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ABSTRACT

The Naval Research Laboratory SHIP is a special-purpose acous-
tic radiation program designed for rapidly determining acoustic sur-
face pressures, radiation impedances, and far-field radiation patterns
for acoustic sources in the form of finite cylinders and free-flooded
rings and for acoustic sources which can be approximated by such
forms., The program uses a finite-element method based on a one~
dimensional version of the surface Helmholtz integral equation, Axial
symmetry is assumed in all cases. It is the complete use of this axial
symmetry which results in the high speed of this method relative to
other formulations of this problem. The basic inputs to the program
are the geometry of the ring or cylinder and the normal velocity on the
surface of this source, The output is a representation of the complex
acoustic pressure distribution on the surface of the source, the radia-
tion impedance, and (if desired) the far-field radiation pattern. The
program is presently limited to a single ring or single cylinder, but it
may easily be modified to handle coaxial stacks of rings and cylinders.

PROBLEM STATUS

This is an interim report on the NRL Problem; work is continuing.

AUTHORIZATION

NRL Problem S02-19
Project RF 05-121-402-6200

Manuscript submitted March 2, 1972,
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SHIP
(SIMPLIFIED-HELMHOLTZ-INTEGRAL PROGRAM)

A FAST COMPUTER PROGRAM FOR CALCULATING
THE ACOUSTIC RADIATION AND RADIATION
IMPEDANCE FOR FREE-FLOODED-RING
AND FINITE-CIRCULAR-CYLINDER SOURCES

INTRODUCTION

The Simplified-Helmholtz-Integral Program (SHIP) is a special-purpose acoustic-
radiation computer program designed for rapidly determining acoustic surface pres-
sures, radiation impedances, and far-field radiation patterns for acoustic sources in the
form of finite circular cylinders and free-flooded rings. The program uses a finite-
element method based on a one-dimensional version of the surface Helmholtz integral
equation. In all cases axial symmetry is assumed and it is the complete exploitation of
this assumption which results in the high speed of this method relative to others, The
basic inputs to SHIP are the geometric parameters of the ring or cylinder source and the

normal velocity on the surface of the source, The output is a representation of the com- -

plex acoustic pressure distribution on the surface of the source, the radiation impedance,
and (if desired) the far-field radiation pattern. SHIP can also handle the case in which a
part of the surface of the transducer has zero pressure (pressure-release boundary
condition) instead of a prescribed normal velocity. This would be the case for a ring
operating in the so-called squirter mode (pressure-released on the outside surface so

as to radiate primarily axially instead of radially). SHIP is limited to a single ring or
cylinder, but an extended version of this program, the Multiple-Ring Simplified-
Helmholtz-Integral Program (MR SHIP), capable of handling coaxial stacks of rings or
cylinders has been completed and will be reported in another NRL Report.

THEORY

The theory used in the program begins with the Helmholtz integral equation for the
velocity potential at a point R, due to a surface S, (described by the position vector R,)
which is vibrating harmonically with angular frequency w:

#(R) @qb(ﬂ )a—g(R°‘R) ds @ B (R_|R) dS (1)
= - g )
0 ano 0 ano 0 0

where {J dS, represents integration over the surface of the radiator, 3/9n, denotes a
derivative normal to the surface, in particular -3¢/9n, being the known normal velocity
of the radiating surface, and ¢ (R,|R) is the free-space Green's function given by

eik|[R-R|

g (Ry|R) = (2)

an|R-R|

in which k is the wavenumber (w/c). The acoustic field everywhere can be obtained
from Eq. (1) once ¢ (R,), the velocity potential at the surface, is determined.
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2 P, H, ROGERS

The limit of Eq. (1) as R approaches the surface of the radiator (allowing for the

jump discontinuity in the first integral [1] is [2,3] the surface Helmholtz integral equation:

dg (Rg[Ry) 3¢(R,)
¢ (R,)/2 =g§6 #(Ry) — ds, -Stﬁ ——— e(Ry[Ry) dS, (3)

0 on,

The usual procedure for obtaining approximate solutions for Eq. (3) involves dividing
the surface of the source into N subdivisions over which the velocity potential (and the
velocity) may be considered constant., Equation (3) can then be reduced to a system of N
complex linear equations in N unknowns, the N solutions to these equations representing
some sort of mean velocity potential over each of the N subdivisions, If, for a cylindri-
cal radiator, the surface were divided as shown in Fig. 1 and no advantage were taken of
the symmetry, 7200 matrix elements would have to be calculated, each matrix element
consisting of a surface integral which would have to be obtained numerically. In general,
for M sliced segments and N bands 2 (MN)? surface integrals would have to be evaluated.
If the bands are chosen to be equally spaced and if the symmetry of the problem is fully
used, this number can be greatly reduced. For axially symmetric velocity distributions
it is possible to reformulate the problem so as to eliminate the vertically sliced subdivi-
sions entirely (with a consequent reduction in the minimum number of matrix elements
to be calculated) and to convert the numerical integrations from surface to line integrals.
The resulting method is much faster and (for a given number of bands) more accurate
than the conventional method.

For simplicity the derivation of this method will be given for a solid cylinder of
radius a and height 2h. The extension of the method to ring transducers is straight-
forward. Cylindrical coordinates will be used with the z axis coinciding with the axis of
symmetry of the cylinder and with the origin at the center of the cylinder, For the cyl-
inder Eq. (3) becomes

2m a

d)(rs, z)/2 = j f g(ro, h, 9°|rs. z.) v(ro, h) r, dr0d¢90
0 0

27 a
+j f g(ry, -h, 90|rs, zg)v(ry, ~h)y ry dr,df,
(]

27 h
+J j g(a, z,, 90|rs. z)v(a, zy) a dz,df
()}

278 13g(r,, z,, O], )
o' “0' V0 s’ s
+J; f |: Bzo ¢>(r0, h) T, drodt90
zoﬁh

-8 Bg(ro, Zy, Golrs, zs)
- J; J \: Bzo qb(ro, ~-h) T, drode0

zg="h

27 b 13g(r,, 2., 8 |rs, zg)
+ J [ 2 ;r : $(a, 25) a dz,dd, | (4)
[1] 0

ro=a

where v(r,, z,) is the normal velocity at the surface point (r,, z,).

e it
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h————————-Za-—-——-——oJ

Fig. 1 - Subdivision of the surface of a cylinder into six sliced
segments and ten bands (three bands on the bottom surface be-
ing hidden) 2h

The Green's function is then replaced by its integral representation [4]

g(ry, 24, Bylr, 2) = (1/4m) Z €, cos m(6,)

m=0

- OO R RPN
x [ TaCas) Tatre) Y (5)
A (22 - k2y'/?

where 2 is an integration variable and ¢, = 2 for m# 0 and ¢, = 1. This integral rep-
resentation enables exact integration over 8,. Equation (4) then reduces to the one-
dimensional integral equation

P(ry, z,) = f f Jo(Rr ) Jo(2r ) /.L"Qe—”"-h‘ v(ry, h)yr, dfdr,

0 "0

ff To(Rr ) TR ot g e "'”‘lvuo,-h)rodndro

f Jo(Rr) Jo(Ra) uot ne"‘""'°l v(a, zg) adldz

~h "0

+

a oo

#|z 'h|

TolRe ) To(Reg) e 707 (g, by £ dldr,

“+
Ol——y

=)

+ J:fJ(,(ﬂr,)Jo(szro)ee"‘l"*“'¢<ro. -h) £, dtdr,
h
N

1/2

Jo(Rrg) Jo(Rry) w7t 22 e-“)z’—zo' $(a, z,) a dldz, , (6)

=2

where u = (22-%2)
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The surface of the cylinder is divided into IMAX bands on the top and bottom and JMAX
bands on the side. The bands on the top and bottom surfaces are thus D, = a/IMAX wide,
and the bands on the side are b, = 2h/JMAX wide. The centers of the top (and bottom)
bands have radial coordinates

r; = (i-0.5)D, , i=1, ..., IMAX, (7
and the centers of the side bands have z coordinates:
z; =h-(j-0.5)D, , j=1, ..., JMAX . ‘ (8)
It is assumed that the bands have been chosen to be narrow enough for both the ve-
locity and velocity potential to be considered constant over each band. With this assump-

tion the remaining integrations over r, and z, can be performed analytically by using
the relations

b
|| 34y rpdry = T(2a) a2 - 3,ctb) b0 9
and
b
f e'l‘-lz-zol dzo - _#-l[e-u(z—b) _ e-p.(z—a)] , z2>b > a,

= —#—1[2 - e_”(b'z) - e‘#(z'a)] . b>z>a,

= —utfera=z) o emu(b=2)] b>a>z. (10)

Use of Egs. (9} and (10) yields the following system of LCMAX (= 2IMAX + JMAX) equations
in LCMAX unknowns:

IMAX
$(r; by = ). [G:: v(r;,h) + G;? v(r;, -h) + ;> ¢(rj,—h)]

i=1

JMAX

+Z [Ggiv(a.zi)+M§§¢(a. 2,-)] ) 1, ..., mAx, (11a)
i=1

[N
11

IMAX
$(r,-hy= ) [G‘;‘; v(ry,-h) + G35 v (rj, h) + M}} d)(rj,h)]
i=1

G?f v (a, zj) + M?: ¢ (a, zj)] R i=1, ..., IMAX, (llb)

$(az)= ) [G?} v h) + GES v(r;,-hy + MZF B (r,h) + MY (g, —h)]

i=1

JMAX

+ Z [Gﬁ v(a, z;) + M; & (a, zi)] , i=1, ..., JMAX, (11c)
J=1
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where M and G are the influence matrices to be discussed in the next paragraph.

The superscripts t,

b, and s designate the top, bottom, and side surfaces respec-

tively; as examples, the Symbol Glf represents the contribution to the velocity potential
on the ah band of the side surface due to the velocity on the jth band of the top surface
and Ml ; Wwould represent the contribution to the velocity potential on the ith band of the
bottom surface due to the velocity potential on the jth band of the side surface. It is
easy to show that all of these matrix elements are not independent; in particular

Gt} = 6b} and M{}=MP =0, i, §=1, ..., IMAX,

Gib = bt and M{% = M}Y i, §=1, ..., IMAX,

Gi3 = G% yaxe1-; and MiT = MY®iuepiiogn i= 1, ..., IMAX, o= 1, ..., JMAX,
Gi} = Gluaxer-i,; and MES = Mipae i i 50 i=1, ..., JMAX, =1, ..., IMAX,
Gij = G} and M = M}, i, j =1, ..., JMAX,

and for all k and m suchthat |i-j| = |k-m|,

G?;:G‘:; and M§§=M;;, i, j=1, ..., JMAX,

(12a)
(12b)
(12c)
(124)

(12e)

(12f)

The M and G matrices are all integrals from zero to infinity over the single variable ¢,
The explicit forms for these matrices as found from Egs. (6), (9), and (10) are

u;:

M;?

M. .

_.z’.‘Ds/2| _ e-ul zi'zj+Ds/2|]

_aJ; Jo(Ra) J,(Ra) 22;&'2[;#’% "

i=1, ..., MAX, j > i, (in particular, i#j)

-Zaf Jo(€a) J,(Ra) £2 #‘Z[e"‘nsmq]_dfz, i=1, ..., JMAX,
0

(/]

-af Jo(fr ) J,(2a) Qg#.n[e'#(h-zj-Ds/Z) _ e'#(h-zj+DS/2)] a
(]

i=1, ..., IMAX, j =1, ..., JMAX,

:-[ Jo(Rr3) e~ 2uh [erJ1<erL) - rjUJI(erU)} ae ,

i, j=1, «v., IMAX, r,; =71, - D/2, L ry + D./2,

(13a)

(13b)

(13c)

(13d)
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MeS = _J' T,(2a) e-p(h—zi)[rjujl(griu)_ riLJl(ger)jl an |
i=1, ..., JMAX, j=1, ..., IMAX, (13e)

- =z, - .—z.+D_/2
G.s - a [Jo(ga)]22#-2|:e I-L|Z‘ z, D‘/2| - e /"'lzl z)"‘ s/ I]

5 de ,

i=1, ..., JMAX, j=1, «o., i - 1 (in particular, i#j) (14a)
6if = 2a [ e en2[e ™2 1)ar, i-1, ..., X, (14b)
0
6t = a [ Totary) Toay e 2 [ HTTHT D L O]
0
i=1, ..., IMX, j=1, ..., JMAX, (14c)
Gi} =j Jo(’lfi)#"[fjull(‘“su) - riLJl(QriLﬂ a, i, =1, ..., IMAX, (14d)
0
G5 = Jo(ﬂriw"e'“"[ﬂ“h(’“;") - r;“Jl(er”)] de, i, =1, ..., IMAX, (14e)
(4]
G}y = J’ Jo(ea) w7t e-“(h-zi)[’iuh(‘“iu) - 'iLJx(’“iL)] de
[}
i=1, ..., pMAX, j =1, ..., IMAX. (14f)

The remaining M and G matrix elements can be determined from Eqgs. (13) and (14) using
the symmetry relationships expressed in Eq. (12). From Egq. (12) the matrix elements
M}$ and Gi} need be calculated only for i =1, j = 1, ..., JMAX,

ij

For rings, the following additional matrix elements, homologous to those already
derived, must be evaluated:

Mil and Gi} relating inside surface points to inside surface bands
(i, = 1, ..., JMAX),

Mij and Gij relating inside surface points to outside surface bands
(i, =1, ..., JMAX),

Mf; and ‘Gﬂ relating outside surface points to inside surface bands

(iv J = 17 ¢y JMAX),
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Mt;‘ and Gif relating inside surface points to top surface bands
(i=1, ..., JMAX; j = 1, ..., IMAX),
Mf; and Gf} relating top surface points to inside surface bands

(i=1, ..., IMAX; j =1, ..., JMAX).

EVALUATION OF MATRIX ELEMENTS
The quantity p = (22- kz)”2 in Egs. (13) and (14) is pure imaginary for £ < k, As
a result the M and G matrix elements are complex quantities. The imaginary parts of
the matrix elements are derived entirely from the integration from 0 to k, and contri-
butions to the real parts of the matrix elements come from the entire range of integra-
tion. It is therefore convenient to divide the numerical integration into two parts, 0 to k
and k to infinity, the latter integrals contributing to only the real part of the matrix ele-
ments. The numerical integrations are performed by Gaussian quadrature., A single
ten~, 20~, or 32-point Gaussian quadrature is used for the integration from 0 to k. The
integration from k to infinity is performed in steps of size FKFAST (first the integral
from k to k + FKFAST is evaluated, then the integral from k + FKFAST to k + 2 FKFAST,
and so forth) each step consisting of a single ten-, 20-, or 32-point Gaussian quadrature,
After each step, a test for convergence is made. If the integral has converged, no further
steps are taken; if it has not converged, the integral over the next step is evaluated, If
the convergence test is not satisfied after ten steps, the integration is terminated.

There is an integrable singularity in ! at £ = k. This is eliminated by changing
the integration variable from £ to n. (At first glance the singularity appears to be of
order p~?; this is not the case, however, because the trigonometric factors in the inte-
grand are directly proportional to . in the vicinity of £ = k.)

To avoid repetitions of the same calculation, all of the Bessel functions used in the
program are evaluated once and for all in subroutine CALBES and placed in COMMON
for use by all of the integrating subroutines,

To further avoid redundant calculations, matrix elements which contain the same
trigonometric functions are evaluated simultaneously whenever possible,

Only the independent matrix elements are evaluated,

All of the integrals in Egs. (13) and (14) converge, For % > k, x is real and posi-
tive, so that all integrals containing a factor "#!, where I' is some real and positive
quantity (such as I' = h - z; in Eq. (14f)), converge rapidly. Several of the integrals
(Eqgs. (13b), (14b), (14d), and for some values of z; (13c) and (14c)) contain terms which
do not have an exponential factor. These integrals converge no faster than ¢°2, and
special procedures had to be devised to achieve a satisfactory rate of convergence,

These procedures are outlined in the discussion of the individual matrix elements which
follows:

e The matrix elements Mj, Mij, M}, Mii, G§}, Gif, Gi!, and Gi{ are calculated

ijo ij9

1]2
simultaneously in subroutine CéSM for i =1 and j = 2, JMAX, The matrix elements
Mi3 etc, for i = 2, ..., JMAX are evaluated from these using Eqs, (12e) and (12f),
® The matrix elements M§$, mii, Mit, Mii, Gif, Gii, Gif, and Gi} are calculated

iis

simultaneously in subroutine CSSM for i = 1. The remaining (i, i) elements are

i e

vt e

e
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determined from the (‘1, 1) elements using Eq. (12f). From Eq. (13b) the integral to be
evaluated for the Mj] matrix element is

',U.Ds/2

I-= f To(Ra) J (2a) sz’;f’[e - 1] dg . (15)

[}

The part of the integral which contains the factor of unity converges only as fast as

(sin 2a)/¢ for large values of £, and the other term may also converge slowly if D, is
small., The rate of convergence is improved by subtracting from I the integral 1’ given
by

©

I :f Jo(Ra) J (Ra) [e-QDs/2_ 1] dg . (16)

[}

The combination I - I’ converges as %73 instead of 2~!, It is the integral 1 - 1’
which is evaluated numerically using the technique outlined in the first paragraph of this
section. 1' by itself, however, can be evaluated exactly [5a]:

I' = D_k,K(k,)/(4ma?) , (am

where k2 = 16a?/(D2 + 16a?) and K is the complete elliptic integral of the first kind
[6a] K(k ) is evaluaxed by the FUNCTION subroutine ELLIPK. The matrix elements
Mif, Mig, and Mi{ are evaluated in a similar fashion. No convergence test is used for
matrix elements in this section; all ten steps are always used.

A different method is used for the G;; matrix elements, The numerical integration
is terminated after ten steps (u ~ % = u,.x). The remainder of the integral A1 (from
tmax tO infinity) is approximated by integrating analytically an asymptotic expression
for the integrand. For example, for Gi}

* - -ub_/2
Al = 2rout f JO(Qrout) J'0<Qrin) K l[e
"

-1] du

o

it _2routJ. JO(Qrout) JO(Qrin) Q-l df
"

max

L]

= (2/m) (b e/t n)‘”j {cos[R(r yq - 13)] + SIN[R(ry e+ 1301} 272 dR

Hmax

<2/W)(rout n)1/2({COS |:/‘l‘malx(rou': - I‘in)] + S"in[/'}'max( rout + rin)]}#;nlzx

+( Tout ™ rin) si ['L‘Lmax( Tout ~ rin)] - (rout + rin) Ci [/J'max(rin t rc»ut)]) ’ (18)
where r;, is the inner radius of the ring, r_,, is the outer radius of the ring and Ci
and si are the cosine and sine integrals [be respectively.

e The matrix elements Mm%, Gi}, and Gi} are calculated simultaneously in subrou-
tine CTBM for i, j = 1, ..., IMAX. The integrals involved in the G'*' matrix elements
(Eq. (14d)) are of the form
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[

I :f Jo(2x) J,(Ry) #7* dR . (19)

0

Since the integrand of I does not contain an exponential factor, a method similar to that
used for the M}] matrix element was used to obtain a satisfactory rate of convergence.
In this case an integral 3' given [5b] by

0

3= [ 5600 J,@n €1 dr = ) e Blkg) + (=0 (k)] (20)

(s]

where kg = (4xy)1/2/ (x +y) is subtracted from I to yield a numerical integral which
converges as ¢4, The elliptic integral of the second kind E(k,) [6] is evaluated by the
FUNCTION subroutine ELLIPE.

e The matrix elements Mj], Gij, Mij, and Gi} are calculated simultaneously in
subroutine CSTM for i = 1, JMAX and j = 1, ..., IMAX, All integrals converge satis-
factorily,
® The matrix elements M}, Gi5, M{i, and G}! are evaluated simultaneously in
subroutine CTSM for i =1, ..., IMAX, j = 2, ..., JMAX, For j = 1 the integrals in-
volved contain terms which do not have an exponentially decaying factor. For the M}}
and M}] matrix elements convergence is secured by a method similar to the method
used for the Mj} matrix element, and for Gi; and G}; a method was used similar to
the one used for Gij.

EVALUATION OF THE SURFACE PRESSURE

For determining the acoustic pressure on the surface of the ring (or cylinder) a
different system for numbering the bands is used. The total number of bands is desig-
nated LCMAX:

LCMAX

"

2(IMAX + JMAX) for rings, (21a)

LCMAX

2 IMAX + JMAX for cylinders. (21b)

The bands are numbered as follows: For rings, band 1 is the band immediately above the
median plane on the inside surface of the ring, Band 2 is above band 1 and so on to band
JMAXH (= JMAX/2), which is the band nearest the top on the inside surface. The number-
ing of the bands continues across the top surface of the ring (from inside to outside),
down the outside surface, across the bottom surface (from outside to inside), and then
back up the inside surface. Band LCMAX is thus adjacent to band 1, Figure 2 illustrates
the numbering of the bands for a ring when IMAX - 3 and MAXH = 3 (LOMAX = 18),

For cylinders band 1 is at the center of the top surface. Band 2 is adjacent to band
1 and so on to band IMAX, which is on the top surface nearest to the edge. The number-~
ing then continues down the outside surface and across the bottom (from the outside, in).
Band LCMAX is thus the bottom center band. Figure 3 illustrates the numbering of the
bands for a cylinder when IMAX = 3 and JMAXH = 3 (LCMAX = 12),

With the bands numbered in this way, the mirror image of band J with respect to

the median plane is band LOMAX + 1 - T for all values of T (1 through LCMAX) for both
rings and cylinders,
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(b) Three-dimensional view

Fig. 2 - Numbering of the bands on
a ring for IMAX = 3, MAXH = 3

The pressure at the center of the Jth band is designated P(J), and VEL(J) is defined

as the average normal velocity on the Jth band. Equations (11) and the equation
p = icp k¢ yield an equation of the form

LCMAX

LCMAX
Z DM (I, HP(]) = Z GM(I, DVEL(]), 1I=1, ..., LCMAX, (22)
J=1 J=1

s

W o~NOW,

HIFET
)
f

(a) Cross~sectional view

(b) Three-dimensional
view

Fig. 3 - Numbering of the bands on a
cylinder for 1MAX = 3 and MAXH = 3
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relating the surface pressure and normal velocity. The DM and GM matrix elements are

to be determined from the independent M and G matrix elements, Obtaining these matrix
elements is a straightforward but tedious task involving the symmetry relations given by

Egs. {(12) and the transformations necessary to convert from the numbering system used

in the theory section to the numbering system just described. This procedure is carried
out in subroutine ERING.

Since the ring is symmetric about the plane z = 0, whenever the normal velocity
distribution is symmetric (or antisymmetric) with respect to this plane the resulting
surface pressure distribution must also be symmetric (or antisymmetric), Any velocity
distribution (VEL(J)) can be expressed as the sum of a symmetric (V4(J)) and an anti-
symmetric (V,(J)) velocity distribution, where

Vg(J) = [VEL (J) + VEL (LCMAX + 1 - 1)1/2, J =1, ..., LOMAX, (23a)

1

Va(J) = [VEL (J) - VEL(LCMAX + 1 - 1)1/2, J =1, ..., LOMAX, (23b)
If we let LCMAXH = LCMAX/2 and let Pg(J) and P,(J) be the symmetric and antisymmetric
surface pressure distributions corresponding to the velocity distributions Vg4(J) and
V,(J) respectively, then from Eq. (22) we obtain

LCMAXRH

D [DM(I, J) + DM (I, LOMAX + 1 - J)]Pg(J)
J=1

LCMAXH

= Z [GM (I, J)+ GM (I, LCMAX+1-J)]Vg(J), I =1, ..., LCMAXH, (24)
J=1

and

LCMAXH
Z (DM (I, J) - DM (I, LCMAX+ 1 - J)]P,(J)
i=1

LCMAXH
= Z [GM (I, J) - GM(I, LCMAX+1-J)]Va(J), T =1, ..., LXMAXH. (29)
I=1

Since the system is linear,
P(J) = Pg(J) + Pp(Jy ., J =1, ..., LCMAX . (26)

It is advantageous to solve Egs. (24) and (25) for Py and P, rather than solving Eq.
(22) for P directly, since it takes approximately 4 times longer to solve a single system
of LCMAX equations in LCMAX unknowns than it takes to solve two systems of LCMAXH equa-
tions in LCMAXH unknowns. An additional factor of 2 in time may be saved by this method
if (as it often turns out to be in practice) the initial velocity distribution is either sym-
metric or antisymmetric.

Equation (22) relates the surface pressure to the normal velocity. It makes no dif~
ference whether LCMAX pressures or LCMAX velocities or some combination of pressures
and velocities totaling LCMAX are taken to be the independent parameters,
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The SHIP program allows for a pressure release condition to be substituted for a
prescribed velocity condition on any of the bands, When pressure release is assumed on
band N, the Nth unknown becomes VEL(N) instead of P(N).

FAR-FIELD AND IMPEDANCE CALCULATIONS

The far-field pressures are obtained directly from Eq. (1) using asymptotic expres-
sions for the Green's function, With the pressure and velocity taken to be constant over
each band the integrations can be performed analytically, with the result that the far-
field calculation involves only the summation of the contributions from each band and no
numerical integration. If ICOR = 0, the distance from the source is taken to be infinite,
and only the first term in the asymptotic expansion of the Green's function is used. If
ICOR =1, the distance from the source is taken to be DIST (an input parameter), and two
terms are retained in the expansion of the Green's function. The calculations are per-
formed in subroutine FARFLD.

The normalized radiation impedance is evaluated in subroutine SOLRING. The actual
quantity which is evaluated is

Z = [ pv* dSo/<pcA|vref|2)

where the reference velocity v,. ¢ is chosen to be 1 meter per second, A is the total
surface area of the ring or cylinder, and oc is 1.5x 10 mks units. To obtain the nor-
malized radiation impedance of the active part of the transducer, the result obtained
from SHIP should be multiplied by the ratio of the total area to the active area, Since
the pressure determined by SHIP is equal to the pressure at the center of the band and
not the average pressure over the band, it may be desirable for the user of the program
to calculate the impedance by fitting the surface pressure to a polynomial and integrating
the polynomial analytically.

PROGRAM STRUCTURE
The SHIP program consists of a main program (SHIP) and 13 subroutines (Fig. 4).
The program is written entirely in CDC 3600 Fortran. The following are the major com-

putational steps, listed in the order of performance (with the subroutine in parentheses):

1. Input parameters are loaded (program SHIP) and Gaussian quadrature parameters
are put in COMMON (GQC),

2. Band coordinates are calculated (ERING),

3. Bessel functions to be used in integrations are calculated and stored in COMMON
(CALBES),

4. Independent matrix elements are evaluated (CSSM, CTBM, CSTM, and CTSM),

5. DM and GM matrix elements are determined from the independent matrix ele-
ments (ERING),

6. The symmetric and antisymmetric velocity distributions vg and v, are com-
puted from the distribution of the velocity over the bands VEL(J) (SOLRING),

7. Simultaneous equations for Pg(J) and P,(J) are set up (SOLRING),
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Fig, 4 - Structure of the SHIP program. The num-
bers refer to the order in which the calculations are
performed. The main program is SHIP (Simplified-
Helmholtz-Integral Program), and the 13 subroutines
are SOLRING (solution of the ring), GQC (Gaussian-
quadrature coefficients, ERING (evaluation of the
ring's surface pressure), CALBES (calculate the
Bessel functions), BESL (zeroth-order and first-
order Bessel functions calculated simultaneously),
CSSM (calculate side-side matrix), CTBM (calculate
top~bottom matrix), CSTM (calculate side-top ma-
trix), CTSM (calculate top~-side matrix), FN (func-
tions), FARFLD (far-field pressures), and BES1
(first~order Bessel function, Entry points of the
subroutine FN are SI (sine integral), CI (cosine inte-
gral), ELLIPK (elliptic integral K of the first kind),
and ELLIPE (elliptic integral E of the second kind).
BESO (zeroth-order Bessel function) is an entry point
of subroutine BES1,

8. The simultaneous equations are solved for Pg and P, (SIMX),
9. P(]) is evaluated and printed (SOLRING),

10, Impedance values are calculated (SOLRING),

11, Far-field pressure values are calculated and printed (FARFLD).

The special functions used by the SHIP program are evaluated using polynomial
approximations found in Refs. 6a, 6b, and 6c. The elliptic integrals of the first and
second kind are calculated in the function subroutines ELLIPK and ELLIPE respec-
tively. The sine and cosine integrals (si and Ci) are calculated in the function sub-
routines SI and CI. ELLIPK, ELLIPE, SI, and CI are entry points of function FN(X),
The zeroth~order and first-order Bessel functions (J,(x) and J,(x)) are calculated

separately in subroutine BESO and subroutine BES1 and simultaneously in subroutine
BESL,
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PROGRAM INPUT AND OUTPUT
Input

The input parameters are summarized in Table 1. As illustrated in Fig. 5, ROUT
is the outer radius of a ring, RIN is the inner radius, and 2H is the height. For a cylin-
der ROUT is the radius and RIN is set equal to 0. RIN, ROUT, and H may be given in
any units which are consistent with the value chosen for the wavenumber FK (FK = «/c).
It is often convenient to choose FK equal to unity.

fre——————ROUT————»{

[ RIN————

)

2H

Fig. 5 -« Geometry of the ring

The surface of the ring or cylinder is divided up into bands over which the surface
pressure and normal velocity are considered to be constant. The number of bands is
determined by the acoustic wavelength and the accuracy desired., IMAX is the number of
bands on the top (or bottom) surface of the ring or cylinder. JMAXH (= JMAX/2) is half
the number of bands on the outside and inside surfaces of the ring or on the outside sur-
face of the cylinder. For a cylinder the number of bands (LCMAX) will be 2(IMAX) +
JMAX, and for a ring LCMAX = 2(IMAX + JMAX). The bands on the top surfaces are
circular annuluses of width (ROUT - RIN)/IMAX. The bands on the side surfaces are
cylindrical shells of height H/JMAXH and radius either RIN or ROUT depending on
whether the band is on the inside or outside surface. The bands are numbered as indi-
cated in Figs. 2 and 3 and explained in the text accompanying those figures, Both JMAXH
and IMAX must be less than or equal to 10 (LCMAX = 60),

The average normal velocity on the Jth band is VEL(J) and is defined as being posi-
tive when it points outward toward the fluid. Phase shading may be accounted for by
using complex values for VEL(J). The normal velocity distribution is thus approximated
by the one-dimensional complex array VEL(J), J =1, ..,, LCMAX, The parameter ISYM
expresses the symmetry of the velocity distribution, If the velocity distribution is sym-
metric with respect to the median plane, ISYM is set equal to +1; if it is antisymmetric,
ISYM is set equal to ~1; and if there is no symmetry, ISYM is set equal to 0. When ISYM
is #1, only the first LCMAXH values of VEL(J) are needed.

The Gaussian quadrature order is NQD1. NQDI may be either 10, 20, or 32; in most
cases 32 would be used.



Input Parameters for Program SHIP

Table 1

Parameter f Definition L Units J Comments
RIN Inner radius of a ring Any units consistent For a cylinder, set RIN equal to 0
with FK
ROUT Outer radius of a ring or cylinder Same as RIN -
H Half-height of a ring or cylinder Same as RIN —
ISYM Symmetry parameter Integer ISYM = +1, if symmetric w.r.t, z = 0;
= -1, if antisymmetric w,r.t. z = 0;
= 0, if nonsymmetric
JMAXH Half the number of bands on the Integer Must be = 10
inside (or outside) surface
IMAX Number of bands on the top Integer Must be < 10
(or bottom) surface .
NQD1 Gaussian quadrature order Integer Must be 10, 20, or 32
VEL(J) Velocity on the Jth band Meter-kilogram~second | J =1, ..., LCMAX (ISYM = 0),
(positive toward the fluid) (mks) (complex) =1, ..., LCMAXH (ISYM = 1)
FK Wavenumber Any units consistent FK = 1.0 is convenient
with RIN, ROUT, and H
ICOR Far-field index Integer ICOR = 0 if the far field is calculated
at infinity;
ICOR =1 if the far field is calculated at
a distance DIST from the origin
DIST Far-field distance Same as RIN DIST must be much greater than ROUT
and the wavelength
NPTS Number of far-field points Integer When ISYM = 0, 2 NPTS points are
between 0 and 90° evaluated between £90°
MXD MZXD = 1 means that one or more Integer If not specified, MXD is assumed to be 0.
bands are pressure released ISYM must be +1,
JMXT(J) JMXT(J) = 0 implies pressure Integer If MXD = 1, JMXT(J) is ignored
release on the Jth band

0¥2L LYO4dJY TUN
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If a far-field radiation pattern is desired, the statement CALL FARFLD(NPTS)
should appear in program SHIP following the statement CALL SOLRING. I the field is
desired at infinity (true far field), then the parameter ICOR should be set equal to 0, If,
on the other hand, one is trying to duplicate or predict thé radiation pattern as measured
at a specific distance from the source, ICOR should be set equal to 1 and the parameter
DIST should be set equal to the distance from the source. (DIST must be much greater
than ROUT, H, and the acoustic wavelength, because FARFLD is incapable of generating
true near-ﬁeld pressures,) DIST must have the Ssame units as RIN, ROUT and H NPTS
is the number of points between to be evaluated in the far field between 0° and 90° (in the
SHIP program 0° corresponds to the plane of the ring, 90° to the axis of symmetry) I
ISYM =1, a number of points which is twice NPTS will be evaluated between -90° and
+90°.

If pressure-release conditions are to be used over part of the surface, MXD would

be set equal to 1 and JMXT(J) set equal to 0 for those bands which are pressure released,

For the nonpressure-released bands JMXT(J) would be set equal to 1. For example if
bands 1, 7, and 9 were pressure released, JMXT(1), JMXT(7), and JMXT(9) would be set
equal to 0, and all other JMXT(J) would be set equal to 1, Pressure-release boundary
conditions may be used only when ISYM = 1; thus JMXT(1) = 0 implies that both band 1
and band LCMAX are pressure released.

In the version of the program listed in Appendix A, RIN, ROUT, H, IMAX, JMAXH,
and VEL(J) are read from cards, The remaining input parameters appear in program
SHIP as Fortran statements. The first data card contains RIN, ROUT, and Hin a
(5X, 3F10.3) FORMAT, the second card contains JMAXH and IMAX in a (5X, 2I5) FOR-
MAT, and the next LCMAXH cards (LCMAX if ISYM = 0) contain VEL(J) in a (5X,
¢(F10.3, F10.3)) FORMAT. If more than one case is being run, these cards would be
followed by other similar sets. ISYM must be specified before VEL(J) is read in,

The input format given here can (and should) be altered to meet the specific require-
ments of the user, If, for example, many frequencies are to be used for a given ring (or
cylinder) with the same velocity distribution, the statement 7 CONTINUE should be
placed after the statement 604 CONTINUE followed by a READ statement for FK (or if
desired a READ statement for a frequency may be used in conjunction with an arithmetic
statement relating frequency to wavenumber). This would eliminate the necessity of
reinputting RIN, ROUT, H, IMAX, JMAXH, and VEL(J) for each case, If many different
velocity distributions are to be used for a single geometry and frequency, it is unneces-
sary to reevaluate the matrix elements each time. Reevaluating the matrix elements
can be avoided by adding an ENTRY XXXX statement in subroutine SOLRING following
the CALL ERING statement. After the first time through the program, one would
CALL XXXX instead of calling SOLRING in program SHIP. If the number of velocity
distributions is very large, it may be worthwhile to invert the DM matrix instead of
solving the simultaneous equations each time through,

Output
The output of the SHIP program consists of:

e The original input —RIN, ROUT, H, FK, NQD1, IMAX, JMAX, and VEL(J) for
J=1,..., LCMAX,

o The real and imaginary parts of the surface pressure at the center of each band
in mks units.

I
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® The real and imaginary parts of the radiation impedance in units of ocA, where p
is the density of water, c is its sound speed, and A is the total surface area of the ring
or cylinder. The impedance is normalized to a velocity of 1 m/sec.

e The far-field pressures in decibels relative to the value in the median plane (0 °).

ACCURACY AND SPEED

For a given band structure SHIP and conventional finite-element Helmholtz integral
methods should give identical results for the acoustic pressure at the center of each
band. To test the speed and accuracy of the SHIP program, the program was compared
with the NUC CHIEF [3] program (using CHIEF's axial symmetry option) for several
problems. One such comparison is summarized in Table 2, In this case both SHIP and
CHIEF used 12 bands (IMAX = 2; JMAXH = 2) for the ring described in the caption of
Table 2. The SHIP program, which ran 4.8 seconds (execution time on a CDC 3800 com-
puter) was compared with three CHIEF runs of progressively increasing computational
accuracy. The first, which ran 182 seconds, had 12 vertically sliced subdivisions and
used an eight-by-eight Gaussian quadrature to perform the numerical integrations. The
second, which ran 331 seconds, had 24 vertically sliced subdivisions and used an eight-
by -eight Gaussian quadrature. The third and most accurate, which ran 661 seconds, had
24 vertically sliced subdivisions and used an eight-by-16 Gaussian quadrature, In all
cases the SHIP results were closest (within 0.13%) to the 661-second run on CHIEF. For
this case the SHIP program was between 70 and 140 times faster than the CHIEF program
for the same degree of computational accuracy.* The accuracy of the calculations (for a
given number of bands) is probably better than 0.1%.

The preceding comparison tests only the precision of the calculations, not the actual
accuracy of the results. That is, this comparison indicates that SHIP solves Eq. (11) to
within 0,1%, but it in no way indicates whether this solution adequately represents the
solution to Eq. (3). The overall accuracy of the method can be ascertained only by com-
paring SHIP results with known analytical solutions, Following Schenck [3], if the veloc-
ity input used is the average normal velocity over each band due to a point source at the
center of the cylinder, and if a sufficient number of bands are used, the pressure calcu-
lated by SHIP should approach the pressure which would be present due to the point
source at the center of the cylinder, and the far-field pattern should approach a perfect
circle. The results of such a test are summarized in Table 3.

In each case ROUT = H = 1,0 and the surface of the cylinder was subdivided into 40
bands (JMAXH = IMAX = 10). The wavenumber FK varied between 0.5 and 8.0. The
SHIP results for the surface pressures generally differed from the exact results by less
than 1,0% for FK = 2 and by less than 3.0% for FK = 8, The agreement was best on the
bands on the outside surface {bands 11 through 20) and worst on band 1 (because of its
relatively small surface area), on band 10 (because of its proximity to the edge, where
the Helmbholtz integral equation is invalid), and on those bands where the surface pres-
sure is relatively small. The far-field radiation patterns were never off by more than
0.5 dB. The execution times for these runs were approximately 31 seconds. Generally
one can expect to obtain good results whenever the bands are less than 1/8 wavelength
wide; far-field patterns and impedances may be satisfactory with bands as wide as 1/4

*There is, of course, no way to tell whether the CHIEF results were, as they seemed to be, con-
verging toward the SHIP result or whether the 661-second CHIEF run was more accurate, without
running even more time-consuming CHIEF rung. This did not seem worthwhile, since the inaccu-
racies due to the small number of bands are far more serious than the 0.065% difference between
the most accurate CHIEF run and SHIP,



Table 2
Comparison of SHIP and CHIEF (With Axial Symmetry Option) Results for a Ring With 12 Bands (IMAX = 2,
JMAXH = 2), RIN = 1.680, ROUT = 2.040, H = 0.600, Velocity of Inner Surface -1029 m/sec, Velocity of
Outer Surface 0.971 m/sec, Velocity of Top (and Bottom) Surface 0.097 m/sec, and FK = 1.000. The Times
in Parentheses are the Execution Times of the Programs When Run on the NRL CDC 3800 Computer, The
Percentages in Parentheses are the Percent Differences between the CHIEF and SHIP Results.

Real Part of Surface Pressure
(1073 mkKs units)

Imaginary Part of Surface Pressure

(10°5 mks units)

SYIOOY ‘H °d

Band SHIP CHIEF CHIEF CHIEF Band SHIP CHIEF CHIEF CHIEF
(4.8 sec) (182 sec) (331 sec) (661 sec) (4.8 sec) (182 sec) (331 sec) (661 sec)
1 -19,0201 -18.6578 -18.9888 -19,0074 1 ~-14,4728 -14,5722 -14,4655 -14.4654
(1.9%) (0.16%) (0.07% 0.7%) (0.05%) (0.05%)
2 -16,2642 -15.8962 -16,2339 -16,2532 2 -10.3496 -10.3882 -10,3430 -10.3440
(2.2% (0.19%) (0.07%) (0.37%) (0.06%) (0.05%)
3 -7.2124 -7.7303 -7.2269 -7.2097 3 2.2604 1.8329 2.2424 2.2574
(7.2%) (0.2%) (0.04%) (18.9%) (0.80%) (0.13%)
4 -3.7169 -3.6343 =3.7075 -3.7147 4 5.1875 5.7694 5.2256 5.1881
(2.3%) (0.25%) (0.06%) (11.2%) (0.73%) (0.01%)
5 2.1435 2.0238 2.1370 2.1417 5 13.1613 12,9290 13.1314 13.1518
(5.6%) (0.30%) (0.08%) (1.8%) (0.23%) (0.07%)
6 3.4662 3.3689 3.4589 3.4635 6 15,4715 15.2842 15,4459 15.4617
(2.8%) (0.21%) (0.08%) (1.2%) (0.17%) (0.06%)

Maximum deviation 7.2% 0.30% | 0.08% Maximum deviation 18.9% 0.80% 0.13%
Minimum deviation 1.9% 0.16% 0.04% Minimum deviation 0.37% 0.05% 0.01%
Average deviation 3.6% 0.22% 0.07% Average deviation 5.67% 0.34% 0.06%

81



81

Table 2
Comparison of SHIP and CHIEF (With Axial Symmetry Option) Results for a Ring With 12 Bands (IMAX = 2,
JMAXH = 2), RIN = 1,680, ROUT = 2.040, H = 0.600, Velocity of Inner Surface -1029 m/sec, Velocity of
Outer Surface 0.971 m/sec, Velocity of Top (and Bottom) Surface 0.097 m/sec, and FK = 1,000. The Times
in Parentheses are the Execution Times of the Programs When Run on the NRL CDC 3800 Computer. The
Percentages in Parentheses are the Percent Differences between the CHIEF and SHIP Results,

Real Part of Surface Pressure Imaginary Part of Surface Pressure
(10~3 mks units) (10~5 mks units)
Band SHIP CHIEF CHIEF CHIEF Band SHIP CHIEF CHIEF CHIEF

(4.8 sec) (182sec) (331 sec) (661 sec) (4.8 sec) (182sec) (331 sec) (661 sec)

1 -19,0201 -18.6578 -18.9888 -19.0074 1 -14.4728 ~14,5722 -14,4655 -14.4654
(1.9%) (0.16%) (0.07% (0.7%) (0.05%) (0.05%) .
2 -16.2642 -15.8962 -16.2339 -16.2532 2 -10.3496 -10.3882 -10.3430 -10.3440 =
(2.2%) (0.19%) (0.07%) (0.37%) (0.06%) (0.05%) §
3 -7.2124 -7.7303 -7.2269 -7.2097 3 2.2604 1.8329 2.2424 2.2574 Q
(7.2%) (0.2%) (0.04%) (18.9%) (0.80%) (0.13%) Z

4 -3.7169 -3.6343 -3.7075 =3.7147 4 5.1875 5.7694 5.2256 5.1881

(2.3%) (0.25%) (0.06%) (11.2%) (0.73%) (0.01%)

5 2.1435 2.0238 2.1370 2.1417 5 13.1613 12.9290 13.1314 13.1518

(5.6%) (0.30%) (0.08%) (1.8%) (0.23%) (0.07%)

6 3.4662 3.3689 3.4589 3.4635 6 15.4715 15,2842 15.4459 15.4617

(2.8%) (0.21%) (0.08%) (1.2%) (0.17%) (0.06%)

Maximum deviation 7.2% 0.30% _ 0.08% Maximum deviation 18.9% 0.80% 0.13%

Minimum deviation 1.9% 0.16% 0.04% Minimum deviation 0.37% 0.05% 0.01%

Average deviation 3.6% 0.22% 0.07% Average deviation 5.67% 0.34% 0.06%
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Table 3
Comparison of SHIP Results with the Exact Solution for a Point Source at the Center
of a Cylinder with H = ROUT = 1 for Different Values of the Wavenumber FK. IMAX =
JMAXH = 10 (Total Number of Bands LCMAX = 40). Surface Pressures are Given for
Every Other Band on the Top Half of the Cylinder,

Surface Pressure (10°% mks units)

Method FK=0.5 FK=1.0 FK = 2.0 FK=5.0 FK = 8.0

Real |Imaginary| Real |Imaginary| Real |Imaginary | Real |Imaginary RealJ Imaginary

Band 2

SHIP (-1.433| -2.590 |-1.254| -0.787 |-0.672 0,3242 0.270 | -0.102 -0.1743| 0.0479
Exact |-1.437( -2.596 |-1.2567( -0.787 |-0.667 0.3237 0.279 | -0.100 -0.1803| 0.0432

Band 4

SHIP |-1.427| -2,438 |[-1.231| -0.693 |-0.608 0.3688 0.229 | -0.158 -0.1398| 0.1021
Exact (-1,431| -2.443 |-1,235| -0.683 |-0.604 0.3689 0.236 | -0.156 -0.1438| 0.1031

Band 6

SHIP (-1.415| -2,207 |-1,181| -0.548 |-0.501 0.4283 0.141 -0,2214 |-0,0452| 0.1525
Exact |-1,420( -2,212 |-1,195| -0.547 |-0.,498 0,4292 0.144 | -0,2203 |-0,0477| 0.1572

Band 8

SHIP (-1.398( -1.939 (-1,133] -0.378 |-0.361 0.4788 0.0093| -0.2395 | 0.0814 0.1231
Exact (-1.404| -1.946 |(-1.139| -0.378 |-0.358 0.4807 0.0080( -0.2399 | 0.0816| 0.1259

Band 10

Smp (-1,371| -1.656 |-1,055| -0.201 |-0.199 0.5000 (-0.123 | -0.174 0.1317( -0.00465
Exact |-1.384| -1.678 |-1,068( -0.207 |-0.203 0.5044 (-0.125 | -0.178 0.1358| -0.00529

Band 12

SHIP |(-1.397| -1.811 |-1.106| -0.201 |[-0.2812| 0.4982 |-0.0644| -0.2196 0.1252( 0.0662
Exact |-1.395| -1.811 |-1,105| -0.292 |-0.2823| 0.4969 |-0.0630| -0.2197 0.1256( 0.0680

Band 14

SHIP |-1.414| -2.079 |-1,170| -0.462 [-0.4299( 0.4592 0.0769| -0.240 0.0184| 0.1544
Exact |-1.413| -2,081 |-1,169( -0.464 |-0.4315/ 0.4573 0.0791| -0.239 0.0183| 0.1561

Band 16

SHIP |-1.427{ -2.331 (-1,218]| -0.621 |-0,554 0.4012 0.195 | -0.1931 |-0.1053( 0.1370
Exact |-1.426| -2,335 |-1.217| -0.625 |-0.556 0.3987 0.196 | -0.1906 |-0.1038| 0.1359

Band 18

SHIP (-1.436| -2.527 |-1.249( -0.744 |-0.639 0.3461 0.2641| -0.1271 |-~0.1685{ 0.0726
Exact |-1.434| -2.,532 |-1.248| -0,748 |-0.642 0.3429 0.2631| -0.1244 |-0.1681| 0.0695

Band 20

SHIP |-1.439) -2.622 (-1,262| -0.803 |-0.678 0.3170 0.289 | -0.0894 |(-0.1829( 0.0326
Exact |-1.438( -2.629 |-1.262| -0.808 |-0.680 0.3134 0.287 | -0.0868 |-0.1850( 0.0201

Maximum Deviation of the Far Field From a Circle

0.003 dB 0.006 dB 0.073 dB 0.201 dB 0.418 dB




20 P, H, ROGERS

wavelength, SHIP results will be further compared with both analytical and experimental
results in the next section. The surface Helmholtz integral equation is known to fail at
certain frequencies referred to as characteristic frequencies; these frequencies as they
pertain to the SHIP program will be briefly discussed in the final section.

The running time for the SHIP program increases approximately quadratically with
increasing values of IMAX and approximately linearly with JMAXH. The program was
written primarily for ring sources and is thus considerably more efficient for rings than
for cylinders, In fact, for given values of IMAX and JMAXH the ring case will run only
slightly longer than the cylinder case, even though there are an additional JMAX bands
for the ring.

EXAMPLES
Magnetostrictive Ring

Comparisons were made with experimental results obtained by J. Sinsky [7] of NRL
for 6-inch-diameter magnetostrictively driven permendur rings. Using a single velocity
distribution (determined by a combination of measurement, theory, and trial and error),
good agreement with the experimentally determined far-field radiation patterns was
achieved for frequencies between 6 and 15 kHz, Some representative far~field patterns
are shown in Fig. 6. Using a simple lumped-element dynamical model (mechanical im-
pedance parameters determined from the ring mass and resonant frequency in air), good
agreement with the experimental axial and radial frequency-response curves was also
achieved (Fig. 7).

For the far-field computations 50 bands were used with typical execution times of
about 19 seconds plus 9 seconds to compute and print 45 far-field points.* The input
parameters were: JMAXH = 10, IMAX = 5, ISYM = 1, NQD1 = 32, FK = 0,1612x (fre-
quency in kilohertz), RIN = 1.720, ROUT = 2.120, H = 0.616, ICOR = 1, DIST = 80.234,
NPTS = 45, and

VEL(I) = -1.000, I1=1,...,10,
= -0.250, I-=1i,..., 15,
= 1.000, I=16,...,25.

The use of ICOR = 1 and a finite value of DIST conformed to the experimental far-field
measurement., The most significant discrepancies between the SHIP results and the
experimental results occur in the axial direction, This is no doubt due to our incomplete
knowledge of the exact velocity distribution, particularly the difference between the ve-
locity on the inside surface and the velocity on the outside surface,

Circular Piston in a Finite Rigid Baffle

Another example (Fig. 8) is a piston of radius B set in a rigid annular baffle of
inner radius B and outer radius A. The problem considered was to determine the far-
field radiation pattern and radiation impedance of the piston., The velocity of the piston
was assumed to be v, cos «t, and the velocity of the baffle was assumed to be zero.
The underside of the system (a circle of radius A) was also assumed to have zero
velocity,

*All execution times quoted in this section are for the CDC 3800 computer.
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(b) 8.050 kHgz

(c) 10.286 kHz (d) 12.000 kHz

Fig. 6 - Far-field patterns for a magnetostrictive ring as measured [7] and
calculated by the SHIP program. The four plots are not normalized to the
same absolute pressure at like circles,
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Fig. 7 - Frequency response at constant current for a
magnetorestrictive ring, The best fit is to the radial
response only. This plot could be used in drawing a
normalized version of Fig. 6.
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Fig. 8 - Piston in a finite rigid baffle

First the problem was handled exactly using oblate spheroidal wave functions, Then
the disk was approximated as a finite cylinder with a large diameter-to-height ratio, the
approximate system was solved using SHIP, and the results were compared with the ex-
act answer. Specifically, the case was considered in which kA = 8.0, kB = 4.0, and
v, = 1 m/sec. An arbitrary large diameter-to-height ratio of 160 was chosen. The
input parameters for SHIP were: IMAX = 10, JMAXH = 1, NQD1 = 32, NPTS = 45, ICOR =
0, ISYM = 0 (since the system is not symmetric with respect to the median plane),

RIN = 0.00 (indicating a cylinder), ROUT = 8.00, H = 0.05 (arbitrary small value), FK =
1.00, and
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VEL(I) = 1,000, 1=1,...,5 {velocity of the piston is unity),

= 0,000, 1I=26,...,10 (velocity of the baffle is zero),
= 0.000, I=13,...,22 (velocity of the underside is zero),
= 0,000, I=11,12 (arbitrarily the velocity of the outside is zero).

The execution time for this run was 24 seconds. The resulting far-field pattern is
plotted as the solid line in Fig. 9, The circles are the exact results as calculated by Van
Buren and King [8] using oblate spheroidal wave functions. The agreement between SHIP
and the exact results is good. The radiation impedance (in units of pcA) as calculated by
Van Buren and King [8] is 0.944 + 0.122i; the SHIP result is 0.936 + 0.128i,

Circular Piston in an Infinite Rigid Baffle

A circular piston of radius a in an infinite rigid baffle can be modeled as a finite
cylinder of radius a and height h << 2 with a symmetric velocity distribution. The
symmetric velocity distribution assures that the normal velocity for z = 0, r > a will
be 0, which is precisely the boundary condition on the infinite baffle. The acoustic pres-
sure on the surface of the piston can be evaluated by numerically integrating King's [9]
integral for the surface pressure. It turns out that for this problem the integral equation
effectively reduces to this same integral, enabling SHIP to accurately evaluate the sur-
face pressures for acoustic sizes far larger than would ordinarily be possible.

Figure 10 shows SHIP results for the surface pressure compared with the exact re-
sults for a piston with ka = 40. The agreement is far better than one would ordinarily
obtain with bands 0,63 wavelength wide, The input parameters for this run were:

IMAX = 10, JMAXH = 2, NQD1 = 32, ISYM = 1, RIN = 0, ROUT = 40.0, H = 0,100, FK =
1.00, and

VEL(I)

1,000, I=1,...,10 (velocity is unity on the piston),

0.0, 1=11,12 (velocity is zero on the edge).

Squirter

When an acoustically thin ring vibrates in its fundamental radial mode, little sound
is radiated in the direction of the axis of symmetry. It is possible, however, to make the
ring radiate primarily in this direction by pressure releasing the outside surface of the
ring. A ring which is pressure released in this manner is referred to as a squirter.

The squirter principle was easily demonstrated using the SHIP program,

First a thin ring was considered vibrating in its radial mode, The input parameters
were: IMAX = 2, JMAXH = 10, NQD1 = 32, ISYM = 1, ICOR = 0, NPTS = 45, RIN = 1.800,
ROUT = 2.000, H = 1,000, FK = 1.000, and

VEL(I)

-1.000, I=1,...,10 (velocity of inside surface),

= 0.0, I=11,12 (velocity of top surface),

]

1.000, I=13,...,22 (velocity of outside surface).
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puter program of Ref, 8.

The far-field radiation pattern for this ring is the solid line in Fig. 11. The radiation in
the axial direction is 33 dB lower than the radiation in the radial direction, The same
ring was operated as a squirter by pressure releasing the side (and top) of the ring, To

do this all of the preceding parameters were used plus MXD = 1 (to indicate that pres-
sure release is present) and

JMXT(I)

]
o
>
T

=11, ..., 22 (these bands are pressure released),
=1, I=1,,.,,10 (these bands are not pressure released).

The far-field radiation pattern for this squirter is a dashed line in Fig, 11. The radia-
tion in the axial direction is now 6 dB higher than the radiation in the radial direction,

Band on a Prolate Spheroid

As another example of use of the SHIP program, a prolate spheroid of large eccen=
tricity was approximately modeled as a finite cylinder, without concern for the effects of
the ends. The half-height of the cylinder was chosen to be equal to the semimajor axis
of the spheroid, and the radius of the cylinder was chosen to be equal to the semiminor
axis of the spheroid. The example considered was a prolate spheroid whose acoustic
length (2kH) is 14 and whose major-to-minor axis ratio is 10, The radiating portion of
the spheroid is a band centered at z = 0 and 3/10 the length of the spheroid. This
spheroid was modeled as a finite cylinder as shown in Fig. 12, The input parameters
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Fig. 11 - Comparison of a ring operating as a
squirter with the same ring operating in the

ordinary radial mode

0.2 H» “02H~
v 0 v=0
Fig. 12 - Approximation of a radiating band on a pro-
late spheroid by a band ona cylinder, so that the
SHIP program can be used 2 vEvg cos t v=vocos t
O6H
v:=0 v:0

PROLATE SPHEROID SHIP CYLINDER
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were: IMAX = 3, JMAXH = 10, NQD1 = 32, ICOR = 0, ISYM = 1, NPTS = 45, RIN = 0.00
(indicating a cylinder), ROUT = 0.70, H = 7.00, FK = 1,000, and
VEL(I) = 00, 1=1,,.,,10
11

=1.00, I , «++5 13 (velocity is unity on the band).

The far-field radiation pattern is the solid line in Fig. 13; the circles are the far-
field values for the prolate spheroid evaluated by Van Buren and King [8] using prolate
spheroidal wave functions. The close agreement indicates that the effects due to the
ends are negligible. The radiation impedance of the band as calculated by SHIP (in units
of pcA) is 0.646 + 0.478i, and the exact value as calculated by Van Buren [10] is
0.634 + 0,471i.

Fig. 13 -~ Far field of a prolate spheroid
with a radiating band as calculated by
King using the computer program of Ref.
8 and as approximated using SHIP in
calculating the far field of a cylinder
with a radiating band

CHARACTERISTIC FREQUENCIES

1t is well known [2,3] that the surface Helmholtz integral method will give incorrect
results at certain characteristic frequencies. These frequencies correspond to the
eigenfrequencies of the interior Dirichlet problem. For a finite cylinder of height 2h
and radius a the characteristic wavenumbers (2rf/c) are given [3] by

1/2
kg = [(mn/zh)2 + (dnq/a)z] :

where m is a positive integer and ¢, is the qth root of the nth-order Bessel function

In-

nq
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FKe Kl AND Kig

Due to the axial symmetry built into the P
SHIP program, it can be shown that the pro- -
gram will be affected only by those charac-
teristic wavenumbers which have n = 0,
This is because the interior eigenfunctions
for nz 0 are not axially symmetric, Simi-
larly, if ISYM = 1, SHIP will not be affected
by characteristic wavenumbers which have
even values of m; and when ISYM = -1, char-
acteristic wavenumbers which have odd val-
ues of m will have no effect,

To demonstrate these conclusions as to
which characteristic wavenumbers affect the
SHIP program, the problem of the point
source in a cylinder (Table 3) can be con-
sidered. For this problem ISYM = 1, so
we should expect to have difficulty when
FK = k},, or when FK = k},,, but we should
get correct results when FK = k% . (since m
is even) or when FK = k¥, (since n# 0).
The far-field radiation patterns obtained
from SHIP for these wavenumbers are shown Fig. 14 - Far-field patterns for a
in Fig. 14. The far-field patterns for point source in a cylinder for char-

FK = k%,, and FK = k},, agree with the ex- acteristic wavenumbers

act result (a perfect circle)correct to within

0.12 dB, whereas the far-field patterns for

FK = k},, and FK = k%,, differ drastically.

Thus SHIP is seen to be affected by some

but not all characteristic frequencies. The surface pressures for k%},, and k3,, were
comparable in accuracy with those for noncharacteristic wavenumbers of similar magni-~
tude. When FK = k},, Or k},,, the surface pressures were incorrect by an order of
magnitude.

It has been found possible to be quite near a characteristic frequency and still obtain
satisfactory results, This is probably due to the relatively high accuracy to which the
matrix elements are evaluated in SHIP.

Characteristic frequencies are usually not an important consideration in problems
concerning rings. The lowest characteristic wavenumber is always greater than
7/(ROUT -RIN), so that there can be no characteristic wavenumbers unless the ring is
more than 1/2 wavelength thick. In practice rings are almost never driven at such a
high frequency.
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Appendix A
PROGRAM LISTING

12722/7}
PROGRAM SHIP

COMMEN/TOY/NODL, ISYM, ICOR/PIT/IMAX s JMAXH, IMAX/BLKL/HsAsFK P!
COMMBN/VELE/VEL/LC/LCMAX LCMAXH/DIST/DIST/RAD/RIN,ROUY/TIDY/FAST
COMMBN/MXD/ JMXT  MXE
DIMBENSION 'VEL(60) ¢ uMXT(60)
TYPE COMPLEX VEB(L
CALL TIME
REUY S THE @UTER RADIUS OF THE RING RIN THE INNER RADIUS
PK |8 THE WAVE NUMEER
IMAX 1§ THE NUMBER &F BANDS 6N THE T@P AND BOTTOM OF THE RING
JMAXH 18 MALF THE NUMBER 8F BANDS @N YWE INSIDE AND BUTSIDE SURFACES
JMAXH AND JMAX MUSYT BOTH BF LESS THAN OR EOUAL YO TEN
NGD1 SPECIFIEBS GAUSSIAN QUADRATURE @RDER = NQDI MAY BE 10, 20 @R 32
PER CYLINDER SET RIN » 0, AND ROUT EOQUAL T8 THE RADIUS
W OIZ THE MALF WEIGKY 9F THE RING
VELtI) SPBCIFIES THE (COMPLEX) YELOCITY BN THE ]TH BAND
;g;n-oxu| SYMMETRY ABGUT Zu0, =1 | ANTISYMMETRY AND ISYMRO | N® SYMMETRY
MNe
rrey
NQDYL ® J2
7?7 CENTINUE
READ 600, RIN,RQUT,N
READ 608 .JMAXM, [ MAX
LCMAXH B JMANM & JMAXH ¢ [MAYX
IFCRIN,BQ 0y} LCMAXM & JMAXW & I1MAYX
LCMAX & LCMAXM & LCMAXM
NCT 8 LCMAXH
IFCISYM, EQ.0) NCT® LCMaAX
DO 604 Jmi,NCT
READ 922,VEL(J)
604 CENTYINVE
IF(EOF,80)980,990
99p CONYINUE
As Se(RINSROUT)
,FtRINa°|°.’ A ® ROUT
FKAK & FKe(AsN)
FASY » 25,sN0D1/(32,0FKAM)
IFCISYM,EQ,0) G0 T& 333
DO 97 let,LCMAXM
97 VEL(LECMAX:e ¢ o 1) & JBYMSVEL(I)
333 CONTINUE
CALL SOLRING
NPTS IS THE NUMBER OF PARFIELD POINTS CALCULATED BETWEEN 0 AND 90 DEGREES
?égz :snrna FARFIELD DISTANCE (]CERw1) P ICORE0 FIELD CALC, AT INFINITY
]
NRTS & 0
CALL FARFLL(NRYS)
GO Y8 7
600 FPERMAT(BX,3F10,3)
922 FORMAT(S5X,C(F10.3:F10,3) )
601 FORMAT(SX,21%)
980 END

29
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11

14
as

746
744
704

368

807
808
806

246
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12/22/7%
SUBROUTINE SBLRING

TYPE COMPLEX V,SUMJ,RHOC,ANS, VEL,OM,GM/)VBL Y, ANSY,ANS2
DIMENS 1 ON 558712640)oANS(bo)nV(JO)aVEL(bD)oGH(SOoOO)aDM(GO.OO)

10VEL1(30)|PZ¢20)oPLZ(ZO) PR(20),PLR(20),ANS1¢30),ANS2(30),AREA(60)

DIMENSIEN iJMXT(60)

COMMON/LC/LCMAX, LCMAXH/BLKA/PR,PLRyPZ,PLZ/RCC/JTOP
OBNNGN/TGY/NﬂbioISYM NODI/PIT/JMAX, JMAXH, I MAX
CEMMON/TSUP/ISUP/BLKL/ M)A, FK,P1/DEL/DRLR, DELZ
GgMHONlﬂAD/RlN.R@UY/HXD/JMXT}NxDISID"oGH.R!SY/ANS/ANS/VELQIVEL
JTOP B 10
JMAX B 2uJMAXNW
tALL GeC
cALL ERJNG
RHOC 8 oFK#(0,0,4500000,)

Dé 14 JllaLBMAXH

ANS1Cg)m ANS2(J) ® (0,0,0,0)

D@ 44 [#s,LCMAYXM

DMCT o) = EM(I,J) & DML, LCMAX & 1 =)
GM(l,d) @ GMU],J) ¢ GM(], LCMAX & 1 =)
CENTINUE

TF(RINSNE,0,) PRINT 744

IF(RIN,EO,0,) PRINT 746

FORMAT (1MS 60X19HCYLINDER TRANSDUCER///)
FORMAT (LM1 6Q0X1SHRING TRANSBYCER///)
PRINY 704 RIN,RBUT M, FIK,NQONY, IMAX ) JMAX
FORMAT(&a RINw#P7?,3¢ ROUTSaFY7,3s WesF7,3e FKuesF7,3s NQDisall

e IMAXgells JMAXES13//)

PRINT 36%
FERMAY (//9XIMNUMBXTHSP REAL11X$1ZHSP [MAGINARYOXBHVEL REAL10X13WVE

SL IMAGINARY/)

IFCISYM EQ,eq) GO TO 99

D8 7 Jeg ,LCMAXK

VELL(y) & Fe(VELGY) * VEL(LEMAX ¢ 4 = J) )
CENTINUE

IF(MXD,NE,1) GO T@ 806

DE 808 Jmi,LCNAXM
IFCIMXTCJ)NELO ) GO YO 808
D€ 807 1si,LCMAXH

DMULsd) &  GM(]2d)

GM{]+J) = (0,0,0,0

CENYINUE

CENTINUE

DE 246 mi,LCMAXM

Vil) & (0,0.0,0)

De 246 Jmi, LCMAXH
DM(LaLCMAXE,J) ® DM(1,J)
VET) co VOL) & QMO ) eVELL(Y)
CENTINUE

CALL SIMX(CM,LCMAXK,V,ANSL)
{FCISYM,EQ,1) 6B T¢ 98
cenyxuuﬁ

DE 1% 191 ,LCMAXH

D8 15 Jal,LCMAXH

DMCloaw) ™ EM(]al CMAXM,J)
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600
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838
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400
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o DMUL.LCMAX & § =)

DM(}sd) ® TMEL,J) = DMUT,LCMAX ¢
. GMUI,LEMAX & 1 o))

o J)
GMUL,d) ® GMED,J) » GMC],LEMAX ¢ 1 o J)
De 8 ‘g, LCMAXK
VELLGY) & (SalVELCJ) » VEL(LCMAX ¢ 1 = J) }
CENTINUVE
DG 248 ]o1,LCMAXM
V(1) » lO.Uo0.0)
D@ 248 Jui,LCMAXH
V(1) :® V(L) » GMULeJdIBVELLEY)
CONTINUE
CALL -SIMXODM,LCHMAXN,V,ANS2)
D€ 10 Jei,LCHMAXM
ANSEJ) ¥ ANSL(J) « ANS2(J)
ANSELCMAX ¢ T o J) 8 ANSL(J) » ANS2(J)
IF(MXD.NE, 1) G® T@ 809
DE 808 Jwi,CMAXM
IF(JMXTE{J) (NE,0 ) GO TO 808
VEL(J) & VELILCMAX*1mJ) & ANS())
ANS{J) 9 ANS(LCMAXeleJ) s (0,0,0,0)
CENTINUE
CENTINUE
SUHJ ‘0‘000|°’
D6 837 Juy, JMAXH
IF(RIN,EO,0,) GO T€ 600
AREACY) = DELZWRIN
AREA(JMAXHe IMAXaJ) » DELZsREUT
6e 18 %37
AREA(IMAX#®J) & ROUTEDEL?
CONTINUK
JRING & JMAXK
IP(RIN,EQ,0,) JRINGuD
nNe 938 Jei,IMAX
AREACJRINGe JYS® PREJ)ADELR
CENTINUR
DO 839 Jui,LEMAXM
AREA(LCMAX # { o J) & ARBALY)
D@ 401 Jmi,LCMAX
SUMJUR SUMJ & CONJG(VEL(J))mANStJ) *AREA(Y)
ANS(J) & REGCOANS(Y)
PRINT 400, J,ANS(J),VEL{J)
FORMAT(yX,140,2CtE20,08,E20,81/)
CENTINUVE
Al ® RINeREUT
AREAT sAde( M ¢ H » ROUT = RIN)
SUMJ 8 oFKe(0,0,1,0)8SUMJ/ARBAT
CALL TIME
PRINT 506, SUMJ
FORMAT(//0 TWE REAL AND IMAGINARY PARTS OF THME IMPEDANCE IN UNITS

s OF RM® C A ARGe/C(E25,8,E25,8)//)

FORMAT(3Xy21%,C(E20,8,820,8)/)
CENTINUE
END

e i o i e

wlllos
i
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12/42/7}%
SUBRBUTINE ERING

TYPE COMPLEX GM, ISM,SIMsITM, TIM, 1IM,88M,TSM,STM,BBM, TBM, DN, RHEC,

SANS (VT oV VS VI ISVISIVITV, TIV,.IIV,SSVTEY,STV,8BV,TAY,SUMJ,TYV
DIMENSIGN GM(30,60),0M(60,60),SSM(10,20),558V(10,20,RE8T(2640),

1TSM(L0,20),TAM(10110),8TM(20,10),TTv(10,40),78V(10,20),TBY(410,10),

2 STVI20,10),18M(10,20)2,]TM(20,40)8IM(10,20),TIM(10,20)411M(20,20)

3 d1SVI10,20),51IV(L0,20)1TV(20,10),TIV(10,20)

4 ,11V(10,20),PLZ2(20),PR(20),PLR(20),P2(20)
CEMMON/DE(L/DELR,DELZ/8LKA/PR,PLR,FZ,PLZ/LC/LCMAX  LCMAXH
COMMON/SSY/SSV/TSV/TSV/STV/STV/SBY/SBY/TBV/TBY/TTV/TTY
CEMMEN/ ISV/ISV/SIV/SIV/ZITV/ITV/TIV/TIV/TILV/Z LTV
COMMON/TIM/TIM/SIM/SIM/ISH/ISM/ITM/ITM/TIN/ZTIM
CEMMON/BLKE/TSM/UJ/ TBM/PJ/STM/RBLKB/SSM/VEL/VS,VI/VELT/VT
COMMEN/RIT/JUMAX  JMAXH ) IMAX/RAD/REN,ROUT/8/DM,GM, REST
COMMEN/TIDY/PAST/RCC/JTOP/BLKL/H) AyFK, P
FKA » FKeA § DELZ 3 W/ JMAXH § DELR & (RAUT=RIN)/IMAX
D& 1 Jng,JVAXNK
KC 8 JMAX ¢ 1 = )

P2¢JY) = W » ,SeDBLT? « JsDELZ

PZ(KC) & sPZtJ)

PLZ(J) 8 P2(J)e,5eLELD

PLZ(KCIBPZIKC) ~ (BeDELZ

DE 2 Iwy,IVAX

PRI]) & RIN =« ,5¢DELR » JsDELR

CALL TINME
CALL CALBES
CALL CSSM
CALL CTEBM
CALL CSTM
CALL CTSM
CALL TIME
D@ 6000 Ia

i AXH
D@ 6000 Jui

{

{

0

M
MAXH

BME],J) ® 5

DM ley) = '

IF(RIN,EQ,0,) G

DE 64 lmi,lM

Ne 64 Jg 4, IMAX

GMCJMAXM*] , JMAXN «J) ® TTV(]I,J)

CENTINUE

DE 31, 1ei,JMAXN

KITE v JMAXH ¢ § = |

De 32 Jmi,JMAXH

DMCL v) ® LIMCKITE,JMAXM ¢4 & J)

GM{laJ) B JIVIKITE, JMAXH % s )

GMCI LEMAX o L = J) m JIVIKITE ) JMAXM & J)

BMET,LCMAX & 1 « J) 8 TIM{KITE, JMAXH » J)

DE 33 Jul, IMAX

GM(], JMAXMOJ) & JTV(KITE,J)

OMC] , JMAXH®J) & ITM(K]ITE,J)

DG 34 JuigJyMAX

GMCl JMAXHoIMAXSJ)® ISVIKITE.J)

DM, JMAXHO [MAXSJ)N ISM(K]ITE,J)

DO 3% Jmi, [MAX

0.,0)
0,0)
e 16 80

b
b
0.
0,
)
A

¢
C
0
0
X
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37

30

39
36

43

12
43
40
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12

71
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GM(] JMAXHOLOMAXMHEY)E JTV(JMAX @leK]TR)IMAXSLe))

DMC] pu/MAXMOLENAXHE) YD TTM(JMAX oLwK[TR,; [MAXeLtay)

CENYINUE

D8 36 lmi,IMAX

K@B8Y & JMAXMs]

az~xa.*-x004o [ | Acoﬂ.o.o« .

0O 37 Jei uMAXH

KITE & JMAXM o ¢ oy

BM(KBBT,  )e TIV(IsK]TE)

DM IKBOT,Jye TIM{IsK]TE)

AMAKOBT  LCMAX egeJda TIV(],

DM(KOBT,LOMAY ested)n TIM(],

D& 38 JmisuMAX

GM(KBBT , JMAXHaIMAXe )2 TEY(],d)

DMIKBOT , JMAXNeIMAXS ) TOM(], Y)Y

D@ 39 Jui, IMAX

BM(KEET LOMAXKE JMAXHaJ) B TRV, [MAXetsy)

DMUKOBT ,LEMAXKe JMAXMaJ)E TAM(], [MAXete))

CONYINUE

D& 40 lmipvMAXM

KEOT & JMAXM ¢ IMAX o

D6 41 JaL  MAXM

KITE ® MAXMeley

OMIKOOT,J) = SIVIIKITE)

DMIKORT,J) » nuz,_.xnﬁn“
Iv¢

JMAXHY)
IMAXMSY)
i

DM(KOOT, LCMAXSL=J)E 8
AMCKOBT ,LOMAXeLJ)E §
CENTINUE

D@ 42 Jmi,IMaX
DMIKERT ; JNAXMOLCMAXH S YBSTM(IMANSL ], IMAXGL )
GRIKEBT , JMAXMOLCMAXHS J)SSTV{ IMAX L], IMAX+L e )
GMIKBET , JMAXHaYI® STV(],J)
OMIKGOT  JMAXHa Ya STM(],.))

DO 43 JagjJdMax

GMIKBET  JMAXMelMAXS)) o BSV(],)
DMEKEET ,JMAXMS I MAXS ) » 8SM{S, )
CENTINUE

RETURN

e 84 1si,IMAX

DE 84 Ju . IMAX

AMC]py) ® TTV(Y,J)

D@ 71 sy, IMAX

OMCl 020 (0,%:0,0)

D8 72 Jei,uMAX

GMC], IMAXEy) B8 TSV(],J)

DMCY, IMAXEG) » TOM(],J

P8 73 JmyIMAX
GMETaJMAX & IMAX ¢ J
OMIT s JMAX ¢ IMAX ¢
DO 73 ImLjJUMAXN

K IMAX o |

DG 74 Jsi, IMAX
GM(K.y) ® STVI],J)
DMIK,J) ® STMIT,J)
DO 75 JEiguMAX
AMEK, IMAX & J) » SSV(],J)

1o MAXHeY)
-.LI»xI.Lu

!
)

) & BV, IMAX & & « U)
) TAMCL, [MAX ¢ § w J)
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75 DMCK IMAX =& J) w 3SMCL,d)
D9 73 Jug.IMax
a"‘K.JM‘XQ;ﬂAx.J,I * STV(JMAX “le
73 gné“'Jn‘xgxn‘x‘J)l ¢ STMULJMAX +3e
N

Do IMAX & { uy)
JoIMAX » ¢ )}

12722773
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12/22/7%
SUBROUTINE CTBM

COMMEN/9/BT0010,40,32),874¢11,10,32),GT0(10,10,32),G%4(11,10,32)
COMMON/BLKL/ZM A FKRI/PIT/IMAX, JMAXH ) JMAX/TTV/TTY/TIDY/FAST
COMMEN/BLK2/X] ,WF/TEY/NQDY,N2,N3/BLKIB/B10+B1L/BLKI/BSO,BSY
CeMMEN/BLKA/PR,PLR,RPZ,PLZ/NEL/DELR,DELZ/ROLD/G80,GS1/RCC/JTEP
COMMON/PS/FKFK FKFAST,TFK/TBV/TBV/Uy/TBM )
DIMENSION PZ(20),PLZ(20),PR(20),PLR(20),TTV(40,10),TBM(10,10),
1 TBY(10,10)

TYPE COMPLEX TTV,TBM,TBY

DIMENSTION XT(32) WF(32),8UMT(102,G80(10,32),G51(40+32),UNMT(10),
18UMY(10), BES0(10,32),0684¢10,32),02¢(32),810¢10,32),B11(10,32)
NsNQD3

HD g ,%¢DELR

EFS = ,00000%

PFK » ,BaFK

ARGP ® 2, 94K

De 7 JRE1,IMAX

PE 7 lRwg,IMAX

Ry « PR(IR) $ R2 ¥ RR(JR)

R, & R2 = K]} S RU 8 R2 + M]
UMREUM] aSUNRESUM] sSUMRBSESUM[B SO,
D8 1 L 91,N 00009400

TRAP 8 PFKeX1(L)
SIGMA » TRAP & RFK
QZ(L)E FAST#(2,sTRAP o FK)

00 w SIGMASIGMA 00009800
D & SQRTI(FKFK « QQ) 00009900
SIGMAP u ARGP»S[GMA 00010000

TRIGF] & SINISIGMAP) § TRIGFR = COS(SIGMAP)
BS s BYO(CIR,1.4L)

BU » RUSBYL(JRel:8,L) = RLeBTLCJR)L,L)
YAK = BS»QLewF()/0

Al 8 YAKeSIGMATRIGF!

VI u YAK=TRIGFR

AR & YAK=31GMATR]IGFR

VR g YAK=TR]GF!

SUMIBs SUMIB = VI

SUMRE ® SUYMRB ¢ VR

SUMR % SUMR « AR

UM! ®» UM] - YAK

SUM] » SUM! « At

UMI = UM]eTIK

SUM] ® SUMIsTFK

SUMR & SUMRsTFK

SUMRE = SUMRBSTFK § SUMIR » SUMIBsTFK
R » R}

{F(R2,LE.R4) R » RZ

{F(R,EQ,0,) R » DELR

FACT w 2,/(RePIwARGP)

RM 83 RY

IF(R,EQ,RL) RM » R2

FACTY » P]e ,B5/RM

UMT(L) 8 0. $ SUMT(1) w» <SUMR § BLUMT(1) s « SUMRS
1CE » ¢
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1CE s ICE ¢ §
UMMIT ® SUMMIT 3 SUMMITE = 0,
D& 373 Mwul,N 00014300
GL(M) & QZ(M) & FKFAST
RHO ® QZ (M) $ GQR m RHAO®RHO
GMS ® SQRT(QGR « FKFK) 00011700
BS s BTO([R,JCE/M) s GS » GTO(IR,ICE,M)

BU & RUeBTL(JRey,JCE/M) » RLeBTI(JR,ICE,M)
BV # RUSGTL{JRey,JCE,M) v RLAGTIC(JR, 1CE,M)
YAXR ® BSsBUsWF(M)/GMS
VAKR 8 YAKR o GUSGSsWF (M)/RK®
UMMIT & UMMIT « VAKR
EXPFYL ® EXPF(~ARGPeRKHB)
ART ST & YAKRaEXRFY
ARTIST » ARTISTEBeRkE
SUMMIT & SUMMIT » ARTISY 00012300
SUMMITB & SUMMITB ¢ ARTISTR
SUMY(JCE) » SUMTCICE=1) o ,28eFKFASYoSUNM]Y
BUMT(ICE) » BUMT(ICE=L) o ,35eFKFASTRSUMMITH
UMT(ICE) & UMT(]CEel) ¢ ,2B«¢FKFASTOUMMIT
FL # (ICEmy)aFKFAST
FLY » F|L » FACTY
ERFC 8 (FACT/FL)S(EXPF(»ARGPeFL) = EXPF{=ARGReFLT))
ERFC 8 RMeERFC
ERFC & ERFC/SUMT(]ICE)
TESTER 8 1, =~ SUMT(ICE)/SUMT(ICEs=1)
TESTER » ABS(TESTER)
JF(TESTER,LT,ERS,AND,ERFC,LTY,ERS) GO T 3
IF({CE.GE, TGP) GO TQ 3
Ga 10 2
ERFC & YESTEROSUMY(]CE)
ANSR ® SUMT(1CR) $ ANS] » =8UM]
UNS] » #SUMIB §  VNSR s = RUMT(ICE)
TEM(IR)JR} & CMPRLX{ANSR,ANS]) S TBV(IR,JR) ®» CMBLX(VNSR,VNSI)
RARA 8 (R4eRL)e(RI4RL)
DK 3 4.eRLERU/AARA
PI1 o 1,/7(F1eRY)
CUm PIle((RL+RU)*ELLIPE(DK)Y # (RU=RL}ISELLIPK(DK))
CU s RUsCY
RL & RL
RARA ® (R1#RL)s(RL+RY)
DK =2 4,4R3{*RU/RARA
PI!l » 3,/7(PjeRL)
CL® PJlo((R1aRUISELLIPE(DK) « (RU«RL)®ELLIPK(DK))
L s RLeClL
CF 3 CU = Cf
CF s ,9e¢CF
ANSR w ¢ UFTC(]ICE) « CF
E;;g;n.qay s CMPLX(ANSR UML)
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SUBRBUTINE CSSM

DIMENSION SIV(10,20),]1V(40,20),88V(40,20),18vV(10,20)
DIMENSION SIM(10,20),]IM(10,20),85M¢10,20),18M(10,20)

TYPE COMPLEX SSV,SIV,I8V,11V,S5M,SIM)I8M,]INM

DIMENSION PZ(20),PLZ(20),PR(20),PLR(20Q)

TYPE REAL JIIV,IIRV,ISIV, ISRV, ISB,IIB, 11T, ISY, 111, IR,I81,18R
DIMENSIGN SSB(10)sIJR(40),81B(10),1SB(1D)

DIMENSIAN 6S0¢10,32),684(10,32),X](32)WF(32),8UMT(10)
DIMENSIGN BSQ(10,32),881(10,32),07(32)

DIMENSION B10¢40,32),B812¢10,32),610¢10,32),G11(10,32)

TYPE COMPLEX SS,1k,YAKG,UMI],UMSS,UMIS

DIMENSION SST(40)o117(10),817(10),18T{10)

DIMGNSION BUMY(10),DUMT(10) EXPFL(32)

COMMBN/RAD/RIN  ROUT/TBY/NQDYL ,NOD2,)NQDI/RCC/JTEP/BOLD/GS0,GSY
BOMMEN/PTIT/JIMAX , JMAXH, IMAX/BLKA/PR,PLR,PZ,PL2
COMMEON/SSY/SSV/ZIIV/ZIIV/SIV/SIV/IBV/ISY
CEMMEN/BLKB/SSM/SIM/SIM/1IM/ I IM/ LM/ ISM/TS/FRXFKFKFAST, TFK
COMMON/BLKL /Mo A FKyP1/BLK2/X1 ) WF/BLKS/BS0,BS1/TIDY/FAST
CeMMeN/BBOLD/G10,G]11/BLKIB/BI0,BIL/DEL/DBLR,DEL2

NeNQDY § FKFK » FKoFKS TPKn ,284FK S FKFAST s 2, ePASTsFK
ARGP & ,5eDEL2

ERS » ,00D00!

20 @ M= (BeDELZ

SS1aSSREl]lIslRaS]IsSIRUISInISRED,

UMI] & UMIS & UMSS & (0,0,0,0)

PFK & ,§oFK

De L L s4,N 00009400
TRAP & PPKeXI(L)

SIGMA » TRAP ¢ PFK

BZ(L)s FASTs(2,0TRAP » FK)

00 s SIGMA#SIGMA 00009800
D = SGRT(FKFK « 00) 00009900
SIGMAP 8 ARGPeS]AMA 00010000

EXPFL(L) ® EXPF(«QZ(L)wARGP)
TRIGFR = 2,sCOS(SIGMAP) « 2,
TRIGFI & 2,¢SIN(SIGMAP)

YAK 8 TPKekF (L)/SIGMA

YAKR weYAK*»TR]QFR

YAK] ® YAKsTRIGF!

YAKG & CMPLX(YAKR oYAK])

YAKR 8 YAKReDD § YAK! » YAK]eD

$51 o SS1 ¢ BSO(LiL)wBSI(L,LIeYAK]
SSR » SSR » BSO(LsL)*BSL(L LI*YAKR

JIR & 1JR « BlOCLaL)9BIL(L,L)*YAKR

111 5 111 » BlOCdoL)eBIL(L,LY0YAK]

SI1 o S]! = BSO(LsL)wBIL(L,LIYAK]

SIR » SIR » BSO(LsL)oBIL(L1,LYOYAKR

181 » 181 o BIO(LaL)eBBL(L,LI*YAK]

1SR & 18R ¢ BlO(LsL)oBSL(L,L)*YAKR

UMIl & UM]T & YAKCeBIO(1,L)®RlO(1,L)

UMIS ® UNMIS & YAKCHBIO(L,L)*BS0CL,L)

UMSS 8 UFSS « YAKC*BSO(1,L)*BSO0(1,L)

CENYINUE 00040900
SUMT(L) 8 REAL(UMSS) § BUMT(L) o« REAL(UMILY $ DUMT(4) = REAL(UMIS)

kb s b o

bttt bt 1.

e 1 5t . it b . i .

.

et
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85T(1) » SSR .5 JIT(1)s JIR % SIT(L) @ SIR § 1S8T(1)= [SR

EXFACT » BXPF («FKFASTeARGR)

TPK = 258FKPASY

D@ 5031 ]CEw2,JT0P 00011100
SUMSSeSUM] TeSUMS] » SUMIS = 0,

SUMMIT » BUMMITE ® SUMMITD » 0,

D6 375 Meg.N 00011300
GI(M) ®» GZ(M) o FKFASY

RNO = QZ(M)

GUR s RHOWRHE 00011600
GMS s SQRT(QQR » FKFK) , 00011700

GMe & &, /RKQ

GMR = GMSSGMO

EXPFL(M) 8 EXPFL(M)eEXFACT
EXPP2 w 2,9 (EXPFI(M) » §,)
YAK & «TPKeWP (M)

YAKR ® oEXPF29YAK

YAK 8 YAK - YAK

SUMSS = SUMSS o BSO(ICE,M)eRSL(]CE,M)nYAKROGMR
SUMSS = SUMSS . O(IGEnM)-081 JEE MY AKR
SUMI] % SUM]] - Bl0(!G!:H)-Bli(ICEoM)tYAKR-GMR
BUMIY & SUMIL IO(IC MN)esGILC]CE,MIuYAKR
SUMS] = BYMEL . O(IC!oH)-BlithEo )RYAKRuGMR
SUMS! ® SUMS! ¢ BSO(ICE,M)eGI1CICE, MInYAK
SUM]IS & SUMIS o BIO(ICE,M)eBSI(]ICE . MI®YAKR®GMR
SUMIS 8 SUMIS « BIO(ICE,M)eGSLCICEM)WYAK

B5BS & BSOCICE,M)*BSO(ICE,M)

B]BS » BIQCICE,M)*BSO(I1CE,M)

BlB] » BID‘ICE:H)'BIO(!CEaM)

YAKR » YAKRaGMQ

SUMMIT » SLMMIT & BSBSw#YAKR

SUMMITE ® SUMMITB o B]BJuYAKR

SUMMITD » BUMMITD ¢ B]RSeYAKR

375 CONTINUE 00012400

SSTHICE) » SST(]CEel) o SUMSS

TITHICE) 2 JIT(]CEel) o SUMII
BIT(ICE) » SIT(]CRey) o SUMS!
1ST(ICE) » JST(ICE 1) ¢ SUMIS
SUMY(]CE) ® SUMTLICE » 1) # SUMMIY
BUMT(ICE) » BUMTEICE w 1) o BUMMITR

501 DUMYCICE) & DUMTU|CEel) & SUMMITD
Ah 3 4,0RGLTeRBYT

P » ARGP 00013300
PP g Pep 00013400
DK 8 AAZ(PP o AA)

SOK » SQRT(DK) 00013600

CF2 = «PeSEKeELLIPK(DK)/(P1oAA)
SSRy ROUTS(SST(JTOR) ¢ CF2 ¢ CF2)
AA g RINeRINed,

DK & AA/(PF & AX) 00013500
SpK ®» SQRY(DK)
CF2 » «PeSLKeELLIPK(DK)/(PI®AA) 00013700

1IRs RINs(11T(JTOP) » CF2 = CF2)

$S1 = RQUTeSS] § fllw RINeII! § S]lm RIN®SI] § |S5IwROUTS]S]
1CE » JTOP

SIR » RINGEITIICE) § |SR ® ROUT#IST(ICE)
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ISR = ISR » 1,0

JE 5 JTOPel

FLAM & FKFASTeUM

Bs RIN $ R & ROUY

R8 5 ABS(ReB)

ARGYL s RBePLAM

ARGZ v ([ReB)eF|AM

CFL = 1,/(P}eSQRT(R*B))

CFy = CFIn(COS(ARGL)/FLAM + SIN(ARGRI/FLAM
10 RBeSI(ARGL) = (ReB)*CI(ARG2) )

FLAM » FLAMeRGUY

FLAMB s FKFAST#RINeJM

CFZ » = §,/7(P]aFLANMD)

CFL ® o 1, /(P]aFPLAM)

ANSR 5 SUMT(ICE) « CFy

ANSRE = BUMY(ICE) ¢+ CF2

ANBRL s DUMT(ICE) « CFY

S m=AIMAGC UMID)

PEV(4,4) 8 RINeCMRLX(ANSRE,01)
0 meklMAGC UMIS)

ESVEe,1) 9 ROUTOCMPLX(ANSRD,0])
SIV($s1) 8 RINsCMPLX(ANSRD,01)
Ol m=AIMAG( UMSS)

SSVEL,1) 8 ROUTSCMBLX(ANSR,Q1}
TiMgL,1) saCMPLXLTIR, 111 « (0,5
SSMEL,1) § «CMPLX(SSR,881) + (0
SIM(3)1) » « CMPLX(SIR,S1])
ISMEL,1) 8 «CMPLX(1ISR,IS!)

D8 &6 Ja2,JMAX

T » PLICJ)

ARGF ® 70 = 7 = DBLZ

ARGE ¥ Z0 = 7
$S1pSSREI] 18l IRuSIInSREISISISRAO,
SSIVsSSRYRISIVallRVESIIVaSIRVEISIVRISRYR O,
DO 62 Lai M

TRAP » PFKeX1{(L)

SIGNA s TRAP » PFK

SZ(L)® PASTS{2 ,»TRAP » FK)

CGQ & SIGMASIGMA

D » SQRT(FKFK « QQ)

SIGKAP 8 ARGPeSIGMA

SIGMAM a SIGMASARGM

TRIGFR & OCS(SIGMAP) » COS(SIGMAM)

TRIGPI & SIN(SIGMARP) « SIN(SIGMAM)

YAK 3 TFK#HP(L}*D/SIGMA

YAKR ssYAK«TR]QFR

YAK] & YAKsTRIGF!

VAK] 8 YAKI/D $ VAKR 3 YAKR/D

IOUQ’
|’0°|°’

ISR » ISR & BIO(14L)eB8L(1,L)sYAKR
1S1 = IS] + Bl0(34L2wBSLIL,LYoYAK]
SIR » SJR » BSO(3sL)*BILCL,LYOYAKR
SI1 = S}1 » BSOC3,L)®BIL(1,LYsYAK]
T10 w 110 » BIQ(L4L)0BILCL, L 0YAK]
1IR & IR » BlOCL¢LI®BILCL,L)%YAKR
SSR 8 SSR ¢ BSO(14L)eBS1C1,LIYYAKR
§S] » SSI o BSO(3.L)eBSL¢1,L)nYAK]

39
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11Ive 111ve BlQ(L L)eBLIQCL,LIVAK]
1IRys [JRye BIO(LsL)sBI0CL,LY*VAKR
{SRy® ISRVe gig:ltL '580(1 LY®VAKR
i

1Slve [Slve L)tBSO(t.L)~VAK1
SSRye SSRVe BSO(1¢L)oBS0(L1,L)I0VAKR
SSive SSIVe B8S0{1.L)eBSO(1,L)0VAK]
SIIVy ®» ISIV ¢ SIRV & ]S8RV
FACTL ® PJ]e,%/A
FACT # 2,/(AeR]®ARGM)
8ST(4) 8 SSR § 1IT(1)w IIR § SIT(1) =& SIR S 1s (1)s I8R
SSB({1)w SSRV S [18(1)s 1Ay § S16(4) » SIRV § 18B(4 ) s |SRV
1CE » 1
ICE w JCE o
SUMSSWSUM]lsSUMST & SUMIS = O,
VUMSS = VUMITeyUMSlavUuMis 1w 0,
pe 374 Mag,N
CI(N) & QZ(M) o FKFAST
RHO » QZ(M)
CGOR 3 RHOWRHK®
BMS s SQRT(QOR o FKFK)
EXPPYL » BXPF(-ARGPORHO) « EXPF (s ARGMeRHQ)
YAKR & ,259FKFASTOWF (M)*EXPF1eGMB/RHO
VAKR '8 YAKR/OMS

VUMSSE 8 VUMSS o BSO(ICE,;M)*BSO(ICE,MIeVAKR
VUMIS & VUMIS o BICCICE,M)*BSQ(]CE,M)oVAKR
VUMIT ® VUMITD ¢ BIOCICE,M)eRI0CICEsMIOVAKR
SUMS] » SUMS! « PSO(ICB¢M)eBIL(ICE,M)aYAKR
SUMIS ® SUMS « RIOCICE,M)eBSL(]CE,MINYAKR
SUMSS 8 SUVMSS « BSO(I1CE,M)#BSL(|CE,M)EYAKR
SUMIT @ SUPIT! « BIOCICE,M)eBIL(]CE,MIuYAKR
VUMST = vUrIS
SST(ICE) w SST(JCEeL) & SUMSS
LIT(ICE) & [IT(ICEeL) & SUMII
IST(ICE) @ |ST(ICE i) # SUMIS
SIT(ICE) » SIT(1CEel) + SUMS!
SSB(ICE) ®» SSB(ICEel) e VUMSS
IIB(ICE) ¥ J1B(ICE~L) & VUMIT
ISB(ICE) w ISB(JCE e1) & VUMIS
SIB(ICE) » SIBt1CEeL) « VUMS!
FL & (ICE » 1)aFKFASY
FLT s FL o FACTY

ERFC ¥ (FACY/FL)*C(EXPF(sARGPeFL) = EXPF (e ARGPSFLT))
BRFC » ERFL/SIT(ICE)

ERFC s ABS(ERFC)

IF(ERFC,LE,EPS) GO T0 ¥
IF(ICE.GE,10) GO T€ 3

6o 76 2

$S1 w ROPUT*SS] $ JIlw RINeII] § S]II
SSR & ROUTeSST(ICE) § IR = AINe!]Y
SIR s RINSSITIICE) § ISR uw ROUTeIST
SSIv ¥ ROUTHSSIV § JI1IV » RINSIIIY
ISIV » ROYTsISTY

SIRV # RINeSIB(ICE) § ISRY w RAOYT#=ISB(IC
SSRY & ROUTeSSB(ICE) $ IIRVE RINs|IB(]CE
SS g CMPLX(SSR,SSI) S Il s CMPLX(IIR,1I]
SSM(1,J)mSS

= RIN®SI] § ISIsROYTe1S!
(1CE)

(1CH)

§ S]]V ® RINsSIlYV
e)
)

)

80011500
00044600
60011700
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LSMIL,J)n
SIM{L,J)e
1IM(s,J)nll
SSV(s.J)w
TIVissJ)e
ISVILsd}m
SIViL,J)e
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CMPLX{(ISR,}S])
CMPLX(SIR,S811)

sCMPLX(SSRV,SS1Y)
“CMPLXCIIRV, 111V}
*CMPLXCJSRY,181V)
sCMPLX(STIRY,811V)

TFCJGT ,JMAXKH) B8 TG 66
SSM{Jed)nBSM(L, ) § SSV(J,2)n8SVIday) 8 1SM(J, 0 R]IBM(L,V)
SIMEJoL)nBIMIS,d) 8§ ISV(Jet)n]ISYV(L,0) 8 TIM(J,8)TIM(L,)
1IVEJed)mllv(l,J) § SIviJ,1)uSIvis, )

CeNYINUE

D@ 2 JmiguMAX

JILT & JMAXe oy

D8 11 ME2yJlLY

IFin,07, JHAXH) a8 Te 603
SSMEM, NmJ-il 8 SSMi14J)
BEV(M MaJul) » §SV(1,4)
TSM(MoMaJund) ® ]SM(L, ))
ISVIM MaJul) & [SV(1¢y)
TIM{M Maduli) & JIM(Y.J)
TIViM;MeJud) & TIV(L,J)
SIM{MyMaJuy) @ SIM(1,4J)
SIVIM MeJal) & §IV(L,J)
CONTINUVE
IFiMe el ,GT , UMAXH) GO TO 11
SSMIMeJed oK) ® SSEM(1,J)
SSViMeJuisk) 3 $8V(1,J)
[SM(MeUng M) o J8MLL, )
1SVEMeJnt M) 0 I8VI(1,J)
fIM(Medog k) » JIM(L1,J)
TIViMeJog M) 8 1IV(1,J)
SIM{MaeJug M) & SIM(1,J)
SIV{MeJga M) & SIV(Y,J)
CENTINUE

CONTINUE

END

12/722/7%
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SUBROUTINE CSTM

TYPE COMPLEX STV, [TV, ,STM, TN
CEMMAON/STV/STV/ITV/ZITV/PJ/8TM/ITH/EITH

DIMENSION JTM(20,30),1TVI20,140),8TM(20,10),5TV (20,10}
CEOMMON/BLKA/PRGPLRyRZPLZ/PIT/UNMAX, JHAXH, IMAX
DIMENS]@ON PZ(20),PL2(20),PR{20),PLR(20)

DIMENSION BSO(10,32),B85¢10,32),02¢32),810(10,32),B11(10,32}
DIMENSION X](32) WF(32)s8UMV(LID)

DIMENSION GSO0(10,32),GSL(10,32),BUMT(40),SUMT{10),BUMV (1D}
TYRE COMPLEX ANS,ANSB,VNS,VNSB
CEMMEN/FS/FKFK,FKFAST, TFK
CQNHGN/QEE/DELRDDELZ/BQLU/GSOoGSI/DLKi/Halo'K;Fl/BLK2/X1)H!
CGMMON/3/870(10410+32),871(14,10,32),G70(10,10,32),674(14,10,32)
COMMBN/TOY/N NN NNN/RCC/JTORP/BLKSB/BI0+814/BLK3/BS0,BSL/TIDY/FAST
De 1000 JRm1,[MAX

D8 4000 IRmy,JMAX

Ry » A

Z2 ® RZtIR) & R2 & PR(JUR)

ARGP 8 M & 22

Wl 8 ,%aDELR

fL 8 R2 = KD

RU ® R2 ¢ kD

ERS » ,000001

SUMRaSUMIeSUMRBeSUN]IR = VUMReVUMISVUMRBaVUMIBS 0,

PFK = ,GeFK

DG 4 L wigh

TRAP = RFKeXI(L)

SIGMA = TRAR ¢ PFK

QZ(L)E FASTe(2,#TRAP o FK)

G0 w SIGMARSIGMA

D = SQRY(FKFK « 0OQ)

S1GMAP 5 ARGPaS]GMA

TRIGF! & SIN(SIGMARP) § TRIGFR s (8S(SIGMAR)

BS w 850(4sL) $ 8] = Blo(e,L)

BV 8 RUMBTICJR®180L) = RLOBTLC(JRIL, L)

VAK = BSeBLeWF (L) /D $ YAK & VAKsS]GMA

VAKB » BIwEUaWF(L)/D § YAKB » VAKBaSIGMA

Al 8 YAKeTR[GF! § VR ® VAK*TRIGF]

AR 8 YAKSTR]GFR §$ V] = VAKsTRIGFR

AlJB ® YAKBsTRIGFI § VRB 3 VAKB#TRIGF]

ARB & YAKB*TRIGFR § VIB » VAKB#TRIGFR

VUM] & VUM] » v] § VUMR 3 VUMR e VR

SUMR ® SUMR « AR

SUM] & SUM! ¢ Al

S8UMRB » SUMRB » ARE 8 SUMIB = SUM]B ¢ alB

VUMRE ®= VIUMRB =~ YRB 8 VUMIB = VUMIB ¢ VIB

CONYINUE

TFK m ,28B8FK

SUMI & SUMIeTFX

SUMR = SUMReTFK

SUMRB = SUMRBSTFK ) SUMIB ‘s SUMIBWwTFK

VUM] & VUMIsTFK § VUMR ® VUMR®TFK

VUMRB = VUFMRBSTFK § VUMIB s TFKsV(MIB

R & R}

00009400

0009800
00009900
00030000

00010800

00040900

st s o

P [ R
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JF(R2,LE,R1) R & R2

IFtR,EG,0,) R = DELR

FACY 8 2,/(ReP1eARGP)

RM & Rt

IF(R,EQ,RL) RM 3 R2

FACYL W P]e,5/RM

SUMT(L) = = SUMR

BUMT(4) = » SUMRE

SUMY(3) = VUMR § BUMV(1) =  VUMRB

1GE s ¢

{CE = JGE » {

VUMMIT 8 ViMM]TB = @,

SUMMIT g SLMM]TB % 0,

D€ 3789 May,N

G2(M) % QZ(M) « PKFAST

RHO & QZ(M)

QQR = RHA«RHA

GMS ® SGRT(GGR * FKFK)

BS » BSO(JCE,M) S Bl = BI0(ICE,NM)

BY = AUPBTIC(JRwL, JCE,M) » RLaBTL(JR,ICE,M)
VAKR # WF(M)eBSsBU/GMS § VYAKR = RWgeVAKR
VAKRE s BleBUSWF(M)/GMS § YAKRB = RHO*YVAKRB
EXPFL & EXPF(-ARGPSRN@)

SUMMIT 3 SUMM]T » YAKReEXPF1

SUMMITE = SUMMITE ¢ YAKRBSEXPFY

VUMMIT & VLMMIT » VAKR®EXPFY

VUMMITBE & VUMMITB ¢+ VAKRB«BXPF1

CENYINUE

AUMV(]CE) » BUMVCICEwl) » ,288FKFAST#VUMM]TH
SUMV(JICE) » SUMV([CEw3) % ,28sFKPASTaVUMMIT
SUMY(JCE) » SUMT(]CE=1} * ,285*FKFASTesSUMMIT
BUMY(ICE) = BUNT([CEw1) ¢ ,25¢FKFASTaSUMMITE
FL = (ICEal)sFKFAST

FLY o« FL » FACTY

BRFC » (FACT/FL)S(EXPF(wARGPWFL) » EXPF(=ARGRuFLT))
BRFC » RMeERFG

ERFC » ERFC/SUMT(ICE)

IF(ERFC,LT,EPS) GO TO 3

1F(JCE,GE/) TOR) GG TO 3

Ge Y6 2

ERFC & SUMT(ICE)sERPC

ANS] zeSUM!

ANSA ® SUMT(IGE)

ANSIB = & SUMIB $ ANSRB ® BUMT(ICE)
STM{IR, JR) = CMPLX(ANSRoANS])

ITM(IR, JR) & CMPLX{ANSRB,ANS!B)

VNS & CMPLX(SUMV(ICE),VUMI) § VNSB m CMPLX{=BUMV(ICE),VUMIB)
STV(IR,JR) & YNS § ITV(IR,JR) = YNSB
CONTINVE

END

43
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SUBROUTINE CTSM :

TYPE COMPLEX TIV,TSV,TIM,TSM,ANS,ANSE, VNS, VNSB
DIMENSION TSM{10,20),TIM(10,20),T8V(10:20),TIV(10,20)
DIMENSI@N PZ(20),PLZ(20),PR(20),PLR(20)

CEMMON/BLKL/M oA FK/PI/RAD/RIN(REUT/PIT/ JMAX, JMAXH ¢ IMAX/ZTUK/T 4 d
CEMMEN/TIM/TIM/BLKD/TSM/TIV/TIV/TSV/YSY/BLKA/PR,PLR,PZsPL2
DIMENSION BSQ(10.,32),B881(10,32),02(32),EX(32)
DIMENSION EJO0(10,32),B8]11(10,32),06]0¢(10:,32),614(10,32)
DIMENSION  SUMTV(10),BUMTV(40),XI¢32)sWF(32),SUMT(10),BUMT(40)
DIMENSI@N 65S0(10.32),681(10,32)
CAMMBEN/5/BT7010,10+32),B71¢14,10:32),GT0(30,10432),671¢(11,10,32)
COMMEN/BBOLD/G10.G)L/DEL/DELR,DELZ/BOLD/050,654/RCC/JTOP
CEGMMON/BLKY/PSO0BS1/TIDY/FAST/FS/FKFK ,FKPAST, TFK
COMMEON/BLKIB/BIOsBIL/TOY/N, NN,NNN/BLK2/X 1, WF

D& 20 1ni,IMAX

iR w |

D6 20 J» &, JMAX

R = PR(J) S 2 s PLZ(Y)

EPS = ,000004 $ EPSy = 0004

10 = K

ARGP ® 20 =~ 2 « DELZ

ARGM ® 20 » 2

SUMRRSUMISSUMRRsSUM |BESUMRVESUM] VEBUMRBYRSUMIBY SO,
PFK s ,5sFK

00 1 L a4 A

TRAP & PFKsXI(L)

SIGMA s TRAP « PPK

QZ(L)s FASTe(2,4TRAP » FK)

0Q » SIGMA*SIGMA

D » SQRY(FKFK « QQ)

S]GMAP § ARGP®SIGMA

S]GMAM = SIGMAwARGNM

1FtJ,EQ, 1) GO Te 90

TRIGF] 8 SIN{SIGMAP) = SIN(SIGMAM)

TRIGFR & CES(S]GMAP) = CAS(SIGMAM)

G6e 18 91

TRIGFR & 4, - COS(SIGMAM)

TRIGF] o = SIN(SIGMAM)

BS » BYO(]R,1.1)

BSOS & WF({L)*BES/SIGMA

YAK s BSOSsBS1(1.L)eD

YAKB ® s BSOSsBI1(1,L)eD

SUMR ® SUMF « YAK®*TRIGFR

SUM] = SUM] ¢ YAKeTRIGF|

SUMRB 8 SUFRB » YAKBsTRIGFR

SUMIB & SUFIB « YAKBsTRIGF!

1IF(J,EQ,4) GO Yo 1

VAK & BSOSeBSO(1.L)

VAKBs BSOSeB10(1:L)

SUMRV 8 SUMRV « VAK*TRIGFR

SUMIV = SUMIV « VAKeTRIGF]

SLUMRBY ® SLMRBV w VAKBaTR[GFR

SUMIBY & SLMIBV « VAKBaTRIGF!

CONTINVE

00009400

20009800
00009900
00010000
00010100

00010900
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SUM] # SUMIsTFK $ SUMR ® SUMRSTFK

SUMIB = SUMIB*TFK § SUMRB = SUMRB®TFK

SUM[V SaSUNJVSTFK § SUMRV & SUMRVSTFK

SUMRBY = SUMRBY*TFK § SUMIBV =eBUM]BVSTPK

SUMY(L) = SUMR § BUMT(4) = SUMRB

SUMTV{1) & SUMRY § BUMTv(4) = BUMRBV

FACY ® 2,/(ReP1*ARGP)

FACYL » Ple,5/A

ANSTE = RINsSUMRS

ANSY » ROUTeSUMR

ICE = 1

ICE » IQE o 1

SUMMITRSUMM] TBaVUMM] TaVUMMITB S0,

pé 378 Mmi,N 00014300
QZ2(M) ® QZ(M) o FKFASY

RHEG » QI (M) 00014500
GGR » RMOSRHE 00021600
GMS » SQRTI(QOR & FKFK) 00024700
BS » BTD(IR, 1CB,M)

EXPF4 8 EXPF(~ARGPSRHG) = EXPF(=ARGMSRHKO)

GMR s BSHEXRFienwf(M)/RHO

ARTIST s QGFReGMSeBSI(ICE M)

ART]ST8s GMReGMSeBIL(ICE,M)

IFtJeEQ,1) G@ T8 93

ARTISTV = GMROBSO(ICE (M)

VRTISTB = GMR*BID(ICE,M)

VUMMIT 8 VLUMM]T ¢ ARTISTV

VUMMITE » VUMMITB ¢ VRTISTB

GO ve 9¢

GS » GTO(IR,ICE.MIOWF (M)

6S6S = GSGSL(ICE M)

65691 = GS8sGIL(ICE, M)

ARTIST g ARTIST « G565 $ ARTISTE #» ARTISTE e GSGS!
SUMMIT § SUMMIT ¢ ART]ST

SUMMITBs SUMM]TB « ARTISTB

CONTINVE 00012400
BUMY(ICE) » BUMY(]CE=1) o ,289FKFASTY*SUMM]ITR
SUMP(ICE) » SUMT(]CEwi) o ,25#FKFASTSSUMM]T

IFtJ,EQ 1) GO T 99

SUMYV(IBE) » SUMTV(ICE=1) ¢ ,25¢FKPAGTSVUMMIT
BUMYV(ICE) » BUMTV(]CE=}) o ,28eFKFASTHVUMMITE

FL 8 (ICEwl)sFKFASY

FLT = FL o FaAQTS

ERFC 8 (FACT/FL)S(EXPF(=ARGPFL) = EXRF{eARGPuF|T))
ERFC = BRFC/SUMY(]CE)

IF (ERFC,LT,EPS) 0O Te 3

IF(ICE.GE( TOR) GG TO 3

Ge Yo 2

ANSR & ROUT#SUMT(ICE) « ,50

ANSRB ® RINwBUMT(]CE)

TESYER 8 4, < ANST/ANSR

TESYER s ABS(YESTER)

TESYERB ®» 4, = ANSYB/ANSRB

TESYERB » ABS(YESTERB)
IF(YESTER,LT ,EPSL1 )AND,TESTERR,LT,ERSY) GO Te 3
IFCICE,GE,.TEP) Q8 TG 3
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ANST B ANSF

ANSTE = ANSRB

66 Y0 2

CONYINUVE

ANS .3 CNPLX(SUMT(]CE)
ANSB 'w CMPLX(BUMTLICE
UNS ‘sCMBLX(=SUMTVIICE
YNSH sCMPLX(=BUMTV(]C
TSM{1,J) ® ANSeROUT
TSV{laJ) B VNSsRAUY
IFCJ,BQ,4) ISM(Lsy) = 7
CENTINUE

EFS » ,0001

ARGR :'s DELZ

DE 10 Ludgh

TRAP sPPKUX] (L)

S|GMA ® TRAP &« PFK
Q2¢L® PAST«(2,sTRAP '« FK)

00 :» SIQMA®SIGMA 00009800
EX(L) = EXPF(-ARGP®QZ(L))

SIGMAP 9 ARGPeSIGMA 00010000
TRIGr] & SIN(SIGMAR)

TRIGFR § CES(SIGMAR) » 1,

GSO0(1,L) & TRIGF! $ G6S1(L,L) = TRIGFR

CONYINVE

EXFACT w EXPF(«ARGP*FKFAST)

D€ 11 ICEs 2,yTEP

D6 43 MgiN

EX(M) = EX(M)sEXFACT

EXPPL = EX(M) « 1,

854{1CE M) s EXPF}

TRK & ,259FKFAST

De 99 Jei,IMaX

SUMRBESUM]BaSUMRaSLMIs0,

I{MPs]Re

R a PR(Y)

DO 61 Luiyh

TRAP & PFKsXI(L)

SIGMA ® TRAR « PFK

QZIL)® PASTe(2,¢TRAR « FK)

QG = SIGMA®SIGMA

D = SGRT(FKFK = QQ)

TRIGFI ® @SO0¢1,L? $ TRIGFR = GS1(1,L)

YAM » TPKskF(LI/SIGMA

YAK] 8 YAMsTRIGF!

YAKR 8 g YAMsTRIGFR

VTAB ® BSOCL,LISBYO(IMP,1,L )uROUT

VYAB] = BIG(L,LINBTOCIMP,1,LISRIN

SUM] 8 SUM] @& YAK]®VTAB

SUMR 8 SUMR & YAKRSYTAB

SUMIB = SUMIB « YAK|eVTAB]

SUMRB = S|UMRB o VTABlaYAKR

SUMT(4) = SUMR § BUMT(1) = SUMRB

ANSTEANSTEE® 0,

De soy JCB®2,JTOP

SUMMITaSUMMITE & O,

Ml
UMIB)
UMIV)
suMiBy)
1

!

M

-]
'
)
Mi1:J) ® RINWANSE
Velad) = RINWVNSB
(1¢d) ¢ 04500

'SV
)8
)48
E)y
$ 9
$7
S
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pe 376 M=i,N

G2(M) = QZ(M) o PKFAST

RHO » QZ(M)

GAR s RWOSRME

GNS = SQRY(QOR « FKFK)

EXPF1 8 GSI(ICE M)

YAKR 8 EXPFLeTPKaWF(M)/RHO

VTAB] ® BJOCICE, MI»BYD(IMP, ICE.MI®R]N
VYA = BSO(ICE,M)*BTD(IMP,ICE,M)sRAYT
ARTIST 8 YAKR*VTAB § ARTISTB ® YAKRaVTAQ}
SUMMITB » SUMMITR + ARTISTR

SUMMIT ® SUMMIT « ARTIST

SUMT(ICE) ®» SUMT(ICE o 1) ¢ SUMMIY
BUMT(ICE) 8 BUMT(ICE » 1) o SUMMITH

FLAM 8 FKFAST=(1CE = 1)

B = RPUY

RE m ABS(ReB)

ARGY » RBeFAM

ARG2 &8 (ReB)eFLAM

CFL » ,8/(P]eSQRT(R*B))

CF3 sCF{»REUTS(COS(ARGL)/FLAM « SIN(ARG2)/FLAM
{1 + RB®S](ARGL) = (R&B)*Cl(ARG2) )

Bs RIN

RE s ABS(R=B)

ARGy = RBsFANM

ARG2 ® (ReB)ePLAM

CFYL » ,9/(P]sSQRT(R#B))

CF2 » CPiwR[N®(CAS(ARGYL)/FLAM « SIN(ARG2)/FLAM
1 ¢ RBeST(ARGYL) « (ReB)SCI(ARG2) )

ANSR & SUMYT(ICE) = CF3

ANSRE = BYMT(|CE) » CF2

TESYER 8 4, « ANST/ANSR

TESTER 3 ABS(TESTER)

TESYERB = 1, = ANSTB/ANSRB

TESYERB » ABS(TESTERB)
JF(YESTER,LE ,EPS,AND, TESTERB.LE,EFS) G0 Y6 934
ANSYE a ANSRE

ANSYT ® ANSF

CONYINUE

CONYINUE

TSV{Jsi)s CMPLX(ANSR,SUMI) § TIV(Jst1) ®» CMPLX(ANSRB,SUMIR)
CONTINUE

END
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SUBROUTINE GOC

TYPE DOUBLE W,X

COMMEN/BLKL/H A FKPI/TOY/NGDLLL JMM/BLK2/X] s WF

DIMENSION X132} ,WF{32),W{31),X(3])

DATA (Pl ® 3,14159263389)

DATA(X s 0,4480874338984631n000, 0,433395394129247D000,

» 0,6794093608299024D000,0,8450633666889850000,

«0,9739065285171720000, .
0,076526523133497333755D0000,0,227785854141645078080D000,

0,3737060887484495606730000,0,510867001950827098004D000,

0.,636053620726515025453D000,0,7463319064601307926140000,

0,8391169718222188233950000, 0,912234428251325905868D000,

0,9639719272779137912680000,0,993128599185094924786D000,

0,99726386184948156384D000, 0,985611511545268335400000,

#0,964762255587506430770000, 0,934906073937739689470000,

v 0,8963214557660%212396D000, 0,84936761373256997013D000,

s 0,79448379596794240696D000, 0,73218211874028968038D000,

* 0,66304426693024520097D000, 0,58774575724076232904D000,

e 0,506899908932229390020000, 0,42135127613063534336D000,

+0,3318686022B242764977D000, 6,23928736225213707454D000,

* 0,14447196158279649348D000, 0,48307663687738346234D#001)

DATA(W® 0,295524224714753D000, 0,069266749309996D000,

»0,2190863825159820000, 0,1494513491505820000,

*0,0666733443086880000,

. 0,1527533871307258506980000,0,149172986472603746788D000,

» 0,142096109318382051329D000,0,13168863844917662648980000,

* 0,118194531961518417312D000, 0,401930119817240435037D000,

» 0,083276741576704748725D000,0,0626720483341090635700000,

%0,040601425800386944331D000, 0,0176140074391521183120000,

458 8e

. 0,70186100094700966004De002, 0,162743947309086706080+004,

s 0,2539206530926205945%0001, 0,34273862913021433102D»0014,
s 0,42839898(0222266806564D001, 0,509980892623761762%6D«001,
#0,586840934708535547145Dw001, 0,65822222776361846837D=001,
% 0,72348794106848506225D=001, 0,78493895787070306471Dn004,
 0,83311924226046755222Da001, 0,87652093004403811142D=0014,
s 0,9117387869576388473,2D=001, 0,93844399080804565639Da001,
e 0,95638720079274859419D=001, 0,96540088514727800566Dw001)
NNL = NQDL/2 $§ NBL = 0

[F(NQDL,EQ,20) NB}, & 5

IF(NODL ,EQ,32) NBL = 15

D@ 111 JsL{.NNL

K s 1 & NBL

XJt1) » X{K)

WF(l} & W(K)

XICY & NNL) s oX(K)

WF (] & NNL)=® W(K)

REYYRN

ENTRY TIME

TIMER & TINELEFT(K)

PRINT 1, TIMER

FGRMAT(e TIME LEFY oF10,3= SECANDS#//)

RE TURN

END

00000200

00600500

00000700
00000800
00000900
00001000
00001100
00001200
00001300

00001400
00004500
00001600
000801700
00004800
00001900
00002000
00002100

00002400
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SUBRGBUTINE CALBES

DIMENSION PZ(20) PLZ(20),PR(20),PLR(20),X]1(32),WF(32)
DIMENSI®N Bl0¢10,32),B11¢(30,32),8]0¢40,32),6711¢10,32}
DIMENSI®N 6GSO(30,32),G81(10,32),B90(40,32),B51(10,32),04(32)
COMMAN/BLKA/PR,PLR,PZ,PLZ/PIT/UMAX, JMAXH,; IMAX/ZRCE/JTOP
COMMEN/5/8T0(10,10,32),B71¢14,10,32),G70¢(10,40+32)4G74¢14,10,32)
CEMMBN/YBY/NODLNQD2,NODS/BO D/G80,GEL/BLKL/H ) A FK,P1/BLK2/X]I WF
CeMMEN/BLKIB/BIO0,B11/BBOLD/G10,G13/7IDY/FASY/BLK3/RS0,BS1
CEMMEN/RAD/RIN,ROUT

NsNQDY

FKFK 8 FKeFK

FKFAST 8 2.sFPASToFK

0@ 9 L*i.N

TRAP & FKe,SeX](L)

SIGMA w TRAP o ,5eFK

QLCL)s FPASTe(2,0TRAP » FK)

G0 » S|GMA«SIGMA

D = SQRY(FKFK « GQ)

TsDaRGUY § T! & DeRIN

CALL BESL(T,BSJ0,8SJ1,Y0,YL)

CALL BESL(TI,B1J01B]JL,Ye, V)

BI0(1,L) » BlJO § BJ1(1,L) » BLJL

BSO(44L) & BSJO

BS1(1,L) & BSJL

CONYINUE

DR1s ICEmR.,JTOP

DGl16 Mag N

‘BT(MY ® QT(M) & FKFASYT

RHO » QZ(M)

QQR » RHOSRM®

GMS » SQRT(QQR « FKFK)

T™™ 2 GME*REUT S SM » RMOeRAUT

TIM & GMSWYRIN § SIM ®» RHOsR]IN

CALL BESL(SM,GSTO:GSTL,YL,Y2)

CALL BESLCTM,BSTOZBSTL,YZ,YJ)

CALL, WESL(SIM,GIT0,GITa,Y],Y®)

CALL BESL(TIM,BIT0,81T1,YK,Y®)

BIO(ICE,M) = BITO $§ BJ4(ICE,M) = BIT1L § GIO(ICE,M) » GITO

GI4(ICE,M) = GITY
BSO(ICE,M) s BSTD
BSL1(ICE,M) & RSTYL
GSO(ICE,M) = GST0
GSL¢ICE,M) = GSTL
CONTINVE

CONYINUE

D8 8 JCEmi,.uvEP
DO & Mmi,N

GYL(IMAX@L, ICE,M)} » GS4(I1CE,M)
BTL(IMAX®L,JCE,M) ® BS1(ICE,M)
BYL(1,ICE,M) » BILCICEM)
GTL(1,1CE,¥) 8 GIL(ICE,M)
CENTINUE

DELR - (ROLY = RIN)/IMAX
DELR -5 ,SsLELR

49
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00016000

00016400
00016500
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00018400
00018500
00018600



50

P, H, ROGERS

DE 9 IMRmy, IMAX

D8 ¢ LsgN )

TRAP & FKe,5eX](L}

SIGMA ® TRAP & ,5oFK

QZLL)Y FASTH(2,8TRAP o FK)

0C » S1GMACSIGMA

D » SQRY(FKFK - Q@)

Ts DePR{IMP)

ti= Da(PR{IMP) = DELR)

CALL SESO(T,BYO(IMR,4,L))
IFCIMP,EQ, 1) GO T

CALL BESL(T1,BT1CIMP,1,L))
CENTINUVE

DG 3 JCE=Z, T8p

D8 6 MeiyN

QZ(M) = QZ(M) » FKFAST

RKB = QI(M)

GGR s RMOSRKS

GMS = SQRT(QQR » FKFK)

SM g RHE*PR(IMP) § SML & RHOS(RR(IMP) « DELR)
TM g GMSOPR(IMP) § TM1 ® GMSs(PR(IMP) « DELR)
CALL NESO(TNBTOCLNP,ICE,MH))
CALL BESOCSM,GTOCINMP,ICE,M))
IFCIMP,ED,1) GO TO &

CALL BESL(TML,BTIIIMP,ICE,M))
ClLt BESLCESMLGTLIIMP,ICE, M)
CENFINUE

CONTINUE

RETYRN

END

12/22/71

00045300
00045400

00013600
00015700

00046600
00016700

00017000
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00017200
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SUBRBYTINE FARFLDINRTS)

DIMENSION PTBR(10),PINS(20),PEUT(20),ANS(ED)

COMMEN/LC/LCMAX LCMAXH/DIST/DIST/RAD/RINSROUT/ANS/ANS
COMMBN/BLKS/NsAFK,P]/DEL/DELR,DELZ/BLKA/PR,PLR,PZ,PLZ
COMMON/PIT/JUMAX, JMAXH s IMAX/VELO/VEL/TOY/NQDYL, [8YM, ICER

TYPE .COMPLEX FF],FFT,FFTB,AMOC, ADDITY,BUML,FFYT,FFVS,BJ],BJOUT,CEP
1o CBMyPTEP,PINS,PEBUT ,ANS1,SUM,ADD]T,ARG],VEL,PBBTV]NS,VOUT,VTYOR,

vy8gT
201HENS!9N VEL(&0) +PBOT(10),VINS(20),vOUT(20),VTEP(10),VBOT(10)
DIMENSIGN FZ(20),PL2(20),PR{20),PLR(20)

DATACAL]CEs 8,48%0889638)

PRINT 40

FORMAT (1ML FARFPIELD PATTERN #//7Xn ANGLE
. pg e/)

Is (0,0,;1,0) $ RHOC ® 1500000,*!

DD g L./(2,oNPTS) § DELTW » DD#P1 % DELTHD = 180,¢DD

NPT = NPT§ey & JMAXT 5 JMAXH
lF‘RIN-!G.ﬂ.) JM‘XH s 0
DO 2 Jei,IMAX-

PBOT(yY) 3 ANS(LCMAX e JMAXH ¢ 4
VBOT(J) 3 VEL(LCMAX = JMAXH ¢ 1
VIBR(Y) & VEL(JMAXE & )
PIGP(J) 8 ANS(JMAXNeY)

D8 3 Js1,JMAXT

PEUT(J)® ANS{IMAX®JMAXHS )
VOUY(J)m YEL(IMAX®JMAXKeJ)
VEUT(JMAX *{ey) ® VEL( LCMAX ¢1 wJMAXHe[MAX » J)
PEUT(JMAX +1ey) 8 ANS( LCMAX #1 wJMAXHw[MAX » J)

JMAXH 8 JMAXT

IFCRIN.EQ,0,) GO TE& 964

08 965 Jol,JMAXM

PINS(Y) ® ANS{JMAXHeLey)

VINS(J) ® VEL(JMAXKeley)

VINS(JMAX®L «» J) 3 VEL(LCMAX o JMAXH ¢ J)

PINS(JMAX 4L « J)} B ANS(LCMAX e JMAXN # J)

66 T8 970

D6 969 Jui,JMAX

VINSCJ) s (0,0,0,0)

PINSCY) & (0,0,0,0)

FFls SeFKsDBLZ

RE s FKeROLT § R] ® FKeRIN

CAlLL BESL(R9,BS8,040,Y0,¥YL) & CALL BESL(R],851,8J1:Y1,Y0)
BE ¢ BS@*REUT § g1 = BSIeR]N

Byl = RIN#BJL $ BJEUT = ROUT*BJE

IF(!C@RiEG.O’ 6O Y€ 202

v J)
v J)

BS! = RINGRINeBS|/L]IST § BSO = ROUT«ROUTwESA/DIST
GO TO 293

BS1sBS@=Q,

BJOUT = BYBUT +» 1¢BSO § BJY s Byl ¢ 1aBS§!

SuM = (0,0,0,0)

D6 37 KsijyMAX

ACD|T s (B,OUT#POUT(K) = BUI=PINS(K))
ADD]Tis RMECe(VINS(K)®B] & VOUT(K)mB@)
ADDIT = ADLIT « ADDIT)

P U VP X V|

sl s s
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37 SUM = SUM ¢ ADDITY

FF1 » FF]ua8SUM $ FFVY » (0,0,0,0)

D& 38 Kmi,IMAX

RL # PR{X) » ,BsDELR 3 RU = RL « DELR

TU s FXeRY 8 TL = FKeR{

CALL BES1(TU,BU) § CALL BESL(YL,BL)
38 FFVY & FFVT = (VIOP(K) o VBET(K))n(RUBYU e« RL#BL)

%02

208

207

FFO = CABS(FF] « FFYTe 5eRHGE)
DEG = 0,0 § FFOM 3 0,0

PRINT 33, LEG,FFOM

D@ § Juag NPT

THETA » JeLELTH

COSYH a CES({THETA) § SINTH = SIN(THETA)
ARG] » p]eFKeSINTH

TY = RIwCOSTH

CALL BESL(TT,.B8S4.8J1,Y0,Y1)

Bl = RIN*BS}

TT s ROwCOSTH

CALL BESL(TY,BS2:8J2,Y0.4Y1)

BJIs RINeBJY § BJOUT = RAUT*RJ2 € BO = RoUTeps2

IF(IC@R(EQ,0) Ge Te 208

BS! = RINWRINeBS1/D]ST $ BSE = RBUTwREUT«RS2/DI1ST

BJAYT = BJEUT#CESTR « 1e@SH

BJl = BJI&COSTN & JeBS]

68 1o 207

BJOUT = BJEUT#(CQSTH

BJl = BJINCOITH

FFI » Befo(CEXP(ARGI®DELZ) o 1,)/SINTH

SUM s (0,0.0,0)

D6 4 Kmy,JVAX

CEM s CEXP(ARGIePLZ(K))

ADDJT = (B OUTeROUT(K) » BJUIsPINS(K))aCEM
ADDIT4 3 (VOUT(K)*BO ¢ VINS(K)aR])ORHOCeCEM
SUM & SUM ¢ ADDIT =ADDITY

FFla FFleSLM

SUM = (0,040,0)

FFT8 = ,5/C08TKH

ARG] o JeFKenesynTE

CEM s CEXP(wARG])

CEP = CONJG(CEM)

D6 5 Kmg, MAX

Ry # PR{K) & ,SeDELR S R| ®» PR(K) e ,BeDELR
TT & FKeRUsCOSTH § TTL = FWeRLeCOSTH

CALL BES1(TT,BY) § CALL BES1(TTL,BL)

RUBL = RU®EU - RLBL

ADD[Y = «]oSINTHO(PBOT(K)SCEP =~ PTEP(K)*CEM)
ADDITA = RROC*({VTOP(K)®CEM ¢ VBET(K}sCEP )
SUM = SUM ¢ (ADDIT « ADDITY)wRUBL

FFTB = SUMSFFTB

FFM s CABS(FF] « FFTB)
FORMAT(2X,4C(E10,2,E10,2)/)

DEG = JeDELTHWD

FFM u ALICEsLBGF(FFM/FFO)

PRINT 33, CEG,FFM

FORMAT(SX,F20,3,F20,3/)

IF(DEG,GE,0, ,AND,ISYM,NE, 1) GO 16 %00
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a0 ¥8 901
900 DSLYN = oDELTHN S DELTHD = «DELTHD
PRINT 905
905 PORMAT(RX///)
08 ve 902
904 CONTINUE
END

12/720/74
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SUBROUTINE SIMX( MAT,MCT,RHS,ANS)

DIMENSION CHOLD(S0) ,MAT(60,60) ,RHS(I0),ANSIMET)
TYPE COMPLEX CC,CC2,8HOLD,RNS
DIHENSIQNCC(Z}.CXlQ).CXZ(Z)
TYPE COMPLEX MAT,®R}G,ANS,R0,B2,B4,B6,08,B40,B41,B13,815
TYRE INTEGER V
BQUIVALENGE (B24+C)  (CCaCX) o (CCR4CX2)
D@ 100 Jel,MCT
eHa D(J) ¥ MAT(JsMCTe1)
MATCJIMCY o 4) & » RHS{J)
FARMAT(LX C(B17,104617,30))
FERMAT(2%M THIS MATRIX IS SINGULARY)
FORMATILHY)
NCTsMCTel
JSINGRJFINsMET
I1XwQ$ Bdé=(0,0.,0,0)8 B118¢1,0,0,0)
WJETAMGT oY
De I JyeLJey
KKnjel
6eTe 25
D& 4 KEKKyMCT
BOSMAT(K,y)/MAT(Jid)
D8 8 L®JuNCT
Bi0aBAsMAT (Yl
MAT(K L)aMAT (K, )=B10
CENTINUE
Bl4EBILOMAT ()
RL18BLLIPMAT(METY ¢MCT)
LeWawMCYS MPu=-1§
DG 6 INMs[BW,Me
MEBIABS([NM)
BOaaMAT(MNCT)
B2eMAT (M, M)
B4s{0,0,0,0)
1FC1X) 7,227
(XupXey
eete &
Me2auJF [N
De 9 INNmLEW,M02
Ns[ABSCINN?
BanRaeMAT (M ,N)nANS(N)
BOsBOwBaS iJFINnyFiNey
1P ClL) ¢BC,0,,ANDC(2),60,0,) 13:29
ANS(M)=BQ/E2
CONTINUE
Ge Ye 27
Ve
CCaMAT (Y, )
IFC CX(4),EQ,0, AND,CX(2),E0,0,) 11,42
IF(Y,EQ,JEINGY13)14
RRINT288 PRINT15
RETURN
VeVsl
CC2aMAT(V4J)

020

040
050
091

100
120
159
160
170
180
190
200
240
220
230
240
230
00000255
260
2614
262
270
289
290
300
310
320
330
331
332
340
380
360
3614
370

4490
445
420
430
440
450
460
465

e bl B by

RN
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17
12

27
200
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JFCCXR(L),EQ,0, ,AND,CX2(2),E0,0,) 11,36

peé 17 JJ®J,NCTY
B6sMAT(Jsdd}

MAT S o JIBNATIY  JJ)

MAT(V,JJ)BES

BiliswRiy

JSINGSUSING ey

GeTH 24

pe 200 Je=i,mMc?
MATC U MCTes) = OMELD(Y)
END

12/22/7%
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SUBROUTINE BESL(X1BJL)

IF(X,G7,3,)62 79 ¢
XT g (XeX)/9,
BJdtn Xo(,5 ¢XTe(e ;54249985 ¢ XTa(,24093573 ¢ XTe(s,(3954289 «
1 XTe(,00443319 ¢ XTe(e, 00034761 « XT#,00001109020)))
RETURN
1 XT # J./X
Fi 8 (79788458 +XT#(,00000186 » XTw(, 01650667 ¢ XT+(,00017105 «
1 XVo(» ,00269511 ¢ XTs( 00143653 » ,00020033¢XT))))) ,
Tie X « 2,35619449 ¢ XT¢(, 12499612 ¢ XTe{(,000056%50 ¢XTe(»,0063787%
4 ¢ XTa(, 00074348 + XT0(,00079824 «,00029168eXT)))))
SX 8 SORT(X)
SX § 4./S5X% _
Byl » SXeFieCOS(TY)
RETURN
ENTRY BESO
IF(X,GT,3,) ge Y0 3
XT & (XeaX)/9,
BYim(l, * XT0(e2,2499997 & XTe({,2656208 ¢« XTel «,¥163866 «
1 XTw(, 0444479 & XTo{s 0039444 ¢+ XTe,0002100)))3))
RE TURN
5 XT = J,/X%
FO s 79788456 oXTs (e, 00000077 ¢ XTu(e,D0552740 o XTe(e,00009542
1% XT#€,00437237 ¢ XTe({e, 00072805 + X79,00014476)))))
T » X« 78539646 ¢ XTe(»,04166397 ¢ XTw(e,00003954 ¢ XT*(,00262973
1 ¢ XTe(e, 00054125 ¢ XT8(=,00029333 ¢ ,00013558eXT)))))
SX m SQRT(X)
SX » &,/8X
Byl = SXaFQeCOS(T0)
RETURN
END
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SUBRGUTINE BESL(X1BJO,BJ1,Y0,YY)

IF(X,GT,3,)G8 70 3

XT & (XeX)/9,

BWOBLL, ® XTa(w2,2499007 ¢ XTw(1,2656208 » XTe( =,3163866 «
1 XTot 0444479 ¢ XTo (s ,0039444 ¢ XTe,0002100))))))

BYtm X0{ 5 aXTo(w ;56240985 o XT0(,21093573 o XTatls,03954289 o
4 XTo(,00443349 ¢ XTe{s,00034761 ¢ XT#,00004409))))))

RETURN

1 XY g 3./X

FO &8 79708486 «XTo(w,00000077 ¢ XTe(w,00552740 ¢ XT»(=~,00009912
1 ¢ XTe(,00437237 & XTe(=, 00072805 ¢ XT9,00014476)))))

PLi m 79788456 +XT#(,00000156 ¢ XTe (01659647 « XTe(,00017405 o
1 XTa(e 00049911 ¢ XTe(,00113653 = ,000200330X7)))))

TO & X=, 78339846 + XTe(= 04166397 ¢ XT(=»,00003984 ¢ XT*(,00262573
1 & XTe(e, 00054129 ¢ XT0¢e, 00029333 » ,00043858eXT}))))

Tis X = 2,35649449 ¢ XT8(,12499612 ¢ XVe(,00005650 »XTu(s, 00637879
1 4 XTw(,00074348 » XTo(, 00079824 «,000294668XT)))))

SX = SQRT(X)

SX » §./5X%

BJO & SXeF(QeCOS(TO
BJl = SXSFLsCaS(TY
RETURN

END

)
)
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FUNCTION FA(X)

DIMENSION AK(4),BK(4),AEC(4) ,RE(4))A(4d),B(4)

DIMENSION PA(4),FB(4),0A(4),6B¢4)

DATA (FAn38,027264,2653,187033,335,677320,38,102495)

DATA (FBed0,021433,322,624914¢,570,236280,157,105423)

DATA (GA @ 02.242655.302 7%786%,352,048498,21,821899)

DATA (GBsd8,194927,482, 405984.1114 978889 449,690326)

BATA(F240, 250000000).(Fﬁn0 010416667>.(P6u0 000231431)

BATALFBSO 000003190)n(710l0 000000028)0(?350 055555586
DATA¢IS|0.001656597J.(r7-o ooooaeansy (F9u0, 000000306).(?11-
1 ,000000002)

DATA (AK® 0,096866344259,0,03590092303,0,03742963713,0,01451196212)
RATA(DKE0, 12490593597|0.068802‘3576 0, 03!28355346.0 00441787012)
DATA|AEQO.44325341463,0.06260601220.D 04757383%48,0,01736506451)
DATA(BERD (24990368340,0,09200180037,0,04069967524,0,00526449639)
ENTRY €I

IFLAG » 3

IF(XLT,1,) GO 10 3
XXaxwX

FUEN & PB(4) o xXo(FB(Y)
FNUM % FAL4A) o XXS(FAL(S)
F o FNUM/{XSPDEN)

GNUM B GALA) & XXW(GA(Y
GDEN ® GB(4) » XX*(GB(3
6 % GNUM/(XXeGDEN)
IFLIFLAG,EBC,0) GO T8 20
FN # FoGINCX) « QeCBS(X)

AETURN

XX ® XeX

CM m XXo(F2 o XX*{F4 & XXo(F6 o XXo({FB ¢ XXe{FL0D )))))}

GAMMA » ,87721%6664

FN u GAMMA & LOGF(X) + CHW

RETYRN

ENTRY S}

IFLAG 0 0

IF(X.LT,4.:) G€ VB 29

G& ve 27

FN 5w PoCES(X) o GuwBIN(X)

RE YURN

XX g XeX

Pl & J,441%926936

SH g Xe(d, & XXO(F3 & XXW(FS & XXO(F? & XXe(F9 o XX*F11)))))
FN 8 SH o 5aR]

RETYRN

ENTRY ELLJIPK

HELDAS1,30820436412 § wWOLDE = 0,9

pe 2 Jsind

AtJY ® AKLY)

B(J) ¥ BK(,)

GE Yo 4

ENYRY ELLIPE

#eLpa = 1,0

HWELDB = 0,0

De 3 yuy,t

-

Xxo(FPR(2)
XXs(FA(2)

XX®(FB(L) & XX)))
XXe(FA(L) ¢ XX)))

-»
* @
[

—
-

XX (GA(2) « XX#(GA(Y)
* XX9(GB(2) ¢ XXa(GB{1) &

> x
-~ -
-~
-
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AGJY & AE(QJ?

B(J) » BEGY)

Qs OM g gy » X

FACY & LOGF (4,20}

DO 11 Jeigd

HOLDA » HOLDA o AlY)ng

HELDB & HOLDB ¢ B(y)eQ

C & QeQp

FN g WOLDA o HWELDBsFACY

anD
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