + 1) sin n e (10)

n=O

and

2 (1)n(2n+ 1) sinfr e 77.(11)
n=0

In order to numerically evaluate the formulas which describe the reflected field, it
is necessary to transform several of the equations into another form. If the first and
second derivatives of spherical Bessel functions are expressed in terms of spherical
Bessel functions [Eqs. (A8), (AlO), and (All)] and the recursion relations [Eqs. (A7) and
(A9)] are used, the quantities involved in the nth term of the reflection form-function
sum may be expressed in terms of spherical Bessel functions of orders n and n - 1. Thus
Eq. (5) is transformed into

ta (7n +(12)j(a (c) 0  (c)tan 77 
= 

- L7 1(n + + )y,(ka) (ka)y_,(-ca)j (12)

and Eqs. (6) and (6a-f) are transformed into

S 0 (I 2  a) ' B ) /(C -D ) (13 )
'01 2 7- - '

with
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A' =(k Ia) {[-k2 a) 2 - 2n]j72 (Ica) + 2( k2 a) j-I (k-2 a) ] 7 2 3 (Icla), (13a)

Bn' = (k 2a)(n+ 1)[(k2 a) j (Ic2 a) + 2],,_ Ica)] j 7 (ka), (13b)

Cn' 2(Ic1 a) {j7Ic 2 a )2 + nd'n+ 2) (n- 1)] ] 7 2 (k, a) - (Ic 2 a)(n +2)(n -1)]77 P(c2a)} j7 2 1 (Ia), (13c)

and

Dn = (k 2 a) 2(n + 2) ( n + 1) + (kla) 2 ( 2n(n +2) - (kca) 2]} -ca)

- 2(Ic2 a) (n+ 2)(n+ 1)(n- 1) 4 (k a)2 (' )] In-i(k 2 a) 7 (k 1 a). (13d)

FORMULAS SPECIFYING THE REFLECTED FIELD
OF A RIGID, IMMOVABLE SPHERE

A reflecting sphere that is ideally rigid, rather than elastic, is placed with its cen-
ter fixed at the origin of the coordinate system of Fig. 1. The boundary value problem,
with Neumann boundary conditions at the surface of the sphere, is solved under condi-
tions of insonification identical to those discussed in the case of the elastic sphere prob-
lem. The equation describing the scattered portion of the total field has the same form
as Eq. (3), namely,

P0  a i(cwt-kr) (14)
P(8 ) = r 2 e fr(

where fr is the reflection form-function for the rigid sphere. The expression giving the
reflection form-function Jr for the rigid sphere is identical to Eq. (4).* In the rigid
sphere case, however, the quantity -t, is given by the expression

(n+l)j7 7 (ka) - (ka)j77 _,(Ica)1
tan 77n L(n+ )yn(ka) - (Ica)y ,(a)] (15)

rather than by Eq. (12), which applies to the elastic case. Since there is no term in Eq.
(15) which corresponds to , in Eq. (12), there is no dependence on material constants,
either of the reflecting sphere or of the surrounding fluid. For the rigid sphere the ex-
pressions giving (a) the general far-field reflection characteristics, (b) the monostatic
reflection characteristics at arbitrary distances from the reflector, and (c) the mono-
static reflection characteristics in the far-field are identical to Eqs. (9), (10), and (11)
respectively, but with the quantity 7,, being given in all cases by Eq. (15).

NUMERICAL EVALUATION OF MONOSTATIC REFLECTION FORMULAS

Initially all the computations were performed on the Naval Research Laboratory's
NAREC digital computer. t Early in 1966, however, NRL's new digital computer - a

*See for example the treatment in Ref. 8; the expression for form-function there, how-
ever, differs slightly from that given in Eq. (4) because of a slightly different spherical
coordinate system.

tThe NAREC computer is a medium-speed machine, approximately equivalent to an
IBM 701. Its core memory contains 16,384 words, each of which is a 48-digit message.
Floating-point numbers have 10-decimal-place accuracy, and the range of computation
employing floating-point numbers x is: 10 - 231 < Il < 10301.
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Control Data Corporation 3800 - became available, and, since the sphere problem com-
putations could be handled much more effectively using the new machine, existing pro-
grams were adapted to it. Since programming was done in the NELIAC compiler lan-
guage (9), which is, in general, 90 to 95 percent independent of the particular machine on
which the NELIAC compiler is employed, the transition between the NAREC and CDC
3800 computers could be made withoutmaking any major changes in the existing pro-
grams. References will be made to the capabilities and limitations of both machines in
handling the sphere reflection problem, since computations were made on both.

Reflection form-functions were computed in a number of cases. Generally it is of
interest to compute the complex reflection form-function as a function of sphere size-
parameter ka. The range of size-parameter values used was generally:

0.001 < ka < 30.0

which was the range of interest in our experimental work. This range, moreover, coin-
cided with that generally used by Hickling (5,6) in his numerical evaluations. When pro-
gramming was undertaken, it was decided for expediency not to evaluate the case of
ka = 0, but to treat it as an indeterminate case. In a few cases, notably for an ideally
rigid and an ideally soft reflecting sphere (the latter case also being treated but not dis-
cussed in this report), the size-parameter range was increased in order to explore the
limits to which calculations could be extended in the light of existing programs and avail-
able equipment. No attempt was made, however, to completely perfect the programs and
utilize the computation machinery to its ultimate capability, since the numerical analysis
described here was motivated by the practical goal of arriving at theoretical values
which could be compared to the results of reflection experiments previously undertaken.

It was found that the evolution of machine computational procedures which give sat-
isfactorily computed results involved trial-and-error testing at several intermediate
stages in the programming, both in order to adapt them to the particular computing ma-
chine employed and in order to explore the way in which particular programming tech-
niques affected the accuracy, range of validity, and computation time of the results. The
computation problem may be divided into three parts: (a) calculation of spherical Bessel
functions, (b) evaluation of the reflection form-function sums as a function of size-
parameter, and (c) checking the results thus obtained by means of auxiliary computer
programs. Practically, treatment of part (a) precedes treatment of part (b) of the prob-
lem, but a logical description of computation procedures is easier if the order in which
these parts are discussed is reversed; therefore (b) will be discussed first. Discussion
of (c), computational checks, will be deferred until computational results have been
discussed.

Computation of Far-Field and Near-Range
Reflection Form-Functions

The nth term of each of the form-function sums, Eqs. (10) and (11), which give re-
spectively f, and [a in the monostatic case, is split into two parts, one involving the real
part and the other involving the imaginary part of the complex factor ). In the case of
f/,a, given by Eq. (11), the form-function sum may then be directly expressed as two sums,
one sum giving the real part of f, and the other giving its imaginary part. In the case of
f,, given by Eq. (10), the real and imaginary parts of the nth term are obtained by multi-
plying together two complex numbers,

(-1) 7
'(2n+ 1) sill 7n e 7- (-1)n (2n + 1) [sin 77n cos 77, + i sin277,]

and
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(_j) n + ,h2 () (-i)n+l[jn(kr) - iyI(kr)],

and taking the real and imaginary parts of the result. Summing over n, the real parts
and the imaginary parts of all the complex numbers thus obtained, and multiplying the
complex number which results from these summings by the coefficient of the sum in Eq.
(10), which involves the complex number eik r , yields the complex expression for ft .

It is not known a priori to what index N form-function sums must be carried in
order to contain enough terms to sufficiently approximate the infinite sums which actu-
ally express f, and f . In the case of f , the number of terms required to make the
absolute difference between the Nth term and the (N- 1) th term less than some fixed
small quantity E depends upon the value of the size-parameter ka for which f . is being
calculated - more terms being required, the higher the value of ka in question. For fr,
the number of terms depends, in addition, on the particular range-parameter kr being
considered. Moreover, since the index N to which sums must be carried is determined
by the range of ka and kr values considered in the calculations, it is not known a priori
to what order the various spherical Bessel functions required must be determined. But
assuming for the moment that it is possible to produce spherical Bessel functions as
needed, the summations may be carried out as described below.

Two loop statements are used in the program for computing the required sums for a
given value of ka. First, suppose the form-function f. is being computed for an elastic
sphere according to Eq. (11). As has been stated, f. is expressed as two sums, one giv-
ing Re(f.) and the other m(fWJ), each of which may be computed in the same way. For
either of these sums, a loop is used to sum the first ten terms (n = 0 . 9). A second
loop is used to compute successive terms, one at a time, and cumulatively add them to
the sum of the preceding terms. The absolute value of the sum involving the addition of
N terms with this second loop is compared at each step to the absolute value of the sum
involving N - 1 terms, and when the difference between these two is less than some arbi-
trary but preassigned small number E, the loop is terminated. Included in the subsequent
printed output are the respective numbers of terms required to make the absolute differ-
ence between the Nth and (N- 1) th partial sums less than E for the real and the imaginary
parts of f .. Fewer terms need be summed to obtain the imaginary part of f. to within a
given E-interval of its true value (as expressed by an infinite sum) than to obtain the real
part of fJ to the same tolerance, since the sum giving Im(f ) converges more rapidly
than that giving Re(fJ). Ten terms were summed with the initial loop before testing the
absolute value of the difference between the Nth and (N- i)th terms of a sum, because the
initial terms of any of the sums in question generally are all large and do not decrease
monotonically as N is increased.

Computing the form-function f,. according to Eq. (10) is done in a manner similar to
the computation of fJ, according to Eq. (11). In fact, a simple modification may be made
to the computer program which is used to evaluate fJ in order to calculate fr, since the
only substantial difference in the expressions for fJ, and f . is the presence of the com-
plex term (-i) +I h( 2) (Icr) which multiplies the nth complex term of the sum in Eq. (10).
This program modification for finding fr was accomplished by summing the same num-
ber of terms when calculating lm(fr) as when calculating Re(fJ). Therefore, after one
loop is used to calculate the first ten terms of the modified sums expressing the real and
imaginary parts of fr, an additional loop is used to calculate and sum successive terms
in these modified sums until a value of N is reached such that the Nth and (N - 1) th partial
sums in both cases differ in absolute value by an amount less than E. That is, the sums
expressing the real and imaginary parts of f,, [Eq. (11)] were found and checked for con-
vergence, separately, using independent machine loops, while the corresponding sums in
the case of f, [Eq. (10)] were obtained simultaneously using a single loop.

The respective programs used to compute f.o and f, for an elastic sphere may be
modified to calculate f. and fr for an ideally rigid sphere. In the rigid case, the methods
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used to sum the expressions for f. and fJ exactly parallel the methods used for sum-
ming in the elastic case.

In Tables la and 1b, the convergence properties of the form-function sums are
shown for a number of the sphere reflection cases considered. It will be noted that for
a given tolerance a the number of terms required to determine f. is almost completely
independent of the particular material of which the sphere is composed. In fact, the con-
vergence does not depend on whether an elastic or an ideally rigid or soft reflecting
sphere is being considered. The convergence of f, is, in general, more rapid than that
of fm and is equally rapid, at the same kr value, for aluminum (elastic) spheres as for
ideally rigid spheres. For a given ka value the number of terms required in summing is
almost the same whether a = 2 x 10-1 or a = 2 X 10 - 6 is used as the tolerance value.
Table 2 shows the N required in the case of an aluminum sphere in the far field for these
two different tolerance values at various values of size-parameter. It was found that
use of a tolerance value of 2 X 10-6 in computations had the advantage of reducing the
number of what may be called pathological values of the form-function that were encoun-
tered. A pathological value results not as a mathematical consequence of the equations
specifying sphere reflection characteristics but through the application of a given com-
putational procedure to evaluate these equations. Occasionally an exceptional case is
encountered where the procedure produces an erroneously computed value. In such a
case, a pathological value appears as a value of the form-function, computed at some ka,
that is significantly different from the values of the form-function computed at two neigh-
boring values of ka - one of these neighboring form-function values occurring at a ka
value slightly higher than, and the other at a ka value slightly lower than, the ka value of
the point in question. If the form-function modulus is plotted as a function of Ia, a path-
ological value gives a plotted point that lies away from a smooth curve drawn through its
neighbors at higher and lower Ia values. However, in the elastic case, a form-function
can often change drastically with only a small change in Ia; therefore, it is necessary to
test points at which pathological behavior is suspected on the basis of discontinuities in
a plotted curve. Two tests can be applied to a suspected pathological point. First, addi-
tional values for the form-function may be computed in a very small Ia-neighborhood of
the suspected pathological point. If all form-function values so computed lie on the pre-
viously determined smooth curve with the exception of the originally suspected point,
this point may then be discarded. Second, the number N of terms required to evaluate a
form-function's real and imaginary parts is an indicator of pathological behavior. For a
pathological value of the form-function, it is found that abnormally few terms have been
summed when obtaining either its real or its imaginary part - a fact which may be readily
determined if the value of the N required in each case is a printed output when the form-
function is determined. What occurs in such a case is that two successive partial sums
are, by chance, almost equal, making the absolute values of the Nth and (N - 1)th partial
sums differ by less than the set tolerance E without the absolute difference between the
value of the Nth partial sum and the true value of the form-function being less than a.
Such behavior happens only at a few scattered Ia values, and its occurrence depends
upon the tolerance limit set. Choosing a smaller value for a causes the summation to be
properly made at a ka value at which the pathological behavior had been encountered
when some lower tolerance was specified. Except for pathological points, N increased
slowly and monotonically with increasing values of the size-parameter for both the real
and the imaginary parts of the form-function. Also, in all cases when questionable points
were encountered, both tests - computing additional values in the neighborhood of the
questionable point and checking the values of N at which summations were terminated for
that point - were in agreement concerning whether or not such points were pathological.

Computation of Spherical Bessel Function Values

Values of spherical Bessel functions of both the first and second kind must be found
up to relatively high orders and over a wide range of arguments in order to evaluate
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Table 2
Convergence of the Reflection Form-Function f. of an Aluminum

Sphere for Different Specified Tolerances a

Number (N) of Terms Required to Make the Absolute
Difference Between the Nth and (N- l)th Partial Form-

Size-Parameter Function Sums Less than e at the Stated ka
(a) = 2 x 10-4 E = 2 X 10-6

Re(fo Ira(f.o) Re(f.) Ira(/co

10.0 17 14 19 16
15.0 23 20 26 21
20.0 29 26 32 27
25.0 35 31 38 33
30.0 41 37 44 38

reflection form-function sums in both the elastic and the rigid cases. One's ability to
compute spherical Bessel functions fixes the limits within which the form-functions may
be found. One's ability to compute the Bessel functions, in turn, depends upon the limi-
tations of the computing machine available. Thus there are three interdependent factors
that must be taken into account in the spherical Bessel function computation problem:
(a) the range over which form-function values are desired, as determined by external
considerations such as an existing experimental capability, (b) the convergence proper-
ties of form-function summations, and (c) the limitations of the available machine in any
Bessel function computation process. It is not possible to determine the convergence
properties of reflection form-functions until Bessel functions are available for computing
them.

Therefore, one must initially guess, for a given Ica-region in which form-function
computations are to be made, the range of indices and the range of arguments of those
spherical Bessel functions whose values will have to be computed in order to carry out
the form-function computations in that region. Since it may not be possible to compute
all the spherical Bessel function values needed to evaluate form-functions in a given
region of interest, one might be required to restrict his form-function calculations to
those regions where he can compute the required Bessel functions. It was found, how-
ever, that accurate values of spherical Bessel functions of both the first and the second
kind of all orders from 0 to 50, having arguments between 0.001 and 50.0,* could be
computed on the NAREC machine and that such a range of spherical Bessel functions is
sufficient to compute accurate values of far-field reflection form-functions f" for rigid
spheres and spheres composed of various elastic materials. When the CDC 3800 ma-
chine became available, it was possible to compute spherical Bessel functions of orders
0 to 50 up to arguments of 1500.0, which is more than sufficient to calculate the form-
function f, at any range between the reflector's surface and the region where f, becomes
essentially equal to f,.

It was found that generating spherical Bessel functions as they are needed in a form-
function summation by using the relations given in Eqs. (Al4a,b) and (Al5a-c), which
give ,( x) and y, (x) in terms of finite sums and trigonometric functions, is not a practical

*It will be noted that even if ka = 30.0 is the highest value of the sphere size-parameter
of interest, for certain materials k a or k 2 a may be greater than ka owing to a wave
speed in the sphere that is lower than the sound speed in water, and spherical Bessel
functions with arguments greater than 30.0 will be encountered.
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computational procedure. When the sums P and Q computed according to Eqs. (Al5a-c)
are multiplied by trigonometric functions and summed together in Eqs. (A14a, b), the
value obtained for the resulting spherical Bessel function is usually seriously in error.
The error arises because, as the number of terms in the sums P and Q [Eqs. (A15a, b)]
increases, P and Q become large. Generally, then, the spherical Bessel function value,
which is small compared to either P or Q, is computed as the difference between two
large numbers. The digits needed to determine this difference are found to be partially
or totally lost in rounding off the large values of P and Q in the computation process.
Thus, unless large numbers of significant digits can be retained, not only in the terms of
P and Q but also in the values of the trigonometric functions, the formulas of Eqs. (A14a,
b) and (Al5a-c) do not constitute a practical basis for a scheme to calculate the spheri-
cal Bessel functions in the sphere reflection problem.

A practical scheme of computing spherical Bessel functions is described at the end
of Sections 9 and 10 in Ref. 10. This method is particularly well suited to the sphere
reflection problem because it generates at one time an entire table of spherical Bessel
function values of various orders, for a given argument, which may be stored in the
computer memory and used as needed ina reflection form-function summation. The
method is based on iterative use of the recursion relation for spherical Bessel functions
given by Eq. (A7).

For spherical Bessel functions of the first kind, having an argument x determined
by the value of Ica in question, the recursion relation, Eq. (A7), is used in the form

jn-I(x) = 2n+ I jn(x)  inl(x).
x

Starting with some integer M, sufficiently larger than the largest index N required in
order to compute an accurate value of the form-function, one inserts two numbers
GM+I = 0 and GM= 1 into the right-hand side of this recursion relation, in place of iM+ (x)
and j(x), and generates a sequence (GK) in the direction of decreasing n:

(GK) GM-1' GM-2 .  GN ..... G1, Go.

The terms of the sequence G., C1, ... IN- 1, GN, are respectively proportional to the terms
in the sequence j 0 (xI), j 1 (x) .... j N- I (X) I i(X I to a certain number of significant figures,
which depends on how much larger than N the value of M was chosen. Computing jo (x)
according to Eq. (A16a) gives q, the constant of proportionality, as

sin x
Y xG

o

When the terms from K = 0 to K N of the sequence (GK) are multiplied by this q, spheri-
cal Bessel functions of orders 0 to N have been generated, accurate to a certain number
of significant figures; that is

jo (x) = qG o ,

j1 (x) = qG 1,

andl(x) = qGN- 1,

and

jN(X) = qG,.
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The accuracy to which the Bessel function values are determined for a fixed N is in-
creased by increasing the value of M used to generate the sequence (G).

Spherical Bessel functions of the second kind may be generated by iterative use of
the recursion relation, Eq. (A7), in the form

2n+ 1 (X) -

starting with yo(x) and yl(x) computed as

Yo(X) - Cos X

and

Y (X) _ cos x sin x

X 2 X

In contrast to the functions of the first kind, y,(x) may be computed in the direction of
increasing orders without introducing accumulative errors through loss of significant
digits by rounding off in successive iterations.

Calculation of spherical Bessel functions of the second kind yn(x) engendered no
difficulty. It was necessary, however, to define by trial the procedure for iteratively
using the recursion relation in the direction of decreasing orders [this iterative technique
may be called "Miller's device"- see Ref. 10, p. 452] in order to calculate values of
spherical Bessel functions of the first kind j,(x) with a given computing machine. For a
given value of the argument x, the Miller's device iteration may generate numbers either
too large or too small for the computing machine to handle unless the value of Al, the in-
dex at which the iteration to obtain (G) is begun, is carefully chosen. If M is chosen too
large, the machine generates numbers outside its capabilities and cannot proceed, but if
Al is chosen too small, Bessel function values will not have sufficient accuracy. The
maximum value that M can take and still not cause the machine's capabilities to be ex-
ceeded increases as the argument x, for which a table jo(x), j 1 (x) ..... iN(X) is to be
computed, increases - N remaining fixed. This allows the range of arguments of the
spherical Bessel functions considered in the sphere problem to be divided into intervals,
in each of which a different value of M is used to start the iteration but in all of which
accurate Bessel function values are found up to the same fixed maximum order N. The
intervals into which the x range is divided are somewhat arbitrary, since the require-
ment is that the value of Ai be sufficiently small to compute the Bessel function value for
the largest argument included in the preceding interval (which has a different, smaller
M) and yet be sufficiently large to accurately determine Bessel function values for all
arguments in the interval to which it applies. As an illustration, take the actual case of
generating spherical Bessel function values with the NAREC machine. In order to gen-
erate accurate function values for in(x) in the range 0.001 -x _< 50.0, 0 - n f- 50, the
x -range was divided into two intervals for which the following M values were required:

0.001 < x < 10.0, M = 60

10.0 < x < 50.0, M - 100.

The value M- 60 was sufficient to allow the generation of accurate Bessel function values
in the interval x -< 10.0, and a value of M = 100 could be used for computing function values
for x = 10.0 without exceeding the machine's capabilities. The entire range of arguments
x of interest can thus be covered using the two x-intervals described. To take M = 100 in
the entire range 0.001 :s x - 50.0 would not have worked with the NAREC machine,
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because for some x value less than 10.0 this M would cause the NAREC's range limitation
to be encountered. Calculating spherical Bessel functions ji,(x) in the range 0.001 - x -
1500.0, 0 - n -< 50 by Miller's device is within the capabilities of the CDC 3800 machine.
The range of arguments was divided into the following intervals which have M values as
given below:

0.001 < X < 10.0, M = 60,

10.0 < x < 50.0, M = 100,

50.0 < X < 100.0, M = 200,

100.0 < x < 250.0, M = 450,

250.0 < x < 400.0, M = 600,

400.0 < x < 800.0, M = 1000,

800.0 < x < 1200.0, M- 1400,

and
1200.0 < x < 1500.0, M= 1700.

For arguments x < 100.0, the accuracy with which spherical Bessel function values
could be computed may be obtained by comparing computed values with published tables
(10,11). It was found that even though identical values of M were used to start the Miller's
device iteration, the CDC 3800 computer produced slightly more accurate Bessel func-
tion values than did the NAREC machine for a given x. The accuracy difference between
corresponding computations performed on the two machines is negligible for x < 10.0 and
amounts to a gain of about one significant figure for 10.0 -s x - 50.0 with the CDC 3800
machine. For representative arguments between x = 0.01 and x = 50.0, computed spheri-
cal Bessel function values for functions of the first kind are shown in Table Bla of Ap-
pendix B, with an indication of the errors in their computation. Table Blb is similar,
showing values of functions of the first kind for representative arguments between x = 100.0
and x = 1500.0. Only for x = 100.0 in this range could comparison with tables be made.

The digits that were uncertain in computed values of j, (x) for values of x greater
than 100.0 could be inferred by computing spherical Bessel function values of the various
orders 0 ! n - 50 for a given argument x using various values of M in the iterative proc-
ess. The uncertain digits in a computed value of ji(x) for a given x and a given n were
taken to be those figures which changed when M was changed. For the computed values in
Table Blb at arguments x - 200.0, the differences between the function values obtained
for a given x7, using the value of M appropriate to that interval of the total range of argu-
ments in which x lies (the intervals being as previously described), and those obtained
using other, higher values of M are indicated. Greater computational accuracy, espe-
cially at the higher values x, could no doubt have been obtained but would have involved
considerably more exploratory computation than was necessary in order to provide
spherical Bessel function values adequate in the sphere problem, would have entailed
breaking the range of arguments up into more than the eight intervals used, and would
have required that more computer memory be set aside for storage in Bessel function
computation. As it is, for a sphere in the ka-range of from 0 to 30, it is not necessary
to extend the range of spherical Bessel function arguments up to x = 1500.0, because the
value of kr at which the formulas of Eqs. (10) and (11) give essentially the same result
occurs much before kr = 1500.0, as will be indicated later.

Spherical Bessel function values, for functions of the first kind, are seen to be gen-
erally accurate to nine or ten places for x :s 50.0, with accuracy decreasing somewhat as
zeros of the functions are approached at the higher values of x in this range. At 2 =-100.0,
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computed values have an accuracy of from eight to ten significant figures in the cases
which can be compared, but, judging from the behavior at smaller arguments, for values
of x near 100 some further loss of accuracy might be expected near zeros of the func-
tions. There were, in general, seven to ten certain figures at x = 200.0 and six to eight
certain figures at x = 1500.0, with the least accurate entries occurring at the higher
values and near the zeros of the functions in all cases considered. Tables Bla and Blb
were computed using the CDC 3800 machine.

Tables B2a and B2b, also computed using the CDC 3800 machine, show values of
spherical Bessel functions of the second kind and correspond respectively to Tables Bla
and Blb as to the values of the arguments considered. Those computed values which can
be checked against tables, that is, those values between x = 1.0 and x = 100.0, can be seen
to be accurate to nine or ten significant figures except very near zeros of the functions.

COMPUTATIONAL RESULTS

A value of the monostatic reflection form-function fJ in the far field may be calcu-
lated when six quantities are specified: Ica, cI, c 2 , PI, c, and p. If kr is also specified,
J, may be calculated. As an example of a far-field form-function determination, Fig. 2
shows a plot of If J I vs ka in the case of an aluminum sphere in water for 0 < k a -< 28.0,
and Appendix C gives numerical data relating to this case covering the range 0 < ka < 30.0
in ka-increments of 0.1. The curve was computed using the following values of the per-
tinent quantities:

C = 6296.0 m/sec,

c2 - 3106.0 m/sec,

/ 1  =2.7118 g/cm
3,

c = 1482.25 m/sec,
and

p 0.998203 g/cm
3 .

The values used for wave speeds c 1 and c2 were those measured by ultrasonic means
using a sample of 2S aluminum; the material density p, was obtained by accurately
weighing a precision-made 2S sphere; c is the sound speed, at 20.00°C in water, ob-
tained from a table derived from recent experimental measurements (12), and the value
of p, the density of water at 20'C, is that found in the Handbook of Chemistry and Physics
(13). For these values of c1 and c2 the value of Poisson's ratio computed according to
Eq. (7) is o- = 0.3391718830. Numerical data suitable for plotting such If. I vs ka curves
were obtained on both the NAREC and CDC 3800 machines. Since the rate of convergence
of form-function sums is almost completely independent of the sphere's elastic proper-
ties, all similar computations took about the same length of time on a given computing
machine. A table of values such as given in Appendix C, where Ica ranged between 0.1
and 30.0 in ka-increments of 0.1, took approximately 3 hours to compute on the NAREC
machine. On the CDC 3800, a computation of a table for the same range of ca-values,
but with Ica-increments of 0.01, could be accomplished in approximately 6-1/2 minutes,
exclusive of compilation time, or about 277 times faster. A table of form-function val-
ues in ka-increments of 0.1 will allow a rough IfI vs Ica curve to be plotted while Ica-

increments of 0.01 permit all but the most rapid variations in a form-function curve to
be described. An auxiliary program was used to compute a set of form-function values,
in very small Ica-increments, in a neighborhood of each point within the 0 < k a _< 30.0
range near which the form-function value changed rapidly or at which pathological be-
havior was suspected.
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Fig. 2 - Monostatic far-field reflection form-function modulus
vs sphere size-parameter for a sphere composed of ZS aluminum

Several types of rapid variation are encountered in the curves displaying the form-
function modulus vs sphere size-parameter. First, variations occur such as the sharp
dip near Ia = 14.07 in Fig. 2. The existence of variations of this type are readily appar-
ent when plotting the If, vs Ia curve from tabulated values of f in Ia-increments of
0.01. It may be necessary, however, to calculate form-function values in Ia-increments
of 0.001 in a neighborhood which contains the minimum of such a dip in order to deter-
mine the actual minimum value that the form-function attains in this region. Another
type of rapid variation is that which might be called a "flection" in the form-function
curve. Four such flections, each of which occurs within a very small Ia-interval, were
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found in the If. I vs Ica curve of Fig. 2 in the range 0 < ka -< 28.0; for these the major
variations in If. I occurred in the intervals given approximately as

10.7070 < Ica < 10.7160,

22. 460 < ka < 22. 520,

23.760 < ka < 23.820,

and
26.65030 < ka < 26.65200.

The existence of flections is a mathematical consequence of the formulas which specify
the reflection form-function and are not, as in the case of pathological points, the results
of vagaries in the computational process which can be eliminated by requiring that a
more accurate summation be performed. When the form-function curve passes through
any flection, even one that occurs in an extremely narrow ka-interval, its variation is
continuous and behaves in a manner generally characteristic of all variations of this
type. Figures 3a and 3b show the detail of a particularly narrow but otherwise typical
flection - in this case, the one which occurs near ka = 26.65 in Fig. 2. The region of the
size-parameter axis between the arrowheads in Fig. 2 is expanded to cover the complete
horizontal scale in-Fig. 3a. Figure 3a shows the smooth way in which the form-function
curve passes into and out of a flection. The portion of the graph of Fig. 3a which lies in
the region indicated by the arrows is expanded in Fig. 3b to show the shape of the flec-
tion. This is the shape generally encountered in any flection, but the minimum in a flec-
tion may precede its maximum as ka is increased, rather than follow it as in the case
shown.

For purposes of comparison a computation of f, was made in the case of an aluminum
sphere with the specifying constants identical to those used by Hickling (6). Hickling in
his computations, however, specifies an additional elastic constant independently. This
constant, Poisson's ratio o-, is actually completely determined according to Eq. (7) when
the wave speeds c, and c 2 are specified, but the present programming was done in a way
which allowed a to be specified independently in the manner of Hickling, if desired. Fig-
ure 4 shows a J If I vs ka curve for the range 0 < ka -< 28.0 when the set of pertinent con-
stants is specified as follows:

C = 6420.0 m/sec,

= 3040.0 m/sec,

o- = 0.355,

p = 2.70 g/cm
3,

c = 1410.0 m/sec,
and

p = 1.0 g/cm
3
.

Comparing the curve of Fig. 4 to the corresponding curve obtained by Hickling (his Fig.
7), it is seen that the two curves are the same except in two minor respects. First, the
scale of Hickling's abscissa should really be slightly compressed, as can be seen by
comparing the values of If. I at ka = 28.0 in the two figures. Figure 4 shows that, at
ka = 28.0, the form-function modulus has not yet attained a value of 1.0, while Hickling's
plot shows it to be at or near a local maximum value of approximately 1.43 at this value
of size-parameter (actually, this maximum is not attained until ka z 28.56, with the
'bump" in the curve which precedes it lying at Ia z 28.21 at which point If. I z 0.997).
Also, Hickling did not exhibit the existence of the several flections which occur in this
instance in approximately the following size-parameter intervals:
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Fig. 3 - Flection in the form-function modulus vs size-parameter
curve of Fig. 2 that occurs near ka = 26.65
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ALUMINUM SPHERE, HICKLINGS EXACT CONSTANTS

FAR-FIELD (kr--c)
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Fig. 4 - Monostatic far-field reflection form-function modulus vs
sphere size-parameter for a sphere composed of aluminum when
using the constants specified by Hickling

11.09- < Ica < 11.130,

23.110 < ka < 23. 220,

24. 550 < ka < 24. 600,
and

27. 520 < ka < 27.560.

It will be noted that here the flections are generally somewhat broader than those ex-
hibited in the previously considered 2S aluminum case. Tn fact, it was their greater

0 8.0 9.0 10.0 110 12.0 f3.0 14.0
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broadness in this case that led to the detection of such features in the first place. Their
existence here showed which portions of the size-parameter (ka) axis should be exam-
ined, in the 2S aluminum case, in order to locate the flections, since the presence of
flections was not always discernable in the tables of form-function values computed for
2S aluminum.

Some general remarks about the existence of flections are appropriate at this point.
While a number of portions of the size-parameter axes of the various f1J vs ka and Ifr I
vs ka plots in this report were searched by using an auxiliary program to compute ft , or
f, in fine increments, it is quite possible that flections exist in the curves which have not
yet been resolved. Flections are not, however, very densely spaced along the ka-axis in
the size-parameter range considered, as searches with the auxiliary program have
shown, and probably only a few, if any, are missing from the plots. Now that is known
that such rapid variations are to be expected in the form-function vs size-parameter
curves, the most effective way to detect and resolve them would be to modify the main
computing program in order to test, during the process of computation, any tabulation of
form-function values for the presence of flections and to compute, at that time, enough
additional form-function values to display these flections completely.

Figure 5 shows a plot of the modulus of the finite-range form-function f, vs the
size-parameter in the interval 0 < ka E 28.0 for two different values of the range-
parameter, kr = 60.0 and Icr = 450.0, in the case of the 2S aluminum spheres previously
considered. Since, for each curve, Icr is held constant and Ica is varied, the ratio r a
grows smaller as Ica increases. Thus the differences between finite-range form-function
values and corresponding far-field form-function values increase as Ica increases. Fig-
ure 6 shows plots of If, I vs Ica at Icr = 450.0 and Iftl vs Ica, both in the range 21.0 _< ka <_
28.0, illustrating the differences between the f,., at large Icr, and the f, computations, in
a portion of the Ica range where these differences are most significant. Increasing Icr
would, of course, reduce the difference between If,. I and I f.I at a given value of Ica. Fig-
ure 7 shows a plot of I/. I vs Ica in the case of' a rigid, immovable sphere, and Appendix
D gives a table of values computed in the range 0 < Ica -< 30.0 using Ica-increments of 0.1
for this case. Curves of finite-range form-function modulus vs size-parameter in the
case of a rigid, immovable sphere are shown for 0 < Ica - 28.0 in Fig. 8 for the two val-
ues of range-parameter used before, namely Icr = 60.0 and Icr = 450.0. Differences be-
tween the If, I vs Ica, at Icr = 450.0, and the If.1 vs Ica curves are shown for the rigid,
immovable sphere in Fig. 9 for the size-parameter range 21.0 - Ica - 28.0. Note that no
flections occur in the form-function modulus vs size-parameter curves for a rigid, im-
movable sphere, either in the far-field or in the near-range case.

COMPUTATIONAL CHECKS

An auxiliary program for checking the machine computations of /,, was used as fol-
lows. A sphere composed of a fictitious material was considered which had the properties

C1 = 4690.0 m/sec,

c 2 = 2100.0 m/sec,

p1 = 8.4 g/cm3 ,

and
= 0. 375

and which was immersed in a fluid having

c = 1407.0 m/sec
and

p - 1.0 g/cm3
.
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Fig. 5 - Monostatic finite-range reflection form-function moduli
vs sphere size-parameter for a sphere composed of ZS aluminum
at two values of the range-parameter (kr)
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Fig. 6 - Comparison of the moduli of the far-field and the
finite-range monostatic reflection form-functions as a
function of sphere size-parameter for a sphere composed
of ZS aluminum; the range-parameter in the finite-range
case is 450.0

It will be .noted that this case differs little from that of a brass sphere immersed in
water at 0°C. A value of Ica = 10 was chosen. The auxiliary program was used to print
out tables which showed the following quantities for each value of n between 0 and 50 at
this Ica :

(ca), y(ca), j(ca), (c 2 a), n, n' tan 77,

sin 'cos p0 , 2 n + 1, sin cos 7n' sin2 
77n

Re (nth term in the form-function summation),

and
Im (nth term in the form-function summation).

The auxiliary program also called upon the main program to compute /0, for the material
in question and produced what would be equivalent to a single line in the table of Appen-
dix C. Because of the choice of parameters, at Ica -" 10.0, the values of Icla and Ic2a are
3.0 and 6.7 respectively, and since spherical Bessel function values with arguments of
10.0, 3.0, and 6.7 are found in tables (11), an additional check was made on a number of

the Bessel function values used in computing /0,. Next, the tabulation of 4, was checked
by calculating the value of this quantity by hand for several representative values of n
In the case in question, , was checked at a = 0 and a = 4, since these represented
slightly different cases in the logic of the program used to compute /he Using the appro-
priate recursion relations to eliminate derivatives of Bessel functions, the hand calcula-
tion of n was performed according to Eqs. (6) and (6a-f) and the results compared to the
tabulated values which are found, using the auxiliary program, according to Eqs. (13) and

(13a-d). This procedure afforded a check upon the equivalence of these two sets of ex-
pressions for 5 . After these two cases of , were checked, it could be inferred that the
entire tabulation of c, from = 0 to = 50 was correct, because all values were com-
puted by a means identical to that used in one of the two cases checked. Then using the
computer-tabulated values of , tan could be calculated by hand for representative

values of a - again making hand calculations using Eq. (5) and comparing the result with
the machine-computed result of this quantity according to Eq. (12) as an additional check
on the equivalence of these different relations. It could then be inferred that all values
of tan be for a between 0 and 50 had been correctly tabulated by the computer. From
t a n p0 B the hand calculation proceeded in the same manner through the various pertinent
quantities until the real and the imaginary parts of the nth term in the form-function sum
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were calculated by hand for several representative n and compared to corresponding
machine -tabulated results. It could then be inferred that all of the terms which contrib-
ute to the form-function summation for f[,o at ]ka = 10.0 were correctly tabulated for the
various values Of n. If the respective real parts and imaginary parts of the form-function
terms were then cumulatively summed by hand, starting at n = 0 and proceeding to some
n at which adding a successive term made negligible difference in the result, Be (f ) and
Wf(.o) were found. These were compared to the corresponding values of ne(f.) and IM([.)

that were computed using the main program in the case in question. Thus a form-f unction
sum could be checked by a hand calculation, with high certainty, in a reasonable length of
time. Of course, such a check is not restricted to the material (with idealized constants)
that was considered, nor to any particular value of ka, but may be applied to a sphere
composed of any material at any kca. Checking the particular case considered merely
reduced somewhat the amount of numerical manipulation in hand calculations, and the
checking procedure was in no way unique in logical development because of the numerical
values chosen.

For calculation of the reflection form-function f,, only a slight modification of the
program used for computing f,, had to be made, as has been previously stated. This in-
volved, principally, multiplying terms like those in the sum which expressed f . by com-
plex quantities of the form

_ji) n+1 h ()kr) = (_j) I + 1  [j,(kr) -i'yn(lcr) ]  ,(16)

which could be readily done if the real and imaginary parts of this latter term are stored
in the computer. Checking a form-function f, was then merely a matter of verifying that
the real and imaginary parts of the expression of Eq. (16) are correctly computed and
tabulated. This could be done by means of another simple auxiliary program. As an ad-
ditional check in this case it could be observed that at large values of krT the form-function
f, values, calculated according to Eq. (10), approached those of f" calculated according
to Eq. (11).

SUMMARY

Methods of numerically evaluating the expressions describing monostatic reflection
of an acoustic wave by an elastic sphere have been discussed, and examples of the com-
puted results have been shown. No attempt has been made, however, to describe how
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particular features observed in the curves that exhibit a sphere's reflection character-
istics are influenced, either by the behavior of particular terms or groups of terms in
the formulas which describe these characteristics, or by the particular values of the
elastic parameters specified in a given sphere-reflection computation problem. The
study of both these important aspects of the elastic sphere reflection problem is greatly
facilitated by the availability of the computing programs described here, but, as each in
itself represents a large area of inquiry whose surface has only been scratched at the
present time, it was decided to report here only the results which were complete at this
time.

ACKNOWLEDGMENTS

The author wishes to express his appreciation to the staff of the Naval Research
Laboratory's Research Computation Center for the helpfulness they showed him when he
was using the computing facility. He would like to thank, in particular, Sarah L. Hill,
Maurice Brinkman, and Kenneth W. Morin for their generous aid, so cheerfully given,
which helped reduce the time required to produce reliable programs for the sphere re-
flection computations.



REFERENCES

1. Faran, J.J., Jr., "Sound Scattering by Solid Cylinders and Spheres," J. Acous. Soc.
Am. 23:405 (1951)

2. Faran, J.J., Jr., "Sound Scattering by Solid Cylinders and Spheres," Acoustics Re-
search Laboratory, Harvard University, Tech. Memo. 22, Mar. 1951

3. Morse, P.M., "Vibration and Sound," 2nd ed., New York:McGraw-Hill, 1948

4. Lowan, A.N., Morse, P.M., Feshback, H., and Lax, M., "Scattering and Radiation
from Circular Cylinders and Spheres, Tables of Amplitudes and Phase Angles," Navy
Dept. Office of Research and Inventions (superceded by ONR), July 1946

5. Hickling, R., "An Analysis of Echoes from a Solid Elastic Sphere in Water," Engi-
neering Division, California Institute of Technology, Report 85-20, Mar. 1962

6. Hickling, R., "Analysis of Echoes from a Solid Elastic Sphere in Water," J. Acous.
Soc. Am. 34:1582 (1962)

7. Hickling, R., "Analysis of Echoes from a Hollow Metallic Sphere in Water,' Division
of Engineering and Applied Science, California Institute of Technology, Report 122.1,
p. 5, Dec. 1963

8. Rschevkin, S.N., "A Course of Lectures on the Theory of Sound," New York:Mac-
millan, pp. 350-353, 1963

9. Kallander, J.W., and Thatcher, R.M., "NELIAC-N, A Tutorial Report," NRL Report
5976, June 1963

10. Abramowitz, M., and Stegun, I.A. (Ed.), "Handbook of Mathematical Functions," Na-
tional Bureau of Standards Applied Mathematics Series 55, Mar. 1965

11. "Tables of Spherical Bessel Functions," Mathematical Tables Project, National
Bureau of Standards, New York:Columbia University Press, 1947

12. Neubauer, W.G., and Dragonette, L.R., "Experimental Determination of the Free-
field Sound Speed in Water," J. Acous. Soc. Am. 36:1685 (1964)

13. "Handbook of Chemistry and Physics," 41st ed., Cleveland:Chemical Rubber Pub-
lishing Co., p. 2129, 1959



Appendix A

BESSEL FUNCTION FORMULAS

In this section, all Bessel function formulas pertinent to the elastic sphere reflec-
tion problem are collected for reference. Most may be found in, or may be readily
derived from expressions found in, Ref. 10. The spherical Bessel functions of the first
kind j0 (x) and of the second kind y,(x)), of order n and argument x, are defined

) -77 (X2xa' n- /

and

Y"(x) 7= 2(X

(Ala)

in which J,+1/2 (x) and Yn+1/2 (x) are the Bessel functions of the first and second kind
having indices of odd half-integral values (i.e., n = 0, 1, 2, 3, ... ). The functions J,(x)
and Y,(x) are related through the expression

V (X) cos (v7T) - J(V(x)

sin (v7.)
Y 0 (a') -{-(1~

The Bessel function J() may be expressed by the series

( )v 1 
( 2)2rM

M=O

where F(r) denotes the gamma function with some argument T.

functions of the third kind can be expressed by

(v t integer)

(v integer).

and

h( '(a) = 0 (X) + iyn(X)

h( 2)(X) j, (X) - iy,(X),

(A4a)

(A4b)

and are analogous to the Hankel functions of the first and second kind H 1) (x) and H( 2 ) (X)
given by

and

H( ') J() + iY (W),

H
(

2) (
X

) J 0 (x) - iY,.x).

(A5a)

(A5b)

(Alb)

(A2a)

(A2b)

(A3)

The spherical Bessel
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The spherical Bessel functions have the following properties. From Eq. (A2a), when
= + 1/2,

Yn (X) = (-)n+,j_,_J(x). (A6)

If S (x) is any one of the functions j,(x), y(a) h( ) ( x ), or h (
2) (X ) ,the following recur-

sion relations hold:

and

- 2n + 1
z 0 _(a) + 20 +1 (a) X) z()

n+1
z, (a') ---- n (x_ ) zn(j )

where the prime indicates the first derivative of zn(x ), with
(A7) and (A8) it follows that

(A7)

(A8)

respect to x. From Eqs.

2 - 1
a -_ (X) - an _  (X) - a (a)

at-ia,. 1 (a) = 20 _1 () - z()

(A9)

(AlO)

and

a' [(n+l)(n+2) (X)
22 0 (X) (All)

where the double prime indicates the second derivative of z (x) with respect to x.

The pairs ix(a), y,(a) and 4(1) (x), h(2) (x) are linearly independent solutions of the
differential equation

X2
w" + 2xw' + [x

2
-n(n + 1)] w = 0.

For large values of argument, h( 1 ) (X), h ( 2)(X), Ij(a), and y,(a)
mated by the first term in their asymptotic representations:

are often approxi-

(1 i [-(n+l)ir/2] .- ( ) ei X
n X X

2)
-
(X  

- e-i[X-(n+l)7T/2] = - (i)n+l e-ix,
n aX

and

i.(a ) - Cos I

n X I

- 77'
2 J.

-- 77,
2

The spherical Bessel functions can be expressed in terms of trigonometric
functions:

(A12)

(Al3a)

(A13b)

(Al3c)

(A13d)
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in(x) = - [P(n + Ii2,x) sin (x - -T + Q(n + 1/2,x) cos (x - (Al4a)

yn (a) = (_I)n0+ ' P(

P(n + 1/2,x)

Q(n + 1/2,x) =

n112,x') cos (x + E~l) - Q(a +112,x') sin x' +2

In/ 2]1L. (-1)m (n+ 1/2,2m)(2x)
- 2m

m=0

[(n-1) / 2]

21,

(a +m)!
(n + 1/2,m) m! (a-n)! ' (A15c)

and for any real number r, the notation [-F] in the upper limit of the summations means
"the largest integer < T." For n = 0, Q(n + 112,x) is taken to be equal to zero. Then by
Eqs. (A14a, b) and (Al5a-c), and using Eq. (A6),

jo(x) = y 1 .(X) -sin a (A16a)

and

-1 (a) -CosYo W) = - j.~x -

and

where

and

(Al4b)

in which

(A15a)

(Al5b)(-1)
m

(n + 1/2, 2m+ 1) (2x) 
- 2 m - 1

(A16b)



Appendix B

EXAMPLES OF COMPUTED VALUES OF SPHERICAL BESSEL
FUNCTIONS OF THE FIRST AND SECOND

KIND FOR VARIOUS ARGUMENTS

Digits uncertain in the computed entries, when comparing them either to published
tables or to entries computed using higher values of the index M, are underscored. A
computed entry checked against tables in Ref. 10 is indicated by o, and a computed entry
checked against tables of Ref. 11 is indicated by e.
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Appendix C

TABLE OF VALUES OF THE FAR-FIELD MONOSTATIC REFLECTION
FORM-FUNCTION FOR 0 < k a :5 30.0 IN SIZE-PARAMETER

INCREMENTS OF 0.1 FOR A SPHERE COMPOSED OF 2S ALUMINUM

[Note: 0 -< arg (radians) < 277, 00 <_ arg (degrees) < 3600, tolerance E = 2 x 10 - 6]
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Appendix D

TABLE OF VALUES OF THE FAR-FIELD MONOSTATIC REFLECTION
FORM-FUNCTION FOR 0 < ka - 30.0 IN SIZE-PARAMETER
INCREMENTS OF 0.1 FOR A RIGID, IMMOVABLE SPHERE

[Note: 0 -! arg (radians) < 27T, 00 < arg (degrees) < 3600, tolerance E = 2 x 10 -s ]
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Appendix E

DEFINITIONS OF SYMBOLS

English Small Letters

a radius of the reflecting sphere

* sound speed in the fluid surrounding the reflector

cC, c2 respective speeds of dilatational and shear waves within the reflecting
sphere

f, / ,a respective reflection form-function at arbitrary range . and reflection
form-function in the far-field (where kr - co)

h2) (x) nth order spherical Bessel function of the third kind with argument x - see
Eq. (A4b)

i one of the square roots of -1

j,(x) nth order spherical Bessel function of the first kind with argument x

k wavenumber of the incident acoustic wave (k = 27/X)

k1 ,k 2 respective wavenumbers of the dilatational and shear waves within the
reflector

ka sphere size-parameter

kr range-parameter

n integer (n = 0, 1, 2,...)

p instantaneous acoustic pressure at a field point outside the reflecting
sphere

p i) instantaneous pressure in the incident acoustic wave

P(s) scattered component of the instantaneous acoustic pressure

p0 pressure amplitude of the incident acoustic wave

q proportionality factor relating the sequence (GK) to a sequence of the
spherical Bessel functions of the first kind produced by Miller's device

r radial distance from the sphere center to the field point (range)

t time

u displacement of an element of the sphere
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X

yn(x)

z

arbitrary real number

nth order spherical Bessel function of the second kind with argument x

z-coordinate in XYZ-coordinate system

English Capital Letters

An,BnC, parameters - see Eqs. (6a-f)

A,, Bn, C parameters - see Eqs. (13a-d)

GK Kth term of sequence generated by a Miller's device iteration

W(T) imaginary part of a complex number

K integer K=(O, 1, 2, ... , M-1)

m integer at which the Miller's device iteration begins

N value of index n to which the infinite summations needed for determining
a reflection form-function must be carried in order to express the form-
function to within a defined accuracy c

P,Q respectively, P(n+l/2, x) and Q(n+ 1/2, X) - See Eqs. (A15a, b)

Pn(x) nth order Legendre polynomial with argument x

Re(r) real part of a complex number

x, Y, z designations of the three axes of a Cartesian coordinate system

Greek Small Letters

E arbitrary but fixed small quantity. The difference between the form-
function values, that are calculated by summing N and N -1 terms respec-
tively of the appropriate infinite sum, is less than E.

n a parameter - see Eq. (6) for definition

v. a parameter - see Eq. (5) for definition in the elastic case and Eq. (15) for
definition in the rigid case

e polar angle in the spherical coordinate system in which the reflecting
sphere is located

X wavelength of the incident acoustic wave

p density of the fluid surrounding the reflector

P1  density of the reflecting sphere

0- Poisson's ratio of the reflector material
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