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ABSTRACT 

The Naval Research Laboratory SHIP is a special-purpose acous- 
tic radiation program designed for rapidly determining acoustic sur- 
face pressures, radiation impedances, and far -field radiation patterns 
for acoustic sources in the form of finite cylinders and free-flooded 
rings and for acoustic sources which can be approximated by such 
forms. The program uses a finite-element method based on a one- 
dimensional version of the surface Helmholtz integral equation. Axial 
symmetry is assumed in all cases. It is the complete use of this axial 
symmetry which results in the high speed of this method relative to 
other formulations of this problem. The basic inputs to the program 
are  the geometry of the ring or cylinder and the normal velocity on the 
surface of this source. The output is a representation of the complex 
acoustic pressure distribution on the surface of the source, the radia- 
tion impedance, and (if desired) the far-field radiation pattern. The 
program is presently limited to a single ring or single cylinder, but it 
may easily be modified to handle coaxial stacks of rings and cylinders. 

PROBLEM STATUS 

This is an interim report on the NRL Problem; work is continuing. 

AUTHORIZATION 

NRL Problem S02-19 
Project RF 05-121-402-6200 

Manuscript submitted March 2, 1972. 



SHIP 
(SIMPLIFIED-HELMHOLTZ-INTEGRAL PROGRAM) 

A FAST COMPUTER PROGRAM FOR CALCULATING 
THE ACOUSTIC RADIATION AND RADIATION 

IMPEDANCE FOR FREE-FLOODED-RING 
AND FINITE-CIRCULAR-CYLINDER SOURCES 

INTRODUCTION 

The Simplified-Helmholtz-Integral Program (SHIP) is a special-purpose acoustic- 
radiation computer program designed for rapidly determining acoustic surface pres- 
sures,  radiation impedances, and far-field radiation patterns for acoustic sources in the  
form of finite circular cylinders and free-flooded rings. The program uses a finite- 
element method based on a one-dimensional version of the surface Helmholtz integral 
equation. In all cases axial symmetry is assumed and it is the complete exploitation of 
this assumption which results in the high speed of this method relative to others. The 
basic inputs t o  SHIP a re  the geometric parameters of the ring o r  cylinder source and the 
normal velocity on the surface of the source. The output is a representation of the com- 
plex acoustic pressure distribution on the surface of the source, the radiation impedance, 
and (if desired) the far-field radiation pattern. SHIP can also handle the case in which a 

I 
part of the surface of the transducer has zero pressure (pressure-release boundary 
condition) instead of a prescribed normal velocity. This would be the case for a ring 
operating in the so-called squirter mode (pressure-released on the outside surface s o  
as to radiate primarily axially instead of radially). SHIP is limited to a single ring o r  
cylinder, but an extended version of this program, the Multiple-Ring Simplified- 
Helmholtz-Integral Program (MR SHIP), capable of handling coaxial stacks of rings o r  
cylinders has been completed and will be reported in another NRL Report. 

THEORY 

The theory used in the program begins with the Helmholtz integral equation for the 
velocity potential at a point R, due to a surface So (described by the position vector R, ) 
which is vibrating harmonically with angular frequency U: 

where # dSo represents integration over the surface of the radiator, a/&, denotes a 
derivative normal to the surface, in particular -a+/? no being the known normal velocity 
of the radiating surface, and g (R, J R )  is the free-space Green's function given by 

in which k is the wavenumber (a/=). The acoustic field everywhere can be obtained 
from Eq. (1) once d (R,), the velocity potential at the surface, is determined. 
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The limit of Eq. (1) a s  R approaches the surface of the radiator (allowing for the 
jump discontinuity in the first integral [I]  is [2,3] the surface Helmholtz integral equation: 

The usual procedure for obtaining approximate solutions for Eq. (3) involves dividing 
the surface of the source into N subdivisions over which the velocity potential (and the 
velocity) may be considered constant. Equation (3) can then be reduced to a system of N 
complex linear equations in N unknowns, the N solutions to these equations representing 
some sort of mean velocity potential over each of the N subdivisions. If, for a cylindri- 
cal radiator, the surface were divided as shown in Fig. 1 and no advantage were taken of 
the symmetry, 7200 matrix elements would have to be calculated, each matrix element 
consisting of a surface integral which would have to be obtained numerically. In general, 
for M sliced segments and N bands 2 (MN) surface integrals would have to be evaluated. 
If the bands are  chosen to be equally spaced and i f  the symmetry of the problem is fully 
used, this number can be greatly reduced. For axially symmetric velocity distributions 
it is possible to reformulate the problem so as to eliminate the vertically sliced subdivi- 
sions entirely (with a consequent reduction in the minimum number of matrix elements 
to  be calculated) and to convert the numerical integrations from surface to line integrals. 
The resulting method is much faster and (for a given number of bands) more accurate 
than the conventional method. 

For simplicity the derivation of this method will be given for a solid cylinder of 
radius a  and height 2h. The extension of the method to ring transducers is straight- 
forward. Cylindrical coordinates will be used with the z axis coinciding with the axis of 
symmetry of the cylinder and with the origin at the center of the cylinder. For the cyl- 
inder Eq. (3) becomes 

+ /, J h  g ( a ,  2 , .  @ , I  r , .  z s )  v (a .  z O )  a  d z O d ~ ,  

where v(  r , ,  Z, ) is the normal velocity at the surface point ( r, , z , ) .  
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Fig. 1 - Subdivision of the surface of a cylinder into six sliced 
segments and ten bands (three bands on the bottom surface be- 
ing hidden) 

The Green's function is then replaced by its integral representation [4] 

where Q is an integration variable and em = 2 for m # 0 and a, = 1. This integral rep- 
resentation enables exact integration over 8,. Equation (4) then reduces to the one- 
dimensional integral equation 

* [ Jo(Qrs) Jo(Qa) ril Q e  
-PI a s - z o l  

v ( a ,  2,) a dQdzo 

where p = ( 2 2  - k ~ ) " ~ .  
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The surface of the cylinder is divided into IMAX bands on the top and bottom and JMAX 
bands on the side. The bands on the top and bottom surfaces are thus Dt = ~ / I M A X  wide, 
and the bands on the side are Ds = 2h/ JMAX wide. The centers of the top (and bottom) 
bands have radial coordinates 

r i  = ( i  - 0 . 5 )  Dt , i = 1 ,  . . . , IMAX , (7) 

and the centers of the side bands have z coordinates 

It is assumed that the bands have been chosen to be narrow enough for both the ve- 
locity and velocity potential to be considered constant over each ban& With this assump- 
tion the remaining integrations aver r, and z, can be performed W w c a l l y  by using 
the relations 

and 

Use of Eqs. (9) and (10) yields the following system 'ob LCMAX (= 2mAx t JIIUX) equations 
in LCMAX unknowns: 

IMAX 
tb tb 

4 ( r i .  h) = [G:; v ( r j , h )  t C i i  v ( r j . - h )  + Y i j  O ( r j . - h ) ]  
j = 1  

JMAX 
t s 

t C [GI; v ( a .  z j )  t H~~ + ( a .  z j )  I , i = 1, ... , IMAX, ( l l a )  
1'1 

I MAX 

4 ( r i ,  - h )  = [ C t i  v ( r j ,  - h )  t G:: v  ( r j ,  h )  t 4 ( r j .  h )  
j - 1  I 
JMAX 

b s 
t C [ ~ , b f  v ( a , z j )  t M~~ + ( a , z j )  , 

j = 1  I 
I MAX 

a  z  = I: [c;: v ( r j ,  h )  t G;; v ( r  J '  - h )  t MI: B ( r j . h )  t Mf; 4 ( r j .  -h)]  

1 - 1  
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where M and G are  the influence matrices to be discussed in the next paragraph. 

The superscripts t , b, and s designate the top, bottom, and side surfaces respec - 
tively; as examples, the symbol ~f represents the contribution to the velocity potential 
on thebith band of the side surface due to the velocity on the jth band of the top surface 
and M ~ P  would represent the contribution to the velocity potential on the ith band of t he  
bottom surface due to  the velocity potential on the j th band of the side surface. It is 
easy to show that all of these matrix elements a re  not independent; in particular 

G:: = G;; and ME j = MP; = o , i, j = I, ..., IMAX, (12a) 

G:; = G! f and M!b = M:; , i, j = 1, .. . , I M ,  (12b) 1 I 

i j  M P S ~ ~ ~ ~ + ~ - ~ ,  i = 1, . . . , I W ,  j = 1, . . ., JMAX, (1%) Gt = G?rTJMAX+ and Mf ? = 

s t  sb s b 
G i j = G J M A X + ~ - i , j  and M ~ ; = M ~ ~ ~ ~ + ~ - ~ , ~ ,  i =  1 ,  ..., JMAX, j 1 . I (12d) 

12; = G i i  and ~ f i  = MY: , i, j = 1 ,  ..., JMAX, 
andfor  a l l  k and m suchthat li- j l  = I k - m i ,  

G:; = G:ff; and M;; = M:: , i ,  j =  1, ..., JMAX. (12f) 

The M and G matrices a r e  all integrals from zero to infinity over the single variable Q . 
The explicit forms for these matrices as found from Eqs. (6), (9), and (10) a r e  

i = 1 ,  . . . , JMAX, j > i , ( i n  particular, i # j )  (134  

i = I, ..., IMAX, j = I, . . , ,  JMAX, (134 

i ,  j = 1, ..., IMAX, r: = r j  - D , / 2 ,  r y  = ri + D,/2 . 
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i = 1, ..., JMAX, j = 1, ..., Im, 

i = 1, . , , j = 1, ..., i - 1 (in particular, i #  j )  

The remaining M and G matrix elements can be determined from Eqs. (13) and (14) using 
the symmetry relatianships expressed in Eq. (12). From Eq. (12) the matrix elements 
M;; and Grf need be calculated only for i = 1, j = 1, . . . , JMAX. 

For rings, the following additional matrix elements, homologous to those already 
derived, must be evaluated: 

M" i i and Gi: relating inside surface points to inside surface bands 

(i; j = 1, ..., JhiAX), 

Mi; and G:; relating inside surface points to outside surface bands 

MY: and .cfi relating outside surface points to inside surface bands 
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M' i j and G i  5 relating inside surface points t o  top surface bands 

M: f and G: relating top surface points to inside surface bands 

( i  = 1, ..., IMAX;  j = 1, ..., JMAX). 

EVALUATION OF MATRIX ELEMENTS 

The quantity I* = ( Q 2  - k2)'" in Eqs. (13) and (14) is pure imaginary for II < k .  As 
a result the M and G matrix elements a re  complex quantities. The imaginary parts of 
the matrix elements a re  derived entirely from the integration from 0 to k, and contri- 
butions to the real  parts of the matrix elements come from the entire range of integra- 
tion. It is therefore convenient to divide the numerical integration into two parts, 0 to k 
and k to infinity, the latter integrals contributing to only the real  part of the matrix ele- 
ments. The numerical integrations a re  performed by Gaussian quadrature. A single 
ten-, 20-, or 32-point Gaussian quadrature is used for the integration from 0 to k .  The 
integration from k to infinity is performed in steps of size FKFAST (first the integral 
from k to  k + FKFAST is evaluated, then the integral from k + FKFAST to  k + 2 FKFAST, 
and s o  forth) each step consisting of a single ten-, 20-, o r  32-point Gaussian quadrature. 
After each step, a test  for convergence is made. If the integral has converged, no further 
steps are taken; if it has not converged, the integral over the next step is evaluated. If 
the convergence test is not satisfied after ten steps, the integration is terminated. 

There is an integrable singularity in p- at Q = k .  This is eliminated by changing 
the integration variable from Q to p .  (At first glance the singularity appears to be of 
order p-2;  this is not the case, however, because the trigonometric factors in the inte- 
grand a re  directly proportional to p in the vicinity of Q = k.) 

To avoid repetitions of the same calculation, a l l  of the Bessel functions used in the 
program are  evaluated once and for all in subroutine CALBES and placed in COMMON 
for use by all  of the integrating subroutines. 

To further avoid redundant calculations, matrix elements which contain the same 
trigonometric functions a r e  evaluated simultaneously whenever possible. 

Only the independent matrix elements a re  evaluated. 

All of the integrals in Eqs. (13) and (14) converge. For 2 > k ,  p is real  and posi- 
tive, so that all integrals containing a factor e-pry where r is some real  and positive 
quantity (such as r = h - z i  in Eq. (14f)), converge rapidly. Several of the integrals 
(Eqs. (13b), (14b), (14d), and for some values of z j  ( 1 3 ~ )  and (14c)) contain terms which 
do not have an exponential factor. These integrals converge no faster than !2-2, and 
special procedures had to be devised to achieve a satisfactory rate of convergence. 
These procedures a r e  outlined in the discussion of the individual matrix elements which 
follows: 

The matrix elements ~f \ M i ; ,  MY:, M: j, Cf;,  ci;, cSf, and C i  j a r e  calculated 
simultaneously in subroutine C ~ S M  for i = 1 and j = 2 ,  JMAX. The matrix elements 
Mf ; etc. for i = 2, . . . , JMAX are evaluated from these using Eqs. (12e) and (12f). 

The matrix elements M;;, M i : ,  M!;, M;:, G f f ,  G::, Gf  f , and ci: a re  calculated 
simultaneously in subroutine CSSM for i = 1. The remaining ( i ,  i ) elements are  
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determined f rom the (1, 1 )  elements using Eq. (12f). From Eq. (13b) the integral to  be 
evaluated for the M; 7 matrix element is 

The part of the integral which contains the factor of unity converges only as fast as 
( s i n  Q a ) /Q for large values of Q,  and the other term may also converge slowly if D, is 
small. The ra te  of convergence is improved by subtracting from I the integral I ' given 
by 

The combination I - I ' converges as !? - 3  instead of !?-1. It is the integral I - I ' 
which is evaluated numerically using the technique outlined in the f i rs t  paragraph of this 
section. I '  by itself, however, can be evaluated exactly [5a]: 

where k,2 = 16a2/(D: + 16aZ) and K is the complete elliptic integral of the first kind 
[6a]. K ( k o )  is evaluated by the FUNCTION subroutine ELLIPK. The matrix elements 
M;f ,  Mf  f ,  and ~ f f  a r e  evaluated in a similar fashion. No convergence test is used for  
matrix elements in this section; all ten steps a r e  always used. 

A different method is used for the c,, matrix elements. The numerical integration 
is terminated after ten steps (p = Q = p,,,aX). The remainder of the integral A I  (from 
pmax to infinity) is approximated by integrating analytically an asymptotic expression 
for the integrand. For example, for 

where r i n  is the inner radius of the ring, r  u t  is the outer radius of the ring and Ci 
and s i  are  the cosine and sine integrals [6bf respectively. 

The matrix elements M::, G:?, and c: j a re  calculated simultaneously in subrou- 
tine CTBM for i , j = 1, . . . , IMAX. The integrals involved in the Gt  matrix elements 
(Eq. (14d)) a r e  of the form 
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Since the integrand of I does not contain an exponential factor, a method similar to that  
used for the M!! matrix element was used to obtain a satisfactory ra te  of convergence. 
In this case an integral 3.' given [5b] by 

1 / 2  
where ko = (4xy) / ( x  t y )  is subtracted from I to yield a numerical integral which 
converges a s  Q-4. The elliptic integral of the second kind E(ko) [6] is evaluated by the 
FUNCTION subroutine ELLIPE. 

The matrix elements Mf j, C::, M: jt, and Cii j a re  calculated simultaneously in 
subroutine CSTM for i = 1, JMAX and j = 1, . . . , IMAX. All integrals converge satis-  
factorily. 

t i  The matrix elements M:;, c::, Mi j ,  and G:; a r e  evaluated simultaneously in 
subroutine CTSM for i = 1, . . . , IMAX, j = 2 ,  . . . , JMAX. For j = 1 the integrals in- 
volved contain terms which do not have an exponentially decaying factor. For the M:; 
and M:; matrix elements convergence is secured by a method similar to the method 
used for the MY! matrix element, and for cry and G:: a method was used similar to 
the one used for G i  t. 

EVALUATION OF THE SURFACE PRESSURE 

For determining the acoustic pressure on the surface of the ring (or cylinder) a 
different system for numbering the bands is used. The total number of bands is desig- 
nated LCMAX : 

LCMAX = 2 ( IMAX t JMAX) for rings, 

LCMAX = 2 IMAX + JMAX for cylinders. (21b) 

The bands a r e  numbered as follows: For rings, band 1 is the band immediately above the 
median plane on the inside surface of the ring. Band 2 is above band 1 and s o  on to  band 
JMAXH (= JMAX/~), which is the band nearest the top on the inside surface. The number- 
ing of the bands continues across the top surface of the ring (from inside to  outside), 
down the outside surface, across the bottom surface (from outside to  inside), and then 
back up the inside surface. Band LcMAX is thus adjacent to band 1. Figure 2 illustrates 
the numbering of the bands for a ring when IMAX = 3 and J~WH = 3 (LCMAX = 18). 

For cylinders band 1 is at the center of the top surface. Band 2 is adjacent to band 
1 and s o  on to band IMAX, which is on the top surface nearest to the edge. The number- 
ing then continues down the outside surface and across the bottom (from the outside, in). 
Band LCMAX is thus the bottom center band. Figure 3 illustrates the numbering of the 
bands for a cylinder when IMAX = 3 and JMAXH = 3 (LCMAX = 12). 

With the bands numbered in this way, the mirror image of band J with respect to 
the median plane is band LmAX t I - J for a l l  values of J (1 through LCMAX) for both 
rings and cylinders. 
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(a) Cross-sectional view 

(b) Three-dimensional view 

Fig. 2 - Numbering of the bands on 
a ring for IMAX = 3 ,  JMAXE: = 3 

The pressure at the center of the Jth band i s  designated P(  J ) ,  and VEL ( J )  i s  defined 
as the average normal velocity on the Jth band. Equations (11) and the equation 
p = icp,k+ yield an equation of the form 

LCMAX LCMAX 

D M ( 1 ,  J ) P ( J ) =  CM(1, J)VEL(J),  I =  1, ..., LCMAX, (22) 
J'1 J" 1 

(a) Cross-sectional view @) Three-dimensional 
view 

Fig. 3 - Numbering of the bands on a 
cylinder for IMAX = 3 and JMAXH = 3 
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relating the surface pressure and normal velocity. The DM and GM matrix elements a r e  
to be determined from the independent M and c matrix elements. Obtaining these matrix 
elements is a straightforward but tedious task involving the symmetry relations given by 
Eqs. (12) and the transformations necessary to convert from the numbering system used 
in the theory section to the numbering system just described. This procedure is carr ied 
out in subroutine ERING. 

Since the ring is symmetric about the plane z = 0 ,  whenever the normal velocity 
distribution is symmetric (or antisymmetric) with respect to this plane the resulting 
surface pressure distribution must also be symmetric (or antisymmetric). Any velocity 
distribution (VEL( J)) can be expressed as the sum of a symmetric (v,(J) ) and an anti- 
sy mrnetric (v,( J) ) velocity distribution, where 

Vs( J )  = [VEL ( J )  t VEL (LCMAX t 1 - 5 ) ] / 2  , J  = 1 ,  . . . , LCMAX, ( 2 3 4  

V A ( J )  = [ V E L ( J ) -  VEL(LCMAXt 1 -  5 ) ] / 2 ,  J =  1 ,  . . . ,  LCMAX, (2%) 

If we let LCMAXH = LCMAX/2 and let P,(J)  and PA( J )  be the symmetric and antisymmetric 
surface pressure distributions corresponding to the velocity distributions V,( J) and 
VA(J) respectively, then from Eq. (22) we obtain 

LCMAXH 

C [DM(I ,  J )  + D M ( I ,  LCMAXt 1 -  J ) l P s ( J )  
1'1 

LCMAXH 

= [GM ( I ,  J )  t CM ( I ,  LCMAX t 1 - J ) ]  V,(J) , I = 1 ,  . . . , LCMAXH , (24) 
J  = 1  

and 

LCMAXH 

[ D M ( I ,  J )  - D M ( I ,  L C M A X t l - J ) ] P A ( J )  
J P 1  

LCMAXH 

= I G M ( I t  J) - G M ( I , L C M A X + l - J ) ] V A ( J ) ,  I  = 1, ..., LXMAXH. (25) 
J =  1 

Since the system is linear, 

p ( J )  = P s ( J )  + P A ( J )  , J  = 1. - .  9 UJMAX (26) 

It is advantageous to solve Eqs. (24) and (25) for P, and PA rather than solving Eq. 
(22) for P directly, since it takes approximately 4 times longer to solve a single system 
of LCMAX equations in LCMAX unknowns than it takes to solve two systems of LCMAXH equa- 
tions in LCMAXH unknowns. An additional factor of 2 in time may be saved by this method 
if (as it often turns out to be in practice) the initial velocity distribution is either sym- 
metric or antisymmetric. 

Equation (22) relates the surface pressure to the normal velocity. It makes no dif- 
ference whether LCMAX pressures or  LCMAX velocities or  some combination of pressures 
and velocities totaling LCMAX are  taken to be the independent parameters. 
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The SHIP program allows for a pressure release condition to be substituted f o r  a 
prescribed velocity condition on any of the bands. When pressure release is assumed on 
band N, the Nth unknown becomes VEL(N) instead of P(N). 

FAR-FIELD AND IMPEDANCE CALCULATIONS 

The far-field pressures a r e  obtained directly from Eq. (1) using asymptotic expres-  
sions for the Green's function. With the pressure and velocity taken to  be constant over 
each band the integrations can be performed analytically, with the result that the fa r -  
field calculation involves only the summation of the contributions from each band and no 
numerical integration. If ICOR = 0, the distance from the source is taken to be infinite, 
and only the first term in the asymptotic expansion of the Green's function is used. If 
ICOR = 1, the distance from the source is taken to  be DIST (an input parameter), and two 
t e r m s  a r e  retained in the expansion of the Green's function. The calculations are per- 
formed in subroutine FARFLD. 

The normalized radiation impedance is evaluated in subroutine SOLRING. The actual 
quantity which is evaluated is 

Z = J pv* dS o / ( ~ c ~ ~ v r e f l  ') 
where the reference velocity v,,, is chosen to be 1 meter per second, A is the total 
surface a rea  of the ring o r  cylinder, and pc is 1 . 5 ~  lo6 mks units. To obtain the nor- 
malized radiation impedance of the active part of the transducer, the result obtained 
from SHIP should be multiplied by the ratio of the total a rea  to the active area. Since 
the pressure determined by SHIP is equal to the pressure at the center of the band and 
not the average pressure over the band, it may be desirable for the user of the program 
to calculate the impedance by fitting the surface pressure to a polynomial and integrating 
the polynomial analytically. 

PROGRAM STRUCTURE 

The SHIP program consists of a main program (SHIP) and 13 subroutines (Fig. 4). 
The program is written entirely in CDC 3600 Fortran. The following a re  the major com- 
putational steps, listed in the order of performance (with the subroutine in parentheses): 

1. Input parameters a re  loaded (program SHIP) and Gaussian quadrature parameters 
a r e  put in COMMON (GQC), 

2. Band coordinates a r e  calculated (ERING), 

3. Bessel functions to  be used in integrations a r e  calculated and stored in COMMON 
(CALBES), 

4. Independent matrix elements a re  evaluated (CSSM, CTBM, CSTM, and CTSM), 

5. DM and GM matrix elements a r e  determined from the independent matrix ele- 
ments (ERING), 

6. The symmetric and antisymmetric velocity distributions Vs and VA a r e  com- 
puted from the distribution of the velocity over the bands VEL(J) (SOLRING), 

7. Simultaneous equations for P,( J )  and PA( J )  are  set  up (SOLRING), 
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1 BESl I 

*ENTRY POINT OF SUBROUTINE FN 
**ENTRI POINT OF SUBROUTINE BESl 

Fig. 4 - Structure of the SHIP program. The num- 
bers refer to the order in which the calculations are  
performed. The main program i s  SHIP (Simplified- 
Helmholtz-Integral Program), and the 13 subroutines 
are  SOLRING (solution of the ring), GQC (Gaussian- 
quadrature coefficients, ERING (evaluation of the 
ring's surface pressure), CALBES (calculate the 
Bessel functions), BESL (zeroth-order and first- 
order Bessel functions calculated simultaneously), 
CSSM (calculate side- side matrix), C TBM (calculate 
top-bottom matrix), CSTM (calculate side-top ma- 
trix), CTSM (calculate top-side matrix), F N  (func- 
tions), FARFLD (far-field pressures), and BESl 
(first-order Bessel function. Entry points of the 
subroutine F N  are  SI (sine integral), Cl (cosine inte- 
gral), ELLIPK (elliptic integral K of the first kind), 
and ELLIPE (elliptic integral E of the second kind). 
BESO (zeroth-order Bessel function) i s  an entry point 
of subroutine BES1. 

8. The simultaneous equations a re  solved for P, and PA (SIMX), 

9. P (  J)  is evaluated and printed (SOLRING), 

10. Impedance values a re  calculated (SOLRING), 

11, Far -field pressure values a re  calculated and printed (FARFLD). 

The special functions used by the SHIP program a r e  evaluated using polynomial 
approximations found in Refs. 6a, 6b, and 6c. The elliptic integrals of the first and 
second kind a r e  calculated in the function subroutines ELLIPK and ELLIPE respec- 
tively. The sine and cosine integrals ( s i and C i  ) are  calculated in the function sub- 
routines SI and CI. ELLIPK, ELLIPE, SI, and CI a r e  entry points of function FN(X). 
The zeroth-order and first-order Bessel functions ( J,,(x) and JI  (x )  ) are  calculated 
separately in subroutine BESO and subroutine BESl and simultaneously in subroutine 
BESL. 
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PROGRAM INPUT AND OUTPUT 

The input parameters a re  summarized in Table 1. As illustrated in Fig. 5, ROUT 
is the outer radius of a ring, FUN is the inner radius, and 2H is the height. For a cylin- 
der  ROUT is the radius and RIN is set  equal to 0. RIN, ROUT, and H may be given in 
any units which a r e  consistent with the value chosen for the wavenumber FK (FK = ). 
It is often convenient t o  choose FK equal to unity. 

Fig. 5 - Geometry of the ring 

The surface of the ring or  cylinder is divided up into bands over which the surface 
pressure and normal velocity a re  considered to  be constant. The number of bands is 
determined by the acoustic wavelength and the accuracy desired. IMAX is the number of 
bands on the top (or bottom) surface of the ring o r  cylinder. JMAXH (= JMAX/~) is half 
the number of bands on the outside and inside surfaces of the ring o r  on the outside sur-  
face of the cylinder. For a cylinder the number of bands (LCMAX) will be 2(IMAX) + 
JMAX, and for a ring LCMAX = 2(1MAX + JMAX). The bands on the top surfaces a re  
circular annuluses of width (ROUT - RXN)/IMAX. The bands on the side surfaces a r e  
cylindrical shells of height H/JMAXH and radius either RIN o r  ROUT depending on 
whether the band is on the inside o r  outside surface. The bands a r e  numbered as indi- 
cated in Figs. 2 and 3 and explained in the text accompanying those figures. Both JMAXH 
and IMAX must be less than or  equal to 10 (LCMAX 5 60). 

The average normal velocity on the Jth band is VEL(J) and is defined as  being posi- 
tive when it points outward toward the fluid. Phase shading may be accounted for by 
using complex values for VEL(J). The normal velocity distribution is thus approximated 
by the one-dimensional complex array VEL(J), J = 1, . . . , LCMAX. The parameter ISYM 
expresses the symmetry of the velocity distribution. If the velocity distribution is sym- 
metric with respect to the median plane, ISYM is set  equal to +l;  if it is antisymmetric, 
ISYM is set  equal to -1; and if there is no symmetry, ISYM is set  equal to  0. When ISYM 
is *l, only the first LCMAXH values of VEL(J) a r e  needed. 

The Gaussian quadrature order is NQD1. NQDl may be either 10, 20, or  32; in most 
cases 32 would be used. 



Table 1 
Input Parameters for Program S H I F  

Parameter 

RIN 

ROUT 

H 

EYM 

JMAXH 

IMAX 

NQDl 

VEL(J) 

FK 

IC OR 

DIST 

NPTS 

MXD 

JMXT(J) 

Definition 

Inner radius of a ring 

Outer radius of a ring or  cylinder 

Half-height of a ring or cylinder 

Symmetry parameter 

Half the number of bands on the 
inside (or outside) surface 

Number of bands on the top 
(or bottom) surface 

Gaussian quadrature order 

Velocity on the Jth band 
(positive toward the fluid) 

Wavenumber 

Far -field index 

Far-field distance 

Number of far-fizld points 
between 0 and 90 

MXD = 1 means that one or more 
bands a re  pressure released 

JMXT(J) = 0 implies pressure 
release on the Jth band 

Units 

Any units consistent 
with FK 

Same as RIN 

Same as  RIN 

Integer 

Integer 

Integer 

Integer 

Meter-kilogram-second 
(mks) (complex) 

Any units consistent 
with FUN, ROUT, and H 

Integer 

Same as RIN 

Integer 

Integer 

Integer 

Comments 

For a cylinder, set RLN equal to 0 

- 
- 

ISYM = +I, if symmetric w.r.t. z = 0; 
= -1, if antisymmetric w.r.t. z = 0; 
= 0, if nonsymmetric 

Must be 5 10 

Must be 5 10 

Must be 10, 20, or 32 

J = 1 ,  ..., LCMAX(ISYM=O), 
= 1, . . . , LCMAXH (ISYM = *1) 

FK = 1.0 is convenient 

ICOR = 0 if the f a r  field is calculated 
at infinity; 

ICOR = 1 if the f a r  field is calculated at 
a distance DIST from the origin 

DIST must be much greater than ROUT 
and the wavelength 

When ISYM = 0, 2 NPTS points a re  
evaluated between *go0 

If not specified, MXD is assumed to be 0. 
ISYM must be +I. 

If MXD ;t 1, JMXT(J) is ignored 
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If a far-field radiation pattern is desired, the statement CALL FARFLD(NPTS) 
should appear in program SHIP following the statement CALL SOLRING. If the field is 
desired at infinity (true far  field), then the parameter ICOR should be set equal to  0. If, 
on the other hand, one is trying to duplicate or predict the radiation pattern a s  measured 
at a specific distance from the source, ICOR should be set equal to  1 and the parameter 
DIST should be set  equal to the distance from the source. (DIST must be much greater  
than ROUT, H, and the acoustic wavelength, because FARFLD is incapable of generating 
t rue  near-field pressures.) DIST must have the same units a s  RIN, ROUT, and H. NPTS 
is the number of points between to be evaluated in the far  field between 0" and 90" (in the 
SHIP program 0" corresponds to  the plane of the ring, 90" to the axis of symmetry). If 
ISYM 2 1, a number of points which is twice NPTS will be evaluated between -90" and 
+go0. 

If pressure-release conditions a re  t o  be used over part of the surface, MXD would 
be set  equal to  1 and JMXT(J) se t  equal to  0 for those bands which are  pressure released. 
For the nonpressure-released bands JMXT(J) would be set  equal to 1. For example if 
bands 1, 7, and 9 were pressure released, JMXT(l), JMXT(7), and JMXT(9) would be set  - - - 

equal to 0, and all other JMXT(J) would be set equal to 1. Pressure-release boundary 
conditions may be used only when ISYM = 1; thus JMXT(1) = 0 implies that both band 1 
and band LCMAX a r e  pressure released. 

In the version of the program listed in Appendix A, RIN, ROUT, H, IMAX, JMAXH, 
and VEL(J) a r e  read from cards. The remaining input parameters appear in program 
SHIP as Fortran statements. The first  data card contains RIN, ROUT, and H in a 
(5X, 3F10.3) FORMAT, the second card contains JMAXH and IMAX in a (5X, 215) FOR- C 

MAT, and the next LCMAXH cards (LCMAX if  ISYM = 0) contain VEL(J) in a (5X, 
c(F10.3, F10.3)) FORMAT. If more than one case is being run, these cards would be 
followed by other similar sets. ISYM must be specified before VEL(J) is read in. 

The input format given here can (and should) be altered to  meet the specific require- 
ments of the user. If, for example, many frequencies a r e  to  be used for a given ring (or 
cylinder) with the same velocity distribution, the statement 7 CONTINUE should be  
placed after the statement 604 CONTINUE followed by a READ statement for FK (or if 
desired a READ statement for a frequency may be used in conjunction with an arithmetic 
statement relating frequency to wavenumber). This would eliminate the necessity of 
reinputting RIN, ROUT, H, MAX, JMAXH, and VEL(J) for each case. If many different 
velocity distributions a re  to be used for a single geometry and frequency, it is unneces- 
sary  to reevaluate the matrix elements each time. Reevaluating the matrix elements 
can be avoided by adding an ENTRY XXXX statement in subroutine SOLRING following 
the CALL ERING statement. After the f i rs t  time through the program, one would 
CALL XXXX instead of calling SOLRING in program SHIP. If the number of velocity 
distributions is very large, it may be worthwhile to invert the DM matrix instead of 
solving the simultaneous equations each time through. 

Output 

The output of the SHIP program consists of: 

The original input -RIN, ROUT, H, FK, NQD1, IMAX, JMAX, and VEL(J) for 
J =  1, ..., LCMAX. 

The real  and imaginary parts of the surface pressure at the center of each band 
in mks units. 
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a The rea l  and imaginary parts of the radiation impedance in units of pcA, where p 
is the density of water, c is its sound speed, and A is the total surface area  of the r ing  
or cylinder. The impedance is normalized to a velocity of 1 m/sec. 

The far-field pressures in decibels relative to the value in the median plane ( O O ) .  

ACCURACY AND SPEED 

For a given band structure SHIP and conventional finite-element Helmholtz integral 
methods should give identical results for the acoustic pressure at the center of each 
band. To test  the speed and accuracy of the SHIP program, the program was compared 
with the NUC CHIEF [3] program (using CHIEF'S axial symmetry option) for several 
problems. One such comparison is summarized in Table 2. In this case both SHIP and 
CHIEF used 12 bands (IMAX = 2; JMAXH = 2) for the ring described in the caption of 
Table 2. The SHIP program, which ran 4.8 seconds (execution time on a CDC 3800 com- 
puter) was compared with three CHIEF runs of progressively increasing computational 
accuracy. The first, which ran 182 seconds, had 12 vertically sliced subdivisions and 
used an eight-by-eight Gaussian quadrature to  perform the numerical integrations. The 
second, which ran 331 seconds, had 24 vertically sliced subdivisions and used an eight- 
by-eight Gaussian quadrature. The third and most accurate, which ran 661 seconds, had 
24 vertically sliced subdivisions and used an eight-by-16 Gaussian quadrature. In all 
cases the SHIP results were closest (within 0.13%) to the 661-second run on CHIEF. For  
this case the SHIP program was between 70 and 140 times faster than the CHIEF program 
for the same degree of computational accuracy.* The accuracy of the calculations (for a 
given number of bands) is probably better than 0.1%. 

The preceding comparison tests only the precision of the calculations, not the actual 
accuracy of the results. That is, this comparison indicates that SHIP solves Eq. (11) to 
within 0.1%, but it in no way indicates whether this solution adequately represents the 
solution to Eq. (3). .The overall accuracy of the method can be ascertained only by com- 
paring SHIP results with known analytical solutions. Following Schenck [3], if the veloc- 
ity input used is the average normal velocity over each band due to a point source at the 
center of the cylinder, and if a sufficient number of bands are  used, the pressure calcu- 
lated by SHIP should approach the pressure which would be present due to  the point 
source at the center of the cylinder, and the far-field pattern should approach a perfect 
circle. The results of such a test  are  summarized in Table 3. 

In each case ROUT = H = 1.0 and the surface of the cylinder was subdivided into 40 
bands (JMAXH = IMAX = 10). The wavenumber FK varied between 0.5 and 8.0. The 
SHIP results for the surface pressures generally differed from the exact results by less  
than 1.0% for FK = 2 and by less than 3.0% for FK = 8. The agreement was best on the 
bands on the outside surface (bands 11 through 20) and worst on band 1 (because of i t s  
relatively small  surface area), on band 10 (because of its proximity to  the edge, where 
the Helmholtz integral equation is invalid), and on those bands where the surface pres- 
sure  is relatively small. The far-field radiation patterns were never off by more than 
0.5 dB. The execution times for these runs were approximately 31 seconds. Generally 
one can expect to obtain good results whenever the bands a re  less than 1/8 wavelength 
wide; far-field patterns and impedances may be satisfactory with bands a s  wide as 1/4 

 h here is ,  of course, no way to tell whether the CHIEF results were, as they seemed to be, con- 
verging toward the SHIP result or  whether the 661-second CHIEF run was more accurate, without 
running even more time-consuming CHIEF runs. This did not seem worthwhile, since the inaccu- 
racies due to the small number of bands are far more serious than the 0.065% difference between 
the most accurate CHIEF run and SHIP. 



Table 2 
Comparison of SHIP and CHIEF (With Axial Symmetry Option) Results for a Ring With 12 Bands (IMAX = 2, 
JMAXH = 2), RIN = 1.680, ROUT = 2.040, H = 0.600, Velocity of Inner Surface -LO29 m/sec, Velocity of 
Outer Surface 0.971 m/sec, Velocity of Top (and Bottom) Surface 0.097 m/sec, and FK = 1.000. The Times 
in Parentheses are the Execution Times of the Programs When Run on the NRL CDC 3800 Computer. The 
Percentages in Parentheses are the Percent Differences between the CHIEF and SHIP Results. 

Real Part  of Surface Pressure 
(lo-= mks units) 

- 

Band 

1 

2 

3 

4 

5 

6 

Imaginary Par t  of Surface Pressure 
mks units) 

CHIEF 
(331 sec) 

-18.9888 
(0.16%) 

-16.2339 
(0.19%) 

-7.2269 
(0.2%) 

-3.7075 
(0.25%) 

2.1370 
(0.30%) 

3.4589 
(0.21%) 

0.30% 

0.16% 

0.22% 

(661 sec) 

-19.0074 
(0.07% 

-16.2532 
(0.07%) 

-7.2097 
(0.04%) 

-3.71 47 
(0.06%) 

2.1417 
(0.08%) 

3.4635 
(0.08%) 

0.08% 

0.04% 

0.07% 

SHIP 
(4.8 sec) 

-19.0201 

-16.2642 

-7.2124 

-3.7169 

2.1435 

3.4662 

CHIEF 
(182 sec) 

-18.6578 
(1.9%) 

-15.8962 
(2.2%) 

-7.7303 
(7.2%) 

-3.6343 
(2.3%) 

2.0238 
(5.6%) 

3.3689 
(2.8%) 

Maximum deviation 

Minimum deviation 

Average deviation 

CHIEF 
(331 sec) 

-14.4655 
(0.05%) 

-10.3430 
(0.06%) 

2.2424 
(0.80%) 

5.2256 
(0.73%) 

13.1314 
(0.23%) 

15.4459 
(0.17%) 

0.80% 

0.05% 

0.34% 

CHIEF 
(182 sec) 

-14.5722 
(0.7%) 

-10.3882 
(0.37%) 

1.8329 
(18.9%) 

5.7694 
(11.2%) 

12.9290 
(1 .a%) 
15.2842 
(1.2%) 

18.9% 

0.3 7% 

5.67% 

7.2% 

1.9% 

3.6% 

Band 

1 

2 

3 

4 

5 

6 

CHIEF 
(661 sec) 

-14.4654 
(0.05%) 

-10.3440 
(0.05%) 

2.2574 
(0.13%) 

5.1881 
(0.01%) 

13.1518 
(0.0%) 

15.4617 
(0.06%) 

0.13% 

0.01% 

0.06% 

SHIP 
(4.8 sec) 

-14.4728 

-10.3496 

2.2604 

5.1875 

13.1613 

15.4715 

Maximum deviation 

Minimum deviation 

Aver age deviation 



Table 2 
Comparison of SHIP and CHIEF (With Axial Symmetry Option) Results for a Ring With 12 Bands (IMAX = 2, 
JMAXH = 2), RIN = 1.680, ROUT = 2.040, H = 0.600, Velocity of Inner Surface -1029 m/sec, Velocity of 
Outer Surface 0.971 m/sec, Velocity of Top (and Bottom) Surface 0.097 m/sec, and FK = 1.000. The Times 
in Parentheses a r e  the Execution Times of the Programs When Run on the M L  CDC 3800 Computer. The 
Percentages in Parentheses a r e  the Percent Differences between the CHIE'F and SHIP Results. 

Real Part of Surface Pressure  
(lom5 mks units) 

Imaginary Par t  of Surface Pressure 
(loe5 mks units) 

Band 

1 

2 

3 

4 

5 

6 

SHIP 
(4.8 sec) 

-19.0201 

-16.2642 

-7.2124 

-3.7169 

2.1435 

3.4662 

CHIEF 
(331sec) 

-14.4655 
(0.05%) 

-10.3430 
(0.06%) 

2.2424 
(0.80%) 

5.2256 
(0.73%) 

13.1314 
(0.23%) 

15.4459 
(0.1 7%) 

0.80% 

0.05% 

0.34% 

CHIEF 
(182sec) 

-14.5722 
(0.7%) 

-10.3882 
(0.37%) 

1.8329 
(18.9%) 

5.7694 
(11.2%) 

12.9290 
(1.8%) 

15.2842 
(1.2%) 

18.9% 

0.37% 

5.67% 

Band 

1 

2 

3 

4 

5 

6 

Maximum deviation 

Minimum deviation 

Average deviation 

CHIEF 
(661 sec) 

-14.4654 
(0.05%) 

-10.3440 
(0.05%) 

2.2574 
(0.13%) 

5.1881 
(0.01%) 

13.1518 
(0.07%) 

15.461 7 
(0.06%) 

0.13% 

0.01% 

0.06% 

SHIP 
(4.8 sec) 

-14.4728 

-10.3496 

2.2604 

5.1875 

13.1613 

15.4715 

CHIEF 
(182 sec)  

-18.6578 
(1.9%) 

-15.8962 
(2.2%) 

-7.7303 
(7.2%) 

-3.6343 
(2.3%) 

2.0238 
(5.6%) 

3.3689 
(2.8%) 

Maximum deviation 

Minimum deviation 

Aver age deviation 

7.2% 

1.9% 

3.6% 

CHIEF 
(331 sec) 

-18.9888 
(0.16%) 

-16.2339 
(0.19%) 

-7.2269 
(0.2%) 

-3.7075 
(0.25%) 

2.1370 
(0.30%) 

3.4589 
(0.21%) 

CHIEF 
(661 sec) 

-19.0074 
(0.07% 

-16.2532 
(0.07%) 

-7.2097 
(0.04%) 

-3.7147 
(0.06%) 

2.1417 
(0.08%) 

3.4635 
(0.08%) 

0.30% 

0.16% 

0.22% 

0.08% 

0.04% 

0.07% 
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Table 3 
Comparison of SHIP Results with the Exact Solution for a Point Source at the Center 
of a Cylinder with H = ROUT = 1 for Different Values of the Wavenumber FK. IMAX = 
JMAXH = 10 (Totiil Number of Bands LCMAX = 40). Surface Pressures are Given for  
Every Other Band on the Top Half of the Cylinder. 

I Surface Pressure mks units) 1 
Method 

I Band 4 1 

SHIP 
Exact 

Band 2 

I Band 6 I 

FK = 0.5 

1 

-1.433 
-1.437 

Real 

SHIP 
Exact 

Band 8 

Imaginary 

FK = 1.0 

-2.590 
-2.596 

-1.427 
-1.431 

-2.438 
-2.443 

SHIP 
Exact 

Real 

1 Band 10 1 

Imaginary 

FK = 2.0 

-1.254 
-1.257 

-1.415 
-1.420 

Exact 

Real 

-1.231 
-1.235 

1 Band 12 1 

Imaginary 

FK = 5.0 

-0.787 
-0.787 

-0.693 
-0.693 

-1.404 

SHIP 
Exact 

Real 

FK = 8.0 1 

-0.608 
-0.604 

-2.207 
-2.212 

1 Band 14 1 

Imaginary Real 

-0.672 
-0.667 

0.229 
0.236 

0.3688 
0.3689 

0.4283 
0.4292 

-1.946 

-1.371 
-1.384 

SHIP 
Exact 

Imaginary 

-1.191 
-1.195 

-0.158 
-0.156 

0.141 
0,144 

-1.139 

-1.656 
-1.678 

-1.397 
-1.395 

I Maximum Deviation of the Far Field From a Circle I 

0.3242 
0.3237 

-0.548 
-0.547 

SHIP 
Exact 

Band 16 

0.270 
0.279 

-0.1398 
-0.1438 

-0.501 
-0.498 

-0.2214 
-0.2203 

-0.378 

-1.055 
-1.068 

-1.811 
-1.811 

0.0479 
0,0432 

-0.102 
-0.100 

0.1021 
0.1031 

-1.414 
-1.413 

-0.4299 
-0.4315 

SHIP 
Exact 

-0.1743 
-0.1803 

-0.0452 
-0.0477 

-0.359 

-0.201 
-0.207 

-1.106 
-1.105 

0.0769 
0.0791 

0.4592 
0.4573 

-0.1053 
-0.1038 

0.1525 
0.1572 

-2.079 
-2.081 

0.1370 
0.1359 

-1.427 
-1.426 

Band 18 

0.4807 

-0.199 
-0.203 

-0.291 
-0.292 

-0.240 
-0.239 

SHIP 
Exact 

-1.170 
-1.169 

-2.331 
-2.335 

0.0080 

0.5000 
0.5044 

-0.2812 
-0.2823 

0.0184 
0.0183 

-0.462 
-0.464 

0.1544 
0.1561 

-1.218 
-1.217 

-1.436 
-1.434 

Band 20 

-0.2399 

-0.123 
-0.125 

0.4982 
0.4969 

-2.527 
-2.532 

SHIP 
Exact 

-0.621 
-0.625 

-1.249 
-1.248 

0.0816 

-0.174 
-0.178 

-0.0644 
-0.0630 

-0.1271 
-0.1244 

0.1259 

-0.554 
-0.556 

-1.439 
-1.438 

0.1317 
0.1358 

-0.2196 
-0.2197 

-0.1685 
-0.1681 

-0.744 
-0.748 

-2.622 
-2.629 

-0.00465 
-0.00529 

0.4012 
0.3987 

0.0726 
0.0695 

0.3461 
0.3429 

-0.639 
-0.642 

-1.262 
-1.262 

0.1252 
0.1256 

0.2641 
0.2631 

0.289 
0.287 

0.0662 
0.0680 

0.195 
0.196 

-0.803 
-0.808 

-0.1931 
-0.1906 

-0.0894 
-0.0868 

-0.678 
-0.680 

-0.1829 
-0.1850 

0.3170 
0.3134 

0.0326 
0.0291 
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wavelength. SHIP results will  be further compared with both analytical and experimental 
results  in the next section. The surface Helmholtz integral equation is known to fa i l  at 
certain frequencies referred to as characteristic frequencies; these frequencies as they 
pertain t o  the SHIP program will be briefly discussed in the final section. 

The running time for the SHIP program increases approximately quadratically with 
increasing values of IMAX and approximately linearly with JMAXH. The program was 
written primarily for ring sources and is thus considerably more efficient for  r ings  than 
for cylinders. In fact, for given values of IMAX and JMAXH the ring case  will run only 
slightly longer than the cylinder case, even though there a r e  an additional JMAX bands 
for the ring. 

EXAMPLES 

Magnetostrictive Ring 

Comparisons were made with experimental results obtained by J. Sinsky [7] of NRL 
for 6-inch-diameter magnetostrictively driven permendur rings. Using a single velocity 
distribution (determined by a combination of measurement, theory, and tr ial  and error) ,  
good agreement with the experimentally determined far-field radiation patterns was  
achieved for frequencies between 6 and 15 kHz. Some representative far-field patterns 
a r e  shown in Fig. 6. Using a simple lumped-element dynamical model (mechanical im- 
pedance parameters determined from the ring mass and resonant frequency in a i r ) ,  good 
agreement with the experimental axial and radial frequency-response curves was also 
achieved (Fig. 7). 

For the far-field computations 50 bands were used with typical execution t imes of 
about 19 seconds plus 9 seconds to compute and print 45 far-field points.* The input 
parameters were: JMAXH = 10, IMAX = 5, ISYM = 1, NQDI = 32, F K  = 0.1612xCfre- 
quency in kilohertz), RIN = 1.720, ROUT = 2.120, H = 0.616, ECOR = 1, DLST = 80.234, 
NPTS = 45, and 

The use of ICOR = 1 and a finite value of DIST conformed to  the experimental far-field 
measurement. The most significant discrepancies between the SHIP results and the 
experimental results  occur in the axial direction. This is no doubt due to our incomplete 
knowledge of the exact velocity distribution, particularly the difference between the ve- 
locity on the inside surface and the velocity on the outside surface. 

Circular Piston in a Finite Rigid Baffle 

Another example (Fig. 8) is a piston of radius B set in a rigid annular baffle of 
inner radius B and outer radius A .  The problem considered was t o  determine the far-  
field radiation pattern and radiation impedance of the piston. The velocity of the piston 
was assumed to be V, cos at ,  and the velocity of the baffle was assumed to be zero. 
The underside of the system (a  circle of radius A )  was also assumed to have zero 
velocity. 

* ~ l l  execution times quoted in this section a re  for the CDC 3800 computer. 
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(c) 10.286 kHz (d) 12.000 kHz 

Fig. 6 - Far-field patterns for a magnetostrictive ring as measured [7] and 
calculated by the SHIP program. The four plote are not normalized to the 
same absolute pressure at like circles. 
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I 4 RADIAL RESPONSE: 
THEORY 

AXIAL RESPONSE: THFORY 
W A I 

4 0  1 I I I I 1 
4 6 8 10 12 14 

FREQUENCY ( KHz)  

Fig. 7 - Frequency response at constant current for a 
magnetorestrictive ring. The best fit i s  to the radial 
response d y .  This plot could be used in drawing a 
normalized version of Fig. 6. 

Fig. 8 - Piston in a finite rigid baffle 

Firs t  the problem was handled exactly using oblate spheroidal wave functions. Then 
the disk was approximated a s  a finite cylinder with a large diameter-to-height ratio, the 
approximate system was solved using SHIP, and the results were compared with the ex- 
act answer. Specifically, the case was considered in which kA = 8.0, k~ = 4.0, and 
V, = 1 m/sec. An arbitrary large diameter-to-height ratio of 160 was chosen. The 

input parameters for SHIP were: IMAX = 10, JMAXH = 1, NQD1 = 32, NPTS = 45, ICOR = 
0, ISYM = 0 (since the system is not symmetric with respect to the median plane), 
RIN = 0.00 (indicating a cylinder), ROUT = 8.00, H = 0.05 (arbitrary small value), FK = 
1.00, and 
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vEL(I) = 1.000, I = 1, . . . , 5 (velocity of the piston is unity), 

= 0.000, I = 6, . . . , 10 (velocity of the baffle is zero), 

= 0.000, I = 13, . . . , 22 (velocity of the underside is zero), 

= 0.000, I = 11, 12 (arbitrarily the velocity of the outside is zero). 

The execution time for this run was 24 seconds. The resulting far-field pattern is 
plotted as the solid line in Fig. 9. The circles a r e  the exact results as calculated by Van 
Buren and King [8] using oblate spheroidal wave functions. The agreement between SHIP 
and the exact results is good. The radiation impedance (in units of p ~ )  as calculated by 
Van Buren and King [8] is 0.944 + 0.122i; the SHIP result is 0.936 c 0.128i. 

Circular Piston in an Infinite Rigid Baffle 

A circular piston of radius a in an infinite rigid baffle can be modeled as a finite 
cylinder of radius a and height h << a with a symmetric velocity distribution. The 
symmetric velocity distribution assures that the normal velocity for z = 0, r > a will 
be 0, which is precisely the boundary condition on the infinite baffle. The acoustic p res -  
su re  on the surface of the piston can be evaluated by numerically integrating King's [9] 
integral for the surface pressure. It turns out that for this problem the integral equation 
effectively reduces to  this same integral, enabling SHIP to  accurately evaluate the su r -  
face pressures for acoustic sizes far  larger than would ordinarily be possible. 

Figure 10 shows SHIP results  for the surface pressure compared with the exact re- 
sults for a piston with ka  = 40. The agreement is far better than one would ordinarily 
obtain with bands 0.63 wavelength wide. The input parameters for this run were: 
IMAX = 10, JMAXH = 2, NQD1 = 32, ISYM = 1, FUN = 0, ROUT = 40.0, H = 0.100, FK = 
1.00, and 

VEL(1) = 1.000, I = 1, . . . , 10 (velocity is unity on the piston), 

= 0.0, I = 11, 12 (velocity is zero on the edge). 

Squirter 

When an acoustically thin ring vibrates in its fundamental radial mode, little sound 
is radiated in the direction of the axis of symmetry. It is possible, however, to make the 
ring radiate primarily in this direction by pressure releasing the outside surface of the 
ring. A ring which is pressure released in this manner is referred to as a squirter. 
The squirter principle was easily demonstrated using the SHlP program. 

Firs t  a thin ring was considered vibrating in its radial mode. The input parameters 
were: I M  = 2, JMAXH = 10, NQDl = 32, ISYM = 1, ICOR = 0, NPTS = 45, FUN = 1.800, 
ROUT = 2.000, H = 1.000, FK = 1.000, and 

VEL(1) = -1.000, I = 1, . . . , 10 (velocity of inside surface), 

= 0.0, I = l l , 1 2  (velocity of top surface), 

= 1.000, I = 13, . . . , 22 (velocity of outside surface). 
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Fig. 9 - Far-field radiation pattern 
of a circular piston in a finite rigid 
baffle. The exact values were cal- 
culated by B. J. King using the com- 
puter program of Ref. 8. 

0 . 4 t j  IMAGINARY PART OF PRESSURE: \ 1 

-0.41 I I I I I I I 
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

r l a  

Fig. 10 - Surface pressure of a piston 
of radius a ( k a  = 40) inan i n f i n i t e  
rigid b af f 1 e . p,, i s  the plane-wave 
pressure. 

The far-field radiation pattern for this ring is the solid line in Fig. 11. The radiation in 
the axial direction is 33 dB lower than the radiation in the radial direction. The same 
ring was operated a s  a squirter by pressure releasing the side (and top) of the ring. To 
do this all of the preceding parameters were used plus MXD = 1 (to indicate that pres- 
su re  release is present) and 

JMXT(1) = 0, I = 11, . . . , 22 (these bands a r e  pressure released), 

= 1, I = 1, . . . , 10 (these bands a re  not pressure released). 

The far-field radiation pattern for this squirter is a dashed line in Fig. 11. The radia- 
tion in the axial direction is now 6 dB higher than the radiation in the radial direction. 

Band on a Prolate Spheroid 

As another example of use of the SHIP program, a prolate spheroid of large eccen- 
tricity was approximately modeled as  a finite cylinder, without concern for the effects of 
the ends. The half-height of the cylinder was chosen to be equal to the semimajor axis 
of the spheroid, and the radius of the cylinder was chosen to be equal to the semiminor 
axis of the spheroid. The example considered was a prolate spheroid whose acoustic 
length (21dI) is 14 and whose major-to-minor axis ratio is 10. The radiating portion of 
the spheroid is a band centered at z = o and 3/10 the length of the spheroid. This 
spheroid was modeled a s  a finite cylinder as  shown in Fig. 12. The input parameters 
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Fig. 11 - Comparison of a ring operating as a 
squirter with the same ring operating in the 
ordinary radial mode 

-0.2 H- 

Fig. 12 - Approximation of a radiating band on a pro- 
late s p h e r o i d  by a band on a c y l i n d e r ,  so that the 
SHIP program can be used 

PROLATE SPHEROID 
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were: IMAX = 3, JMAXH = 10, NQDl = 32, ICOR = 0, ISYM = 1, NPTS = 45, RIN = 0.00 
(indicating a cylinder), ROUT = 0.70, H = 7.00, FK = 1.000, and 

= 1.00, I = 11, .. . , 13 (velocity is unity on the band). 

The far-f ield radiation pattern is the solid line in Fig. 13; the circles a r e  the far- 
field values for the prolate spheroid evaluated by Van Buren and King [8] using prolate 
spheroidal wave functions. The close agreement indicates that the effects due to the 
ends are  negligible. The radiation impedance of the band as calculated by SHIP (in units 
of p ~ ~ )  is 0.646 + 0.4781, and the exact value as calculated by Van Buren [lo] is 
0.634 + 0.471i. 

Fig. 13 - Far field of a prolate spheroid 
with a r a d i a t  i n g band a s  calculated by 
King using the computer program of Ref. 
8 and a s  a p p r o x i m a t e d  using SHIP in 
c a l c u l a t i n g  the far field of a cylinder 
with a radiating band 

CHARACTERISTIC FREQUENCIES 

It is well known [2,3] that the surface Helmholtz integral method will give incorrect 
results at certain characteristic frequencies. These frequencies correspond to the 
eigenfrequencies of the interior Dirichlet problem. For a finite cylinder of height 2h 
and radius a the characteristic wavenumbers (2nf/c) a r e  given [3] by 

where rn is a positive integer and an, is the qth root of the nth-order Bessel function 
Jn 
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Due to the axial symmetry built into the 
SHIP program, it can be shown that the pro- 
gram wiU be affected only by those charac- 
teristic wavenumbers which have n = 0 .  
This is  because the interior eigenfunctions 
for n # 0 a re  not axially symmetric. Simi- 
larly, if ISYM = 1, SHIP will not be affected 
by characteristic wavenumbers which have 
even values of m; and when ISYM = -1, char- 
acteristic wavenumbers which have odd val- 
ues of m wi l l  have no effect. 

To demonstrate these conclusions a s  to  
which characteristic wavenumbers affect the 
SHIP program, the problem of the point 
source in a cylinder (Table 3) can be con- 
sidered. For this problem ISYM = 1, so 
we should expect to have difficulty when 
FK = k: ,, o r  when FK = k:,, , but We should 

/ get correct results when FK = k;,, (since m ' . / 

is even) o r  when FK = kt,, (smce n # 0). '1- 
--__c- 

AN' 

The far-field radiation patterns obtained 
from SHIP for these wavenumbers a re  shown Fig. 14 - Far-field patterns for a 
in Fig. 14. The far-field patterns for point source in a cylinder for char- 
FK = k; ,, and FK = k:,, agree with the ex- acteristic wavenumbers 
act result (a perfect circle) correct to within 
0.12 dB, whereas the far-field patterns for 
FK = k;,, and FK = k;,, differ drastically. 
Thus SHIP is seen to  be affected by some 
but not a l l  characteristic frequencies. The surface pressures for k;,, and k:,, were 
comparable in accuracy with those for noncharacteristic wavenumbers of similar magni- 
tude. When FK = k;,, or  k:,,, the surface pressures were incorrect by an order of 
magnitude. 

It has been found possible to  be quite near a characteristic frequency and still obtain 
satisfactory results. This is probably due to the relatively high accuracy to which the 
matrix elements a re  evaluated in SHIP. 

Characteristic frequencies a re  usually not an important consideration in problems 
concerning rings. The lowest characteristic wavenumber i s  always greater than 
n/(ROUT -RIN), SO that there can be no characteristic wavenumbers unless the ring is 
more than 1/2 wavelength thick. In practice rings a r e  almost never driven at such a 
high frequency. 



REFERENCES 

1. O.D. Kellogg, "Foundations of Potential Theory," Dover, New York, 1953, p. 164 

2. L.G. Copley, J. Acoust. Soc. Am. - 44, 28 (1968) 

3. H.A. Schenck, J. Acoust. Soc. Am. 44 -9 41 (1968) 

4. P.M. Morse and K.U. Ingard, "Theoretical Acoustics," McGraw-Hill, New York, 
1968, p. 365 

5. Y.L. Luke, "Integrals of Bessel Functions," McGraw-Hill, New York, 1962: 

a. p. 317 

b. p. 318 

. M. Abrarnowitz and I.A. Stegun, editors, "Handbook of Mathematical Functions," 
National Bureau of Standards, Applied Mathematical Series 55, Washington, D.C., 
U.S. Government Printing Office, 1966 

a. pp. 589-592 

b. pp. 231-233 

c. p. 369 

7. J.A. Sinsky, "Acoustic Near-Field Measurements of a Free -Flooded Magnetostrictive 
Ring," NRL Report 7328, Dec. 30, 1971 

8. A.L. Van Buren and B.J. King, "Acoustic Radiation From Two Spheroids," (to be 
published) 

9. L.V King, Can. J. Res. 11, 135 (1934) 

10. A.L. Van Buren, J. Acoust. Soc. Am. 50,  1343 (1971) 



Appendix A 

PROGRAM LISTING 

1 2 / 2 2 / 7 1  
PRODRAM S H I P  

C @ M M Q N / T ~ Y / N O D ~ ~ ~ S V M I I C @ R / P ~ ~ / J M ~ X I J H A ~ H I I ~ A X / R L K ~ / H I A ~ ~ K I P I  
C ~ H M B N / V E L I / V E ~ / L C / L C M A % ~ L C H I X H / D I $ T / D I S T / ~ A D / ~ ~ N I R ~ U T / T I D Y / ~ A S T  
CBHMBN/MXD/JMXT~MXE 
b I H B N S I @ N  V E L t 6 0 ) r r M X T t b O )  
T y p e  e e n P L l x  v e ~  
CALL T IME 

C RsUT I S  THE OUTGR RADIUS 8 C  THE R I N G  R I N  THE INNER RADIUS 
C CK 1 8  TUB HAVE NUMeER 
C !MAX f f  THE NUMR6R ar HANDS @N THE TOP AND B9TTBH O r  THE R I N G  
C JMAXH I S  HbL? THE ~ U M B S R  8r RANDS @N THE I N S I D E  AND OUTSIDE 8URFACES 
C JHAXH AND   MAX MUST BDTH BF LESS THAN a~ EQUAL T O  TEN 
c  NOD^ 8 r Q c ; r l P s  QAUSSIAN QUADRATURE BRDUR N Q D ~  M A Y  BE 10, 2 0  QR 32 
C VOR CYLINDER $11 R I N  * 0 1  AND RBUT EQUAL TO THE RADIUS 
c H IS H b ~ r  n E I a c r  or tne RINO 
C v 6 L t I )  $ P B C I C I E S  ?NO (CBMPLEY) VELOCITY 8H T H I  I T H  BAND 
C ~SYM~+I I S Y M H E T R ~  ~ a e u r  Zoo,  =I I r ~ t l s v h ~ e t ~ v  AND l S Y M r O  I N@ SYMMETRY 

l s r n  w o 
FKII 
N Q D l  8 J1 

7 C B N T I N U I  
READ 4 0 0 8  R I N r R B U T t H  
READ 6 O $ r J r A X M , I M 4 1  
LCMAXH fi J r A n H  JPAXH + IMAX 
I F ~ R I N I ~ Q ~ O ~ I  LCHbXH r JMAXH + !MAX 
L c n b x  u L o p r r w  r L C M A X H  
NCT a LGHAHH 
t C t I 6 Y M 1 6 Q , 0 l  N C T ~  Lcnrx ' 
n8 6 0 4  J11,NCT 
READ 0 2 2 4  VEL ( J  l 

6 0 4  CeNT lNUE 
I C ( E 8 C 1 6 0 ) 9 8 0 1 V 9 0  

9 9 0  C@NTlNU6 
A8 , 3 * t R I N * R I U T )  
I F t R I N t E Q I O , )  A 8 ROUT 
CKAH r I K 1 ( 4 b H )  
CAST r 2 4 , * N Q O 1 / ( 3 2 , * F K A H l  
I F t I S Y M , E Q t O )  00 TE 535 
DO 97 I f i l l L C M A Y H  

97 VELILCHAX b 1 I) r I B Y M * V E L ( f ~  
533  C B N T l N U t  

CALL r e L R l h o  
e NPTS IS THE NUMBER QP VARPIELD PRINTS CALCULATED BBTWEEN o AND P O  DECREES 
C Q I S T  I S  THE F A R F I E L D  DISTANCE ( ICBRI I I  I C  ICBRIIO F I E L D  C I L C ,  AT I Y P l N l t Y  

I C 0 R  r 0 
NPTS r 9 0  
CALL FARFLC(NPT8)  
ae t a  7 

6 0 0  VBRMAT(8X,SVIO,J) 
922 ~ 8 R M A T ( 5 X ~ t t r i O ~ S r F 1 0 ~ 3 1  ) 
6 0 1  F @ R H A T ( J X # 2 1 4 )  
9 8 0  END 
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T y p e  C@HPLCX V I S U H J , R H Q C ~ A N S ~ V E L ~ D M , Q M ~ V L L I , A N S ~ I A N S ~  
D I M E N S I B N  R E ~ T ~ ~ ~ ~ O ~ , A N S ~ ~ O ~ ~ V ( ~ O ~ I V E L ( ~ D ~ ~ O M ~ S ~ , ~ O ~ ~ D M ~ ~ O I ~ O ~  

~ ~ V ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ I ~ O ) ~ ~ ~ ~ ~ ~ O ~ ~ P ~ ~ ~ O ~ ~ P ~ R ~ ~ ~ ) ~ A N S ~ ~ ~ O ) I A N S ~ ~ S O ~ ~ A R E A ~ ~ O ~  
D I M B N S l 8 N  I J M X T I 6 0 )  
C ( M M @ N / L C / L C M A X , L C P A X H / & K A / P R I P L R ~ P Z I P L Z / R C C ~ J T ~ P  
O ~ M M B N / T @ Y / N O D ~ ~ I S Y M ~ N Q D ~ / P I T / J H A X I J M A X H , ~ M A X  
O @ M M @ N / T S U P / I S U P / B L K ~ / H 1  A , ~ K ,  P I / D E L / D E L R ,  DBLZ 
G B M M @ ~ / R A D / R ! ~ I R @ U T / M % O / J M X ~ ; H X D / S / D M , O M I R E S ~ / A N S / A N S / V E L @ / V E L  
J T e P  8 1 0  
JWAX 8 Z*JVAXH 
CALL aae 
C A L L  E R I N Q  
RWBC 8 a ~ K * ~ 0 1 0 ~ 1 5 0 0 0 0 0 0  
D8 $ 4  J m l r L C M A X H  

$ 1  k N S t t J ) #  h h S 2 I J I  m  ( 0 : O r O l O l  
b0 1 4  I #i,LCMAXH 
D R t l , J )  G M t I , J )  + D M ( I I  LCMAX A 1 wJ)  
Q R t I t J )  GM(1,J)  + Q M ( I ,  LCMAX * 1 - J l  

1 4  C B N T I N U E  
88 I P I R I N I N B ~ O ~ )  P R I N T  7 4 4  

t F ( R I N m E Q v O , )  P R I N T  7 4 6  
7 4 6  P Q R M A T ( l H 1  6 0 X 1 9 H C Y L I N D e R  TRANSDbCER/ / / )  
7 4 4  CORMAT ill41 ~ O X ~ ~ H A I N O  f R A N S U b C E R / / / )  

P R I N T  ~ ~ ~ I ~ P I N , R B U T ~ H , ~ K O N Q ~ J I I I M A X ~ J M A X  
7 0 1  FBRWAT(, R I N m * P 7 : 3 *  R @ U T D . C ~ , S ~  Um*F7,3m F K m r F T b 3 r  N Q D l r a I 3  

$ I M A X # m f S *  J M A X l * $ J / / )  
P R l N T  365 

IC(ISYM,BO,-II oo T e  99 
D8 7 Jm$,bCMAXU 
V E L l f J )  m  m%.fVCL(~d l  + VBL tLCMAX * 1 m J )  ) 

7  C e N T l N U C  
l F ( H X D I N E , 1 1  Q Q  TB 8 0 6  
PB e a s  J ~ L , L C H A X H  
I ~ ~ J H X T ~ J ) I N E ~ O  ) GB TO 8 0 9  
oo 8 0 7  I ~ ~ , L G H A X H  
DM~I ,J ,  r a n c f l d )  

8 0 1  Q H I ~ , J )  n ( o , o l o b o ~  
8 0 9  e @ N T l N U C  
8 0 6  0 8 N T I N U 6  

D@ 1 4 6  I r 1 , L C H A X H  
V ( I l  @ ( 0 , 0 1 0 1 0 )  
DB 240 Jn1 ,LCHAXH 
D M ( I * L C M A # C I J )  m D Y ~ I I J )  
V ( 1 I  @ V ( I )  O M ~ I I J ) * V ~ L ~ ( J )  

2 4 6  C B N T I N U E  
C A L L  S!HXOEMILCMAXN,V~ANSI) 
I P t I S Y M  E Q I i )  as  TQ 9 8  

99 C B N T I N U ~  
DE 13  IB~ ILCMAXH 
D g  15 J E I ~ L C M A X H  
D H ( f 1 d )  I E M I I ~ L C H A X H , J )  
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1 2 / 2 P / 1 i  

D H t l t J )  8 C M ( I , J )  D H t l r ~ c M ~ x  * 1 1 J) rn DMt(oLCMAX + 1 *Jl 
1 5  Q H t l r J )  8 G n l I o J )  QMt1,LCMAX t 1 w J) - Q M l I o L C M A X  r 1 *J)  

0 6  8 J e & r L C M A x H  
V E L l t J )  8 ( 5 * t V E L t J I  1 VBL lLCNAX * 1 1 J)  1 

I C0NT lNUB 
fJ@ 2 4 4  l r$ ,LOWAXH 
V ( 1 )  8 t 0 8 0 8 0 8 0 )  
DB ?re J ~ a ~ L c n r x n  
V ( ! l  8 V t l )  f i M f l ~ J ) * V € L l t J )  

2 4 8  C B N T I N U I  
CALL  ~ I H X @ D M , L C M A K ~ ~ V ~ A N ~ ~ ,  

98  DB 1 0  J@L,LCMAXM 
A h S t J )  I # k S l ( J )  4 ANS2(J)  

1 0  AhSfLGMAX l t J) 5 A N S l ( J )  A N S 2 t J l  
t C l M X D m N E t 1 J  01 7 8  8 0 9  
~e roo J ~ , L C M A X U  
l C t J M W T i J ) , N C t O  ) be T I  8 0 8  
V E L ( J )  8 V C L ( L C M A ~ * I - J )  m A N S t J )  
A N S t J l  I Y h S f L e M A X * l r J )  r t 0 , O r O ~ O )  

806 C 0 N T l N U a  
a09  C @ N T l N U L  

d U n J  8 10,0 ,0e01 
0 8  937 dm&, JMAXH 
I I (RIN,CQIO,)  Q@ T l  600 
b R 6 ~ t J l  . E C L O ~ R I N  
A R E A C J M A X W * X M A X * J )  r DIILZ*RQUT 
6 6  T9 357 

6 0 0  A R B A I I M A W I J )  r R U U T ~ D E L ?  
337 C@NTINUO 

JRINO l JMAXH 
l I t R I N , L Q I O ~ ~  JRINGOO 
D 6  538 J m i 1 1 M A x  
ARBA(JRINO*J )a  P R & J l * D I L R  

538  C B N t l N U f i  
De 539 J.i,LCHAXH 

5 3 9  ARCAILCMAX 1 J )  r A R I A t J )  
09 4 0 1  Jm l rLCWbX 
SUMJn SUMJ r C B N J Q ( V E L t J ) l b A N S t J ) * A R C i A t J j  
A h S f  4 )  8 R F @ C * A N ~ ( I J )  
P R I N T  4 0 0 1  J r b N S f J ) r V E L ( J l  

4 0 0  P @ R M A T ( ~ X I I ~ O ~ ~ C ~ E ~ O ~ ~ , E ~ O ~ ~ ! / )  
4 0 1  C8NTINUB 

A 1  I R l N * R L U T  
AREAT B A 1 * (  U r W R8UT w R l N )  
SUMJ 8 ~ ~ K * ( O ~ ~ ~ l ~ O l ~ S U H J / A R ~ A T  
CALL T I M E  
P R I N T  3064 SUWJ 

5 0 6  C ~ R M A T ~ / / *  TUC REAL AND I M A G I N A R Y   PART^ BP THE I f4PIOANC6 I N  U N I T S  
* eF RH9 C A  AR6r lCtE2! ia0,E29,8) / / )  

4 0 3  r @ R M A T ~ ~ X , 2 l ~ r C l E 2 O , 8 r 8 2 O 8 8 ) l l  
4 0 2  CQNTINUE 

END 
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12/22/71 

S U B R B U T l N E  E R I N G  

T Y P E  C a H P L e X  G M ~ I ~ P I S ~ M I I T M ~ T I M ~ ! ~ M ~ ~ S ~ ~ T S M ~ S T M ~ ~ B M ~ T ~ M I D H ~ R H @ C ~  
S A N S ~ V ~ ~ V I V ~ I V I I I S V I S ~ V I ~ T V I T ! V I I ! ~ I S S V I T ~ V I S T V I S ~ V I T ~ V I S U N J I T ~ V  

D I M G N S I B N  ~ M ~ ~ O ~ ~ ~ ) I O H ( ~ O I ~ ~ ) I S S ~ ~ ~ O I ~ ~ )  1 6 8 V ( 1 0 1 2 0 )  1 R € S T ( 2 6 4 0 1 ,  
~ ~ S ~ ~ ~ O I ~ O I I T ~ ~ ~ ~ O ~ ~ O ~ I S ~ M ~ ~ O I ~ O ) I ~ ~ V ~ I ~ I ~ O ~ ~ T S ~ ~ ~ Q I ~ O ~ I ~ ~ V ~ ~ O ~ ~ O ~ I  
2 S ~ V ( ~ ~ ~ ~ ~ ~ ~ I E M ( ~ ~ I ~ O ~ I I T H ( ~ O I ~ O I I ~ I H ~ ~ O I ~ O ~ I ~ ~ M ~ ~ O I ~ O ~ I ~ I M ~ ~ O ~ ~ O ~  
3 l ~ ~ ~ t ~ 0 1 2 0 ) l ~ ~ ~ ~ ~ a l ~ o ~ ~ ~ ~ v ~ ~ o l ~ o ~ l ~ ~ ~ t ~ o l ~ o ~  
4 ~ I I V ~ ~ O I ~ O ~ I P L Z ~ ~ O ) I P R ~ ~ O ~  C L R t 2 0 1 , P Z t 2 0 )  

C O M M B N / D E L / O B L R ~  D ~ L Z / Q L K A / P ~  I PLR,  P Z ,  PLZ/LC/LCMAXI L C M A X H  
C B M M B N / S S V / S S V / T S V / T S V / S T V / S T V / S B V / S B V / t B V / T B V / T T V / T T V  
CQ~MeN/ISV/ISV/SIV/SIV/ITV/I~V/TIV/TlV/I!V~l!V 
C @ ~ H Q N / T ~ M / T ~ M / S ~ M / S I M / I ~ H / I ~ M / ~ ~ ~ / ~ ~ M ~ ~ ~ ~ / I I M  
C Q M M Q N / @ & K c / T S M / u J / T R M / P J / S l n / R L K B / S S M / V F L / V S ~ V l / V R L T / V T  
C @ M M ~ N / P I ~ / J M A X ~ J M A X H I ~ M A X / R A D / R ~ ~ ' I R B U ~ / ~ / D M ~ ~ M ~ R E S T  
C e M M @ N / T l  D Y / ~ A S T / R C C / J T ~ P / R L K ~ / H I  AI F K I  P I  
F K A  r C K m A  O DELZ H / J H A X H  S DELR r f R S U I m R I N ) / l H A X  
08 1 d m 1 1  J W A X H  
KC  1 J M A X  4 1 - J 
P Z f J )  s H  4 , S r D E L Z  - J * D E L 2  
P Z f K C )  I d P f t J )  
P L Z ( J )  9 ? Z f J ) m , s * C E L Z  

1 P L Z ( K C ) @ P Z t K C )  - 1 9 * b C L b  
DO 2 I @ ~ I I Y A X  

2 P R ( I )  r R I A  , 5 6 Q B L R  I * Q E L R  
C A L L  T l H 6  
C A L L  C A L R s S  
C A L L  C S S M  
C A L L  C T R M  
C A L L  C s T M  
C A L L  C T S H  
C A L L  T I M E  
D8 6 0 0 0  l a 1 , L C M A X H  
De  6 0 0 0  J 8 1 , L C M A X H  
G M t I t J )  8 ~ O . O t O , O ~  

6 0 0 0  D M t I t J )  1 ( 0 a 0 1 0 1 0 )  
I C ( R I N ~ B Q I O l )  09 TB 80 
D8 6 4  I 8 l r l H A x  
O @  6 4  JI $ , I M A X  
G M ~ J M A X W ~ I I J M A X H  O T T V ~ I I J )  

6 4  C e N T l N U E  
D8 311 I ~ I I J M A X H  
K I T E  8 J H A X H  1 - I 
D8 1 2  J a l  d M A X H  
D M t 1 , J )  a I I M t K I T C , J M A X H  6 1  J) 
5 M t 1 1 J )  0 I ~ V ~ K I T C I J M A X H  *i J )  
G M ~ I I L C H A X  4 1 - J)  a I I V ~ K I T E I J M A X W  r J) 

3 2  D M t 1 , L C H A X  l 1 - J) r l I M t K I T E , J M A X W  + JI 
D8 33 J ~ i , l n A x  
@ M t I , J M A X H & J )  r I T V ( K I T E I J )  

33 D M t [ , J M A X H * J )  r l T C ( K I T E I J )  
OQ 3 4  J I l a ' d M A X  
G M t I , J M A X H ~ I M A X r J ) r  I S V t K I T E a J )  

3 4  D M ( f l J M A X H & 1 M A x r J ) 8  I S M ( K I T E 1 J )  
D O  3 4  J e l l  I H A X  



D ~ O Q U W Q D O U Q  
Q B 1 1 0 X 1 3  J Q Q  
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C ~ H M O N / ~ / B T ~ ~ ~ ~ ~ ~ ~ I ~ ~ ) I B T ~ ~ ~ ~ I ~ O I J ~ ) I G ~ O ~ ~ O I ~ O I ~ ~ ) I Q T ~ ~ ~ ~ I ~ O I ~ ~ )  
C B H M Q N / B L K I / H I A I F K I P I / P ~ ~ / J M A X ~ J ~ A X H I ~ ~ A X / T T V / T T V / T ~ ~ Y / ~ A S T  
C ~ H M B N / B L K Z / X I I W ~ / T B V / H Q D ~ I N ~ I N ~ / ~ L K S B / B ~ O I B ~ ~ / B L K ~ / ~ ~ O I ~ S ~  
C B H H B N / O L K I / P R , P L R I P ~ I P L Z / ~ C L / ~ E L R I D E L Z / R @ L O / Q ~ O I Q S ~ / R C C ~ ~ T @ P  
O Q M H Q N / l S / P K P K  1 P K C A b T  I T F K / T B V / T ~ V / U J / T B M  
D l M e N 6 I l N  ~ Z ( ~ ~ ~ I P L Z ( ~ O ~ ~ P R ~ ~ O ) I ~ L ~ ~ ~ O I I T T V ( ~ ~ L ~ O ) I T ~ H ~ ~ ~ I ~ O ~ I  

1 T @ V ( I O f i 3 0 1  
T Y P B  CBMPLBX T T V I T B M I T ~ V  
! l l H E N $ I I N  ~ ~ ~ ~ ~ ) I ~ ~ ( ~ ~ ) ~ ~ U ~ ~ ~ ~ O ) I G ~ O ~ ~ O I J Z ) ~ Q S ~ ( ~ O I ~ ~ ~ I U ~ T ~ ~ O ) I  

~ B U M T ( ~ O J I  B S ~ ~ ~ O ~ ~ ~ ) ~ B ~ ~ ~ ~ ~ ~ ~ Z ~ ~ ~ Z ~ ~ Z ~ I B I O ~ I O ~ ~ ~ ) ~ B I ~ ~ ~ O ~ ~ ~ ~  
N r N Q D I  
HD IJ , Y * D O L R  
EPS r ,OOOOO$ 
P F K  r ,3*FW 
b R Q C  I 2 ,dY 
D 0  7 R @ l r l H A X  
D6 7 1 R ~ ; , ~ M A X  
R 1  I C R t I R )  S ~2 r P R ~ J R )  
R L  r a2 lclD S R U  8 R 2  r LID 
U W R I U H ~ ~ S U P R ~ S U M I * S U M R B @ S U M ~ B @ O ~  
D 0  1 L rich 
T R A P  r C ? K @ X I  ( L )  
S I O M A  @ T R C P  6 PCK 
o Z f L ) r  P A S T * c 2 , r T R A P  F K I  
QQ r 8 1 0 H A @ 8 1 0 M A  
b r S Q R T ( V K P K  = 0 9 )  
s ren r r  8 A R Q P ~ ~ I Q M A  
T R I Q P I  8 8 1 N t S l Q M A C )  S T R I Q r R  r C @ S ( S I Q M & P )  
BS rn B T O ~ I R ~ I I L I  
B U  r R U * B T ~ ( J R ~ ~ , ~ I L )  R L * B T I ~ J R I I I L )  
Y A K  n B S * B L * W C ( L ) / G  
A 1  8 Y 4 K * $ l Q M A r T R l O ~ l  
V I  r YAK.TRIOCn 
AR 8 Y A K . # l Q M A m T R I O F R  
VR m Y A K . T R l d r t  
S U M I e r  S U M I B  - V l  
S U M R B  m S U Y R B  h V R  
9 U M R  SUHR - AR 
unr s UMI Y A K  

1 S U M 1  a 8 U M 1  A 1  
U M I  r U H l r T C U  
SUM! 8 S U V l * T C K  
SUMR S U M R 8 T C U  
S L M R B  I S U P R $ * T F K  S 9 U M I R  8 S U M I B m T F K  
R R 1  
I F ( R 2 , L @ , R I )  R  r R ?  
I r ( R , E Q  0 1 )  8 D C L R  

r ~ , / ~ R * P I ~ A R G P )  
RM I R 1  
I F t R , F Q I R i )  RM r R 2  
P A C T 1  r P 1 @ , 5 1 R M  
UMTII) I 0 1  SI S U M T ( 1 )  I -SUMR Z B b M l t l )  = SUMRB 
I C E  r 1 
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2 I C E  e I C E  b 1 
UHMlT  r SUPMlT i 9 L M M l T 8  r O l  
DB 375 Mw~IN 
Q Z ~ M )  u a z t n )  4 FKFAST 
R H 6  r Q Z f M l  S QQR n RHA*RH@ 
GHS r S Q R T ~ Q Q R  r rnru) 
B S  r B T O ~ I R I I C E I M )  S GS 8 QTO(IRI ICEIM) 
BU 8 R U * B T I ( J R * ~ I I C O I M )  R L . B T ~ ( J R ~ ~ C R ~ M ,  
QU 8 R U * O T ~ ~ J R ~ ~ D ~ C E I M )  - RL*OT/~JRI ICEIM)  
YAKR r BSIBU*WP~M)/GMS 
VAKR r YAKR QU*GS*WF(M)/RHQ 
UHMIT r UHP I T  r VIKR 
E X P P l  r EXPPt-ARGPIRHB) 
A R T I S T 0  r VAKR*EXPCa 
ART 1 8 1  r ART1 STB*Rke  
SUMMlT a SLMMlT l r R T ( 3 T  

375 SUMMITE i SUMMlTR + ARTISTR 
S U M T ( l C E )  r S U M T t I C E - $ 1  + , 2 9 * F K ~ A S T * S U H H I T  
B U H T f I C I )  r PUMTf ICE-1) + ,~S*PKFAST*8UHMlTEI  
l J H T ( l C C )  r U M T ( l C 6 - 1 )  + , ~ ~ * ~ K F A S T * U M H ! T  
r L  r ( I C E m l ) * F K F A S T  
F L T  r FL FACT1 
ERFC r ( F A C T / C L ) * t E X P F ( * h R ~ P * F L )  EXPf'(*ARQP*CLT)I 
LRPC 8 RHl6RFC 
ERFC 8 ERFC/SUMT( ICE)  
TESTER a i, - S U M T t I C E ) / S U H T t l C E ~ l )  
TESTER r ARStTESTER) 
1 1 1 T E S T 6 R l L ~ , E P S , A h D , E A C e , ~ T ~ E P S ~  G Q  T@ 3 
I C ( l C E ~ G E D ~ ~ T B P I  G0 1 8  3 
68 11 2 

3 ERFC i TESTER*SUHTf ICE)  
AhSR r S U M T t I C B )  O ANSI r s8UMI  
V h S l  r mSUYlR S VNSR r - R U M T f l C E I  
TUM(IRIJR) r C M P L X ~ A N S R I A N I ~ )  5 T B V ~ I R I J R )  r C M P L X ~ V N S R I V N S ~ I  

RARA r t U l * R L ) * t R % * R U )  
OK a 4 s r R I * R U / U I R A  
P I !  l a / t P 1 * R U )  
C u r  P I l * ( ( R l + R U ) * E L L I P B t D K )  l ~ R U - R ~ ) * B L L I P K I D K ) )  
Cb r RUeCU 
R L  I; RL 

RARA r f R I * R b ) * ( R l * R U )  
DK s 4,*Rl*RU/RARA 
P I !  n I I / t P l * R U I  
C L D  P ~ ~ ~ ~ ( R ~ ~ R U ) * € L L ~ P L ( D K )  ( R U - R ~ ) * S L L I P K ( D K ) )  
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D I M B N S l b N  S ~ V ~ ~ O I ~ ~ ~ I I ~ V ~ / ~ I ~ ~ ~ I S S V ( ~ D ~ ~ O ~ I ~ S V ~ ~ O I ~ O ~  
D I M S N S 1 8 N  $ I ~ t 1 0 t 2 0 ~ 1 1 1 M ~ 1 0 ~ 2 0 l 1 S ~ ~ f l O o 2 0 ~ 1 I ~ H t 1 0 1 2 0 )  
TYPE C B H P L I X  S S V I S I V I I S V I I I V I S S M I S ~ M I I ~ M I I I M  
O ~ M E N S I B N  P Z ( ~ O ~ ~ P L Z ( ~ O ) I P R ~ ~ O ~ ~ P L R ( Z O )  
TYP6  REAL 1 l ~ V t l I R V l I S I V ~ I S R V t I S B ~ I ~ B ~ I 1 T ~ I S T l l t I I R ~ I S ! ~ 1 S R  
D I H G N $ I @ N  S S R ~ ~ O ~ ~ ~ ~ R ~ ~ O ~ I S I ~ ~ ~ O ~ I I S ~ I ~ O ~  
D l M B N S I @ N  G S ~ ~ ~ O I ~ ~ ~ I G ~ ~ ~ ~ O I S ~ ~ ~ X I ~ ~ ~ ~ ~ H ~ ~ ~ ~ ~ I I U M T ~ ~ O ~  
D I H E N $ l ) N  B S Q I $ O I ~ ~ ) I B S S ~ ~ O I S ~ ) I ~ J Z ~ ~ ~ ~  
DIMCNOI~N B I ~ ~ ~ O ~ ~ Z ~ ~ B I S ~ ~ O ~ S ~ ~ , ~ I O ~ ~ ~ I ~ ~ I I Q I I ~ I O I ~ ~ ~  
TYPE CBHPLEX SS~I~IYAKCIUM!IIUMSSIUH!$ 
D I M P N I I Q N  S S T ~ ~ O ~ ~ I ~ ~ ~ ~ ~ ~ ~ S I ~ ~ ~ O ~ I ~ S ~ ~ ~ O ~  
D I M f N l f @ N  B U M T ( ~ O ~ I D U M T ( % ~ ) I ~ X P F I ~ S ~ )  
D @ M H Q N / R A ~ / R ~ N ~ R ~ U T / T @ Y / N Q D ~ I N Q D P I N O D ~ / R C C / J ~ @ ~ / B @ L D / Q S Q I G S ~  
~ @ M H @ N / P ~ T / J M A x ~ J H A X H ~ I M A X / B L K A / P R I P L R I P Z I ~ L Z  
OOHHQN/SSV/SSV/ I  I V / ~ 1 V / s ! v / s ~ v / I 8 V / I  bV  
C @ M H @ N / @ L K B / S S M / S I M / S I M / ! ~ ~ / ~ I ~ / ~ E ~ / ~ S M / C S / F K C K ~ F K F A S T I T C U  
C @ M ~ ~ N / ~ L K ~ / H ~ ~ ~ ~ K I P I / O L K ~ / X I I U F / B L K S / B S O I ~ S ~ / ~ I D Y / F ~ ~ ~  
C ~ M H @ N / B B @ L D / G ~ O I Q I ~ / B L K S B / B I O I B I ~ / D E L ~ D ~ L ~ ~ D ~ L Z  
N 8 N Q D 1  S  CKFK m  CKeCKS T F K a  , 2 5 r C K  S CKCAST @ I . @ F A s T * C K  
ARGP m  ,SrDCLZ 
B P S  @ , 0 0 0 0 0 1  
z o  I n- ,U*OCLZ 
S S I ~ S S R ~ I I I I ~ I R ~ S ~ ~ I S ~ R ~ I S I ~ ! S R ~ O ~  
U M l l  r U M t S  m UHSS m  ( O ~ O t O r C I ~  
P F K  r ,1@CY 
08 1 L 811h 
TRAP m  ? F K * X I ~ L )  
S I Q H A  r TRAP PCK 
Q Z ( L ) r  r A S T * I P , r T R A P  F K )  
00 8 41GMAbSIGMA 
0 8 8 Q R T t C K C K  0 9 )  
S IQMAP m  ARGP*SIQHA 
E X P C l ( L )  9 C X P r ( m Q Z ( L 1 r A R Q P )  
T R I G F A  8 2 1 * C 0 S t S 1 0 M A P )  2 0  
T R I G P I  B 2 l * S I N ( S I O M A P )  
YAK r T F K a h P t L ) / S I G M A  
YAKR m - Y A K * T R l d P A  
YAK1  r Y A K * T R 1 O F I  
YAKC m C M P L x t V A K R r - Y A K I )  
YAKR 8 Y A K R r D  S YAK1  8 Y A K I e D  
S S l  n SS! O S O I 1 t L ) ~ B S 1 f l t L ) * Y A K I  
SSR B SSR B ~ O ( ~ B L I * B S ~ ( ~ I L ) * Y A K R  
1 l R  8 I I R  ~ I O ~ I I L ) * B I I ~ ~ , L ) * Y I K R  
1 1 1  r 1 1 1  B I O t l ~ L ) * B l l t l l L ~ * Y A K l  
$ 1 1  o S I I  B S O t l r L ) * B 1 l t l l L ) * Y A K I  
S I R  e S I R  . B S O I I ~ L ) @ B I ~ ~ I I L ) ~ Y I K R  
I S !  c 1 0 1  4 1 O ~ I m L ) * B S ~ ~ i t L I * Y A ~ I  
I S R  8 I S R  8 1 0 1 1 f i L ) * B S l t l t L ) * Y A K R  

L t M j l  8 U P 1 1  Y ~ ~ C * B I O t l t L ) * R I O ~ I ~ L )  
U H l S  U P I S  Y A K C * B I O ( ~ I L ) * B S O ~ I I L )  
UMSS 8 UPSS d Y A K C @ B S O t i t L ) * B S Q ( i , L )  

1 CBNTINUE 0 0 0 1 0 9 0 0  
S U H T ~ S )  n R G A L I U M S S )  s B U M T ( 1 )  r R O A L ( U M I I 1  s n u u t ( i )  o R C A L ~ U M I S )  
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S S T l l )  D 8SR 5 I l T ( l ) 8  I I R  S S I T ( 1 )  D S I R  S 1 S T f l ) a  I S R  
EXPACT D OHPFt-FKFASTsAROP) 
TPK r ,290FKPAST 
06 $ 0 1  I C l r Z , J T @ p  
SUMSS8SUMl l rSUMSl  r SUMIS w Dl 
SUMMIT D SbMMlTB 8 SUMMITO I 0 ,  

RHFJ - o z t i i )  
Q Q R  RHDrRHB 
OMS 8 SQRTfOOR r CUFU) 

8 i , / R F ( a  
t3RR r OMSOGHO 
E X P r I ( M )  E X P F ~ f H ) * B X F A C T  
E x P F 2  r 2 t r f ~ X P F l f C )  11) 
YAK 8 = T P K * Y C f M I  
YAKR D mOXPC2*YAK 
YAK a YAK ,* YAK 
SUMSS o surss r B S O ~ I C B , H ) ~ B S ~ ( I C E ~ M ) * Y A K R . ~ ~ R  
sunss o surss a s o ( I c r ~ n ~ * o a z c ~ c ~ ~ n ) * y A K R  
SUM11 a SUP11 B I O t I C E ~ M ) * B l i ( I C ~ ~ M ~ ~ ~ A K R ~ G M R  
BUM11 @ S U P l !  ~ I O ( ! C ~ , H ) * G ! ~ ~ I ~ E ~ H I * Y A K R  
SUMS1 I SUPS1 R S O ( I C B , M ) ~ B ~ ~ ! I C E ~ M I * Y A K R . O H R  
SUMS1 s SUPS1 ~ S O ( I C E ~ M ) * G ! ~ ! I C E I M ) * Y A K  
9 U ~ f s  r S U r l S  r B ~ O ( I C B I H ) ~ B S ~ ( I C E ~ H ~ * ~ A K R . O H R  
3 U M l S  8 SUP13 OIO(ICE,M).GS~(ICE~R)*YAK 
BSB$ 8 B S O ~ I C S , M ) * B S O f t C E , M ~  
0 1 0 s  D e I O t l c C , M ) * e s o ( ! c a , M )  
e l e l  r e r o t l c c , n ) * e l a c I e e , n ,  
Y A K R  D y A n R * a n o  
9UMHlT D SLMHIT  BSBSrYAKR 
9 b H M l T B  r SUMMlTB B I R I a I A K R  
S b M l l I T D  r SUMWlTD r BIRSaYAKR 

374  CBNTINUB 
SSTIICE) D ~ S T ~ I C E - ~ )  r s u ~ s s  
I l T t l C E )  D I l T t l C h * i )  SUM11 
8 l T f l C E I  D S I T f I C C = 1 )  SUMS! 
1 S T f l C E )  D I S T t l C E  -1) + SUM!S 
S U M T ~ ~ C E ,  8 s ~ r t ~ c ~  1) sunnl r  
B U M Y t I C E )  n B U n T t l C E  1) r 9UHMlT0  

5 0 1  D U M T t l C E )  D U M T I I C E - 1 )  SUMMlTn 
AA D 4 , r R B L T * R I U T  
P r AROP 
PP 0 P.P 
DK o A A I ( P P  AA) 
SDK m S Q R T t  D K I  
CF2 r -P@SDU*ELLIPK(DK)/tP!*AA) 
55Ru R I U T r ( S S T t J T B P )  r CP2 * CF2) 
AA o R I N * R I N * 4 ,  
DK 6  AA/(PP 6 AA) 
$OK P S Q R T ~ D K )  
CF2  B -Pa8EK*ELLIPK(DK)/tPtrlA) 
l I R 6  R 1 N * t l f T l J T @ P )  CP2 - CC2)  
SS1  r R @ U T * S S I  S i l i a  R I N @ I I I  S S 1 1 ~  R I N * S l I  S 
ICE  8 JTOP 
S I R  r R I N l $ l T I l C E )  L I S R  6  RQUT*!ST( !CE)  
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1,SR. I S R  1.0 
Jw a J t @ P * l  
FLAM 8 PKrhOT*JH 
88 ~ t h  8 R r Reu? 
R 8  8 A B S l R - B j  
A R Q ~  a aerrcAn 
b R 8 2  r ( R + I j @ I L A M  
t F l  a 1 , / tP t *SORTCR*B) )  
CF3 @ C r j * f C A S t A R G l ) / F L A W  + S ~ W ~ A R P ? I / F L A M  

1 * +  R B * S l I k R O i )  f R + B ) * C I  t  AnE2)  1 
FLAH 8 ?LAp*ROUT 
FLlHB + PKlAST*RIN*JM 
eF8 8 I , / l P I * r L A C m t  
cF1 u 1 , l f P l e P L A M )  
~ N S R  t SUM7 t  t 68) C r i  
ANSAB 8 BUPT t  I C 6 )  + CP2 

AHBRC 8 BUHT~ICG) e r g  
r r A l M A Q t  U H I I )  

I l V ( l , i )  r RlN.CMPLXtANSRB,O!) 
QI r = A l M A Q (  U M I S )  
t S V C 2 r l )  r R B U T r C w P L X t A N I R D ~ O l ~  
S t U ( & , l )  8 RfN*CnPLXtANBRD,OI )  
Q t  m-AlMAQf UMSS) 
8 S V t l s l )  a R@UT*CHPLX(ANSR,Ql)  
! i B C % r i )  r = C M P L X f l I R ~ I ! I I  + (0 ,1 ,0 ,0 )  
L S F O 2 , l )  8 . e M e ~ x ( S s R o s S ! )  * ( O f i 8 0 0 1 0 )  
$ l H ( l # i )  8 - C H P L x ( S I R t S t l !  
r f n ( % t l )  8 ~ C M P L X ~ I S R o I S ! )  
bB 6s J02 4 JMAX 
Z I) CLZtJl 
hRQP t I0 r Z - D 6 L Z  
RRQM 8 ZQ Z 
S S ~ ~ S S R ~ ~ ~ ~ ~ ~ ~ A U S ~ ~ ~ S I I P ~ ~ S I I I S R ~ O ,  
S S ~ Y ~ S S R Y I X ~ ~ V ~ ~ ~ R V ? I S ~ ~ V ~ S ~ R U ~ ~ ~ ~ V ~ I S R V I  0, 
DO 6 1  L* ldh  
TRIP r C F K * X I ( L I  
slonr r TWP PVK 
QZ<L)m t A S T o t 2 , r T R A P  r CK) 
OQ 8 SIGRA*S1GMA 
D r S Q R T t F l r K  - QQ, 
6 I e n ~ P  r &ROPoS$@Hh 
SlGnAM S!GnA*ARoU 
t ~ t m  s o a s t s 1 o w P )  m CIS~SIOHAM) 
T R I K i l r  8 O!NfS!OHbP) - S t N t S t G M A M )  
YAK 8 TFK*Nr{LI .D/SlOwA 
V I K R  S-YAK*TRIQFR 
YAK! r Y A K * T R l b r t  
V A K l  m Y A K l / a  S VAKR 8 Y A K R l b  
1SR r 1SR B 1 0 ( l o L ) . B B i ~ l , L ) . ~ A K R  
IS1 r I S 5  B I O f l ~ L ) . B l l t l r L ~ * Y A K I  
S I R  e S I R  r B S a l l r L ) * 0 1 1 ( 1 ; L ) . Y ~ K R  
S l I  r s I l  m B S O t l t L ) . B t l f l t L b @ Y A K I  
I I 1  r 1 1 1  B I O ( l t L ) * B l l t l t L ) * Y A K 1  
1 I R  @ 1 l R  m B l O f l t L ~ @ 0 1 i ~ i ~ L ~ * ~ ~  
SSR a SSR R S O f l d L  ) @ B S & ( l , L ) * Y A K R  
S S I  r SSl B S O t l t L ) * B S l t l r L ! @ Y A K I  
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IIIV@ Il1V' B I O t l t L ) * B l O ~ I ~ L ) * V A K I  
IIRvI IlRV* B I O t i r L ) * B I O ~ l t L ~ * ~ A K R  
!SRV@ 1SRVI B I D ~ ~ ~ L ) * B B O ( ~ , L ) * V A K R  
ISIvr ISIV* BIo~$~L)*BSO(IIL)*VAKI 
SSRVI SSRVc B S O t l ~ L ) * B 8 0 ( 1 , L ) * V ~  

6 1  SSIV8 SSlV* ~ S O ( ~ ~ L ) * B S O ~ ~ I L ) * V A K I  
SIIV a l S l V  S SlRV 8 ISRV 
rbcri I ~ ; * , g i ~  
FACT m &?,/(A*Pt*ARGM) 
SST(j) m SSR S IlT(1)m IIR 8 SST(1) 8 SIR S IST(l)n 1BR 
SS~(i)rn SSRV S IlB(i)r IIRV E S!B(I) 8 SIRV S ISB(11 r ISRV 
ICE @ 1 

2 1 C E r  ICE 
SUMSSmSUH~IrSUMSf 8 SUMIS n 0 1  
VUHSS r VUCI18VUHS18VUMIS 8 0 ,  
De 3'16 MmltN 
0 2 t M )  8 QX(M1 F K f A S T  
R H 0  * OZ(M) 
QQR 8 RH0URHI 
QHS 8 SQRT(QQR FKFK) 
EXPII a EXPCf-ARbPIRWB) - E X P F ~ W A R ~ H * R H B )  

YAKR r l i 5 * F W P ~ S T * W P t M ) * E X P F l * d H $ / R H B  
VAKR 6 Y A K P I O M S  
VUMSS m V U C S ~  L B S O ( I C E ~ M ) * B ~ O ~ I C E ~ H ) ~ V A K R  
VUMlS 8 VUCIS r R ~ o ( ! C @ ~ M ) ~ B S O ~ ~ C E ~ M ) * V A K R  
vUn11 r VUFII B I O ( I C ~ ~ M ) * B ! O ~ I C E ~ H ~ ~ V A K R  
SUMS1 SUCSI - R S ~ ( ~ C I ~ M ) * B I I ( I C E ~ M ) ~ V I K R  
S U M f S  r 3UFIS r R I O ~ ~ C E , M ) * B ~ ~ ~ I C ~ , H ) * ~ A K R  
SUMSS u SUVSS 6 R S O ( ~ C R ~ M ) ~ B ~ I ~ I C ~ ~ H ~ * Y A K R  

376 SUM11 rn SUP11 - B ~ O ( I C ~ ~ H ) * B ~ ~ ~ I C E ~ M ~ ~ ~ A K R  

S I T ~ I C E )  m S I T I I C E - 1 )  SUMS1 
SSBltCEl m SSR(1CC-1) 4 VUMSS 
!IB(ICE) r IIB(1CE-1) r VUMI! 
ISBtlCs) m ISBcICE -1) * VUMlS 
SfBtlCE) r SlBflC6-1) 6 VUMS! 
rL 6 (ICE 1lrFKFAST 
ci,T r F L  4 FACT1 
ERFC r ( C A C T / F L ) * ( E X P F ( * A R Q P * F L )  EXPF(- ARQP*ILT)) 
ERFC 8 6RPC/SITtlCE) 
ERFC r ABSfERIC) 
IF(ERPC,LEIEPS) 60 T@ S 
I F ~ I C C I Q E , I O )  68 T d  3 
QQ 1 0  2 

3 SS! I R@UT*SSl S IlIs RINalII S Sf18 RIY*SII S ISIIRRUT*ISI 
SSR 8 RBUT*SSTtICE) S 11R RIN*!IT(ICL) 
SIR 8 R ~ N r S l T ( 1 C E )  E 1SR r RBUT*!ST(ICE) 
SSIv r R@UT*SStV S 1IIV RlN*III\ S SIIV R RIN*SIIV 
1SIv 8 RBUT*!SIv 
SIRV 6 RIN*SIBtICC) S ISRV 8 R@UT*lSB(lCEI 
SSRV r RBUT*SSBfICB) E IIRVr RIN*IIBfICf) 
S S  r CYPLX(SSRtSS1) S I 1  CMPLXf!IRtIII) 
SSM(1tJ)rnSS 
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t S H l l 4 J J a  CMPLK t I S R  ,181 ) 
S I M ( 1 t J ) m  C M P L X f S f R , S I l ~  
t l ~ ( l , J l m t I  
S S V C 1 , J l n  mCHPLN(SSRY,SS!V) 
f l v t l ,  J ) @  * C n P L K t I I R V ,  I I I V )  
f ; S V t l r  J). ~ C H P L l t t S R V , t S l V I  
s l V ( 1 ,  Jla * C U P L X t S ! R V , S I l V I  
~ ~ C J , ~ ~ , J M A X H )  e@ 66 
S S H ~ J t l ~ 8 $ $ ~ ~ l , d l  S S S V ( J , % ) ~ S S V t 1 , J )  J ! S H ( J , 1 l * I 8 M t l , J )  
S I n C J t l ) a $ I H f & , J !  8 I S V ( J ~ l ) ~ ~ ~ V ( l , J l  8 l I M ( J , & l m l l H ( l , J )  
! I V C J I I ) ~ I I V ~ I , J )  f 8 I V ( J , l ) e S I W ( $ ,  J) 

66 O B N T I N U B  
DB $2 J u l J J M A X  
3 1 L T  8 JM&X.J*% 
D@ 11 M ~ 2 d 4 1 L T  
ZFtM,QT,JMAXH, QO Te 6 0 3  
S S H f H l H @ J a l )  * S S M t l r J )  
S S V f M r M r J m i )  * S S v ( & t J )  
t s M f H 4 H @ J m % )  8 I s H ( l r  4) 
tSV(M,M*J.l) * I b V ( I , J !  
I I H f H r H r J e l ~  * I I M ( l t J 1  
l l W ( M ~ H r J m 1 ~  a I I V ( $ , J )  
s I H I M r M & J m l )  a S I M ( l 4 J )  
S I V l H r H r J a l )  * S I V ( i , J )  

4 0 1  O B N T l N U 6  
I F r M * J w l t Q T  8 J H A x H l  0s T B  11 
S S H ( H * J * l , P )  @ S S h ( l , J )  
S S V ( M * J m l r P )  8 S S V ( I , J )  
I S H f H * J m l r ~ ,  * I S H ( a , J )  
~ S V I M * J D L , F )  a ISV(I,JI 
l I H ( M * J - $ , F )  * I I H ( 1 t J )  
I I V / M * J m l l R )  a l I V ( $ , d )  
S I H / H + J m l , P )  a  S I H ( 1 , J l  
S I V L H * J a l r P )  * S I V ( i t J )  

11 C B N T l N U E  
12 C B N T I N U E  

bYD 
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t r P E  CBHPLEX S T V ~ I T V , S T H , I T M  
C ~ M M O N / S T V / S T V / I T V / I T V / P J / S T M / ~ T H / I T H  
D l n E N S l @ N  ~ ~ ~ ~ ~ O I ~ ~ ~ I ~ ~ V I ~ O I L O ) I J T M I ~ O I ~ O ~ I S ~ V ( ~ O I ~ O ~  
C B H H ~ ~ / B L ~ A ~ P R , C L R I P Z ~ P L ~ / P I T / J M A X I J H A X H ~ ~ M A X  
D l M E N S l @ N  P Z ~ Z O ) I P L Z ~ ~ O ) I P R ( ~ O ) , P L R I ~ O )  
DIHENSI~N e ~ o t ~ o ~ 3 2 ) , ~ ~ ~ ~ a o ~ 3 2 ) ~ Q 2 l 3 2 ~ 0 ~ ! 0 t 1 0 ~ ~ 2 l ~ B 1 ~ ~ 1 O ~ 3 2 ~  
D l H E N S l @ N  W l l J 2 1 r W F ( 3 2 ) 0 5 U ~ V t l O ~  
D1HENSIBN G S ~ ~ ~ ~ I ~ ~ ) , G S ~ ~ ~ ~ I ~ ~ ~ ~ R C , M T ~ ~ O ~ I S U M T ~ ~ ~ ~ I ~ U M V ~ ~ O ~  
TYPE C e n P L e x  A N S I ~ ~ S B I V N S ~ V N S B  
C I M M O N / F S / F K P K , F K F A S ~ ~ ~ F K  
CBMMQN/QEL/DELRI DELZ/B@LD/GSOI Q S l / B L K I / Y ,  AIFUI?I/BLK~/X~'I M r  
~ 8 ~ ~ 8 ~ / ~ / 8 ~ 0 t 1 0 ~ 1 0 1 $ 2 ~ ~ B ~ $ ~ 1 1 0 i 0 ~ ~ 2 l ~ ~ ~ ~ t l 0 1 1 0 1 3 ~ ~ 1 ~ T 1 ~ 1 1 1 1 0 ~ ~ 2 ~  
~ B H H @ N / T @ Y / N I N N , N N ~ / R C C / J T A P / B L K S ~ / B ~ O I B ! ~ / B L K S / B S O I B S ~ / T I D Y / ~ A S T  
08 1 0 0 0  J R a l ,  IMAX 
08 l o o 0  l R r r , d n A X  
R 1  a A 
ZZ a P Z ( 1 R )  S R 2  r P R ( J R )  
AROP D H ZZ 
HG 8 ,5aD6LR 
RL  c R2 - WD 
RU r R 2  + b D  

:G:R:s;t!:::k.su* I B  8 VUYRPVUOI I V U H R B ~ V U M I B I  0 , 
PFK R ,O.CK 
DO 1 L r i r h  
*RAP r P F K @ X ! t L )  
SIGMA 8 TRAP PFK 
O Z t ~ i r  I A 6 T e L 2 , r T R A P  P K )  
00 v S l Q H A * S I G M A  
D * SQRT(CKPK - Q Q l  
BIGHAP r ARoPns1QnA 
T R I G F I  i @INtS !GMAPJ  E TRIQCR 8 C B S ~ S I G M A P )  
8s I 8 8 0 t l 1 L l  S B I  e B I 0 l l 1 L l  
BU r R U C B T ~ I J R ~ ~ ~ ~ I L )  RL.BTI(JRII IL) 
VAK 8 B l s B L r W P f L I t D  S YAK r VAU*SlGMA 
VAKB r B l r E U * Y C I L ) / D  E YAKB P VAKB@SlGHA 
A1 a YAK.TRIGF1 S VR 8 V A K * T R I G F I  
kR 6 YAK*TRIQCR S V l  8 VAKaTRIGCR 
A 1 0  r Y A K B * t R l O F I  E VRB I V A K B * T R I G P I  
ARB m YAKB*TRIUFR S V I E  r VAKBeTRIOFR 
VUHl  a VUMl V I  S VUMR 1 VUHR VR 
SUHR s SUMP - AR 
sun1 r SUM! AI 
8UHRB r SLHRB r ARB S SUMIB t SUMIB + A I B  
VunRB @ YLMRB - VRB d VUMIB 8 VUMIB V I E  

1 GBNTlNUE 
fFK U c?S@FK 
sun1 r s u n I * T r u  
8UHR 8 SUMfi*TrK 
9UMRB 8 SUIfRB*TFK s SUMIB n sUMIBIDTCK 
V u M I  r V U H l * T F K  % VUMR a VUMR*TPK 
VUMRB * VUt fR0*T rK  S VUMIB 8 T F K e V b H l B  
R a R% 
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I F ( R 2 , L E t R i )  R  a R 2  
t F ( R t 6 0  0,)  R  8 DELR 
P A C T  a I , / ( R ~ P I + A R G P )  
A M  8 R 1  
:F(R,60,R$) RM r R2 
C A C T I  r P l * , S / R M  
SUM?($)  8 SUMR 
B u M T ( 4 )  8 rn SUHRB 
$UMV($)  8 VUMR S BUMV(1)  * VUHR0 
I C E  r 1 

2 ICE r l G E . *  i 
VUMMlT I YCMMlT0 0, 
SUMMIT a SCMHITE r 0 ,  
D O  373 M@$IN 
Q 2 t M )  8 Q Z t n )  c t K F A S T  
R H 0  r QZtM) 
Q O R  8 R H W R H 0  
OMS 8 SQRI(QQR r FWPK) 
B S  8 BSO( lCE,M)  S 0 1  r A I O ( 1 C E r M )  
BU 8 R U * B T l (  JR*II 1 C E l M )  l R L * B T i t  JR,  lCB,M) 
VAKR a UF'(C)aBS*PU/QMS L YAKR = RUB*VAKR 
VAKRB 8 BI*BU*WF(M)/GMS S YAKRB RHe*VAKFB 
E X P F 1  4 EXPFI-ARGPeRWO) 
SbMMIT !! BCMHIT YAKReEXPF l  
3 U H U I T B  . 6UMMITB YAKAB*EXPF i  
VUHHlT a YCMMIT VAKR*CXPFl  
VUMMITB 8 VUHMITB + VAKRB*@XPCI 

575  CBNTlNUS 
BUMV(1CE) . B U M V t l C E - 2 )  + ,29*FKPA$T*VUMMITB 
S U M V ( l C 6 )  @ S U M V ( l C E - 1 )  + ,29*FK?AST*VUMHIT 
SUMT(1CE) 1 SUMT(1CE-1)  ,25*FKFABT*SUMMIT 
BUMt ( !CE)  B U M T I I C E - 1 )  * ,25*FKfAST*8UMHITB 
C L  s t l C E m l ) * F K F A S T  
C L t  8 FL + F A C T 1  
CRFC 8 ( C A C T / C L ) + ~ E X P F ( - A R Q P * F L )  - E X P I ( - A R Q P * F L T I )  
ERfC r RMrERPC 
BRFC a ERFClSUMTl  I C E )  
I F t E R F C  LT,EP'Sl  08 7 8  1 
~ F ~ ~ C E ~ O E J ~ T Q P I  QQ TQ 3 
ae  rc 2 

S ERPC 8 S U M T f l C E l * E R t C  
ANSI  @-SUM1 
A ~ S R  a s u n 7  t i c e )  
A k S f B  8 - s U M l 0  S ANSRB a B U M T ( l C E )  
STM( IR IJRI  . CMPLX(ANSRIANSI I  
I T M ( I R I J R I  a CMPLX(ANSRB,ANSSB) 
V h s  l C M P L N ( - S U H V ( ~ C E ~ I V U M I ~  S VNSB r C M P L X ( - B U M V ( 1 C B l t V U M I B ~  
S T V ( I R I J R )  r YNS S I T V ( t R , J R l  8 VNSB 

1 0 0 0  C Q N T l h U L  
END 
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TYPE C O M P L E X  T I V I T S V ~ T ~ M , T S M I A N S I A N S B ~ V N ~ ~ V N S B  
DIMENSI@N ~ S M ~ ~ ~ ~ ~ ~ ~ I T ~ M ~ ~ ~ ~ ~ O ) I ~ ~ ~ ~ ~ O I ~ O ~ I T I V ~ ~ O I ~ O ~  
DIMENSIeN P Z ( ~ O ) I P L Z ( ~ O ) , P R ( ~ O ) I P L R ( ~ P )  
C ~ M M O N / B L K $ ~ H I A ~ F K , P I / R A D / R I N ~ R ~ U T / P I T / J M A ~ ~ J ~ A ~ H ~ I M A ~ ~ I J K ~ I ~ J  
c ~ M M Q ~ / T I M / T I M / B L K C / T S M / T I V / T I V / T S V / ~ S V / ~ L K A / P R ~  PLR# PZt PLZ 
DIMENSIBN ~ S Q ( ~ O I ~ ~ ) ~ E S ~ ~ ~ O ~ S ~ ) I Q Z ~ ~ ~ ~ I C X ~ ~ ~ ~  
DlMENsI@N ~ I O ~ ~ O I ~ ~ ~ I ~ I ~ ~ ~ O I ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ I ~ ~ ~ I ~ I I ~ ~ O I ~ ~ ~  
DIMENSION S U H T V ~ ~ O ) ~ B U M T V ( ~ O ) , X I ( ~ ~ ~ ~ W P ~ ~ ~ ) ~ S U M T ~ ~ O ~ I B U M T ~ ~ O ~  
DlMENSIeN ~SO(lOr32)1G9lIl~,32) 
CQMMBN/9/8TO (101 1 0 1 5 2 ~ t B ~ i t i i t i 0 1 3 2 ~  ~ G ~ O ~ ~ O ~ 1 O a S 2 ~ 1 G ~ 1 ~ 1 1 ~ 1 0 1 3 2 l  
C Q M M ~ ~ / B B ~ L D / G ~ O ~ G ~ ~ / D E ~ / ~ € L ~ I D E L ; I / B @ L D / O ~ O I G S ~ / R C C / J T ~ P  
CGMMBN/BLKJ/BSO I B S I / T I D Y / F A S T / P S / F K F K ~ F K F A S T I  TFK 
C O M M B ~ / B L K S B / B ~ O I B ~ ~ / T B Y / N ~ N N ~ N N N / B L K ~ / X ~ ~ W F  
De 20 111olHAX 
1R r I 
D@ 20 Jm $,JUAN 
R = P R ( $ )  I Z m P C Z ( J )  
EPS r ,000001 E EPSl 8 ,0001 
20 . H 
ARQP ZO r 2 - 06LZ 
ARGM r ZO 2 
S ~ M R ~ S U H I ~ S U # R B ~ S U V ~ B I S U M R V I S U M ~ V ~ ~ U M R B V ~ S U H I B V ~ O ,  
PFK 8 ,IaFK 
08 1 L 8 1 t h  
TRAP r PFK*XI(LI 
slQMA T R A P  r PFK 
QZ(L)m PAST*(P**TRAP FK) 
00 a slQMA*SIOMA 
D SQRT(VWFK QQ) 
SIGMAP 8 ARQP*SIQMA 
SIQMAM r SIGMA*AROM 
IF(J*EQ,I) Q@ Te 90 
TRlGFl 8 SINISIQMAP) SINISlGHAM) 
TfilGPR Y CeS(S1QMAP) CBSISIGHAM) 
a@ ? a  9% 

90 TRIQFR e 1, - CBSfSIQMAM) 
TRIGFI r SINISIQMAM) 

91 05 OTO(l~t1tL) 
BS63 8 WP(L )*BS/SIGMA 
YAK BSBS*BSlIltL)*D 
YAKS 8 m BSBS*Bll~ltL)*D 
SbMR SUMF YAK*TRIGFR 
SUM! 8 SUM1 6 YAK*tRIGrl 
S U M R B  l surRe - V A K B S T R I O F R  
SUMlB 8 SUVIB VAUB*TRIOF1 
I ~ ~ J ~ E O ~ I ~  Qb TB t 
VAK 8 BSOS*BSO(ltL) 
VAKBm B S ~ S * B I O ( ~ I L )  
SLMRV 8 SUPRV - VAU*TRIGPR 
SkMIV SUPIV r VAU*TRIGFI 
SbMRBV c SLHRBV - VAKBaTRIQFR 
SLMIBV ! SLMlBV VAKBaTRIQFI 

1 CBNTIKUE 



NRL REPORT 7240 

SUM1 r S U M I r T F K  3 SUMR r SUMRITFK 
SUM10 8 S U F l B r T F K  5 SUMRE 8 SUMRB*TFK 
SUMIV 8*SUPlV*TFK S SUMRV rn SUMRV'TFK 
9UMRBV 31MRBV*TFK $ SUHIBV ~ * S U M I B V * T ~ K  
$ U l l T t $ )  8 SUMR S BUMT(1)  8 $UMR@ 
SUMTV(1)  8 SUMRV s BUMTVII) rn SUMRBV 
PACT 8 2 , / t R a P l * A R O P )  
F A C T 1  rn p I ' l 5 4 A  
A N 6 7 8  8 R&h*SUMRB 
AhST D R@UT*SUMR 
1CE 8 1 

2 I C E  r I G E  1 
S U M H ~ T D ~ U H P ~ T B ~ V U M ~ I P I V U M C ~ I T B ~ O ,  
De 5 7 3  M l i r N  
QZtk!) 8 Q Z t M l  r FKCA8T 
R)r6 r Q Z t M )  
QQR r RHerRH@ 
EMS R SQRTIQQR L F M F K )  
BS a B T O t I R a l C B d H )  
t X P F 1  m EXPO(-ARQP*RUB) EXPFt *AReH*RH@j  
OHR r B S m I X P P ) * W C ~ C ) / R H Q  
& R T l S T  r OYRa@MS*B$&( ~ C S I H )  
A R T l S T 0 r  Q r R ~ Q n S * B I i ( I C E l n ~  
I F ( J e E Q 4 1 1  QQ 78 93 
A R T l 6 T V  8 GHRIBEO~!CEIM) 
V R T l S T U  r O H R * B I O ~ I C E I M )  
V u M ~ l t  I VLMHIT r r R T l s T v  
vunnl te  a vunnlre VRTISTB 
68 t Q  94 

93 GS I Q T O ( l R a 1 C B a M ) r W F f M )  
GSOS 8 G S * G S l (  I C E  IF 
GSGSl 8 0 8 * G l t ( I C S , H )  
ARTIST fi ARTIET GSQS f ARTlSTB 8 ~ R t l s T e  G S Q S !  

9 4  s U M n l T  r I b M H l T  r R T l s T  
§UHM!TBr 8 b M H I T B  ART lSPB 

375 CQNTINUS 
B U H T t I C E )  r B U H T t l C C - 1 )  r ,25*FKVAOT*SUMMlTB 
S U M r ( I C E ,  r SUMTclCEm1) . ,PS*FKFABT*SUMMIT 
l P t J I E Q  1 1  G @  T e  99 
SUMTV(  1 4 ~ 1  r SUHTV( I C E - 1 )  , Z ~ * ~ K F A S T * V U M M I T  
BUMTV(1CE) m B u ~ T v t l C E * i )  r , ~ ~ * F K F A S T * V U M M ~ T B  
F L  6 ( ! ~ % m l ) * F K F A S T  
r L t  r rL L CACTI 
ERFC 8 ( F & C T l F L I @ t E X P F t * A R f i P * F L )  E X P F ( - A R G P ~ C C T ) )  
ERCC 8 E R F G / S U H T t I C E )  
I F ~ E R ~ C  LT,EPS) oe t e  s 
! P ~ I C E , ~ E . ~ T ~ P ) .  08 70 s 
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ANST @ ANSR 
kr fSTB a ANSRB 
oe Te 2 

S CONTINU6 
k N S  u C M P L N ~ S U M T ~ ~ C E ) I S U M I )  
AkSB m G H P L X ( 6 U M T t I O E ) l S U M I B )  
UNS ~ C H D L X ( - ~ U M T V ~ I O E ~ I S U M I V ~  
U h S s  B C M P L X ( - ~ U M T V ( ~ C E ) I S U M ~ B V ~  
T S H l l r J )  8 ANSIRQUT S T l M ( l r J )  . RINnANSB 
T S V I I r J )  @ VNSIRBUT S f I V ( 1 ; J )  . R I N B V N 8 8  
IC (J16Q,$ I  t 9 M t l 1 J )  * T s M c 1 , J l  4 0'50Q 

2 0  C e N T I N U e  
@PS n ,OOOl 
ARQP r DBLZ  
DB $ 0  L ~ i d h  
TRAP a P I K I X l ( L )  
S l Q M A  8 TRLP PFK 
Q Z ( L I @  CA8T*(ZI*TRAP FK)  
QQ e S I Q M A * S I Q M A  
E X ~ L I  8 E X P ~ ~ - A R O P * Q Z ( L ) I  
S IOHAP I ARQPOSIGMA 
T R I G I I  E SIN(S1QMAP)  
t R l ~ r k  r G b S f S l Q M A P )  m 1, 
QSO(1,L I  r T R l O F I  G S t t S t L )  . TRIGPR 

~o $ 1  ICE; P I J T ~ P  
D!3 1% Hr1,h  
E X t M )  . 6X(MI *BXCACT 
E X P r i  r E X ( H I  1b 

1% O S 1 ( I C E I H )  I E X P F l  
TPK r ,85aFKPAST 
DQ 99 J11, lHhx 
S U H R B R S U M ~ R @ ~ ~ H R * ~ L M ~ W ,  
t M k r 1 R ~ J  
R n P R ( J )  
0 8  6 1  L q 1 1 h  
TRAP c P F K * X I t L )  
S I Q M A  8 TRAP r P t K  
D Z t L ) r  F A 6 T o f Z , * T R A P  - F K )  
Q G  c SIQMA*SIGMA 
D SQRT(FKFK r 09)  
T R I o r l  r Q S o t l l L I  S TRIGPR 8 G S l ( 1 r L I  
YAM a T I K n k F ( L I I S 1 Q M A  
YAK1 a Y l M * T R I Q F I  
YAKR !! I YAMrTRIOFR 
VTAB r B S O ( l l L ) r B T O ( I M P ~ l t L ~ ~ R b U T  
V T A B I  m B I O ( I , L ~ * ~ T O L ~ M P ~ $ I L ~ * R I N  
SUM1 r OUHl  4 Y A K l * V T A B  
9UMR 8 VAKU*VTAB 
SUMIB . sur le  4 Y A K I ~ V T A B I  

6 1  BUMRB = S U C R B  r VTABI.YAuR 
$UMT(;) 4 SUMR S B b M T ( 1 )  r SLJMRB 
AhSTmANSTB' 0 1  
DQ 904 I C B ' 2 t J T B P  
SUMMIT.SUMP~TB i 0 1  
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DO 370 M ~ $ I N  
Q z ( M )  a Q z t M i  . f K F A S T  
RHB . Q f ( M )  
QQR e RHeaRHB 
OMS @ SQRTtQQR * FKFKI 
ExPC1 G G l t I C B d M )  
YAKR r E X P F $ * T C K * W P ( H ~ / R l 4 @  
V T A B l  . B ~ ~ ( I C @ I M ) * B T Q ~ I M P ~ I C B ~ H ~ * R ~ N  
VTAB R B S ~ ( ~ C ~ # M ~ * B T O ~ ~ M P I I C I I H ) * R ~ U T  
A R T l S T  r YAKR*VTAB S A R T ~ S T ~  r YAKR,VTAB! 
S U H M l T B  8 SUMMIT8 + A R T f S T R  

376 SUMMIT S L H H I T  A R T I S T  
S U H T t I C P I  8 S U M T t I C E  1) + SUMMIT 
B U H T t l C E )  8 B U M T ( l C E  a1 8 U M M l T B  
CLAM 8 F K F A S T r t l C C  . 1) 
B 8 ROUT 
RB a A B S t R - 0 )  
A R Q i  a R E l F L A M  
ARQ2 8 (RLB) *PLAM 
C F s  8 B ~ / I P I ~ S ~ R T ( P * B ) )  
CF3 ~ C C ~ * R ~ U T * ( C B S ( A R Q I ) / F L A M  6 S I N t A R O i ? ) / F L A M  

a + R B * S I ( A R G I )  0 ( R * @ ) * C I ( A R G 2 )  
01 R I N  
RB g A B S t R - 0 )  
A R b l  RBBFLAM 
h R Q 2  8 ( R L I ) * I L A M  
CF$ R , ! J / t P I * $ O R T ( R * B ) )  
CF2 C P l r ~ l N * t C @ S ~ A R Q r ) / F L A M  . S I N t A R O Z ) / F L A M  

a *  R B * S ( t A R G l )  - ( R + B ) * C I ( A R G Z I  1 
ANSR 8 suntc lce)  crs 
ANSRB r B U C T t I C E )  * CF2 
TESTER @ $8 - ANST/ANSR 
TESTER i A B S ( T E S T E R I  
TESTER9  8 1, ANSTB/ANSRB 
TESTER0  8 A B S t T E S I E R B )  
1F1TESTER,LE,EPS,hhD~TESTERB,LE,EP8) QQ TQ 934 
A N S I B  8 ANSRB 
A k S T  B ANSR 

9 O i  C B N I I N U E  
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TYPE ROUBLE M I X  
C @ M M B N / B L K I / W ~ ~ ~ F K ~ P I / ~ B Y / N O ~ ~ , L L I ~ ~ / B L K ~ / X ~ I H ~  
DlMENSIBN ~ I t 3 2 ) 1 ~ ~ ( 3 2 ~ 1 U ( S l 1 1 x ( ~ l ~  
DATA ( P I  r 3 ,141592633991  
D A T A c x  r Q1148874J38981bSlD080 ,  0 , 4 3 3 3 ~ ~ 3 9 4 1 2 9 2 4 7 D o o o 1  
Q147~409bb82~9024D000,OI865~6S36668898SD~O~~ 

*0~97390652e517172DOO01  
0 ~ 0 ? 6 5 2 6 5 2 1 1 3 3 4 9 7 ~ 3 3 7 5 5 ~ 0 0 0 , 0 ~ 2 2 7 7 8 5 8 5 1 1 4 1 6 4 5 0 7 8 0 8 0 ~ 0 0 0 ~  

0 1 3 7 3 ~ 0 1 0 8 8 7 ~ 3 4 1 9 5 6 0 6 7 3 D O O O ~ O ~ 5 1 O ~ 6 ~ O O 1 ~ ~ O 8 2 7 O 9 8 O O 4 ~ O O O ~  * 0~63605368072651502S4S3D000~0~746~31906~60150792614D000~ * 0 ~ 8 3 9 1 / 6 9 7 1 8 2 2 2 1 8 8 2 3 3 9 5 0 0 0 0 ,  Ol~12234~28251S25905868DOOO~ 
* 0 ~ 9 6 3 ~ 7 1 9 2 7 2 7 7 9 1 $ 7 9 1 2 b 8 ~ 0 0 0 1 0 ~ 9 ~ ~ 1 2 ~ ~ ~ 9 1 8 ~ 0 ~ 4 ~ 2 4 7 ~ 6 ~ 0 0 0 ~  * 0~99726386184948156394DO001 0,~8561151154526833540DOOOt 
*0s9647622S558750643077b000 1 0 , 9 3 4 9 0 6 0 7 ~ ~ S 7 ~ 3 9 6 8 9 1 7 D 0 0 0 1  
1 0,896321$5576605212396DOOOt Oo84936761573256997013DO0O, 
r 0 ,7944837959679424069600001  0~73218211874028968038D0001 
* O l 6 6 3 0 4 4 ~ 6 6 9 3 0 2 1 5 2 0 Q 9 7 D O 0 O ~  0 ~ 5 ~ 7 7 1 5 7 5 7 2 4 0 7 6 2 3 2 9 0 4 D O O O t  

0 , 5 0 6 8 9 9 9 0 8 9 3 2 2 2 9 3 9 0 0 2 D 0 0 0 ,  OO421~512761306S534336D000~ 
*O13318686~228212784~~7DOOO~ 0~239287362292137O7454DO001  
* 0 1 ~ 4 4 4 7 1 9 6 1 9 9 2 7 9 6 4 9 3 4 8 9 ~ 0 ~ 1  0,4830766~687738316234D~OOi~ 

DATA t  W. 0 ,29552422471475SDb001 0  1 2 ~ ~ 2 6 6 7 1 9 3 0 9 9 9 6 D 0 0 0 ~  
* 0 ~ 2 1 9 0 8 6 3 6 2 5 1 5 9 8 2 D 0 0 0 1  O I /4945134915O58 iD000~  
* 0 ~ 0 6 6 6 7 ~ 3 4 4 3 0 6 6 8 8 D O 0 0 1  

~ , ~ 5 2 7 5 3 3 8 7 1 3 0 7 2 5 8 5 0 6 9 8 D O 0 0 ~ 0 ~ 1 4 9 1 7 2 9 8 6 4 7 2 6 0 3 7 4 6 7 8 8 D 0 0 0 1  
0 ~ ~ 4 2 0 9 4 1 0 9 S 1 8 3 ~ 2 0 5 1 3 2 9 D 0 0 0 ~ 0 ~ 1 S i 6 8 8 6 J 0 4 4 Q 1 7 6 ~ 2 4 8 ~ 8 D O O O 1  
OI1181945319615184173~2DOOO~ O1101930119817240435037D000~ 

r 0,~83276741576704748725D000,0,062672048334109063570D000~ 
* 0 ~ 0 4 0 6 0 1 4 2 9 8 0 0 3 8 6 9 4 1 3 3 I D O 0 0 1  0~017614007139152118312DOOO~ 
I 0 1 ~ 0 ~ 8 6 1 0 0 0 9 4 7 0 0 9 6 6 0 0 4 D u O O ~ l  O~i6274394730905670609D~001~ 
r 0 1 2 5 3 9 2 0 ~ 5 3 ~ 9 2 6 2 0 5 9 4 5 9 D a O ~ l ~  0,~427S8~2913021433102D~O011 

O14283989e022226680656DmOfl1, 0 , 3 0 ~ 9 8 0 ~ 9 2 6 2 3 7 6 ~ 7 6 2 ~ 6 D ~ 0 0 1 1  
10,58684095478535547145D.0011 O l 6 5 ~ 2 2 2 2 2 7 7 6 S 6 1 8 4 6 8 3 7 D - 0 O 1 ~  

0 ~ 7 2 3 4 5 7 9 4 1 ~ 8 8 4 ~ 5 0 6 2 2 5 D ~ O O l 1  O l 7 8 1 9 3 8 ~ 5 7 8 7 0 7 0 3 0 6 4 7 i D ~ Q O 1 ~  
0183311924226946755222D.0ni, o l ~ 7 6 5 2 0 ~ 3 0 0 4 4 0 3 8 1 1 1 4 2 D ~ o 0 1 t  
0 ,9117387@695763Y847~2D-001 ,  0 1 ~ ~ ~ 4 4 3 ~ 9 ~ 8 0 8 0 4 ~ 6 5 6 3 9 D ~ O 0 1 ~  

r 0 , 9 5 6 3 8 7 ~ 0 0 7 9 2 7 4 8 5 9 4 ~ 9 D ~ 0 0 1 ,  0 , 9 6 5 4 0 0 8 ~ 5 1 4 7 2 7 8 0 0 5 6 6 D 1 ) o O I ~  
NNL . NOD142 S NRL 8 0  
IF (NQD1,EQIZO)  NBL 8 5 
l F t N Q D l , E Q , 3 2 )  NBL . 15 
DO 111 Is lnNNL 
K 8 I NBL 
X I ( 1 )  8 X o c )  
W F ( I )  8 W ( k )  
X l ( l  + NNL) 8 = X f K )  

111 Y F t I  + N N L ) .  WtK) 
RETURN 
EFtTRY T !ME 
TlMER 8 T)YELEPTlK) 
PRINT 1, TIMER 

1 FGRHATtr T IHE LEFT *C1olS* SECONDS*//) 
RETURN 
EFt D 
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M E N S l Q N  P Z ~ ~ O ~ I P L Z ~ ~ O ) I P R ( ~ ~ , , P L R ( ~ O ~ ~ Y I ~ ~ ~ ) I W F ( ~ ~ ~  
MENSl@N B ~ ~ ~ ~ o I ~ ~ ) I B I ~ ~ ~ o I S ~ ~ , B I O ~ I O I J P ) I G ~ I ~ I O I ~ ~ ~  
MENSIQN G S ~ ~ ~ O ~ J ~ ~ I Q S ~ ~ ~ O I S ~ ~ I B S O ~ ~ O I ~ ~ ) I B S ~ ~ I O I ~ ~ ~ I Q Z ~ ~ ~ ~  

~ M H ~ N / B L K A / P R , P L R I P Z , B L Z / P I T / J M A X I J M A X H I ~ M A X ~ R C C ~ J T ~ P  
~ M H B N / ~ / ~ T ~ ~ ~ ~ ~ ~ ~ ~ J ~ ~ I ~ T ~ ~ ~ I ~ ~ O I ~ ~ ~ I ~ ~ O ~ ~ O I ~ O I ~ ~ ~ I ~ ~ ~ ~ ~ ~ ~ ~ ~ I ~ ~ ~  
I N H @ N / T ~ Y / N Q D ~ , N Q D Z I N Q D S / B B L D / O S Q I Q ~ S ~ B L K ~ / H I A I F K I P ! / B L K ~ / X I I W ~  
I M ~ B N / ~ L K S B ( B ~ O ~ B I ~ / B B ~ L D / Q ! O I O I ~ / T I D Y / F A ~ T / ~ L K S / B S O ~ B S ~  
IMHBN/WAD/R!NIR@U~ 
N Q D I  
,FK r FKaFK 
;FAST i 2,*FAST*FK 
I 9 L m l r N  
IAC II P K e , J * X f l L )  
Gnr r TRAP r ,5*FK 
t ~ ) m  P A g T * f 2 , r T R I P  m T K )  

I r SIPMb*S lQMA 
SQRT(CWFK 0 9 )  

lDeROUT 3 T I  r b * R I N  
I L L  % E S L ( T I B E J O I ~ S J I ~ Y O , Y U )  
I L L  B ~ ~ L I T I I @ ~ J O ~ ~ I J ~ I Y @ I Y U ~  
O(1 ,L )  r B l J O  S B I l ( 1 , L )  8 B I J l  

i O l 1 , L )  i 88JO 
i l ( 1 , L )  r B 9 J l  
l N T l N U E  
113 t C E a 2 1  J T l P  
116 M I $ , N  
Icnr u aten, 4 ~ K F A S T  
le  r a z t ~ )  
IR r RHOqRHB 
IS  r SQRT(QQR 4 F K F K )  
I m GM$*RUUT S 3M 8 RH@*RBUT 
M u QMSWRIN S S I P  n R H I O R I N  

I L L  B E S L ( S R I G S T O ~ G $ T ~ I Y I , Y ~ ~  
I L L  6 B S L l T M l B S T O r 0 S T 1 ~ Y Z , v J ,  
ILL O E S L ~ S I M ~ ~ ~ T O I Q ~ T ~ I Y I ~ Y B )  
rLI, B P S L ~ T ! ~ ~ ~ ~ T Q I B ~ T ~ ~ Y K I Y @ )  
O l l C 6 , M )  r B I T 0  S B I l ( l C E , M )  r E l l $  O b I O ( l C E , M )  r Q I T O  
i ( l C E , M l  6 G I 7 1  

1 0 ( l C E 4 M )  w @ S T 0  
i l ( I G 6 , M )  6 D B T 1  
; O ( l c E I M )  r GSTO 
i l ( I C E I M )  r G S T 1  
l N T l N U E  
I N 7  1  hUlf  

8 1 C E a i t J T B C  
3 b MBSrN 
~ I ( I M A X L ~ , I C E , M )  QS1( ICE,M)  
I ~ ( I M A X L I I  ICEIM) * B S I ~ I C E I M )  
t l ( l , I F E , P I  r B l l t 1 C E 1 M j  
f l ( l r ! C G , C )  r G I L ( I C E I M )  
9NT I NUS 
i L R  r { R b L T  - R I N ) / l M I X  
5LR r , 5 l t E L R  
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D @  5 I n r o t l l n r x  

TRAP La# 'N  r K e 0 5 c l l t L J  
SIGMA TRAP 6 05*FK 
O Z t ~ t b  F A O l * t l , * T R I P  f K t  
00 r GIBMA*S~GMA 
D # SQRTt lRCK QQ) 
TI g *FR( lMP)  
718 D * t C R ( l M P )  - DBLR) 
CALL O E ~ O ( T D B ~ O ~ ! ~ ~ ~ ~ I L ) )  
l F t I H C o Q Q I 1 l  G Q  7 8  1 
e r L L  e e s s ( t i , o r i t I w . i , L u  

1 CBNT lk l J t  
De 9 ICLa?,  JTOP 
DB b M m i r N  
QZtM)  8 QZtM) 6 FKfAST 
An8 8 o z t n ,  
OQR r RMB*RH$ 
OMS r SORTtOQR r F K r K )  
SH r RH@*PP l lHP)  S 9 M i  8 RH9*fPRl !MP) DCLR) 
TI! r GMS*?RtINP) 8 TMI  m QMS*IPRtIMP) DELR) 
CALL RE40 [ tNaOtO(CwP8ICE,MI)  
CALL @ESQCSMIGTO~ ICPI I C C W  
I F t l M P 1 6 0 , l )  0 1  78 6 
CALL Q b $ l l T M l , B T l t  ~ M P , l C @ , M ~ )  
CAI, 9 8 6 1 C $ M i t Q T l ( l M P 1  I C W )  

6 C w t l N u T  
5 CBNVINUC 

RETURN 
BhD 
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P R I N T  4 0  
4 0  P B R M A T ( $ H ~ *  F A R P I E  LO PATTERN * / / ? X I  ANGLE 

I) ae *I) 
I@ ~ D , O r l I 0 l  s RHBC 1 9 0 0 0 0 0 ~ ~ 1  
DO l l / ( 2 , r N P T S I  S DELTH r DDmPI t DELTHD * 1 8 0 , r D D  
NPT n NPTSWI E J C A X T  a J M A X H  
~ P ( R I N I B Q ~ O , )  JHAXH m 0 
DB 2 J m i l l C A X  
P B I T f J )  m bNSILCMAX - JMAXH 1 - J I  
V 0 @ 7 l J I  a VkL tLCMAX - JMAXH 1 J) 
V f @ P ( J )  e VCL(JMAXC JI 

2 PTBPIJI a LNS~JMAXI*J )  
DB S J ~ ~ I J C A X T  
P B U T ( J ) $  AhS( IMAX%JMAXH*J I  
V 8 U t l J I s  V E L l I M A X ~ J M A X H * J )  
VQUT(JMAX *l-J) m V E L (  LCMAX *I *JMAXH*(MAX * J) 
PQUTlJMAX *a -J )  l ANS( LCt4AX +I *JMAXH*IMAX J)  
JHAXH m JMAXT 
IF (R IhaOQ,Q, )  QB T d  966 
D B  969 Jm$tJMAXH 
P I N S t J I  8 ANS(JMAXH*I*J)  
V I N $ ( J )  V E L ( J t l A X k * l * J l  
V IN$(JMAX+a  - Jl VELfLCMAX =JHAnH J I  

965 P I N S ( J M A X + l  - J) 8 ANS(LCMAX *JHAXH J) 
061 T I  9 7 0  

966 D8 9 6 9  JmatJMAX 
V I N S ( J I  m ( O t O o 0 1 0 )  

969  P I N S t J )  ( 0 1 0 1 0 1 0 )  
9 7 0  FFII  1 5 * r K * D E L Z  

RB 8 l K b R Q L T  S R I  P K r R I N  
CALL O E B L E R B I B S O t O ~ B ~ Y ~ t Y ~ l  C A L L  B E S L ( R ~ I B S ! , B J ~ I Y ~ J Y O )  
08 e BSB*RBUT 0 1  m B S I * R I N  
B J I  m R l N l B J i  S B J @ U T  r R e U T r B J @  
I F ( l C 8 R  E Q 1 0 )  Qe T 6  2 0 2  
B S I  m R ~ N ~ R I N * B S I / C I S T  f BSB m RAUT*R~UTIBB@/DIST 
0 0  TO 2 0 3  

a 0 2  e s l r e s e r o ,  
2 0 3  BJ8UT m BJI?UT 4 I * B S b  D B J I  m RJ! I a B S I  

SbM c o , o l o , o )  
0 0  37 U!ItIt,MAx 
A D D l T  m ( B j B U T * P @ U T t K )  * B J I * P ! N S ( K ) )  
ADDIT$. P H E C * ( V I N S ( K ) * B I  V B U T t K ) r B @ )  
A D D I T  m A D C l T  - A D O I T 1  
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37 SUM r SUM 4 ADDIT 
P F I  rn F F l r S U M  S F F V T  r f O l O ~ O 1 O )  
D8 58 K e l t l M A X  
RL  8 P R ( K )  * ,9*DELR S RU RL r DbLR 
TU 5 FKaRU I T L  FK*RL 
CALL B E S I ( T U t B U )  O CALL B E S l ( T L 1 B L )  

1 8  FFVT a FFVT ( V T O P ( K )  r V B e T ( K l l o ( a U * B U  R L * B L )  
PFO . C A B S ~ F F I  s  FPVT*,5sRHOC) 

9 0 2  DEG 8 0,0 1 F P @ M  8 Ol0 
PRINT 3 3 1  C E Q l r F B M  
D e  1 J*SINPT 
TkETA . J*CELTH 
CQSTH CeS(TWETA) E S I N T H  . S I N f T H E T A )  
b R O I  . l e P K * S l N T H  
TT a R I @ C @ S T H  
CALL  B C S L ( T T I B S ~ I B ~ ~ I Y O I Y ~ )  
B (  = R I N * @ S &  
TT R W C 8 S T H  
CALL B E S L ( T T I B S ~ I B J ~ , V O ~ U )  
BJ Im R I N * B J $  O 0J8UT R@UT*RJ2 t Be a R@UT*BSZ 
I F f l C B R a E Q n O )  08 TQ 205 

06, TO 2 0 7  
2 0 4  BJBUT r BJUUT*CBSTC 

B J I  B J I # C 8 9 t U  
2 0 7  F F I  , 5 * I * f C E X P ~ A R G I * D E L Z )  m I I ) / S I N T H  

SbM . ( O e 0 1 0 e O )  
D0 I K ~ A I  JYAY 
CEM C b X P ( A R G I * P L Z ( K ) )  
ADDIT m fB,BUT*POUTlK) B J l * P I N S ( W ) ) r C E H  
ADDIT$ s ( V e U T f K I * B O  r V l N S t K ) * B l ) * R W 0 C * e E M  

4 SUM . SUM 4 ADDIT - A D D I T 1  
PFI .  F F I * S L M  
SbM ~ 0 1 0 1 0 . 0 ~  
PFTE r S/C89TH 
ARGl  r ~ * F M * Y * S ~ N ? C  
CEM C E X P f - A W 6 I )  
CEP r CBNJG(C6M) 
DO 5 K.t l lYAY 
RL c P R ( K )  +  19*nELR S RL * P R I K )  m 13*DELR 
TT a CK*RU*C0STH 9 TTL FK*RL*C@STH 
CALL  B E 5 1 ( T T l B U I  S CALL B E S l f  TTLIBL)  
RLBL . RU*EU - RL*BL  
ADDIT m I a S I k T H * ( P a 0 T f K ) * C E P  - P f B P ( K ) * C E M )  
ADDIT$  r R b O C * f V T e P ( K I * C E M  4 VRaTcK)*CEP I 

5 SUM . SUM 4 ( A D D I T  - ADDITII*RUBL 
TFTB . SUMrFFTQ 
FFM e C A B S I F P I  r F F T B )  

300 F Q R M A T t 2 X I ~ C f E 1 0 ~ 2 ~ E 1 0 , 2 ) / )  
DEG r JoDELTHD 
PFM 8 ALICE*LBGFfFPM/FFO)  

1 P R I N T  3 3 1  fEG1TFM 
3 3  P Q R M A T ~ ~ X ~ F ~ Q ~ S I F Z O , ~ / ~  

I F f D E G + G E , O l , A N D t J S V M , N E , l )  Q0 T Q  9 0 0  
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(00 ::L:: :otDILTI  I OILTHO . -DILl!YI 
P R I N T  905 

909 P ~ R M A T  t a x / w  
81) t 0  90P 

9 0 i  a a ~ t r ~ u i  
END 
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DJMENSl@N & H I L ~ ~ ~ O ) ~ H A T ~ ~ O ~ ~ ~ ~ ~ R W S ~ S O I ~ A N S ~ M C T ~  
TYPE COMPLEX CC#CC2,8H@LDnRHS 
B l H E N S l @ N  C t 2 ) n C X f 2 ) r C X 2 I 2 )  
?YPE CBMPLEX H A T ~ B ~ ~ O ~ A N S ~ B ~ ~ ~ ~ ~ B ~ ~ B ~ ~ ~ B I B L O ~ B ~ ~ ~ B ~ ~ ~ ~ ~ ~  
TYPE I N T E Q E R  V 
eQUIVALENCE I B Z I G ) ~ ( C C ~ C X ) ~ ( C C ~ ~ C X ~ )  
DB $ D O  J e a , n e r  
QHal,DtJI 8 M A T t J t ~ C T + l )  

1 0 0  RA?'(tJnHCT 1) R H S t J )  
1 0  P B R M A ? ( ~ X ~ C ~ E ~ ~ , ~ O I E ~ ~ ~ ~ O ) ~  
33 FBRMAT(25H T H I S  MATRIX I S  S lNOULAR/)  
28 C B R H A T I $ H $ )  

N C T r M G T c l  
JSINOmJPINaMCT 
1XwQS B ~ s ( O S ~ ~ O , O ) S  B l i @ ( l o O ; O t O )  
J C T Y H C T W I  
DO $ JmL4JCT 
K K B  J*l 
DOT8 85 

2 4  DB 4  K @ K K # C C T  
BBrMAT(K ,  J ) / H l T t  JIJ) 
D8 I L@JoNCT 
B$O#Bd*MAT (J  sL I 

5 H A T ( K I L ] ~ M A T ( K ~ L ) . R ~ D  
4 CBNTINUL! 
S B ~ $ # B ~ ~ * M A T ( J I J )  

BL%#Ba18HAT(MCT#MCT)  
L @ w a ~ n C T s  P e w - i s  
DB 6 lNMmL@NtM@ 
HI!ABS(INM) 
BOI~MAT(HI~ 'CTI  
B ~ B H A T ( M I ~ ~ )  
B 4 8 / O 8 O , O 8 0 )  
l P ( 1 X )  ? ,2217 

2 9  I X m l x + l  
oat;@ e 

7 M @ 2 r s d P l N  
D 8  Q INNrL@W,M02 
N l ! A B S ( { N N )  

9 B 4 a Q 4 * M A T ( Y t N I * A N S ( N )  
B Q ~ B O = B ) O  ~ d I I N w J ? l h = l  

I I F (  C ~ ~ ) ~ B E ~ O I ~ A N D ~ C ( ~ ) ~ ~ Q ~ O ~ )  1 3 8 2 9  
2 0  A N S l M ) r B 0 / 8 2  

6 CONTINUE 
00 78 2 1  

23 V e J  
CClMAT(J,J t  
IF( CX($I,EQaOo aAhQ,CX(2)oEQ,O,) 1111I 

11 IF(V ,EQ J I I N O ) 1 3 n 1 4  
$3 ~ ~ 1 ~ ~ 2 0 1  P R I N T 1 3  

RETURN 
1 4  V r V c i  

C C ~ R M A T ~ V U ~  1 

2 SO 
2 4 0  
2 9 0  

0 0 0 0 0 2 5 5  
2 6 0  
261 
262 
2 7 0  
280 
2 9 0  
J 0  0  
3 1  0  
sao 
3 3 0  
3 5 1  
3 3 2  
3 4 0  
3 5 0  
3 6 0  
3 6 1  
3 7 0  
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IF(X,GTlS1)Q8 70  L 
X T  a t X r X ) / 9 ,  
BJlr N * ( , B  b ~ t * ( e ~ 5 6 2 4 9 9 8 5  XT*(,I10955YS ~ T * ( - t 0 3 9 B 4 2 8 9  

1 XI*( ,00413319 r XT*(-  ,000S1761 r XT*,00001109~ 1 ) )  1 )  
RETURN 

SX @ t , I S X  
Bd1 m SX*Fi*C@S(T$) 
RETURN 
ENTRY 0eSO 
1 F ( X , G T , 5 b )  dB t 0  5  
X T  8 ( X I X ) / 9 ,  
B J I g ( l ,  XT*(-2,2499997 XT*(1,2656208 K T * (  -,3163866 

1 XT*(,04444?9 6 X I * ( -  ,0039444 + XT+,OOOP100))))1) 
RETIJPN 

Y XT J,/X 
F0 r 17978e436 +XI* ( - ,00000077 r X T r  ( m ,  00552740 r X ~ * ( * ~ 0 0 0 0 9 5 ~ 2  

1 4 XT*(C001372J7 X T * ( - , 0 0 0 T 2 8 0 ~  * X T ~ , 0 0 0 1 4 4 1 6 ) ) ) ) )  
T O  1 X-178939816 4 XT*(*,04166391 XT*t-,00003994 XT*(10026297S 

1 Xt*(*IOOOS4125 4 XT'(*,00029533 ,OO0/3558*XT))))1 
O X  r SQRT(Y ) 
SX ?I I , /SX 
I341 SX*FO*CBS(TO) 
RETURN 
fkD 
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IF(X,GT,S )Q@ 78 a 
XT i t x * x j / 9 ,  
BJO@(&, XT.1-2,2499997 XT*(1826$6208 * XT*(  -83163866 + 

1 XTbf10d444v9  6 XT*b- 80039444 X T r , O 0 0 2 1 0 0 ) ) ) ) ) )  
BJ lg  XO( + X l O t * ~ 5 6 2 4 P 9 8 5  XT*(  ,21093573 XT* f.8039542B9 + 

X T r t , 0 0 4 4 3 3 1 9  r XTof=,OoOS1Tbi X T * , 0 0 0 0 1 1 0 9 ) ) ) ) ) )  
RETURN 

1 XT i s , / x  
CO 6 ,7V78e496 r X T * ~ ~ , 4 0 0 0 0 0 7 7  6 XTr (a ,00152T40  l X T * ( - ~ 0 0 0 0 Q 9 1 2  

1 + ~ ~ r t , 0 0 1 3 T 2 5 7  + XT@(-,OOOT2805 * X T * , O 0 0 1 4 4 7 6 ) ) ) ) )  
879788456 * K T * ( t 0 0 0 0 0 1 5 6  + XT*(sO1699667 + XTo( ,0001710 I  * 

1 KT*( -  ,O0249!l11 r XT0(,001136SS - , 0 0 0 2 0 0 3 3 * X T ) ) ) ) )  
7 0  6 X-,783398$6 XT* ( - , 04166397  XT*( - ,00003954 6 XT* ( t00262973  

1 * x T * l = , 0 0 0 5 4 1 2 5  + XT*t-,OOO20533 l , 0 0 0 1 3 5 5 B * X T ) ) ) ) )  
71. x - 2,35419449 X T *  ( , 11499612  6 X T r (  ,000Od650 * X T * ( - S O O ~ S ~ B ~ W  
i 4 X T 0 ( ~ 0 0 0 7 4 3 4 8  * X 1 * ( t ~ 0 ~ 7 9 8 2 4  m , 0 0 0 2 9 1 6 6 * X T ) ) ) ) )  

SX 8 SQRTCX) 
SX a i , / S X  
BJO R SX*rO*COSLTB) 
eJ1 . s x * r a * c a s f T a )  
RETURN 
END 
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D I H E N S l Q N  A K ~ ~ ) ~ B K ( ~ ) ~ A E ( ~ ) I R E ( ~ ) , A ( ~ ) , ~ ( ~ )  
P l M 6 N S I @ N  P A ( 4 ) , ? @ ( 4 , t Q A t 4 ) c Q e ( 4 ,  
D A T A  ( C A u 3 e e  Q272b4t2651187~33~S3St6773ZO~38110~495~ 
D A T A  
D A T A  ( G I  1 4 2 ~ 2 4 2 8 3 5 ~ 3 0 2 ~ 7 ~ 7 8 6 9 1 3 ~ 2 ~ 0 1 ~ 4 Q B ~ 2 1 m ~ 2 1 8 ~ 9 ~  
D A T A  t0B~481i9b927~482148S984~1i14~978889~449~~90326~ 
DAT~(~2r0,2~0000000),(CIu0~010416667~,fF6u0~0002S14~1) 
U A ~ A 1 F 8 ~ 0 ~ 0 0 0 0 ~ 3 1 6 0 ) 1 ~ F 1 0 ~ 0 m 0 0 0 0 0 0 0 2 ~ ) 1 ( F ~ @ 0 ~ 0 5 5 5 5 ~ 5 9 6 ~  
D A T A ~ C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ F ~ I O , O O O O ~ ~ ~ I S ~ I ~ P ~ ~ O ~ O O O O O O S O ~ ~ ~ ~ F ~ ~ ~  

1 t 0 0 0 0 0 0 0 f l 2  ) 
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