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ABSTRACT

A ship positioning and underwater tracking system for gen-
eral oceanographic work has been developed at the U.S. Naval
Research Laboratory. The positioning and tracking is accom-
plished by measuring the length of acoustic rays emitted by a
single sound source and received by three ship-mounted hydro-
phones. The ray lengths are independent variables in a set of
tracking equations. The sound source is an acoustic transponder.

The transponder, which is moored to the ocean bottom or at-
tached to an underwater vehicle, transmits when interrogated
acoustically from the ship. A small general purpose digital
computer is programmed with the solutions to the tracking equa-
tions. The computer also controls and monitors the auxiliary
equipment which makes up the entire system.

This tracking system was installed aboard the USNS MIZAR
in the spring of 1964. It was used in the North Atlantic Ocean
during the summer and fall of 1964 and the winter of 1964-1965.

PROBLEM STATUS

This is an interim report. Work on the problem is continuing.

AUTHORIZATION

NRL Problem S01-25
Project RF 001-03-46-4205

Manuscript submitted July 15, 1965.



AN ACOUSTIC RAY SHIP POSITIONING AND TRACKING SYSTEM

INTRODUCTION

A problem associated with deep-water oceanographic work is the accurate position-
ing of a ship with respect to a given fixed point on the earth. Seldom can there be found
landmarks for taking pelorus sightings. Ship positioning therefore has to be accom-
plished with respect to a fixed point on the ocean bottom. (It is assumed here that radio
navigation systems cannot continuously provide the required precision.) Further, when
towing an instrumented vehicle from a surface ship in deep water, it is often desirable
or necessary to know the relative position of the towed vehicle with respect to the ship.
Ship-positioning and tracking systems have been developed by various laboratories and
by research and development firms.

The Sonar Systems Branch of the Sound Division of the U.S. Naval Research Labora-
tory (NRL) has developed a ship-positioning and tracking system that meets the require-
ments for oceanographic work. This system, which is installed on the ship itself, has
much in common with other ship positioning systems and operates on the same principle.
Propagation times of an acoustic signal between a sound source and three hull-mounted
hydrophones are measured. The incoming signals from the three hydrophones are de-
tected and processed through appropriate receivers so that the transit times of the
acoustic pulse received by the three separate hydrophones can be accurately determined.
A computer, programmed with a set of tracking equations, receives the transit time in-
formation along with other data and computes the position of the ship relative to the
sound source (or of the sound source relative to the ship). Instead of using a special
purpose computer as do most other systems, the NRL system uses a small, general pur-
pose, digital computer.

The sound sources used are transponders. The transponder transmits an acoustic
pulse when it is interrogated by a proper acoustic signal from a projector aboard the
ship. The projector or transducer is a hydrophone of the receiving array. For ship po-
sitioning a transponder is moored on the ocean bottom, and this serves as a fixed or ref-
erence point.

A self-propelled underwater vehicle can also be tracked with respect to the surface
ship or the fixed point. By equipping this vehicle with a transponder that has an interro-
gation frequency different from that of the moored transponder, the position of the vehi-
cle with respect to the surface ship can be determined. By alternately interrogating the
two transponders, computing their respective positions, and taking the difference of their
coordinates, the position of the underwater vehicle with respect to the moored trans-
ponder can be determined.

If a towed instrumented vehicle is to be tracked then this vehicle should be equipped
with a "responder." The responder functions the same as the transponder, but it is not
interrogated acoustically. The responder transmission is initiated by a signal sent
through the towing cable with the aid of a wired telemetry set.

All the interrogation signals are initiated by the computer in the surface ship. The
transit times of the acoustic signals from the transponder or responder are the independ-
ent variables in the set of tracking equations stored in the computer. Other information
needed in order to compute position is ship's heading, pitch, and roll.
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The general purpose computer has several advantages
puters that are specifically designed to be used in tracking
eral purpose computer is more flexible in operation and is
strumentation which gathers and processes data.

over special purpose com-
or ship positioning. The gen-
available to control the in-

THEORY

To compute the relative
array, consider Fig. 1.

position of an acoustic beacon with respect to a hydrophone

-, Q(X,Y, )

Fig. 1 - Geometrical relationship
of hydrophones at P1 , P 2 , and P3
and transponder at Q

Let P 1 , P 2, and P3 be the hydrophones, let them be nonlinearly positioned and let
them define the x-y plane. Let point Q be the location of an acoustic beacon and le1, 2 ,
and l3 be the distance from Q to P1 , P2, and P 3 respectively. Then

x2 +y 2 +z 2  
1
2  (1)

(x- D ) 
2 + y2 + 2 = 22 (2)

(x- x
3

) 
2 

+ (y - y 3 ) 
2 

z
2 

-
2  

(3)

Equations (1), (2), and (3) are the equations of three spheres with centers at pI, P2,
and P3 . The simultaneous solution of these equations for x, y, and z gives
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These are the basic tracking equations in which

R, = Ct (7)

R 2 C t 2 (8)

R3l ct3 (9)

where c is the velocity of sound in water and t1 , 2, and t 3 are the transit times of an
acoustic wave front traveling from Q to 13,, P2 , and P3 respectively.

The solutions of the tracking equations imply that the answer is an intersection of
three spheres in space. Three spheres can intersect in no more than two points when
the sphere centers are not colinear. Since o by definition of the figure is the vertical
dimension, it was arbitrarily determined to take only the positive square root and define
that as depth. By this definition a negative 2 would be above sea level which is impossi-
ble for the problem under discussion.

The origin of the coordinate system is assumed to be at P1 with the positive x axis
in the direction from P1 to P2 " Practical considerations when mounting hydrophones on
a ship may be such that the P3 and P2 reference points will not be positioned parallel to
any convenient reference system, for example, the ship's centerline, and the xy plane
may not be horizontal. This is not really a problem when computing position because,
by using the proper matrix in the computation, the coordinates can be transformed to any
convenient reference system and the xy plane can be rotated into a horizontal plane.

During tracking operations, when using any shipboard oriented coordinate system,
ship maneuvering and wave action will cause the ship to pitch and roll and the reference
axis will be always changing with respect to true north. Therefore, the coordinates of
the unknown point must be transformed to a horizontal coordinate system with the refer-
ence axis oriented north, when a position is computed.

INSTRUMENTATION

Several tasks have to be performed by the instrumentation in order to compute and
display coordinates. The instrumentation, either monitored or controlled by the com-
puter, has to initiate the acoustic signal by interrogating a sound source, receive this
signal and determine its separate transit times to the three hydrophones, sense the ship
motion and heading, and transfer this information and the time of day into the computer
memory.

The operation of the instrumentation is identical for transponders and responders
except for the initiation of the interrogation signal. The mode of operation is selected by
choosing the appropriate entry into the computer program.

The instrumentation that is used for the tracking system is a combination of commer-
cially available stock items and of instruments that were designed and built at NRL.
None of this equipment was designed specifically to be integrated into such a system with
the exception of the sonar receivers, transponders, and transducers.

Figure 2 shows the major components of the system except for the transponder. The
most critical portion is composed of the receiving and time generating instruments.
These instruments, the hydrophones, the sonar detector which is the acoustic receiver,
and the three universal counter/timers, are operated by two control pulses initiated by
the computer and by the acoustic pulse emitted from the transponder (or responder).



4 NAVAL RESEARCH LABORATORY

0

o w

.s 0

a 0 L
0 r U

7W 0 w 0

~~En
0 0

44

(r 4 >
0 - -4a

40 J U-

00

00
w x

D 4
N Ew xCL Z USj i

0 crcr 0cr 0

Z- I ui W w W L CD< 0

01 > c~ 0(
cr Z l: - 0-4

0 z

< 4-

0 >-

LUr 0 0

p 0U- 0-0
cn (i 0



NAVAL RESEARCH LABORATORY

The ship positioning or tracking system requires an array of three hydrophones to

be mounted on the hull of the ship, as stated above. The hydrophones are transducers
made of barium titanate cast in hemispheres. The transducer assembly, which includes
an outer rubber covering and suitable hardware for holding the barium titanite hemi-
sphere, electrical feed-throughs, and cable seals, provides a means for mounting.

The transducers are mounted in wells that extend 16 feet below the water line. A
diagram of the transducer mounting is shown in Fig. 3.

The geometric arrangement of the hydrophones with respect to the ship and to each
other is shown in Fig. 4. The cables from the hydrophones are terminated at the sonar
receiver inputs via internal ship's wiring. The receiving sensitivity of the hydrophones
at the frequency used, 16.666 kc/s, is -96 db-v//bar.

FRAME 35 0

9" 13'-0 DISTANCES BETWEEN/ HYDROPHONES

'4205 LEG 1-2 50'- 1/8"
LEG 2-3 50'- 1/8"

2nd DECK .- LEG 3-1I 70'-61/4"

HYDROPHONE TRUNKS
D IM. (D (2) - (3)

(7417")20'6" 20'-8" 19'-7"

X"(IN) 251/8 25/8 25/8

Ig,3l - Transducer trnk on Fi. Takig/yte2ydo

Y F) 1 9 112FRAME 55 479

- 32'

1/2".

17" - ..... K-EEL--B-ASE: 'NiE 9"

f. -TRANSDUCER _L! FRAME 71

Fig. 3 -Transducer trunks on Fig. 4 - Tracking system hydro-
MIZAR T-AGOR-II phone positions on USNS MIZAR

T -AGOR -II

The sonar detector consists of three separate but identical channels; one hydrophone
is connected to each channel. The input of each sonar channel has a network for tuning
out the reactive component of the impedance of each hydrophone. The maximum ampli-
fier gain of each channel is 100 db. In addition to detection and gain each sonar channel
is equipped with several signal processing circuits.

A tuned filter can be switched in and out of each channel at the operator's discretion.
Narrow-band operation is used when the ambient noise level reduces the signal-to-noise
ratio to a point where effective tracking cannot be maintained. Experience has quickly
indicated, however, that whenever the ship is underway, even at its slowest speed, and/or
the slant range is greater than 4000 ft, the filter has to be used, that is, narrow-band
operation is required. The bandwidth of the 16.666 kc/s filter is 2 kc/s.
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The narrower bandwidth does lengthen the rise time of the acoustic pulse. Because
some of the circuits in the receiver are threshold operated the narrow-band filter will
cause an apparent increase in the transit time of the acoustic pulse. Therefore, an error
in the computation of coordinates is immediately generated. If the error in time meas-
urement is the same in each channel, then this error is not at all serious, and it can be
mitigated somewhat by making compensating adjustments in the computer program. If,
on the other hand, time measurement errors are different in each channel, then the final
errors will be quite serious. Errors are discussed in the Appendix.

A schematic of one of the receiver channels is shown in Fig. 5. The circuit shows
two inputs and two outputs, each having its own separate function. One input is the hy-
drophone, which has been discussed above. The other input is a computer-initiated pulse
that resets the "stop-timer" bistable multivibrator. This pulse is called the "clear-
sonar" pulse.

When the acoustic signal from a transponder (or responder) is received and detected
the "stop-timer" bistable multivibrator is turned to its "on" state and stops an electronic
timer. The "stop-timer" pulse is one of two outputs from the receiver channel.

The other output is the amplified acoustic pulse, superimposed on a dc level. The
dc level changes from a ground state to 1 volt when the clear sonar signal is received
and reverts to its initial state when a signal in the water is received and detected. This
output is connected to an oscilloscope so the operator can adjust the gain of each channel
for best operation. He can also tell if noise is interfering with the operation of the sys-
tem, that is, whether noise or the pulse is turning off the electronic timer. This is easily
noted by observing whether the dc level of the oscilloscope trace return to its ground
state prior to the arrival of the acoustic signal. If this is the case the dc level will be
at the ground state before the transponder pulse is detected.

If, on the other hand, the transponder pulse fails to trigger this multivibrator cir-
cuit consistently, then the operator knows that there is a malfunction in the system; for
example, range too great, weak transponder, low gain, or receiver fault. In any case the
incorrect computation that results can be noted. The timer used is a standard electronic,
event per unit time, counter/timer. The clear sonar pulse, which is initiated by the
computer, is followed by a "start-timer" pulse, which starts the timer counting time in
10-microsecond increments.

The measurement of the transit time is made in two increments. The first and
larger increment is measured by the clock in the computer. The second increment is
measured by the universal counter/timers, one for each channel. The duration of the
initial increment is proportional to a number in a memory location of the computer. The
computer stands idle during this time, but at the expiration of this time the computer
initiates the clear sonar pulse and starts the timers. The incoming acoustic signal from
the transponder causes the timer to stop. The time registered on the counters is held
long enough for this information to be transferred into computer memory. Most univer-
sal counter/timers have an output jack on the rear of the chassis for obtaining electri-
cally what the front indicators register.

The time registered by the counter is added to the time the computer measures for
the total travel time. For transponder operation this total time is divided by two and
multiplied by the speed of sound in the water to give a one-way ray length. This is re-
peated for each sonar receiver channel. The ray lengths are substituted into the tracking
equations. It is assumed that there is not a significant delay in the transponder between
the time of reception and the time of transmission.

The number in the memory location for determining the larger part of the individual
transit times can be adjusted during each computation cycle. The initial time interval
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N RL FILTER CENTER FREQ. = 16.66 KC
BANDWIDTH = 2 KC OR LESS

GST 2- 2 PACKAGED BELL SCHMITT TRIGGER

AMPLIFIER TYPE - P45 PHILBRICK RESEARCH

FLIP FLOP TYPE - IOIB ELECTRONIC ENGINEERING COMPANY

Fig. 5 - Block diagram of sonar receiver for acoustic ray tracking systen
(one of three separate channels)
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measured by the computer for the current computation is "predicted" on the basis of the
previous computation. This time is always kept less than the anticipated total time in
order that the receiver will be gated "on" prior to the arrival of the acoustic signal from
the transponder. This is the "range-gate" feature of the program. It is discussed fur-
ther in the section on operation.

The computer initiates commands to all of the instrumentation through the high-
speed buffer and command generator. The excitation voltage to execute the computer's
external commands come directly from the command generator. Information is taken
into the computer memory from the programmed input selector.

The programmed input selector can handle words of 22-bit length of data. It too is
operated on commands initiated by the computer. As can be seen by referring to Fig. 2,
the inputs to this equipment are connected to external instrument generating or record-
ing data in digital form. The equipment that has its data recorded are the three counter/
timers mentioned above, the analog-to-digital converter, and a clock. Data acquisition
is executed on commands from the command generator. The command generator in turn
"takes its orders" from the computer.

The data from the analog-to-digital converter are for ship's heading and ship's mo-
tion of pitch and roll. For ship positioning with respect to a moored transponder, the
directions as well as the distances must be specified. The directions north or south and
east or west are used as opposed to range and bearing. A gyro compass Mk 22 Mod 0
provides an accurate direction sensor. A synchro transmitter in the compass is con-
nected in external synchro receiver. The synchro receiver drives a 360-degree potenti-
ometer, and a stable voltage of 10 volts is connected across the potentiometer. The volt-
age output is then directly proportional to the compass heading.

All coordinates computed by the ship positioning system are with respect to the hy-
drophone array. The hydrophones are rigidly attached to the ship and the ship is con-
stantly moving due to maneuvering and wave action. Therefore, all ship motion must be
detected and measured so that the coordinate system can be transformed to a constant
orientation.

A vertical gyro is used to detect ship's motion of pitch and roll. The outputs from
the vertical gyro are standard synchro type for both pitch and roll. The synchro outputs
from the vertical gyro are connected to a transformer and rectifying network that gives
two dc voltages proportional to the sines of the pitch angle and the roll angle.

Although the motion sensing instrumentation has continuous outputs these data are
sampled only immediately after the counter/timers are stopped.

For each of these data, heading, pitch, and roll, the computer initiates a series of
commands. The commands switch the multiplexer, sample the analog-to-digital con-
verter, and transfer the digitized data to the computer memory via the programmed in-
put selector and high-speed buffer.

The only other digital datum taken into the computer is the time of day. Although
the time is not needed for any computations, a display of the time along with the coordi-
nates is made as a part of the permanent record. The computer executes commands
sequentially and cannot take in the data and information from the external instrumentation
simultaneously. However, all of the data is taken into the computer memory within 100
milliseconds. During this time the change in the ship's motion is nil, and the coordinate
system is in essentially the same orientation as when the transponder pulse is received.
Also the time from the clock is registered only to the nearest second. Therefore, no
significant errors are caused by the sequential operation of the computer.
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A mode of operation is determined by the commands initiated by the computer and
given to the multiplexer and transmit-receive (T-R) network. In addition to the motion
sensing instruments, oscillators are also connected to inputs of the multiplexer. The
frequencies of these oscillators are tuned to the interrogation frequencies of the trans-
ponders. To interrogate the responder a frequency is needed to command the wired
telemetry equipment channel for operating the responder.

A command to the multiplexer switches the frequency corresponding to the mode of
operation. A command to the T-R network switches the frequency to either the telemetry
set or power amplifier that feeds the projector transducer. The T-R network also oper-
ates three relays, which switch one of the transducers from a receiver input to the power
amplifier output. This hydrophone becomes the projector for transmitting the interroga-
tion frequencies of the transponder. The other relays disconnect the other two hydro-
phones from the receiver input and ground them. This is required so that the receiver
will not be overdriven and damaged during the transmit portion of the cycle.

The transponders and the responder have identical outputs. Their output source
level is 90 db above 1 dyne/cm 2 , referenced at one yard. The receivers of the trans-
ponder are tuned to various frequencies in the 17 kc/s to 18 kc/s range. A narrow-band
tuned filter, using a miniature tuning fork, maintained the frequency stability of the re-
ceiver. (It is found in practice that the resonant frequency of the tuning fork changes
significantly with temperature. This requires a change in the interrogation frequency
when the transponders are placed in the cold water of the deep ocean.)

OPERATION

The operation of the ship positioning or tracking system falls into two parts: manual
operation and computer controlled operation. These two functions are carried on simul-
taneously and continuously. The computer's operation is determined beforehand by the
program. However, program changes can be easily made at any time to fit new situations
if necessary.

The program for tracking includes all commands for operating the ancillary equip-
ment, transferring the data in digital form from external sources, making the computa-
tions, and displaying the coordinates along with the time of day and the object tracked.

One of the noise discriminating features of the system is a "range-gate" subroutine
in the computer program. During normal operation the slant range between the trans-
ponder and the ship does not change very much between two consecutive computations.
This being the case, the transit time of the tracking pulse does not change by more than
a few milliseconds if the computation cycle is short enough. The range gate subroutine
controls the time of initiation of the clear sonar signal. The actual time of initiation of
the next clear sonar signal depends on the transit time from the previous computation.
The clear sonar pulse is sent to the receiver immediately after the expiration of the
coarse time interval of total transit time. During each computation cycle this coarse
time is adjusted, if necessary, depending on whether the slant range is increasing or de-
creasing. For optimum operation it was found best to clear sonar 10 milliseconds to 20
milliseconds before the anticipated time of arrival of the transponder reply.

Excitation of the receiver by noise is impossible prior to gating the receiver output.
Hence the chances of turning off the counter/timer prematurely is reduced by delaying
the clear sonar signal to the receiver as long as practical. This greatly increases the
reliability of the system.

However, the range gate does have one drawback if the noise level in the water in-
creases temporarily. Under this condition the receiver output will turn off the
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counter/timer immediately after clear sonar and the resulting computations may appear
to be valid when compared to previous ones. This is because the fine time increment
registered by the counters is usually very small compared to the coarse time stored in
the computer.

Initially the range gate is set to go off soon enough to insure that the receiver is
gated open when the transponder pulses arrive. The excess time between clear sonar
and the arrival of the pulse is decreased by a certain amount each computation cycle and
the corresponding time added to the coarse time in the computer. The amount of de-
crease (or increase) can be set by the operator by adjusting the number in only one mem-
ory location.

The mode of operation is determined by the entry into the program. The modes of
operation are:

1. Ship positioning using a bottom moored transponder.

2. Tracking a towed instrument package with respect to the ship.

3. Tracking a self-propelled underwater vehicle and positioning it with respect to
the bottom moored transponder.

4. Positioning the towed body with respect to the moored transponder.

The modes of operation could be extended where necessary with no addition or, at
most, a slight addition to the hardware.

The manual operation consisted primarily of monitoring the acoustic output from the
receiver on an oscilloscope. The gain of the three sonar channels will also require
manual adjustment from time to time. As stated in the section on instrumentation the
operation of the acoustical portion of the system is easily monitored in this manner.

The absolute position of the ship will be dependent on how accurately the position of
the transponder is known with respect to the earth. The site, for anchoring the trans-
ponder can be determined by radio navigation receivers, e.g., loran. After the general
area of interest is known, positioning the ship with respect to the transponder is easily
done after some experience has been gained. Many operations, however, require only
repositioning of the ship over the same place, retracing a course over a relatively small
distance, or just keeping a log of the ship's present position.

The tracking system described above was installed on the USNS MIZAR T-AGOR 11
in May 1964. It was used successfully in the North Atlantic during the summer and fall
of that year and in the winter of 1964-1965.

Data, typical of normal operation, is shown in Fig. 6. The letter T in the extreme
right-hand column indicates that the acoustic source was a transponder. In this particu-
lar run the MIZAR was towing an instrumented vehicle. The letters following the coordi-
nate distance designate the direction of the towed vehicle from the ship. Whereas nor-
mally N means north, S means south, E means east and W means west, in this case N
means forward of the ship, S means astern, and E and W mean starboard and port
respectively.

The sequence of data shown in Fig. 6 has two obviously bad coordinate computations.
They are at times 10 42 20 and 10 44 11. These are usually caused by noise radiated
from the ship. The data output is by the computer-operated electric typewriter indicated
in Fig. 2.



NAVAL RESEARCH LABORATORY

East'- West North - South Depth
Time Coordinates Coordinates (ft

(ft) (ft) (ft)

10 39 09 888 S 698 E 8240 T
10 39 25 886 S 669 E 8249 T
10 39 41 845 S 754 E 8244 T
10 39 57 887 S 680 E 8239 T
104013 941 S 772 E 8228 T
1040 29 943S 572 E 8255 T
104044 1068 S 628 E 8243 T
1041 00 1118 S 613 E 8238 T
1041 16 1105 S 528 E 8238 T
1041 32 1127 S 750 E 8232 T
1041 48 1082 S 649 E 8265 T
1042 04 1169 S 807 E 8228 T
10 42 20- 1090 S 719 E 8274 T
1042 36 1164 S 870 E 8229 T
1042 52 1165 S 681 E 8241 T
1043 08 1250 S 774 E 8225 T
1043 24 1269 S 793 E 8244 T
104340 1204 S 808 E 8252 T
1043 55 1275 S 862 E 8235 T
1044 11- 2640 S 29 W 8744 T
1044 27 1322 S 826 E 8241 T

Fig. 6 - Typical data printout during an actual run. "T" in
right hand column indicates that transponder was used as the
acoustic beacon.



APPENDIX

Error Analysis

There are several sources of errors in the system just described. Already men-
tioned is the error caused by the extension of the rise time of the acoustic signal. An-
other source of error is that caused by ray bending. In the section on theory it was
assumed that all rays from the sound source to the ship-mounted hydrophones travel in
straight lines.

Although the universal event per unit time counter/timer can measure time to a
precision of 0.1 microsecond, the limitations of the available hardware limit the meas-
urement of time to increments of 10 microseconds as mentioned in the section on instru-
mentation. An analysis of the possible error caused by inaccuracies and imprecision in
the measurement of transit times is made below.

With reference to Fig. 1 let tI, t2, and t. be travel times from P1 , P2 , and P3 re-
spectively. Let ti + AtJ, t 2 + At2, and t3 + At3 be the measured travel times where At
At 2, and A t 3 , are the differences between the actual and the measured travel times. A
must be noted that At I, At 2, and At 3 are never less than zero. From Eqs. (4), (7), and
(8)

c(- 12 + (lX (t 1 2 -t2 2 )  + D1 2 (A1)
2D1

The computed value of x denoted by x + Ax can be written as

+ c2[(t1 + Atl 2 - (t + At 2 ) 2] +D 1 (A2)2D
1

where Ax is the uncertainty in x due to At1 and At2. Expanding the terms inside the
brackets,

XAX C2 z + 2t 1 At1 + (At 1 )
2 

- t 2 - 2t 2 At 2 - (At 2 )]+ D1 
2  (A3)

2D1

By subtracting Eq. (Al) from Eq. (A3) the travel time measurement error Ax can be
written as

Ax c2[2tAt 1  + (At 1)2 - 2t2 At2 - (At 2 )
2 ] (4)

2D1

Because At1 and At 2 are small in comparison to t and t2 respectively, Eq. (A4) can be
rewritten as

C2 [t1 At - t 2 At 2 1 (A5)
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Furthermore, t 2 can be written as: t2 1 1 + (t2 -tI); thus

c 2 
[t1 (At 1 - At 2) - (t 2 - t1 ) At 2] (A6)

Ax

Maximum (t2 - t 1) is restricted by D, which is approximately 50 feet for the system de-
scribed. Also by Fig. 1 it can be seen in general that Di << R and Di <<R 2, so Eq. (A6)
can be approximated by

C2 [11 (At 1 - At 2 )] (A7)

AxI

Similarly by using Eq. (5),

c 2 [t1 (At 1 - At 3 )] (A8)
Ay - DI

and again by using Eq. (6), taking the positive value only of the radical,

z - 0 + / 42 + 2c 2 
1 1 Atll 2xAx -Ax 2 - 2yAy- A 2  (A9)

From Fig. 1 it can be seen that the slant range is R, : ct . Therefore from Eqs.
(A7) and (A8) the uncertainty in the x and y coordinates is directly proportional to the
magnitude of Ri. It is more difficult to generalize on the uncertainty in the 2 coordinate.
However, an examination of Eq. (A9) shows that the uncertainty in the z coordinate de-
pends on x, y, Ax, and Ay, and when these values are numerically small Ax is also small.

From this it can be stated that if the horizontal distance between the ship and trans-
ponder is small compared to the slant range then Ao will also be small, and conversely if
the horizontal distance between the ship and the transponder approaches the slant range
then Ax can be so large as to make the value of 2 very dubious.

To illustrate this consider the following two examples. In each example the following
assumptions have been made:

c = 5000 feet per second

lAtI - At 2 0.000150 sec

jAt I - At 3  0.000150 sec.

The slant range in each case is 15,000 feet.

Example 1.
ti 3OOO~sc±A 0A- <0.00020, i =1,2,3t I = 3. 00000 sec + At, 0 <! At i  --0002 1i= 2P

12 = 2.99300 sec + At2

13 = 2.99400 sec + At3

for these assumed values of transit time
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x = 10512 ± Ax feet

y = 9016 ± Ay feet

z = 5762 ± AR feet

AxI 225 feet

Ay] 225 feet

IA;3 1 830 feet.

The maximum possible error in x and y is approximately 2%,
can be as great as 14%. In this case the x and :y coordinates show
distance between the ship and the sound source approaches that of

while the error in e
that the horizontal
the slant range.

Example 2.

= 3.00000 sec + AtI

t = 2.99930 sec + At22

t = 2.99940 sec + At
r t3

for these assumed values of transit time

X = 1049 ± Ax feet

y = 924 ± Ay feet

- = 14935 ±A3 feet

0i t 0.00020, 1,2,3

I AxI - 225 feet

IAy 1 225 feet

IA3l -< 30 feet.

The possible error in x and y has remained the same numerically but it can be
greater than 20% of its coordinate length when the sound source is almost directly under
the ship. The possible error in ; is not significant.

When tracking a towed body at slow speeds the second example cited is more likely
to be the case most of the time. For ship positioning with respect to a bottom-mounted
transponder the first example can be typical a significant portion of the time. However,
in this case x and y are of the greatest importance and the large uncertainty in o will not
matter.

When tracking a self-propelled underwater vehicle occurrences typical of both exam-
ples can take place. Here the uncertainty in depth can be of concern.

In the two examples cited above, extremes in errors of time measurement are as-
sumed. Also, the slant range was assumed larger than what has been experienced. The
errors for the x and y coordinates are directly proportional to the slant range as shown
by Eqs. (A7) and (A8).

For the data shown in Fig. 6 the slant range is approximately 8350 feet and slowly
increasing. This slant range is slightly more than one half that used in the two examples
above. Therefore, the largest errors in the coordinates of the horizontal plane are ap-
proximately one half of those computed in the two examples.
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