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Algebraic Manipulation by Computer
R. R. DASENBROCK

Operations Research Group
Mathematics and Information Sciences Division

Abstract: This report describes a program which has the capability of performing
literal algebraic manipulations on a high speed electronic computer. Emphasis is concen-
trated on the manipulation of the Poisson series occurring in the classical theory of lightly
perturbed dynamical systems. The program is written in Fortran and is now operational
on aCDC-3800. With little or no modification it could be implemented on any computer
possessing a Fortran compiler.

INTRODUCTION

Recent advances in laser satellite tracking techniques provide an order of magnitude improvement
in measurement accuracy over earlier techniques. To utilize this new capability, it is apparent that
parallel advances be made in the analytical theories describing the orbits of artificial satellites under the
influence of the various perturbing forces. To utilize the improved data, the required extension of the
theory involves a major effort in developing and manipulating the algebraic series used to describe the
equations of motion of the satellite. Such an undertaking is time consuming and prone to errors when
using manual methods. Thus it is imperative that computer-automated algebra be developed to manipulate
the extensive literal expansions required for an accurate analytical theory.

The earliest efforts in programming literal algebraic expansions on a computer were carried out by
Herget (1) in 1958. However, due to the limitations of the IBM-650 in use at that time, little progress
was made until the introduction of the high speed computers in the early sixties. Formac (2) was
introduced in 1964 and was followed by Mathlab (3), Reduce (4), and LAM. (5) a few years later.
These languages were quite general and required little programming skill on the part of the programmer but
unfortunately could not efficiently satisfy the widely varied demands of each individual user. This was
especially true for the more serious researchers attempting to solve the involved algebraic problems
encountered in celestial mechanics. Many minutes of central processor time were required when solving
seemingly simple problems. Users were almost always plagued with system failures due to storage over-
flow when attempting to solve sizable problems.

To satisfy their own specialized requirements, some researchers began to construct their own
algebraic manipulation programs to cope with their own specialized needs. For example, Deprit (6)
has introduced a program called E.S.P. (Echeloned Series Processor) to compute an analytical lunar
ephemeris. In a similar manner, Jefferys (7) and Broucke (8) have constructed similar programs to
manipulate the Poisson series occurring in classical perturbation theory.

NRL Problem B01-10, Project RR 00G3-0241-6152. This is a final report on one phase of the problem; work
is continuing on other phases. Manuscript submitted February 22, 1973.
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The program described here grew mainly out of the author’s unsuccessful attempts at implementing
Reduce at the Naval Research Laboratory (NRL). This language is regarded as one of the best and most
versatile algebraic manipulators available at present. However, the program is written in Lisp (9) (a
general list-processing language) and requires a Lisp 1.5 compiler for operation. At present Lisp generally
has not been operational on any CDC computer with the sole exception of the CDC-6600 at the University
of Texas. (It is operational, however, for most IBM machines.) Furthermore, the limited storage capacity
of the medium-size NRL CDC-3800 computer is not sufficient to handle Reduce when any reasonable
size problem is considered.

Another system, I.AM. (Interactive Algebraic Manipulation), has been available at NRL on a time-
sharing basis. This is a genera! algebraic manipulator designed for the nonprogrammer. However, it was
found to be slow, expensive to use, and incapable of expanding and applying implicit identities to
trigonometric series. The program required over 20 s of central processor time on a PDP-10 computer
to perform a calculation which required about 3 hr by hand. Although this amounts to a time saving
of over 500 to 1, the system is still not effective for extensive calculations.

To be effective, one should be able to reproduce a computation of the size of, say, Delaunay’s
original lunar theory in a reasonably small amount of central processor (cp) time (several minutes or
less) on any present-day, large-size electronic computer. Although this may seem like an unrealistic
requirement, it should be recalled that one of the fundamental requirements of the program being
considered here is the ability to significantly expand upon such a theory in a reasonable amount of
cp time. Here we define a reasonable increment of cp time as the maximum that can be assigned to a
single run at most computer centers (usually several hours or less). A larger amount of time would be
unreasonable in relation to the machine — just as 20 years of manual computation is unreasonable for
one man.

As we require that the machine should reproduce in several minutes what Delaunay accomplished
in 20 years by hand, a machine-to-man speed factor of over several hundred thousand to one is desired
(this naturally assumes that Delaunay spent at least several hours per day on this task). From the
author’s experience, it appears that most of the general algebraic (symbol) manipulators in use today
have attained a speed factor of not more than 5000 to 1. Thus, these systéms appear to be of limited
use when performing massive algebraic calculations.

It is interesting to note that the overall modern high speed electronic computer is capable of out-
pacing its human counterpart by over 10,000,000 to 1 when performing numerical computations. How-
ever, when manipulating algebraic expressions, the same computer becomes over 1000 times less
efficient. It seems that much improvement in software (and hardware) development is needed over what
is apparently the present state of the art.

PROGRAM OBJECTIVES

The construction of a general purpose algebraic manipulator suitable to the needs of a diverse
multidisciplinary research community appeared to be unfeasible for the reasons presented in the preceding
section. Therefore, it was decided to restrict the range of applicability of the manipulator to a specific
area of research and at the same time produce a result which is fast and efficient within its domain.
Compatability of the program with the NRL CDC-3800 and an efficiency factor of over 100,000 to 1
were specific goals of the developmental program.

The programming was carried out in Fortran because of its compatability with other machines and
the ease of interpretation of this language by other users. However, to make the program user orientated,
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it may become necessary to rewrite several key subroutines in assembler language. Currently, the NRL
computer center is considering replacing its CDC-3800 with a new and much larger machine. Once this
transpires, an attempt to develop an assembler language program may be made.

A program was therefore devised to manipulate the sometimes lengthy Poisson series occurring
in the study of lightly perturbed dynamical systems such as found in astrodynamics. Desired manipulator
capabilities include the addition, subtraction, multiplication, simplification, differentiation, and integration
of one or more Poisson series. With the successful implementation of these algebraic operations, it would
be possible to produce high-order series solutions to a set of first-order differential equations that char-
acterize the mathematical foundations of certain astrodynamical problems.

INTERNAL REPRESENTATION
Each term of a Poisson series can be written in the form
<Rational) . (Polynomial of > . (sin) . (Argument involving a linear )
fraction several variables €os combination of several angles/"
Many problems in classical perturbation theory can be solved using a series of this type. In addition,

this series is significant in algebraic manipulation because it contains several important properties:

® The sum, difference, and product of two Poisson series is a Poisson series.
® The substitution of one Poisson series into another yields a Poisson series.
® The symbolic integration and differentiation does not change the form of the series.

Internally to the machine, each term of the Poisson series is represented by six 48-bit words. These
words, which are in common to all subroutines, are

NEXT(k) gives the location (index) of the next term in the list

N(k) integer numerator

M(k) integer denominator

TEX(K) polynomial index containing eight packed* integer exponents whose values
are restricted from —32 to +3|

ITRIG(k) sine-cosine bit; —1 or +1 for sine and cosine, respectively

IRG(k) trigonometric argument index containing the (up to eight) packed integer

coefficients whose values are restricted from —32 to +31.
Both IEX(k) and IRG(k) are 48-bit octal words of the form
iijikkllmmooppqq,

where ii. jj, etc. denote the eight packed octal coefficients in the range 0 <ii <77. The octal constant
of 40 is taken as zero, 46 as +6, 35 as —3, etc. Thus the null index is of the form

4040404040404040 (octal).

e .

**Packed” in this context mecans the storage of several smaller words into the space of one larger 48-bit word.

il b i A b

SORPREN




4 R. R. DASENBROCK

Because of a hardware constraint* on the CDC-3800, the null index is restricted to the form
2040404040404040 (octal).

Thus, the leading integer polynomial and trigonometric coefficient is restricted to the range of —16 to
+15.

STORAGE MANAGEMENT

The success of any algebraic manipulator depends on the effectiveness of the storage management
procedures that have been devised. Elementary list-processing techniques are used to handle efficiently
the sometimes large series that are generated as intermediate and final results. The chain of elements
comprising a series is denoted as a /ist. Distinction is made between an active list containing one or
more elements and an inactive list which denotes the null series (see Fig. 1). No limit is set as to the
total number of different series, provided that the total available memory is not exceeded. In other
words, space is allocated to the nonvanishing terms only. Also, adjacent elements of a particular list
may be interlaced with the terms of separate lists and the free storage; e.g., see. Fig. 2.

HEAD END
POINTER POINTER

i f
[ ] B B MAX (1)

MSTART(I)

;I
f
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< > A
x

MSTART (2)

MAX (2)

MSTART (3)
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MSTART {4)

MAX (4)

MSTART (5}

<

g
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MSTART (6) Max (6}

:
\/
\/
\/
\/
\V/
g

MSTART (7) MAX (T)

MSTART (8)

MAX (8)

MAX (9)

INACTIVE
2
w
=
>
3
S
! I I

FREE

L2ero O—0O—0 O—0O—0O

]

Fig. 1 — Internal list structure (symbolic). Round symbols denote free storage throughout.

*The largest (octal) integer permitted is 3777 7777 7777 7777.
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MSTART (2)

Fig. 2 — Example of actual internal list structure

The location of the lead term of a particular list I is given by the head pointer MSTART(I) and
its terminal location by the end pointer MAX(I). The elements of each list are chained together by
pointers, i.e., the location of the (j+1)th term is given by NEXT(j). The location of the preceding
element is not given; a chain cannot be followed in its reverse direction. The storage not allocated to
active storage is denoted as free storage which is also kept in chained format with the lead cell location
given by LZERO. The space required for each multiplication, addition, etc., is taken as needed from
free storage, whereas the unneeded space created as a result of simplification is returned to the free cell
storage where it is again available for use as required. “Garbage collection™ is carried out continuously
in this manner. The storage management is automatically carried out by the data chain routines (to
be described later) and thus is of no concern to the potential user.

DATA CHAIN MANIPULATIONS

A number of subroutines will now be described which manipulate the series in various ways. A
hierarchy of operations is constructed starting from the simplest and growing in complexity to the more
complicated operations. Each successive procedure depends upon those before it and thus the coding
is kept relatively simple, most routines being kept to less than one page of Fortran statements. These
subroutines are required by the mathematical and algebraic routines to be described later and are generally
not required explicitly in using the program.

I

Tl iabalban i

oo



Subroutine Start
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This subroutine is called initially at the start of the program. It performs a number of initial
housekeeping duties of which the most pertinent are as follows:

® The head pointers MSTART(I) and MAX(I) are initialized.

® The total memory to be used is set up as free storage in chained format. LZERO is set

to denote the first free cell.

@ The first 20 prime factors are defined.

Subroutine Switch(l, J)

This routine interchanges the correspondence of the series I with that of J;ie., [ & J.

Subroutine Zero(l)

This routine negates the series I and releases its occupied space to free storage. To illustrate this
subroutine, suppose the list arrangement of Fig. 3a. CALL ZERO(I) rearranges the pointers, and the
resulting list arrangement is shown in Fig. 3b. MSTART(]) is set to zero and I becomes the null series.

MSTART (I}]

—

~¢———— OCCUPIED STORAGE

LZERO L—————O——-O—»O—»O ~4——— —  FREE STORAGE

MSTART (I)

LZERO

(a)

2

Fig. 3 — List arrangement before and after CALL ZERO(I)

Subroutine TRANSF(1, J)

J is negated (if active) and the space returned to free storage. A new list J is created equivalent
to but separate from I. Consider the particular list structure of Fig. 4a. After CALL TRANSF(1,J)
the rearrangement of Fig. 4b takes place.

U FON S

SIS ST

E T
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MSTART (1)

MSTART (J) ———ﬁ———-ﬁA

(a)
MSTART (T) I
MSTART {J) ]
LZERO
(b

Fig. 4 — List arrangement before and after CALL TRANSF(i J)

Subroutine PACK(I)

All entries of I which are zero are returned to free storage and only the nonzero entries are chained
together: e.g., suppose we have the structure shown in Fig. 5a. After CALL PACK(I) the list is re-
arranged per Fig. S5b.

Subroutine SIMPLIFY (1)

SIMPLIFY(I) collects like entries in I. The resulting unneeded storage is released to free storage.
The terms are ordered according to the argument index, the sine<cosine bit, and the polynomial index,
respectively, during this operation.
Subroutine ORDER(1)

The entries of 1 are rearranged according to the special ordering priorities set up by the user.

Usually the terms are ordered in the standard way in the routines SIMPLIFY and MULTIPLY; however,
ORDER(I) will rearrange the list to meet the special requirements.
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MSTART (I) |—————pp- —D-O ’O

= }——O—O—O0—0—O

MSTART (I)

-O—-0O0—0—0

(b)
Fig. 5§ — List arrangement before and after CALL PACK(I)

MSTART (1) 4 —d | = BN 2
@)

MSTART (1) 4 ' 3 2
(b)

Fig. 6 — List arrangement before and after CALL ORDER(])

Suppose the unordered list of Fig. 6a exists. CALL ORDER(]) rearranges the pointers as in Fig. 6b.
The actual terms are not moved in storage. Only the pointers are recomputed.

Subroutine REVERSE(I)

The order of the series I is reversed. Suppose we have the list arrangement of Fig. 7a. After CALL
REVERSE(]), the pointers are rearranged per Fig. 7b. This routine reduces the accumulative addition
time significantly. It is most effective when adding a small number of new terms to a much larger,
already simplified result.

Lt d st

i
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MSTART(I)————-H | jp———pl 2 P 3 e 4

(a)

MSTART (I) 1 H 2 3 |jg—] 4

(b)
Fig. 7 ~ List arrangement before and after CALL REVERSE(I)

ALGEBRAIC MANIPULATIONS

Another set of subroutines has been devised to carry out the various mathematical and algebraic
operations. These procedures and the speed with which they are carried out depend upon the data chain .
procedures just described. Before these routines are described, a few words about the computational
mode is in order. Whenever possible, the coefficients are computed as exact integer fractions, However,
it is impossible to avoid the unwieldly fractions which appear when higher order expansions of certain
functions are computed. When this is the case, a floating-point representation is used. Here the computa-
tional speed is increased since the integer fractional coefficients need not be searched for common factors.
However, a new problem appears. Due to roundoff errors, terms with small coefficients sometimes appear
when subtracting theoretically equal terms. Provision for negating these terms must be made because
badly needed storage is wasted if these small coefficients are retained (see subroutine FACTOR below).
The use of floating-point coefficients is almost mandatory when performing extensive high-order calcula-
tions and is also convenient when evaluating literal expressions numerically.

Subroutine FACTOR (N, M)

A call to this subroutine automatically removes the first four prime factors (2, 3, 5, 7) from the
numerator and denominator (N, M). More or less factorization may be carried out if desired. The first
20 prime factors may be removed if necessary. When working with inexact coefficients, this subroutine
negates any term whose coefficient is less than EPSILON, a lower limit on the size of the coefficient.
This limit is set according to the physics of the problem at hand; i.e., several orders of magnitude less
than the smallest coefficient physically meaningful.

Subroutine ADD (1, J, K)

For I # J £ K the series J is added to I and the simplified result is placed in K. IfK =1 the

routine acts as an accumulator, i.e., [+J-1.

Subroutine SUB (1, J, K)

This routine is similar to ADD, only J is subtracted from [.

it o 1

s

bbbl i
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Subroutine MULCONS (I, n, m)

The series I is multiplied term by term by the rational fraction n/m.

Subroutine MULTIPLY (1, J, K)

Each term of the series I is multiplied with that of J to form a result which is stored in K. Provision
is made to truncate any term whose order exceeds a specified value. During multiplication, the following
trigonometric identities are introduced implicitly:

2cosxcosy =cos (x+y)+cos(x—-Y)
2cosxsiny =sin (x +y) —sin (x —y)
2 sin X cos y =sin (x +y) +sin (x —y) )
2sinxsiny =-—cos(x+y)+cos(x—y)
cos (—x) = +cos x
sin (—x) = —sin x
cos(0) =1
sin (0) =0

Due to the introduction of the above trigonometric identities, two terms are produced (labeled A
and B in Fig. 8) for each product I.,J,. The required spaces for A and B are taken from free storage.

MSTART (I) I
MSTART (J) In
*
LZERO Al— 8
MSTART (K) | . e

Fig. 8 — List arrangement during multiplication of subproduct I ¥,

Next the partial result K must be searched for like entries. If such a term is found, the new term
A or B is combined with it. If no such entries are found (as is shown in the example of Fig. 9) the new
terms are inserted (in order) in the partial list K. The actual terms are not moved in memory; only the
pointers are recomputed.
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LZERO A B

MSTART (K) bt - B f

Fig. 9 — List arrangement after A and B terms are inserted in K

PN

The searching operation just described can be very time consuming if not carried out efficiently.
Since the partial result K is always ordered, it is not necessary to search its entire length each time a
new term is produced. A scheme has been devised using this fact to perform the search in an optimal
manner. First the new term is compared to the middle term of the list. This comparison determines
whether the lower or upper half of the list need next be searched. The remaining portion is again
halved, and the new term is again compared with its midpoint, This procedure is carried out repetitively
until the correct location for the insertion at the new term has been determined. For a list of 4000
terms only 12 such comparisons need be made. Actually, because the partial list K is always kept in

chained format, the midpoints of each successive half-interval cannot be determined by formula directly.
To circumvent this problem, the pointers (which give the location of the successive term) are mapped
onto a linear array. It is this area that is searched, and the locations of the required midpoints are
obtained directly. As this mapping is in itself time consuming, it need only be carried out a dozen or

so times during the course of a long multiplication. The effect of this procedure is to make the program
running time solely dependent on the total number of multiplications performed and eliminate its
dependence on the length of the final result. For example, a multiplication which produced a result of
over 4000 terms required over 1 hr of cp time without the optimal search. After the implementation of
this technique, the time was reduced to less than 2 min!

Subroutine POWER (I, n, J)

The series I is multiplied by itself (n—1) times and stored as J; ie., ["=J.

Subroutine EXPAND (1, k, m, n, J) B

The binomial expansion of the quantity (1+I)™/™ is computed where |1| <<1. The pair (m, n)
are integers. The expansion is terminated at order k in I. The result is stored as J.

Subroutine DERIV (1, j, K)

The Ith chain is differentiated term by term with respect to the jth packed variable. The result
is stored as the Kth chain. I remains unaltered unless I = K.
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Subroutine NDERIV (1, j, £, K)

The Ith chain is differentiated with respect to the jth packed variable & times. The result is stored

as K.

Subroutine BRACKET (1, J, m, n, K)

The Poisson bracket [I, J],, , is computed with respect to the variables m, n. The result is stored
as K;ie.,

Subroutine INTEG (1, j, K)

Each term of I is integrated with respect to the jth packed variable. The result is stored as K.

Subroutine SUBAB (I, J, m, n, 9

In the Tth chain, the substitution m2 = 1 — n? is made where m, n represent the m and nth packed

variable. That is, when sin i, cos i are stored as polynomial variables the substitution becomes cos?i =1 —

sin%i. This substitution will in effect search for the trigonometric identity sin2i + cos2i = 1. The opera-
tion is carried out £ times and the result is stored as J.

In the expression 315/512 costi — 135/256 cos?i + 27/512, CALL SUBAB (1, J, m, n, 2) performs
the substitution, cos2i = 1 — sin?i, twice. The result is 315/512 sin%i — 45/64 sin2i + 9/64. This
substitution sometimes results in a substantial reduction in the size of certain intermediate and final
expressions.

Subroutine CUT (1, J)

All (a) periodic terms in I are negated. The released memory is returned to free storage. The
result is stored in J.

Subroutine SECULAR (1, J)

Similar to CUT(, J), except that only the periodic terms are negated. Only the constant terms
remain.

Subroutine TRUNCATE(], J,j, )
All terms above order £ in the jth packed polynomial variable are negated. In general only the

terms between order LORDER and MORDER are retained during multiplication. The rest are negated
before they are stored and simplified. The result is stored as Jif I # J.

B b sod
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Subroutine SELECT (1, J, j, £)

All terms of order £ in the jth packed polynorqial variable of the series I are retained. All other
members are removed.

Subroutine CHOOSE (1, J,j, %)

All terms of periodicity £ in the jth packed trigonometric argument are retained.

Subroutine TAYLOR (1, J, £, m, K)

A Taylor series expansion is performed on the series I with respect to the £th packed variable;

m .
o
f(x + AX) =z El? g 0 (AX). 2)
k=0

The f(x) and Ax terms are stored as I and J, respectively. The expansion is terminated at order m in
Ax. The result is stored as K.
Subroutine EVALUATE (1,7, j, A)

The floating-point number A is substituted for the jth packed polynomial variable. The result is
stored as J.
Subroutine OUT (I)

The series I is printed or punched in a literal form. The punched form is Fortran compatible and
can be inserted as part of another Fortran program with no additional modifications. The output may

be given as described in two different forms.

® The coefficients of each term are given as exact integer fractions whenever possible. The remain-
ing coefficients are presented as floating-point numbers.

® All coefficients are presented as floating-point numbers.

PROBLEM EXAMPLES
Exponentiation
Suppose we wanted to express (E sin M)S in the form

5

(E sin M)’ =ZCi sin jM. 3

i=0

>
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We store the quantity (E sin M) in location 1. To obtain the final result we write CALL POWER (1, 5,
2). The program computes the desired quantity and places the result in location 2. To obtain the
printed result, we write CALL OUT (2). The result is

1#E#x S#SINC SM)
16

;2*Et# SxSINC 3M) 4)

SxExk SKkSINC 1M)
8

Multiplication

Let us multiply the series from Eq. (4) by (E sin M). The result as obtained from the subroutine
MULTIPLY is

~1%xEx» 6xCOSC 6M)
32

3xE+«x 6%COSC 4M)

16 (5)

-15%Ex* 6+C0OS( 2M)
32

SxE*%x 6
16

The result is essentially (E sin M)® (E sin M) or (E sin M)6.

A Binomial Expansion

Suppose we wished to expand (1 + E sin M)~ ! to order 8 in E. We write CALL EXPAND (1, 8,
—1, 1, 2) and CALL OUT (2). The result is shown below.

=TxE*%x 8#COS( 2M)

1*E*% 8%COS( 8M) 16
1128
~19%E%* 6%COS( 2M)
1#E*®* TSIN( TM) 32
64
—1®E*% 4%COS( 2M)
—1*#Ex%* 8%COS( 6M) 2
16

(Equation 6 Continues)

o |



(Equation 6 Continued)
~]#E #%
32

~THEXX
64

—1®E %
lé

TRE %%
32

FHEX#
16

1% E %
8

SL1RE**
64

5%E %%
16

1HE #%
4

6*COSH

T*SIN(

S®SIN{

8#COS|(

6*COS |

4*#COSH

TH*SIN(

S*SIN(

3%SIN(

A Polynomial Raised to a Power

An example would be (X+Y+Z)**24. We store the polynomial X+Y+Z in location 1 and write CALL
POWER (1,24,2). To obtain the printed result, we writt CALL OUT (2). The result is shown below

in Eq. (7):

1#Xx%24
SUXHHDFHY H#
COIAFH ST R

QTORX®RR LY H3
PEVAD L VL AL
2TORXHK QDL HH#
QU24HXFH D] HY
GO T2¥XKH2THY #i#
XN PAIS I FACAZ S
2020-XHH L H 7 %%
10626#X*#2Q3#Y ##
42504 X*E2QRY R

N = =

1%z

23 Z %3
1% Z%%

3RZE%
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- 6M)

5M)

5M)

4M)

4M)

4M)

3M)

3M)

3M)

—

~1#E#% 2%COS(

2

~35%E %%
64

T®SIN(

-5 REH%
8

SESINY

-3 HEX#
4

3*SIN(

~1®E#** J#SIN(
35#E#% 8
128

OHEXR 6
lé6

IARERR 4
8

1E*% 2
2

1*E*% O

63THOE*XH*20%Y#%
42504%X%%DQRY #¥
10626% X% 0% Z#%
42504 XHE]GRY H
212520%XH¥ ] GHY ¥
425040 XH¥%]1GHY X%
425040%XH%] 9RY # ¥
2125208 X% 1 9RY %%
42504%X*R]9RZ AR
134596%X%¥ ] BRY#¥
BOTSTONX*H ] GHY %%
2018940%XH%1B*Y %

Z2M)

1M)

iM)

M)

M)

2HZH#
1% 2%
4
5
LR EHR
37K *
QRZHH
1#Z %%
5
6
SHZH#
LEZ R

;WK w

N -

15

©

(Equation 7 Continues)
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(Equation 7 Continued)
2691920 X% ] HY RN 3HZHH*
2018940%X kH* 1 BRY RS JHZR%
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(Equation 7 Continued)
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(Equation 7 Continued)
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(Equation 7 Continued)
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The Determination of the Legendre Polynomials
From the definition,
(1—m5+$r”2=2 5 P(E),
i=0

the quantity (1 — 28E + §2)~1/2 is expanded in powers of § by the routine EXPAND. The coefficients
of each &1 are collected by the subroutine SELECT. The results for P,(E) (1 <ii < 10) are given below.
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O O Po(E) =154Fa% 2
Py
S 34Eus 0
&
3eEe® 2
b (E): 2 634Cae ©
«ltEa® @ Ps(E): o
e «a3BeEe® 3
4
S¢Eqt 3 15%Eq0
2 8

e30Fae

(Equation 8 Continues)
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(Equation 8 Continued)
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{Equation 8 Continued)

- 296
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128
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A Series Solution to a Differential Equation
We choose the solution to Kepler’s equation relating the orbital mean anomaly to the true anomaly.
This example is chosen, as the result may be compared with the published solution in the literature (10).

The differential equation to be considered is

a%l=(l —e)=3/2 (1 +ecos )2 (f=M,when M=0). ©)

We wish to compute (f -- M) to a high order in e. Assume le | <<1.
To first order in e. Use

df

— = 2 — =2 i
M l1+2ecosf=f—M=2esinM (10)

To second order in e: The first order-solution is used on the right-hand side, i ;

S = (143722 + ) (1 +e cos (M + 2e sin M))2 an
=f_M=2esin M+ 5/4e?sin2M+ ... . (12)

To order (k+1) in e: The solution to order k is used on the right-hand side as follows:

’ 2
k
a%:(]_ez)’*z/z ! +Zz%](e cos M) (f—M)J . (13)

=0
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The above procedure was repeated to order 7 in e. The solution involved the multiplication and simplifica-

tion of over 1500 terms using about 10 s of cp time on a CDC-3800.

The solution for (f — M) to seventh order in e is as follows.

~43REFE SHGIN( 3M)

f-M = g#E#¥ 1#SIN( 1M) 64
~l#p%% IXSIN( 1M) GoORER¥ TRGIN( 3M)

4 512
H¥RE*x® S*SIN( 1IM) 103#*E#% 4*¥SIN( 4M)

96 Y5
107#E#% T#HSIN( 1IM) —=451®ENR EXSIN{ 41)

5 480

4608 + (14)

Sitp it 2%G5IN( 2M) 10Y7®e*% 5XSIN( 5M)

4 Yoo
~11%#E** 4%SIN( 2M) =58 TRERK TXSIN( bHM)

24 4608
L7#%g%x% 6RSIN( 2M) lzZs%E®% H6*xSIN( 6M)

192 960
13%pR% 335IN( 3M) G727 7A%E %% TRSING 1IN

12 32256

We do not propose that Kepler’s equation be solved in this way, as more sophisticated methods are
available; however, it is obvious that such equations can be solved in this straightforward manner easily
and quickly by computer. The method avoids the use of Bessel functions which are required if extensive
hand calculations are made.

Another useful relationship is the quantity

1 —e?

I _
a l+ecosf

(15)

It is desired to compute r/a as a power series in e. The expansion for r/a is computed from Eqs. (14)
and (15) as follows:

cos f is expressed in terms of M from the subroutine TAYLOR;

7

P N R 16
cos f = o aMk(cos W — MK, (16)

k=0



where (f — M) has already been computed and is given by Eq. (14). The result for cos f to seventh

power in e is listed below.

cos = 1024%E#i#
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(17)

The quantity E cos f is computed from Eq. (17) using the subroutine MULTIPLY, (1 + e cos f)~! is

determined from this result by the routine EXPAND, and (1 — ¢2) (1 + e cos f)~ ! is obtained from

MULTIPLY. The result for r/a is

rla= =16807(%L#¥*
46080

— D THE R
80

*COS |

6¥COSH

M)

6irt)

— ] #E %

16

I#p#® 4%C0OS(

3

6¥%COS(

2M)

Z2M)

(Equation 18 Continues)
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(Equation 18 Continued)

Multiplying Eq. (17) and Eq. (18), the result for (r/a) cos f to the seventh power in e is vas listed.
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3M)

2M)

2M)

2M)

2M)

1M)

(18)

(Equation 19 Continues)
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(Equation 19 Continues)

—2#E** 5%COS( 4M) SRER* 4%COS( 1M)
5 192
L*E** 3%COS{ 4M) —3¥EX* 2%COS( 1M)
3 8
S6T*E*% 6%COS( 3M) 1*E** 0*COS( 1M)
5120
-34E*% 1
2 (19)

Equations (14), (17), (18), and (19) may be checked with the published solutions in the literature
(eg., Ref. 10, pp. 76, 77). All solutions appear to be correct except for the leading term of Eq. (19).
Brouwer apparently dropped this term in his expression.

We need not restrict ourselves to order seven in the solution of Eq. (9). The following result
represents the extension of the solution, i.e., Eq. (14), to order 20 in E. The calculation involved
110,800 multiplications, 212,030 simplifications, and required 32 min and 34 s of cp time. Note that
not all of the coefficients can be expressed as rational integer fractions.

SepxxE 2XSIN( 2M)
4
f—M= 2%E#% 1%#SIN( 1M)
~Ll1%E** HGXSIN( 2M)

~1%E*%* 3%¥SIN{ 1M) 24
&4
17#Ex% 6XSIN( 2M)
SAEX® SHSIN( 1M) 192
96
- , 43XEX® BXGIN( 2M)
107#E#* T*SIN( 1M) 5760
4608 .
, 6TTH*EX*X10*SIN( 2M)
621T*#E** 9XSIN( 1M) 69120
368640
T23TREXXL2%¥SIN( 2M)
5658 TYXRE#*L1#SIN( 1IM) 967680
44236800
201221 %E*%14*SIN( 2M)
75257101 *#E*%#13%SIN( 1M) ' 33177600
7431782400
14T48550THEXXLEXSIN( 2M)
2753673031 #E**15%SIN( 1M) 29262643200
32943851520

(Equation 20 Continues)
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(Equation 20 Continued)
0e006918728*EX*1T*SIN(

0005898236 #E**]19%SIN(

13#E*% 3*SIN(
12

~43#E*% SEGIN(
64

95xE*% T*SINI
512

~9T73%E %% g%GIN{
61440

19503 #E** 11 *SIN(
2293760

1839669%E**13*#SIN(
367001600

5343941 %E*¥%]15#SINI
1258291200

0003574 T760%EX#]17%SINI
0e003065427T#EX*¥19XSINI

103#E*% 4¥SINI
96

=451%E*x¥* 6%*¥SIN{
480

4123%Ex*® BXSIN(
11520

~1619%#E**]1Q*SIN(
24192

111929%E*¥#]12*SINT
7741440

1004561 #E*3#14%SIN(
348364800

19476613 %E%*¥1O*¥SIN(
5971968000
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M)

iM)

3M)

3M)

3M)

3M)

3M)

3M)

3M)

3M)
3M)

4M)

4M)

4M)

4M)

4M)

4M)

aM )

0e0042734T78%EX*]18*SIN(
0e003682707*#E**#20%SIN(

LOYT#E** S5*¥SIN(
960

=595 7#E¥* THSIN(
4608

164921#E#% 9*SIN(
258048

~4305913#EX*]1*¥SIN(
24772608

130821245%E#*# 1 3%GIN(
3567255552

=~ 203628841 *#E**¥]15%¥SIN(
142690222080

0000295869 THE** 1 T*SIN (
0+002136669*E**19%¥SIN{

1223%E*% 6%SIN(
960

=7913%E*% g*SIN(
4480

TTISL*E**JO*¥SIN(
7168

~82021*E¥**12%#SIN(
215040

27225 T*E** 14%SIN(
2867200

~42T4153%*E#**16%SIN(
315392000

0e004144578%#ER*1H#SIN(

0«001564250%E#*20*SIN(

2M)

2M)

5M)

5M)
5M)
5M)
5M)
5M)
5M)
5M )
6M)
6M)
6M)
6M)
6M)

eM)

6M)

6M)

i 1 e,
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(Equation 20 Continued)
0.002722219%E**18%SINI

0002360083 %#E*%20%SIN(

47273%E*%* TRSINI
32256

=]1773271#E%% 9XSINY
737280

93521 303%E** 1 1%¥5IN(
53084160

=48551339T1#E**]13%5IN(
6370099200

255385984003 %E*%]15%SIN{
1121137459200

~0+¢046520105%E XX THSIN(
0.009689576#E**19#SIN(

556403#E** BX*SIN(
322560

=4T45483%#E*%]0*SINY
1451520

32431949%EX¥]12%SIN(
11612160

=2T43090943#E** 1 4*¥SIN(
1916006400

050593944 2#E** ] 6*SIN(
~0e128583404%E*%#] %S5 IN{
04027382916#E*%20%SIN(

10661993 %E*% 9xSIN(
5160960

~101836961%E**11*SINI(
22937600
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4M)

4M)
™)

™)

™)

™)

™)

™)
M)

8M)

8M)

8M)

8M)

8M)
8M)
8M)

9M)

9M)

27

8755984901 %#E**13*SIN (
2018508800

9M)

=4531046449REX*¥]15%SIN (
1761607680

9M)

16054917381 %EXx%X]1LT*SIN( 9M)

“0e317514591¥E %% I9*SIN( 9M)

7281587T*E**]10*SIN (10M)
2903040

=7697245TREX**]12%¥SIN (10M)
12773376

2032943839%EX*14%¥SIN(10M)
306561024

~4e46T7506512%#E¥%]16%SIN(10M)
2¢091520606#E%¥%18%*SIN(10M)
~0e7261425TOREX%20*SIN(10M)

6292901 7101#E** 1 1*¥SIN(11M)
20437401600

~=729210780611%E*#*]13%SIN(11M)

89181388800
10011153832*E##15%SIN(11M)

~T7e556348822%#E¥* 1 7*SIN(11M)

30982363731 %E**9%SIN(]11M)

T218065%Ex*# 1 2% IN(12M)
1892352
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(Equation 20 Continued)
=1160934354LTREX*L4*¥SIN(12M)

140960084231 %E**16*SIN(12M)
=12¢509955991#E*%#]18%SIN{12M)
70336769221 %#E*%#20%SIN(12M)

607188626819TTHEXHL3%SIN(13M)
12752938598400

=15e049693699*E**#15*¥SIN(13M)
22168114 T8%#E*%]1T*SIN(13M)
=20¢348648516%E**L9%SIN(13M)
5¢981529320#E %% 14 *SIN(14M)
~206416T04332¥EXX]1EXSIN(14M)
326617976855 %E#* 1 8*¥SIN(14M)
=32¢613263099%E*%#20%SIN(14M)
Te556537646%E**]15%SIN(15M)
~2T¢698312581#EX*]1TXSIN(15M)
4TeTQ6541979%E#*]19%SIN(15M)
9e59244659TREXR]LE*SIN(16M)
=3Te578431522#E**18XSIN(16M)
69¢415410321#EXX20%SIN(16M)
120228525304 %E*¥% ) TXSIN(1TM)
=50e985450920%E X% 1 9%GIN(1TM)
15664T7459425%E%* ] 8%*SIN(18M)
~69¢179694]161#EX*#20%SIN(18M)
204089098638 #EX*]1IXSIN(19M)

254868631638%EX*20%SIN(20M)

(20)
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Equation (20) may be computed and expressed in terms of floating-point coefficients only. The

result is Eq. (21).

2+000000000%E*% ] *#SIN( 1M)
1¢250000000%#E%x 2%¥SIN( 2M)
=0¢250000000%E** 3*SIN( 1M)
1.083333333#E** 3%#SIN( 3M)
=0458333333#E*% 4HXSIN( 2M)
1e072916606THEX® 4XSIN( 4M)
0052083333%E#* S*SIN( 1M)
~0e671875000#E%#* L5*SIN( 3M)
1¢142708333#E** S5*SIN( 5M)
008854166 7#EX* &#*SIN( 2M)
=0e939583333%#E%* 6X*SIN( 4M)
16273958333 #E%% O6XSIN( O6M)
0023220486#E%% 7HGIN( 1M)
0¢1855468T75%#E%*% TXSIN( 3M)
~1e292751736%E** TGIN( 5M)
1e465556T796#E**® THSIN( TM)
0¢0074652T78#E** 8*SIN( 2M)
0¢357899306*#E*% BXSIN( 4M)
=1e766294643%E%* GRSIN( 6M)
1e72495969T#E*% 8XSIN( 8M)
001686469 2#E** GXSIN( 1M)
=0.015836589%E%* 9IXSIN( 3M)
0639109778%E** 9XSIN( 5M)
=2e¢405152723%#E*% 9*¥SIN( TM)
2¢065893361%E** 9#SIN( 9M)
0¢009794560%E*%10*¥SIN( 2M)
=0e¢066922950#E*¥%10*¥SIN( 4M)
14081333705#E*#*10*SIN( 6M)
=3e269319748%E*¥X]0*SIN( EM)
2¢508262718%ER®10*SIN{1IOM)
0e0127920Q42%E*¥%11%*SIN( 1M)
0008502633 *#E** 11 *¥SIN( 3M)
=0e¢173817508*E#*11*#SIN( 5M)
1le761755352#E#*11*SIN( M)
~4e439T39162*#E*¥*]L]LXSIN( 9M)
34079110463 #E*¥X]1L*¥SIN(11M)
Oe¢0074T787L2REX®LI2HSIN( 2M)
00014458421 *E**]12*SIN( 4M)
=0¢381422061%E*¥*12*¥SIN{ 6M)
20679292901 L*E**]12#SIN( 8M)
=64026007298*E**¥]12%SIN(10M)
3e¢814335282#E*¥%]12%#¥SIN(12M)
0¢010126387THE#*13*SIN{ 1M)
0005012700%E*%]13*SIN( 3M)

04008270683 %E#*]15%¥SIN( 1M)
O0eQ042469B3#EXK]S*¥SIN( 3M)
=0e001427069#EXX]5XSIN( 5M)
0e22779180THEX*]1S5XSIN( TM)
=2¢5T72108T705%#EX*]15%SIN( 9M)
100011153832%Ex*15%SIN(11M)
=156049693699*¥L ¥#]1O*¥SIN(]13M)
Te55653T646#ERX]EXSIN(]LEM)
0005040063 *E**16*SIN( 2M)
0¢003261339#E#**]6#SIN( 4M)
=0¢013551875*%E%#%16*SIN( 6M)
0050593F442*E**]16#SIN( 8M)
=4046T506512*EX*16*¥SIN(10M)
14.960084231#EX¥%16%SIN(12M)
~20e416704332*E*X16*SIN(14M)
Fe59244659TRER*]LE6XSIN(L16M)
0006918728 *#E**]17T*SIN( 1M)
0003574 700#EX*1T*SIN( 3M)
060029586 THEXX]T*SIN( 5M)
=0¢046520105*EXRLT7*SIN( 7M)
10054917381 %EX*#]1T7XSIN( 9M)
=7e556348822%E®*1TXSIN(11M)
2241681141 78#E#%]1T7%#SIN(13M)
=27¢698312581#EX*17*SIN(15M)
124228525304 #E%#¥% 1 7RSIN(17M)
0¢00427347BHEX*]18XSIN( 2M)
0600272221 9%#E**18%¥SIN( 4M)
00004144578#EX**]18XSIN( 6M)
=0¢128583404%EX*]18XSIN( 8M)
2¢091520606%EX*18%SIN(10M)
~12450995591#EX*18*¥SIN(12M)
32¢617976855#E*X18%*¥SIN(14M)
~37e¢5T8431522*E**18%SIN(16M)
1566474594 25*E** 1 g%#SIN(18M)
0005898236 #E*%19%SIN( 1M)
0e00306542THEXX19XSIN( 3M)
0¢00213666IREX¥]IIXSIN( 5M)
0e00968BI5TOHEX*LIIXSIN( TM)
=0e317514591%EX*L9%SIN( 9M)
3698236373 1REXR]LOIXSIN(LIM)
~20e348648516#E**¥]19%¥SIN(13M)
4T7¢7065419TOHE*%]19%SIN(15M)
~50e985450920%EX*19%SIN(L1TM)
204089098638*EXX]19*SIN(19M)

(Equation 21 Continues)
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(Equation 21 Continued)

0¢036672799%LE*%]13%SIN( 5M) 0e003682T0THEX*R20XSIN( 2M)
«0e76217556THEXX]LI3XSIN( TM) 06002360083 %L %%20%SIN( 4M)
46337848268 ®E*%¥]13%xSIN( 9M) 0e001564250%E %% 20%SIN( 6M)
=86176714T788REX**]3XRSIN(11IM) 0e027382916%E#%*20%SIN( 8M)
46T761166394#EX*®]13XSIN(13M) =0eT7261425TO*EX#20%SIN( 10M)
0eQOO6064966HEXKTLHSIN( 2M) Te336T69221#E*%¥20%¥SIN(12M)
0e0Q0288364TREXR*]14L4%XSIN( 4M) =32e613263099%E**20*¥SIN( 14M)
06094955 706#EXRLL4ASIN( 6M) 69415410321 %EX#*¥20*¥SIN(16M)
~1e4316T71QTSREX*14%XSIN( B8M) =69e¢179694161*E**20%¥SIN( 18M)
666314491 40%EXX14%SIN(10OM) 25868631636 #E#%¥20%¥SIN(20M)
=11¢093435417*%E%x*x]14*SIN(12M)
5¢981529320#E**¥ 14 %SIN(14M) 1)

CONCLUDING REMARKS
The following concluding remarks are in order.

@ [t appears that algebraic manipulations of interest in classical perturbation theory may be easily
performed on a high speed computer using the Fortran language.

® The use of elementary list processing techniques appears to be quite advantageous when manipulat-
ing large series internally to the machine. This method of storage management was tried along with a
packed format representation (adjacent terms in a series stored in adjacent locations in memory). Whereas
the latter method proved simpler in implementation, it proved to be nearly useless when larger scale
calculations were performed which required the most efficient use of core storage.

® Extremely lengthy algebraic computations requiring 10 min or more cp time usually require
additional storage (disk or drum) for intermediate results.

©® The program can be run on any computer possessing a Fortran compiler and a 48-bit word
length (or greater) with no modifications. It may be adapted to any machine with a shorter word length
with minor modifications.

® The program will perform about 100 multiplications per second. This includes the time required
for simplification and for the removal of common factors in the numerator and denominator. About
one man-years work in algebra can be reproduced in one minute of central processor time on a CDC-3800.
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Appendix A

PROGRAM LISTING
SUBROUTINE START
FORMAT (1H1)
FORMAT (///)

FORMAT (20X»22H START OF EXECUTION AT»I546H HOURSs I3 i

# 8H MINUTES»I398H SECONDS)

COMMON/ L/NEXT(6500)/72/N{650U)/3/M(6500)
COMMON/4/1EX(6500)/5/1TRIG(6500)/6/IRG(I6500)
COMMON/T7/LFACTL(30) sNUTIL(30)9sMSTART(125) sMAX(125)
COMMON/8/KFACT(10) sKMAX #sMORDERLORDERSLZERO INDEX
COMMON/9/NOFACT s NORDERSNOSIMP sNPRINTsLPRINT/Z16/NEXACT
COMMON/12/LPMAX/13/LPRIME(20)/14/EPSILON/15/NOFIX

TYPE LOGICAL NOFACT s NORDER¢NOSIMP s NPRINTsLPRINToNOFIX9oNEXACT
DIMENSION MPRIME(20)

DATA (MPRIME=2939597911913917919923
* 299319379419439047953957959961967)

CALL TIME(MHIMMaMS)

PRINT 100

PRINT 102 sMHsMMeMS

PRINT 101

NOFACT=0FALSEO

NORDER=¢TRUE

NOSIMP=eFALSE«

NPRINT=eFALSE.

LPRINT=eTRUEs

NOF IX=eTRUE »

NEXACT=sFALSE

LPMAX=4B :
EPSILON=1e0E~12 !
LORDER=-37B :
MORDER=+37B

LZERO=1
INDEX=20404040404040408B

DO 5 K=1920s1 —

LPRIME(K)=MPRIME(K)

DO 6 K=141091
KFACT(K)=0

KFACT(8)=1
KFACT(10)=MORDLR
LFACTL{1)=1

DO 7 K=291691
LFACTL(K)=K*LFACTL(K=1)
CONTINVE

DO 8 K=1930191
NUTIL(K)=0

CONTINUE

DO 9 K=1912591
MSTART(K)=0

MAX(K)}=0

CONTINVE

DO 10 K=19650091
NEXT(K)=K+1 -
N{K)=0
M(K)=ITRIG(K)=+1
IEX(K)=IRG(K)=INDEX
CONTINUE

NEXT(6500) =0

RETURN 32
END
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SUBROUTINE SWITCH(ISA,1SB)
FORMAT (40QH ¥*%*## MSA AND/OR M3B ZERO IN SWITCH #*x%%)

COMMON/T/LFACTL(30) oNUTIL (30} sMSTART(125) sMAX(125)
COMMON/B/KFACT(10) oKMAX s MORDERYLORDER sLZERO INDEX
COMMON/S/NOFACT s NORDER o NOSIMP o NPRINT s LPRINT

TYPE LOGICAL NOFACT sNORDLER$HOSIMP 9 NPRINTsLPRINT
MSISA=MSTART(ISA)

MXISA=MAX(ISA)

MSISB=MSTART(1SB)

MXISB=MAX(1SB)

IF (MSISACNEeO+ANDeMSISBeNE«Q) GO TO 10

IF (NPRINT) GO TO 10

PRINT 100

CONTINUE

MSTART(1SB)=MSISA

MAX(1SB)=MXISA

MSTART (ISA)=MSISB

MAX(ISA)=MXI1SB

RETURN

END

SUBROUTINE FACTOR(NNsMi)
COMMON/12/LPIMAX/13/LPRIME(20)
IF (NNe¢EQeleOReMMeEQel) RETURN
IF (NNeEQeOeORMMetQeO) RETURN
DO 20 K=19LPMAXs1

KF=LPRIME (K)

N=NN/KF

IF (N¥KFeNENN) GO TO 20
M=MM/KF

If (M*KFeNEeMM) GO TO 20

NN=N

MM=M

GO 70 10

CONTINVE

RETURN

END

L RO PP (NP
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SUBROUTINE INDICES(1IZs11)
DIMENSION 111(8)

IA=12
11(8)=MOD(IA»1008)=408
IA=1A/1008B
11(7)=MOD(1A»100B)=~408
IA=]A/100B
I1(6)=MOD(IA»100B)=40B
IA=1A/1008
I1(5)=MOD(IA»100B)=408
IA=1A/1008
I1(4)=MOD(I1A»100B)=408
IA=1A/1008
I1(3)=MOD(IA»100B)~408B
IA=1A/1008
11(2)=MOD(IA»100B)~408
IA=1A/1008
IT(1)=MOD(IA»1008)~208
RETURN

END

SUBROUTINE IMPACT(IIIyslIA)
DIMENSION I11(8)
IP=(I11(8)+408)
IO=(I11(7)+40B)%1008
IN=(I1I(6)+40B)%*10000B
IM=(111(5)+408)%10000008
IL=(I11(4)+408)#1000000008

IK=(I11(3)+408)%100000000008

R. R. DASENBROCK

10=(111(2)+40B)%*10000000000008
IT=(111(1)+2081%1000000000000008

IAI [+1J+IK+IL+IM+IN+IO+IP
RETURN
END
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SUBROUTINE REVERSE(ISA)
COMMON/1/NEXT(6500) /7/1Y(30)912(30)sMSTART(125) sMAX(125)

MSA=MSTART(ISA)

IF (MSA+EQe0)} RETURN
MSTART (1SA) =MAX (1SA)
MAX(ISA)=MSA
LAST=MSA
KX=NEXT(MSA)
NEXT(LAST) =0

IF (KXeEQeO) RETURN
NKX=NEXT (KX}

NEXT (KX)=LAST

IF (NKXeLEeO) GO TO 70
LAST=KX

KX =NK X

NKX=NEXT (NKX)

GO TO 50

CONTINUE

RETURN

END

SUBROUTINE ZERO(ISA)

NRL REPORT 7564

e

Mk
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COMMON/1/NEXT(6500)/2/N(6500)/3/M(6500)
COMMON/4/1EX(6500)/5/1TRIG(6500)/67/IRG(6500)
COMMON/T7/LFACTL(30) sNUTIL(3U) oMSTART(125) sMAX(125)
COMMON/8/KFACT(10) s KMAXIMORLERSLORLERYLZERCs INDEX
MSA=MSTART( ISA)

IF (MSA«EQeQ) RLTURN

K=MSA

CONTINUE

N(K)=0

MIK)=ITRIG(K)=+1

IEX(K)=IRG(K)=INDEX

NUTILUL)=NUTIL(1)+1

KN=NEXT (K)

IF (KNe«EQe0) GO TO 20

K=KN

GO TO 10

CONTINUE

NEXT(K)=LZERO

LZERO=MSA

MSTART(ISA) =0

MAX(ISA)=0

RETURN

END
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SUBROUTINE TRANSF ( INITsIFINAL)
FORMAT (37H %%x%% STORAGE OVERFLOW IN TRANSF *xx%)

FORMAT (38H #3#%% MSTART(INIT) ZERO IN TRANSF #%%x)
COMMON/ 1/NEXT(6500)/2/N{6500)/3/M(6500)
COMMON/4/1EX(6500)/75/1TRIGI6500)/7671RGL6500)
COMMON/ 7/LFACTL(30) sNUTIL(30) sMSTART(125) ¢sMAX(125)
COMMON/8/KFACT(10) sKMAX9sMORDER 9LORDERSLZERQ s INDEX
COMMON/9/NOFACT oNORDERINOSIMP s NPRINT9LPRINT
TYPE LOGICAL NOFACTsNORDERSNOSIMP oNPRINTOLPRINT
IF (INITEQeIFINAL) RETURN

IF (LZERO«GT&0) GO TO 5

PRINT 100

CALL QUIT

STOP

CONTINUE

CALL ZERO(IFINAL)

MSTART(IFINAL) =LZERO

KFsLZERO

KI=MSTART(INIT)

IF (KIeGTe0) GU TO 10

IF (NPRINT) GO TO 8

PRINT 101

CONTINUE

MSTART(IFINAL) =0

MAX(INIT)=MAX(IFINAL)=0

RETURN

CONTINUE

N(KF)=N(KI)

MIKF)=M(KI)

IEX(KF)=IEX(KI)

ITRIG(KF)=ITRIG(KI)

IRG(KF}=IRG(KI)

NUTIL(2)=NUTIL(2)+1

KNI=NEXT(KI)

IF (KNI+EQeO) GO TO 20

KI=KNI

KNF=NEXT (KF)

IF (KNF«GT40} GO TO 15

PRINT 100

CALL QUIT

STOP

CONTINUE

KF =KNF

GO 70 10

CONTINUVE

LZERO=NEXT(KF)

NEXT(KF)=0

MAX(CINIT)=KI

MAX(IF INAL) =KF

RETURN

END
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SUBROUTINE PACK(ISA)

FORMAT (27H ®#%x MSA ZERO IN PACK #¥x%)
COMMON/1/NEXT{6500)/2/N(6500)/3/M(6500)
COMMON/4/1EX(6500)/5/1TRIG(6500)/76/IRG(6500)
COMMON/7/LFACTL(30) sNUTIL(30) sMSTART(125)sMAX(125)
COMMON/ 8/KFACT(10) sKMAXsMORULRSLORLERSLZERGs INDEX
COMMON/9/NOFACT s NORDER o ixOSTMP o NPRINT o LPRINT
COMMON/10/NTOTAL

TYPE LOGICAL NOFACTsNORDERSNOSIFP s NPRINT sLPRINT
K=MSA=MSTART(ISA)

NTOTAL=LNZP=0

IF (MSA.GT+0) GO TO 5

IF (NPRINT) GO TO 2

PRINT 100

CONT INULE

MAX(ISA)=0

RETURN

CONT INUE

MSA=0

CONTINUE

NADDR=NEXT (K}

IF (N(K)4EQeO) GO TO 20

NTOTAL=NTOTAL+1

LNZP=K

IF (MSACEQ.0) MSA=K

IF (NADDRe+EQeO) GO TO 30

K=NADDR

GO T0O 10

CONTINULE

IF (LNZP+GTe0) NEXT(LNZP)=NLXT(K)
KN=NEXT(K)

NEXT (K)=LZERO

LZERO=K

MIK)=1TRIG(K)=1

IEX(K)=IRG(K)=INDEX

NUTIL(4)=NUTIL(4)+1

IF (KNeEQeQ) GO TO 30

K=KN

GO TO 1o

CONTINUE

MSTART (ISA)=MSA

MAX(1SA)=LNZP

IF (LNZP«GTe0) NEXT(LNZP)=0

RETURN

END
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SUBROUTINE SIMPLIFY(ISA)

FORMAT (9H SIMPLIFYsI49l9H NUMPAR AND KOUNT =9215)
FORMAT (24H TOTAL NUMBER OF TERMS =31598H TIME =91594H SEC)
FORMAT [(29H POINTER NEGATIlvE IN SIMPLIFY)
COMMON/1/NEXT(6500)/72/N(6500)/5/M16500)
COMMON/4/TEX(6500)/5/1TRIG(6500)/7671RGI6500)
COMMON/T/LFACTL(30) s NUTIL(30) sMSTART(125) sMAX(125)
COMMON/8/KFACT(10) sKMAXsMORVLRoLORULERILZERO Y INDEX
COMMON/9/NOFACT s NORDER osNOSIMP o NPRINT o LPRINT
COMMON/ 10/NTOTAL/11/LMAP(256)
COMMON/12/LPMAX/13/LPRIME(20)/14/EPSILON/15/NOFIX
TYPE LOGICAL NOFACT sNORDERSNOSIMP sNPRIMNTosLPRINTsNOFIX
TYPE LOGICAL KSCAN®PNPRINT

IF (NOSIMP) RETURN

CALL TIME (MHesMMyMS)

NA=3600*MH+60%¥MM+MS

MSA=MSTARTI(ISA)

IF (MSAEQsQ) RETURN

PNPRINT=NPRINT

NPRINT=eTRUE »

CALL PACK(ISA)

CALL REVERSE(ISA)

MSA=MSTART(ISA)

ISB=102 $ CALL ZERO(ISB)

MSTART(1ISB)=sMAX(1SB)=MSA

MSTART (ISA)=NEXT (MSA)

NEXT(MSA)=0

KOUNT=1 $ KSCAN=sTRUES

NUMPAR=2

DO 80 JUX=19256+1

LMAP(JX) =0

CONTINUE

I1=MSA=MSTART(ISA)

IF (MSA«EQe0) GO TO 300

MSTART(ISA)=NEXT(MSA)

NEXT(MSA) =0

IF (NUMPAReGE+256) GO TO 100

IPAR=16*NUMPAR

IF (KOUNTWLEeIPAR) GO TO 100

KSCAN=«FALSE e

NUMPAR=2%NUMPAR

KS=MSTART(1SB)

DO 98 MX=1»9NUMPARy1

LMAP (MX)=KS

DO 98 MY=19891

KS=NEXT(KS)

IF (KSeLE«Q) GO TO 250

CONTINUE

L=MSB=MSTART(ISB) 3 LAST=0

IF (KSCAN) GO TO 125

MX=NUMPAR/2 % LX=LMAP{MX)

MDX=NUMPAR/ 4

IF (IRGILX)}=IRG(1)) 10591039107

IF {ITRIGILX)-=ITRIG(1)) 10591049107

IF (IEX(LX)=IEX(I)) 10591069107

IF (MDXeEQeQ} MDX=1

MX=MX-MDX $ MDX=MDX/2

IF (MXeLE«OQ} GO TO 118

st mcadedish
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LX=LMAP{MX) $ GO TO 102

106 L=LX % GO TO 160

107 IF (MDXeEQe0) GO TO 120
MX=MX+MLX $ LX=LMAP(MX)
MOX=MDX/2 $ GO TO 102

118 LX=MsB

120 L=LX

125 IF (IRG(L)Y=IRG(I)) 13091404170

140 IF (ITRIG(L)=ITRIG{(I)} 130+150,170

150 IF (IJEX(L)=TEX(I)) 1309160170

130 IF (LASTeNE«Q) GO TO 131
MSTART(1sSB)=1
NEXT(1)=L
KOUNT=KOUNT+1
GO TO 90

131 NEXT(LAST)=1
NEXT(I)=L
KOUNT=KOUNT+1
GO TO 90

160 CALL RFACTORAN(IYSMOI)oN(L)oMIL) oL oloN(L)IM(L)0)
N(I)=0
M{T)=ITRIG(I})=1
IEX(I)=IRGII)=1
NEXT(I1)=LZERO
LZ2ERO=1
NUTIL(S)=NUTIL(5)+1
GO TO 90

170 LN=NEXT(L)
IF (LN) 25091719172

171 NEXT(L)=MAX(ISB)=I
NEXT(1)=0 % KOUNT=KOUNT+1
GO TO 90

172 LAST=L $ L=LN
NUTIL(15)=NUTIL(15)}+1
GO TO 125

250 PRINT 1003 $ CALL QUIT % STOP

300 CALL SWITCH(ISAsISH)
MSTART(1SB)=MAX{ISB)=0
CALL PACK(ISA)
NPRINT=PNPRINT
IF (NPRINT) RETURN
CALL TIME(MHMM9IMS)
NB=3600*MH+60*MM+MS
NT=NB-NA
PRINT 10019 ISAsNUMPAR9KOUNT
PRINT 1002sNTOTALSNT
RETURN
END

NDEX
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SUBROUTINE RFACTOR{NAA»MAA sMEB sMBE sKNsKMaN+Ms PURPOSE )
FORMAT (50X928H LOOSING ACCURACY IN RFACTOR)
COMMON/12/UPMAX/13/LPRIME(20)/14/EPSILON/15/NOFIX
COMMON/9/NOFACT siNORDER S NOSIMP o NPRINT s LPRINT/Z16/NEXACT
TYPE DOUBLE ANsAMsBNsBMeCNsCMoFIIgF 4
TYPE LOUBLE ATOLBTOLCTOL SN 9SH
TYPE DOUBLE DMAX»EXFACTSCOLFF

TYPE LOGICAL NORDERsNOSIMPoMNPRINT9LPRINT
TYPE LOGICAL NOFACTsNOFIXsNEXACT
TYPE INTEGER PURPOSE

DATA (MAX=377777777777977778)

DATA (EXFACT=1.00+14)

DATA (MLIM=1000000)

DATA (ATOL=QeU1lDO)

DATA (BTOL=040001D0)

DATA (CTOL=04000001D0)

NA=NAA % MA=MAA

NB8=NBB % MB=MBB

IF (NOFIX) GO TO 10

IF (PURPOSE) 49495

N=NA*Mb+MA#NB

M=MA*MB

N=KN#N

M=KM#M

GO TO 400

N=NA#NDB

M=MA¥MB

NSKN*N

M=KM#M

GO TO 400

OMAX=MAX

AN=NA & AM=MA

BN=NB $ BM=MB

IF (PURPOSE) 15415920
CN=AN#BM+AM*BN

CM=AM¥BM

CN=KN*CN

CM=KM*CM

COEFF=CN/CM

GO TO 30

CN=AN#BN

CM=AM*®BM

CN=KN*CN

CM=KM*CM

COEFF=CN/7CM

GO TO 30

ABSAB=DABS({COEFF)

IF (ABSAB«GT+EPSILON) GO TO 50

N=0 $ M=]

RETURN

IF (NOFACT) GO TO 200

IF (IABS(MA)«LTeMLIM) GO TO 60
SA=ABS({AM)

SA=ALOG10(SA)

SA=SA+CTOL

SA=AMOD(SA1.0)

IF (SAeLTeBTOL) GO TO 200

IF (IABS(MB)eLTeMLIM) GO TO 70
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SB=sABS(BM)

SB=ALOGL0o(sB)

Se=s8+CTOL

SE=AMOD(SBs10)

IF (SBeLTeBTOL) GO TO 200

IF ({DABS{CN)GT«DMAX) GO TO 100
IF {DABS({CM) «GT W8 DMAX) GO TO 100
N=IDINT{CN+DSIGN{ATOLSCN) )
M=IDINT(CM+DSIGN(ATOLsCM))

GO TO 400

DG 120 K=1y9LPMAX1

KE=LPRIME(K)

FN=CN/KF

SN=DABS(FN)+BTOL
SN=DMODI(SNy10D0)

IF (SNeGTeATOL) GO TO 120
FM=CM/KF

SM=DAUBS{FM)+BTOL

SM=DMOD(SMy 10D0Q)

IF (SMeGT«ATOL) GO TO 120

CN=FN

CM=FM

GO 70 110

CONTINUE

IF {DABS{CN)eOT«DMAX)Y GO TO 200
IF (DABS(CM)eOTaDMAX) GO TO 200
GO TO 300

CN=COEFF*EXFACT

CM=EXFACT

NEXACT=eTRUE

IF (DABS(CN)eGTeDMAX) GO TO 220
IF (DAUBS(CM) eGT«OMAX) GO TO 220
GO TO 300

CN=CN/10

CM=CM/10

IF (DABSICN) el Tele0D3eORDAESICM) eLTele0D3) GO TO 415

GO 70 210
N=IDINT{CN+DSIGN{Oe5DOCN))
M=]DINT{CM+DSIGN{D«5D0OsCM))
RETURN

IF (NebQeleOReMetQel) RETURN
IF (NebQeQeOReMeEQWeO) RETURN
00 420 K=1sLPMAXy1l
KF=LPRIME (K}

NN=N /KF

IF (NN#*KFeNESN) GO TO 420
MM=M /KF

IF {MM*KFeNEeM) GO TO 420
N=NN

M=MM

GO TO 410

PRINT 1000 $ CALL QUIT % STOP
CONTINUE

RETURN

END

41
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SUBROUTINE CUT(ISAslISB)

FORMAT (30H RETAIN ONLY PERIODIC TERMS INs213)
FORMAT (26H #*x#% MSA ZERO [N CUT %*x*¥*)

FORMAT (34H %*#*%#% STORAGE OVERFLOW IN CUT **¥#)
COMMON/ 1/NEXT(6500)/2/N(65Q01/3/M(6500)
COMMON/4/1EX(6500)/5/1TRIG(65001/6/1RG(6500)
COMMON/ 7/LFACTL(30) oNUTIL (30} 9MSTART(125) 9MAX (125}
COMMON/8/KFACT(10) oKMAX sMORULR 9 LORDERYLZERO Y INDEX
COMMON/9/NOFACT s NORDER sNOSIMP o WPRINT 9 LPRINT

TYPE LOGICAL NOFACTsNORDERSNOSIMPoNPRINToLPRINT

DIMENSION TA(8)

IF (NPRINT) GO TO 2
PRINT 100s1SA»1SB
CONTINUE '
KEMSA=MSTART(ISA)

IF (MSA«GTe0) GO TO 5

IF (NPRINT)} RETURN

PRINT 101 $ RETURN
CONTINUVE

IF (ISA.EQeISB) GO TO 50
CALL ZERO(ISB)
JeMSB=MSTART(1SB)=LZERO
CONTINUE

JN=J

IF (ITRIG(K)eEGeQ) GO TO 20
IF (IRG(K)+EQeINDEX) GO TO 20
NIJ)=N(K)

M{J)=M(K)

IEX(J)=1EX(K)
ITRIG(J)=ITRIG(K)
IRG(J)I=IRG(K)

JN=NEXT(J)

CONT INUE

KN=NEXT(K)

IF {UNeGTe0) GO TO 30
PRINT 102

CALL QUIT

STOP

CONT INUE

IF (KNeEQeOQO) GO TO 40
JEJN $ K=KN

GO TO 10

CONT INVE

LZERO=NEXT(J)

NEXT{J)=0

MAX(IsSB)=J

CALL PACK(ISB)

RETURN

CONT INUE

IF (ITRIG(K)«EQeO) NI(K)=0
IF (IRG(K)eEQeINDEX) N(K)=0Q
KN=NEXT(K)

IF (KNeEQeO) GO TO 60
K=KN & GO TO 50

CONT INUVE

CALL PACKIISA)

RETURN

END
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SUBROUTINE SECULAR({ISA»lISB)

FORMAT (30H RETAIN ONLY CONSTANT TLRMS IN»213)
FORMAT (3QH #*%x%% MSA ZERO IN SECULAR dt##3#)
FORMAT (38H #*#%# STORAGE OVERFLOW 1IN SECULAR #3#¥#)
COMMON/1/NEXT(6500)/72/N16500)/3/M(6500)
COMMON/4/1EX(6500)/5/1TRIG(6500)/6/1RGI6500)
COMMON/T/LFACTL (301 sNUTIL(30)sMSTART(125)sMAX(125])
COMMON/B/KFACT(10) sKMAX sMORDER s LORLERSLZERC» INDEX
COMMON/ 9 /NOFACT s NORDER s NOSIMP OINPRINToLPRINT
TYPE LOGICAL NOFACTsNORDERSNOSIMP s NPRINT 9L PRINT
DIMENSION IA(8)

IF (NPRINT) GO TO 2

PRINT 100»1SAs1SB

CONTINUE

K®MSA=MSTART(1SA}

IF (MSA«GTe0Q) GO TO 5

IF (NPRINT) RETURN

PRINT 101 $ RETURN

CONTINUVE

IF (15A+EQeISB) GO TO 50

CALL ZERO(ISBE)

J=MSB=MSTART{ISB)=LZERO

CONTINUE

JN=J

IF (IRG(K)«NEsINDEX) GO TO 20

N({J)=N(K)

M{J)=M(K)

TIEX(JY=IEX(K)

ITRIGUJI=ITRIG(K)

IRG{U)I=IRG(K)

JIN=NEXT(J)

CONTINUE

KN=NEXT(K)

IF (UNeGTW40Q) GO TO 30

PRINT 102

CALL QUIT

STQP

CONTINUE

IF (KNeEQs0) GO TO 40

JEJN & K=KN

GO T0 10

CONTINUE

LZERO=NEXT(J)

NEXT(J) =0

MAX(1SB)=J

CALL PACK(1sB)

RETURN

CONT INUE

IF (IRG(K)aNE«INDEX) NIK)=Q

KNsNEXT (K}

IF (KN<EQeQ) GO TO 60

K=KN & GO TO 50

CONTINUE

CALL PACK(ISA)

RETURN

END
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SUBRQUTINE TRUNCATE(ISAsISBsIVARIBINUM)

FORMAT (16H RETAIN TERMS 'IN#I399H TO ORDERsI3s4H WRTs13)
FORMAT (31H *%%¥ MSA ZERO IN TRUNCATE #%%x%)

FORMAT (39H #%#%% STORAGE OVERFLOW IN TRUNCATE ##*#%%)
COMMON/1/NEXT(65001) /2/N(6500)/3/M(6500)
COMMON/4/1EX{6500)/5/1TRIG(65001}/6/IRG(6500)
COMMON/ 7/LFACTL (30} sNUTIL(30) sMSTART(125) sMAX(125)
COMMON/B8/KFACT(10) sKMAX sMORDER »LORDER s LZERO » INDEX
COMMON/9/NOFACT s NORDER sNOSIMP oNPRINT o LPRINT

TYPE LOGICAL NOFACT s NORDERINOSIMP 9NPRINTSLPRINT
DIMENSION TA(8)

IF (NPRINT) GO TO 2

PRINT 10091SAsNUMsIVARIBISH

- CONTINUVE

KsMSA=MSTART(15A)

IF (MSA«GT40) GO TO 5

IF (NPRINT) RETURN

PRINT 101 $ RETURN

CONT INUE

IF (ISA«EQeISB) GO TO 50
CALL ZERO(1SB)
J=MSB=MSTART{1SB)=LZERO
CONTINUE

JIN=J

CALL INDICES(IEX{(K)sIA) .

IF (JACIVARIB)«GTeNUM) GO TO 20

N(J)=N(K)
M(J)=M(K)
IEX(J)=1EX(K)
ITRIG(J)=ITRIGIK)
IRG(J)=IRG(K])
JN=NEXT (J)

CONT INUE

KNaNEXT (K)

1IF (UNeGTe0) GO TO 30
PRINT 102

CALL QUIT

‘STOP

CONTINUE
IF (KNeEQeQ) GO TO 40

J=IN $ K=KN

GO 710 10

CONTINUE

LZERO=NEXT(J)

NEXT(J)=0

MAX(1SB)=J

CALL PACK(ISB)

RETURN

CONT INVE

CALL INDICES(IEX(K)»sIA)} ‘
IF (TAUIVARIB) «GTeNUM) N(K)=0
KN=NEXT(K)

IF [KNeEQsQ) GO TO 60

K=KN & GO TO 50

CONTINUVE

CALL PACK(ISA}

. RETURN

END

sk
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SUBROUTINE SELECT(ISA»ISLsIVARIBINUM)

FORMAT (3H INs»I3913H SLLECT ORODULR9I394H WRTI1399H STORE INsi13)
FORMAT (29H *%%¥ MSA ZERO IN SELECT ##x#)
FORMAT (37H »*##% STORAGE OVURFLOW IN SELECT #%¥%%)
COMMON/ 1/NEXT(6500) /2/N(6500)/73/M(6500)
COMMON/ZG/IEXI6500)/5/ITRIGI6500)1/6/1IRGI6500)
COMMON/T7/LFACTL(30) oNUTIL(30) +MSTART(125) sMAX(125)
COMMON/8B/KFACT(10) skKMAXIMORDER o»LORDERWLZERO 9 INDEX
COMMON/9/NOFACT sNORDERsNOSIMP osNPRINT s LPRINT
TYPE LOGICAL NOFACTsNORDERJNOSIMP o NPRINT sLPRINT
DIMENSION IA(8)

IF INPRINT) GO TO 2

PRINT 100+ISAsNUMsIVARIBISE

CONT INUE

K=MSA=MSTART (ISA)

IF (MSA«GTe0) GO TO 5

IF (NPRINT) RETURN

PRINT 101 $ RETURN

CONTINUE

IF (ISAEQeISU) GO TO 50

CALL ZERO(ISB)

J=MSB=MSTART(ISB)=LZLRO

CONTINUE :

JN=J -

CALL INDICES(IEX{K)sIA)

IF (IA(IVARIB) «NE«NUM) GO TU 20

NLJ)=N(K)

M(J)I=M(K)

TIEX(JYSIEX(K)

ITRIG(J)=ITRIG(K)

IRG(J)=IRG(K)

JN=NEXT(J)

CONTINUE

KNSNEXT(K)

IF (UN«GT«0Q} GO TO 30

PRINT 1Q2

CALL QUIT

sSToOP

CONT INUE

IF {KN«EQeQ) GO TO 40

JEJN $ K=KN

GO 10 10

CONTINVE

LZERO=NEXT(J)

NEXT(J)=Q

MAX(1SB)=J

CALL PACK(ISB)

RETURN

CONTINUE

CALL INDICES(IEX(K)s1A)

IF (IA{IVARIB) eNE«NUM) N(K)=0

KN=NEXT(K)

-IF (KNeEQeQ) GO TO 60 .

KsKN $ GO TO 50
CONT INVE

CALL PACK{ISA)
RETURN

END
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SUBROUTINE CHOOSLE{ISAsISUs IVARIBINUM)
100 FORMAT (16H CHOOSE TERMS IN#I3915H OF PERIODICIIYsI3sdii WRI s I3)
101 FORMAT (29H *%%% MSA ZERO IN CHOQSE %**#¥)
102 FORMAT (37H #*%%% STORAGE OVERFLOW IN CHOOSE *¥¥%)
103 FORMAT (17H STORE RESULT INsl4)
COMMOM/ 1/NEXT(6500) 72/Nt6500)/3/M169500)
COMMON/4/TEX(6500)/5/1TRIGI6Y00)/6/IRG(6500)
COMMON/7/LFACTL(30) s NUTIL(30) ¢sMSTART(125)¢MAX(125])
COMMON/8/KFACT (10) s KMAX s MORUER s LORULR 9 LZEROY INDEX
COMMON/9/NOFACT o NOKDER ISNOSIMP sNPRINT o LPRINI
TYPE LOGICAL NOFACTsNORDERSNOSIMP s NPRINTSLPRINT
DIMENSION 1A(8)
IF (NPRINT) GO TO 2
PRINT 100+ISA»NUMs IVARIB
PRINT 103,158
2 CONT INUE
K=MSA=MSTART(ISA)
IF (MSA«GTe0) GO TO 5
IF (NPRINT) RETURN
PRINT 101 % RETURN
5 CONTINUE
If (ISAEQelISB) GO TO 50
CALL ZERO(ISB)
J=MSB=MSTART(ISB)=LZERO
10 CONTINUE
JIN=zJ
CALL INDICES(IRGIK)sIA)
IF (IACIVARIB)eNEeNUM) GO TO 20
N(J)=N(K)
M(J)=M(K)
TIEX(J)=IEX(K)
ITRIG(J)=ITRIG(K)
IRG(J)=IRG(K)
JN=NEXT(J)
20 CONTINUE
KN=NEXT(K)
IF (UNeGTe0) GO TO 30
PRINT 102
CALL QUIT
sSTOP
30 CONTINUE
IF (KNeEQe0O) GO TU 40
JEJIN $ K=KN
GO TO 10
40 CONTINUE
LZERO=NEXT(J)
NEXT(J)=0
MAX(1SB)=sJ
CALL PACK{1SB)
RETURN
50 CONTINUE
CALL INDICES(IRG(K)s1lA)
IF (IA(IVARIB) «NENUM) N(K)=0
KN=NEXT(K)
IF (KNeEQeQ) GO TO 60
KeKN $ GO TO 50
60 CONTINUE
CALL PACK(ISA)
RETURN
END
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SUBROUTINE MULCONS(ISAsICONSTsJCONST)

FORMAT (9H MULTIPLYsI343H BYsl6s1lH/916)

FORMAT (30K ##¥# MSA ZtRO IN MULCONS *#¥i)
COMMON/1/NEXT(6500)/2/N(65001/3/M16500)
COMMON/4/ITEX{65001/5/1TR1IG(65001/6/IRG(6500)
COMMON/T/LFACTL(30) sNUTIL(30) 9MSTART(125) ¢MAX(125)
COMMON/8/KFACT(10) sKMAX yMORUERyLORDER 9LZERQ INDEX
COMMON/9/NOFACT sNORDERINOSIMP sNPRINT o LPRINT
COMMON/12/LPMAX/13/LPRIME(201/14/EPSILON/15/NOFIX
TYPE LOGICAL NOFACT»NORDERINOS TPy INPRIN 2LPRINI 9NOF I A
ICONS=ICONST % JCONS=JCONST

CALL FACTOR(ICONSsJCONS)

IF (NPRINT) GO TO 10

PRINT 100»ISA»ICONSsJCONS

CONT INUE

IF (ICONS.EQeU) CALL ZERO(ISA)

K=MSA=MSTART(ISA}

[F (MSA«GT.0) GO TO 50

IF {NPRINT) RETURN

PRINT 101

RETURN

CONTINUE

CALL RFACTORIN(K)I sM(K) 91 91 ICONS»JCONS+N(K) sM(K) 1)
NK=NEXT(K)

IF (NKetEQeQ) GO TO 60

K=NK

GO TO 50

CONTINUE

RETURN

END
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SUBROUTINE ADUL(ISA»ISB»15C)

FORMAT (4H ADDL#I393H TOs13913H AND STORE IN9s13)
FORMAT (34H #*¥%%* STORAGE OVERFLOW IN ADD #*x*#%)
FORMAT (37H #*%¥x%* MSA AND/OR MSo ZERO IN ADD d#%*#%)
FORMAT (12H TIME TO ADDsI4s3H 10+1492H =9l etH SEC)
COMMON/ 1/NEXT(6500}/2/N(6500}/3/M(6500)
COMMON/4/TEX{6500)/5/71TRIG(65001/6/1IRGL6500)
COMMON/ 7/LFACTL(30) o+NUTILI(30)sMSTART(125)¢MAX(125)
COMMON/ 8/KFACT (10) sKMAX #MORDER s LORUERYLZERO » INDEX
COMMON/9/NOFACT s NORDERsNOSIMP sNPRINT s LPRINT ,
TYPE LOGICAL NOFACT »NORDER$NOSIMP sNPRINI sLPRINI +PNPRINI
PNPRINT=NPRINT

CALL TIME(MHsMMyMS)

NA=3600*MH+60%MM+MS

IF (NPRINT) GO TO 2

PRINT 100+1SAs15Bs1SC

CONTINUE

CALL TRANSF(ISA 1sC)

MSB=MSTART(1SB)

MSC=MSTART(15C)

IF {(MSBeGTeOeANDeMSCeGTe0) GO TO 5.

IF (NPRINT) GO TO 4

PRINT 102

CONTINVE

IF (MSBeEQeO) RETURN

CALL TRANSF(ISB»sISC)

RETURN

IF (LPRINT) NPRINT=eTRUES

K=MSC

KNaNEXT (K}

IF (KNeEQeOQ) GO TO 20

K=KN

GO TO0 10

NEXT(K)=LZEROQ

L=MsB

K=LZERO

N(K)=N(L)}

MIK)=M(L)

IEX(KI=TEX(L)

ITRIG(K)=ITRIG(L)

IRG(K)=IRG(L)

NUTIL(6)=NUTIL(6)+1

LN=NEXT (L)

IF (LN<EQsO) GO TO 30

L=LN

KNaNEXT(K)

IF (KNeGTe0) GO TO 27

PRINT 101

CALL QUIT

sTOP

K=KN

GG T0 25

LZERO=NEXT(K)

NEXT(K}=0

CALL SIMPLIFY(ISC)

IF (LPRINT) NPRINT=PNPRINT

IF (NPRINT) RETURN

CALL TIME(MHsMMeMS)
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NB=3600*MH+60%¥MM+MS
NT=NB-NA

PRINT 1Q039]1SAsISBNT
RETURN .

END

SUBROUTINE SUB(ISAsISBsISC)

FORMAT (9H SUBTRACT 9s[395H FROMs I3913H AND SIORE INsI3)
FORMAT (34H #x%% STORAGE OVLRFLOW IN SUB #**#x)
FORMAT (37H ##¥# MSA AND/OR MSB LERQO IN SUB #¥*%%)
COMMON/7/LFACTL(30) sNUTIL(30)sMSTART(125)9MAX(125)
COMMON/F/NOFACT sNORDERSNOSIMP sNPRINT s LPRINT

TYPE LOGICAL NOFACT sNORDER¢NOSIMP aNPRINToLPRINT o PNPRINT
‘IF (NPRINT}) GO TO 2 )

PRINT 10091SBsISAsISC

CONTINUE _

PNPRINT=NPRINT

NPRINT=eTRUE «

N6e=MNUTIL (6}

CALL MULCONS(ISBe~1s1)

CALL ADD(ISAsISBeISC)

CALL MULCONS(ISBs~-1s1)

ID6=NUTILI6)=N6

NUTIL(7)=NUTIL(7)+1D6

NUTIL(6)=N6

NPRINT=PNPRINT

RETURN

END
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SUBROUTINE MULTIPLY(ISA»ISB»ISC)

FORMAT (9H MULTIPLY»314911H FROM ORDLRsI399H Q0 ORDER»I3}
FORMAT (39H #*%#x% STORAGLE tXCLEULD IN MubL i IPL ¢ *#¥%%)
FORMAT (27H NUMPARSKOUNT sARD NIOIAL =9315)

FORMAT (30H POINTER NEGATIVE IN MULIIPLY)

FORMAT (274 TIME FOR MULTIPLICATION =sl494H SECQ)
COMMON/ 1/NEXT(6500) /72/N(6500)/3/M(6500)
COMMON/4/1EX(6500)75/1TRIG(6500)/6/IRG(6500)
COMMON/ T/LFACTL(30) oRUTIL(30) sMSTARI1125)sMARL125)
COMMON/B/KFACT{10) 9oKMAA s MORPLEK s LORDER sy LLERO» INDE
COMMON/9/NOFACT s NORDER sNOSTMP sNPRINT o LPRINT
COMMON/10/NTOTAL/11/LMAP(256)

COMMON/ 12/LPHMAX/13/LPRIME(20)/14/EPSILON/15/NOFIX
TYPE LOGICAL NOFACT sNORDERgNOSIHP ¢yNPRINT 9LPRINT ¢NOF I X
TYPE LOGICAL KSCANSPNPRINT

DIMENSION TA(8)s1B(8)

CALL TIME(MHIMMeMS)

NA=3600%*MH+60%¥MM+MS

MSA=MSTART(ISA)

MSB=MSTART(ISBE)

CALL ZERO(ISC)

IF (MSAeLE«QeOReMSBeLE«O) RLETURN

PNPRINT=NPRINT

NPRINT=eTRUE «

KSCAN=eTRUE

CALL PACK(ISA)

CALL PACK(]ISB)

MSA=MSTART(ISA)

MSB=MSTART([SB)

NUMPAR=2 .
DO &4 JX=19256s1
LMAP (JUX) =0

K=MSA $ J=MSB

CALL INDICES(ILX{(K)sIA)

Kh= KFACT(1)*TA(1)+KFACTI(2)*TA(2)
KH=KH+KFACT(3)¥IA(3)+KFACT(4)*1A(4)
KH=KH+KFACT(S)*¥JA(5)+KFACT(6)*1A(6)
KH=KH+KFACT(7)*TA(7)+KFACT(8)%*1A(8)
IF (ITRIG(K)) 10930530

IF (ITRIG(J)) 40950450

IF (ITRIG(J)) 60970570

CALL INDICES(IEX(J)sIB)
ITHaKH+KFACT (L) *IB(1)+KFACT(2)%*1p(2)
IH=IH+KFACT (3)*IB(3)+KFACT(4)*1B(4)
IR=TH+KFACT(5)#IB{S)+KFACT(6)*[B(6)
TH=ITH+KFACT(7)*IB (7 )+KFACT(8)*]13(8)
IF (IHeGT#MORULER) GO TO 300

IF ((IA(8)+1B(B))eGTeKFACT(10)) GO TO 300
IeLZERO $ II=NEXT!(I)

IF (11eGT40) GO TO 41

PRINT 1003 $ CALL QUIT % STOP
LZERO=NEXT(II) $ NEXT(II)=0

IF (LZERO«GT0) GO TO 42

PRINT 1003 $ CALL QUIT % STOUP

CONT INVE

CALL RFACTOR(IN(J) sM(J)oN(K)sMIK) 9=19+2sN(I1)sM(I)s1)
NCII)==N(I)

MEIT)=M(I)
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ITRIGUII) =T TRIG(I)=+1
IVA=TEX(K)~INDEX
IEXCITI=IEX(I)=IEX(J)+IVA
IVB=IRG(K)~INDEX

IRG(1)=IRG(JI+IVB

IVC=IRG(K)=1RG{ J)

IRG(11)=1VC+INDEX
NUTIL(B)=NUTIL(8)+]

IF (IRG(I)=~INUDEX) 43944044

IRG( 1) =IRG( I)-INDEX

IRG( 1) =INDEX=IRG( 1)

IF (IRG(II)=INDEX) 45990990
IRG(II)=IRG(I1)=INDEX
IRG(I1)=INDEX=IRG(II)

GO TO 90

CALL INDICES(IEX(J)sIb)
IH=Kh+KFACT (1) *IB(1)+KFACT(2)#18(2)
IH=IH+KFACT (3) *IB(3)+KFACT(4)*1B14)
IH=IH+KFACT (5) *IB(5)+KFACT(6)*1t(6)
IH=TH+KFACT (7)*1B(7)+KFACT(8)1*11(8)
IF {IHeGT#MORLER) GO TO 300

IF ((IA(8)+IB(8))eGT«KFACT(10)) GO 10 300

I=sLZERO & 1I=NEXT(I)

IF (11eGTe0) GO TO 51

PRINT 1003 $& CALL QUIT & STOP
LZERO=NEXT(II) 3 NEXT(1I)=0
IF (LZERO&GT+Q) GO TO 52
PRINT 1003 $ CALL QUIT $ STOP
CONTINUVE

CALL RFACTOR(N(J)I oMIJ) oNIK) sMIK) s +1o+2sN(T}oM(I)»1)

N{I1)=+N(I)

METT)Y=M(1)

ITRIG(IT)=JTRIG(I)=~]
IVA=IEX(K)=INDEX
IEX(II)=SIEX(I)Y=IEX(J)+IVA
IVB=1RG(K)}=INDEX

IRGIII=IRG(J)I+]VB

IVC=IRGIK)=IRG(J)

IRG{IT)=1VC+INDEX
NUTIL(9)=NUTIL(9)+1

IF (IRG(I)=INDEX) 5395455
IRG(II=IRG(I)=INDEX
IRG(I)=INDEX~IRG(I)

N(I)==N(I) % GO TO 55

N(I}=0

IF (IRG(II}=INDEX) 56357490
IRG(II)=IRG(II)~INDEX
IRG(II)=INDEX-IRG(II}

N{II)==N(II)

GO TO 9¢

NtIl})=0

GO TO 90

CALL INDICES(IEX(J)s1IB)
ITH=KH+KFACT (1) *IB(1)+KFACT(2)*IB(2)}
IH=TH+KFACT (3 ) *[B(3)+KFACT(4)I*IB(4)
IH=ITH+KFACT (D) *IB(5 ) +KFACT (o) *1lBl6)
IH=TH+KFACT{( 7)1 *IB(T)+KFACT(8)*]B(8)
IF (IH«GTeMORLER) GO TO 300

IF ((IA(8)+IB(B8))eGT4KFACT(10)} GO TO 300
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I=LZERO $ II1=NEXT(I)

IF (11.G6T+0) GO TO 61

PRINT 1003 § CALL QUIT $ STOP
LZERO=NEXT(II) & NEXT(11)=0
IF (LZERO#GTeU) GO TO 62
PRINT 1003 $ CALL QUIT $ STOP
CONTINUE

CALL RFACTOR(N(J) oM{J) oN(K) sMIK) p+19+25NiT)sMi1)91)
N(IT)I==N(I)

MUTI)=M(T)
ITRIG(11)=1TRIG(1)=-1
IVA=IEX(K)=INDEX
IEX(II)=TEX(1)=IEX(J)+IVA
IVB=IRG(K)=INDEX
IRG(1)=IRG(J)+1VB
IVC=IRG(K)~IRG(J)
IRG(I1)=1VC+INDEX
NUTIL(10)=NUTIL(10)+1

IF (IRG(I)=INDEX) 63064965
IRG(1)=IRG(I)~INDEX
IRG(1)=INDEX~IRG(I)

NCI)==N{])
GO TO 65
N(I)=0

IF(IRG(III=INDEX) 66967990
IRG(IT)=IRGIIT)I=INDEX
IRG(II)=INDEX=IRG(II)

NCIL)==N(II)

GO TO 90

N(II)=0

GO TO 90

CALL INDICES(IEX(J)»sIB)
IH=KH+KFACT (L) ®IB(1)+KFACT(2)*IB(2)
IH=TH+KFACT(3)*IB(3 )+KFACT (4)*113(4)
IH=TH+KFACT(5)*IB(5)+KFACT(6)*IB16)
IH=TH+KFACT(7)*IB(T7)+KFACT(8)*]IB(8)
IF (IHeGTeMORDER) GO TO 300

IF ((IA(8)+1B(8))eGT«KFACT(10)) GO TO 300
I=LZERO & II=NEXT(I)

IF (11GTe0) GO TO 71

PRINT 1003 $ CALL QUIT % STUP
LZERO=NEXT(I1) $ NEXT(II)=0

IF (LZERO«GTeU) GO TO 72

PRINT 1003 % CALL QUIT % STOP
CONTINUE

CALL RFACTORAN(J) sMIJ)oN(K)IOMIK)o+19+2oN(I)sMII)y1)
N(IL)=+N(1)

MOIT)=M(T)

ITRIGIITI)aITRIG(I)=+1
IVA=TEX{K)=INDEX
IEXC(IDI=IEX(1)=1EX(J)+]IVA
Ive=1RG(K)=INDEX

IRG(I)=1RG(J)+]IVB

IVC=IRG(K)I=IRG(J)

IRGIII)=IVC+INDEX
NUTIL(11)=NUTIL(11)+1

IF (IRG(I)=INDEX) 7374974
IRG(I)=IRG(II-INDEX
IRG(I)=INDEX=IRGI(I)
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IF (IRG(II)=INDEX) 759901990
IRGUIT)=IRG(II)~INDEX
IRGUIT)=INDEX-IRG(II}

GO TO 90

CONT INUE

L=MSC=MSTART(1SC)

IF (MSCeNESO) GO TO 94

IF (IRGUII=IRG(EIT)) 91992993
NEXT(I1)=1

NEXT(1)=0

MSTART(ISC)=11

MAX(ISC)=1

KOUNT=2

GO TO 300

CALL RFACTORINCINIoMUL) oNCII)oMOITosloloN(I)sM(1)»0)

MUIT)=ITRIGIIT)=1
IEX(III=IRG(IL)=INDEX
NEXT(II})=LZERQC
N(IT)=NEXT(I)=0

LZERO=11
MSTART(ISCI=MAX(ISC)=1]
KOUNT=1
NUTIL(S)=NUTIL(D)+1

GO TO 300

MSTART(IsC)=1

MAX(ISC)Y=11

KOUNT=2

GO TO 300

CONT INUVE

IF (NUMPARWsGEe256) GO TO 100
IPAR=16%#NUMPAR

IF (KOUNTeLESIPAR)Y GO TO 100
KSCAN=«FALSE »

NUMPAR=2*¥NUMPAR

KS=MSTART(]1SC)

DO 98 MX=1sNUMPARs1

LMAP (MX) =KS

DO 98 MY=1,8s1

KS=NEXT(KS)

IF (KSeLEeQ) GO TO 450
CONTINUL

L=MSC=MSTART(ISC) 3 LAST=0

IF (KSCAN)Y GO TO 125
MX=NUMPAR/2 $ LX=LMAP(MX)
MDX=NUMPAR /4

IF (IRGILX)=IRG(I)) 1059103107
IF (ITRIGILX)-ITRIG(I)) 1059104107
IF (IEX(LX)=IEX(I)) 10591069107
IF (MDX«EQes0) MDx=1

MX=MX=MDX % MDX=MDX/2

IF- (MXeLE+Q) GO TO 118
LX=LMAP(MX) & GO TO 102

L=LX % GO T0O 160

IF (MDX+EQe0O) GO TU 120
MX=MX+MDX & LX=LMAP({MX)
MODX=MUX/2 & GO TO 102

LX=MSC

L=LX

IF (IRG(L)=IRG(I)) 13091404170
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140 IF (ITRIG(L)=ITRIG(1)) 13091509170
150 IF (IEX(L)=IEX(I)) 13091604170
130 IF (LASTeNESO} GO TO 131
MSTART(ISC)=1I
NEXT(1)=L
KOUNT=KOQUNT+1
GO TO 200
131 NEXT(LAST)=1
NEXT(I)=L
KOUNT=KOUNT+1
GO TO 200
160 CALL RFACTOR(NCI) oMCI)oN(L)oM(L)»loloN(L)OMIL)»O)
N(I)=0
MUT)=ITRIG(])=1
TIEX(I)=1RG(I)=INDEX
NEXT(1)=LZERO
LZERO=1
NUTIL(5)=NUTIL(5)+1
GO TO 200
170 LN=NEXT(L)
IF (LN) 45091719172
171 NEXT(L)=MAX{ISC)=1
NEXT(1}1=0 $ KOUNT=KOUNT+1
GO TO 200
172 LAST=L
L=LN
NUTIL(15)=NUTIL(15)+1
GO TO 125
200 L=MSC=MSTARTI(ISC) % LAST=0
IF (KSCAN) GO TO 225
MX=NUMPAR/2 $ LX=LMAP(MX)
MDX=NUMPAR/ 4
202 IF (IRGILX)}=IRG(II)) 205+203»207
203 IF (ITRIGILX)=ITRIG(II)) 20592049207
204 IF (IEX(LX)=IEX{II)) 20542069207
205 IF (MDXeEQeO) MDX=1
MX=MX=MDX $ MDX=MDX/2
IF (MXeLEeO) GO TO 218
LX=ELMAP(MX) % GO TO 202
206 L=LX $ GO TO 260
207 IF (MDXeEQe0) GO TO 220
MXsMX+MDX $ LX=LMAP{MX)
MDX=MDX/2 & GO TO 202
218 LX=MSC
220 L=LX
225 IF (IRGIL)=IRG(II)) 23092409270
240 IF (ITRIGIL)=ITRIG(II}) 23092509270
250 IF (IEX(L)=IEX(II)) 23092609270
230 IF (LASTeNE«O) GO TO 231
MSTART(IsC)=11
NEXT(II)=L
KQUNT=KOUNT +1
GO TO 300
231 NEXT(LAST)=11
NEXT(Il)=L
KOUNT=KOUNT+1
GO TO 300
260 CALL RFACTORIN(II)oMUIL)oN(L)sMIL) 92 oloN(L)sMIL)»0)
N(II)=0
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MUITT)=ITRIG(ILI)
IEX{IDI=IRG(II)

=1

INDEX
NEXT(I1)=LZERO
LZERO=11
NUTIL(5)=NUTIL(5)+1
GO TO 300
LN=NEXT(L)

IF (LN) 45092719272

NEXT (L) =MAX(ISC)=11
NEXT{II)=0 $ KOUNT=KOUNT+1
GO 7O 300

LAST=L 3 L=LN
NUTIL(15)=NUTIL(15)+1

GO TO <25

CONT INUE

NJ=NEXT{J)
NUTILE10)=NUTIL(16)+1

IF INJeEQs0Q) GO TO 400

J=NJ

GO TQ 6

NK=NEXT(K)

IF (NKeEQeO) GO TO 500

K=NK

J=MSB

GO TO 5

PRINT 1005 $ CALL QUIT & STOP
CALL PACK(ISC)

NPRINT=PNPRINT

IF (NPRINT} RETURN

CALL TIME (MHsMMyMS)
NB=3600*¥MH+60%MM+MS

NT=NB=NA

PRINT 1002sISAsI5B» ISCyLORDER SMORDER
PRINT 1004sNUMPARSKOUNTSNTOTAL
PRINT 10Q06sNT

RETURN

END
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SUBROUTINE POWER(ISAs IUKLsISB)

FORMAT (12916H RAISED TO POWER#I3917H RESULT STORED INsI3)
FORMAT (44H #%#% SERIES RAISED TO A NEGATIVE POWER *#*#3¢)
FORMAT (14H TOTAL TIME =s9l494H SEC)

COMMON/ 1/NEXT(6500)/2/N(6500)/3/M(6500)
COMMON/4/1EX(6500)1/5/1TRIG(6500)1/76/1RGI6500)
COMMON/T/LFACTL(30) sNUTIL(30) sMSTART(125) ¢sMAXI(125)
COMMON/8/KFACT(10) oKMAX o MORDER SLORDER SLZERC s INDEX
COMMON/9/NOFACT s NORDER o HOSTHFP oNPRINT o LPRINT

TYPE LOGICAL NOFACT sNOKCER $HOSIMP o HPRINT sLPRINT ¢ PNPRINT
CALL TIME(MHIMMIMS)

NA=3600*MH+60*¥MM+MS

PNPRINT=NPRINT

IF (LPRINT) NPRINT=«TRUE e

PRINT 100s ISAsIJKLsISB

IF (IJKL«GE«Q) GO TO 5

PRINT 101 $ CALL QUIT % STOP

CONTINUE

I1SC=107 % CALL ZERO(ISC)

IJ=1JKL-1

IF (1J) 647948

CONTINUE

CALL ZERO(]SB)

MSTART(1SB)=LZERO

MSB=LZERO

N(MSB) =1

LZERO=NEXT(MSB)

MAX{1SB)=MSB

NEXT (MSL)=0

GO TO 12

CONT INUE

CALL TRANSF(ISAsISB)

GO TO 12

CONT INUE

CALL TRANSF(ISAsISB)

DO 10 K=191Jsl

CALL MULTIPLY(ISAsISEISC)

CALL SWITCH(ISCslISB)

CONTINUE

CONTINUE

CALL ZERO(ISC)

IF (LPRINT) NPRINT=PNPRINT

CALL TIME (MHsMMsMS)

NB=3600*¥MH+60%*MM+MS

NT=NB~=NA

PRINT 102sNT

RETURN

END
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SUBROUTINE EXPAND{ ISA»IORDERsIN9IMs1SB)

FORMAT (12H EXPAND (1 +9I1394H)%%(9I291H/91291H))
FORMAT (10H TO ORDERsI393H INsI3)

FORMAT (18H RESULT STORED IN»I3)

FORMAT (14H TOTAL TIME =s149s4H SEC)

COMMON/ 1/NEXT(6500)/2/N(6500)/3/M{6500)
COMMON/4/1EX(6500)/5/1TRIG{65001/6/1RG(6500)
COMMON/7/LFACTL(30)sNUTIL(30)sMSTART(125)9sMAX(125)
COMMON/8/KFACT(10) sKMAXsMORDERSLORDER$LZEROs INDEX
COMMON/9/NOFACT sNORDERSNOSTHMP osNPRINT 9 LPRINT

TYPE LOGICAL NOFACTsNORDERMNOSIMP o NPRINToLPRINT oPNPRINT

CALL TIME(MHIMMsMS)
NA=3600*MH+60*MM+MS
PNPRINT=NPRINT

IF (LPRINT) NPRINT=«TRUE.
PRINT 100y ISAsINsIM
PRINT 101s IORDERsISA
PRINT 102y ISB

CALL ZERO(ISB)

1SC=108 $ CALL ZERO(1SC)
1SD=109 $ CALL ZERO(ISD)
MSTART(ISB)=LZLRO
MSB=LZERO

N(MSB) =1 _

LZERO=NEXT (MSB)
MAX(1sSB)=MsB

NEXT (MSB)=0
MSTART(ISC)=LZERO
MSC=LZERO

N(MSC)=1

LZERO=NEXT (MSC)

MAX ( I15C)=MSC
NEXT{MSC) =0

IF (IN<EQeQ) GO TO 30

IF (IORDER&EQeQ) GO TO 30
JN=IN

JM=1IM

DO 20 K=19I0RDERY1
IN=IN=(K=1)%IM

JM=K*IM

CALL FACTOR{JUN»9sJUM)

CALL MULTIPLYUISASISCeISD)
CALL Z2EROQO(15C)

CALL MULCONS(ISDeJIN9IM)
CALL ADDL(ISBsISDyISB)
CALL SWITCH(ISD»ISC)
CONT INUE

CONT INUE

CALL ZERO(ISQC)

CALL ZERO(1ISD)

IF (LPRINT) NPRINT=PNPRINT
CALL TIME(MHIMMgMS)
NB=3600*MH+60%¥MM+MS
NT=NB-NA

PRINT 103,4NT

RETURN

END
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SUBROUTINE SUBAB(ISAs1SBeIVASIVOINUM)
100 FORMAT (11H SUBSTITUTE»SIG)
101 FORMAT (36H #*## STORAGE OVLRFLOW IN SUBAB ¥*#¥¥%)
102 FORMAT (28H *%%% MSE ZERO IN SUBAB ##x#)
103 FORMAT (14H TOTAL TIML =sl494H SEQ)
COMMON/ L/NEXT(6500)/72/N(6500)1/3/M(6500)
COMMON/4/1EX16500)/5/1TRIGL6500)/671IRG(6500)
COMMON/T/LFACTL(30) sNUTIL(30)sMSTART(125) 9MAX(125)
COMMON/B8/KFACT(10) oKMAX 9 MORUER o LORDEIR 9 LZLRO s INDEX
COMMON/ 9/NOFACT o NORDERYNOSINMP o NPRINT o LPRINT
TYPE LOGICAL NOFACT s NORDER $NUSINP o \PRINT9LPRINT oPNPRINT
DIMENSION TA(8)
PNPRINT=NPRINT .
CALL TIME(MH»MMeMS)
NA=3600¥MH+60¥MM+MS
IF (LPRINT) NPRINT=eTRUE.
PRINT 100+1SA»1SBeIVAIVBINUM
CALL TRANSF(ISA»ISB)
CALL PACK(ISE)
DO 50 J=1sNUMsl
15C=110 $ CALL 2ERO(IS&C)
K=MSB=MSTARTI(1SB)
LaMSC=MSTART(ISC)=LZERO
IF (MSBeGT40) GO TO 10
PRINT 102
IF (LPRINT) NPRINT=«FALSEe
RETURN
10 CONTINUE
CALL INDJICES(ItX(K)sIA)
IF (IACIVA)eLTe2) GO TO 30
IA(IVA)=]A(IVA)=?2
CALL IMPACT(IAPIEX(K))
N (L) ==N(K)
M(L)=+M(K)
IACIVB)=IA(IVB)+2
CALL IMPACT(IAsIEX(L))
ITRIGIL)I=ITRIG(K)
IRG(L)=IRG(K)
LN=NEXT (L)'
IF (LNeGTeQ) GO TO 20
PRINT 101
CALL QUIT
STOP
20 CONTINUE
LsLN
30 CONTINUE
KN=NEXT(K)
IF (KNeEQeO) GO TO 40
K=KN
GO TO 10
40 CONTINUE
MXC=MAX(ISC)=L
LZERO=NEXT (MXC)
NEXT(MXC)=0
CALL ADD(ISBsISCsisSB)
CALL ZERO(ISC)
50 CONTINUE
IF (LPRINT) NPRINT=PNPRINT




" CALL TIME(MHoMMoMS)
N8 e 36 00SMHS 601 MMEMS
NTeNB~NA

PRINT 103oNT
RETURN

END
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SUBROUTINE DERIV(ISAsIVeISB)

FORMAT(14H DIFFERENTIATE»I3916H WITH RESPECT TOse13)
FORMAT(18H RESULT STORED INsl13)

FORMAT (28H ¥*##% MSB ZERO IN DERIV ¥*it#)
COMMON/ 1/NEXT(6500)/2/N(6500)/3/M(6500)
COMMON/4/1EX{65900)/5/1TRIG(6500)/6/IRG(6500)
COMMON/T/LFACTL(30) oNUTIL(30)sMSTART(125)sMAX(125)
COMMON/8/KFACT(10) sKMAX9MORVERSILORVDERILZERO INDEX
COMMON/9/NOFACT s NORDERSNOSIMP oNPRINTsLPRINT
COMMON/12/LPMAX/13/LPRIME(20)/14/EPSILON/15/NOF 1X
TYPE LOGICAL NOFACT oNORDER $NOSTiMP o NPRINToLPRINT o NOF I X
DIMENSION IA(8)s11(8)

IF (NPRINT) GO TO 2

PRINT 10091SAslV

PRINT 101yslSB

CONTINUE

CALL TRANSF(ISAsISB)

MSB=MSTART(1sSB)

IF (MSbeGTe0G}) GO TO 10

IF (NPRINT) RETURN

PRINT 102

RETURN

CONTINUE

K=MSB

CONTINUE

NUTIL(12)=NUTIL(12)+1

IF (IVeGEe9) GO TO 40

IF (IveLEe8) GO TO 30

CONT INUE

CALL INDICES(IEX(K}sIA)

KCON=TA(1V)

IA(IVI=IA(IV)-1

CALL IMPACT(IASIEX(K))

CALL RFACTORIN(K) sMIK) 919l oKCONs1oN(K)sM(K)s1l)
GO TO 50

CONTINUE

Jv=1v-8

CALL INDICES(IRG(K)»II)

KCON=-TI(JVI*ITRIG(K)

ITRIG(K)==ITRIGI(K)

CALL RFACTORI(N(K) sM(K) 9191 9oKCONs LoN(K) sM(K)s 1)
GO TO 50

CONTINUE

KN=NEXT(K)}

IF (KN«EQeO) GO TO 60

K=KN

GO TO 20

CONTINUE

CALL PACKI(ISB)

RETURN

END




100
101

50

160
101

NRL REPORT 7564 61

SUBROUTINE NDERIV(ISAsIVINUMs ISH)
COMMON/9/NQFACT s NORDERSNOSIMPoNPRINT o LPRINT
TYPE LOGICAL MNOFACT sNORDER ¢MOSIMP s NPRINToLPRINTsPNPRINT ‘
FORMAT (10H PUERIV OFe[394H WRTe13918e6H TIMES)
FORMAT (18H RESULT STORED IN»I3)
PNPRINT=NPRINT

IF (LPKINT) NPRINT=«TRUES

PRINT 1009ISAsIVeNUM

PRINT 101»]15B

CALL TRANSF{ISAsISH)

DO 50 K=1sNUMsl

CALL DERIVI(ISBsIVsISB)

CONTINUE

IF (LPRINT) NPRINT=PNPRINT

RETURN

END

SUBROUVTINE BRACKET(ISA»ISE»IP»1QsISC)
FORMAT (19H POISSON BRACKET OFsI391Hssl394H WRTsI391Hee13)
FORMAT (18H RESULT STORED INsl3)
COMMON/9/NOFACT s NORDER s NOSTMP oNPRINT 9 LPRINT
TYPE LOGICAL NOFACTsNURDERSNOSINMP 9o NPRINT 9L PRINT
PRINT 100s1SAsISBsIPyIQ

PRINT 101s1S8C

1sD=111 & CALL ZERO(ISD)

ISE=112 % CALL ZERO(ISE)

15F=113 % CALL ZERO(ISF)

CALL DERIV(ISAsIP»ISC)

CALL DERIV(ISBsIWsISD)

CALL MULTIPLY(ISCeISDeISE)

CALL DERIVIISB»IP»ISC)H

CALL DERIV(ISAsIQe1SD)

CALL MULTIPLY(ISCsISDsISF)

CALL SUB(ISEWISFsISC)

CALL ZERO(1SD}

CALL ZERO(ISE)

CALL ZERO(ISF)

RETURN

END e

dev ¢
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SUBROUTINE INTEG(ISAsIVISE)
FORMAT (1OH INTLGRATEs13s16H WITH RLSPECT TO»I13)

FORMAT (18H RLSULT STORED INs13)

FORMAT (2884 #%#3 M5B ZERQ 1IN INTLHG 3k
COMMON/ 1/NEXT(6500) /2/8{6500)/3/M(6500)
COMMON/4/TEX(6500)/5/1TRIVI6L00)/767/IRGI6500)
COMMON/ZT/LFACTL(30) sNUTIL(30) sMSTART(125) sMAX(125)
COMMON/B8/KFACT(10) sKMAXYMORLER LURDEKSLZEROS INDEX
COMMON/9/NOFACT s NORDER SKROSIMP s NPRINT 9 LPRINT
COMMON/12/UPMAX/13/(PRIME(20)/14/EPSILON/LIS/NOFIX
TYPE LOGICAL NOFACT sNORDER $HROSIHP o NPRINTILPRINToNOFIX
DIMENSION TA(B)»II(8)

IF (NPRINT) GO TO 2

PRINT 1009ISAslYV

PRINT 101,188

CONTINUE

CALL TRANSF(ISAIs8B)

MSB=MSTART(1SB)

IF (MSBe«GTe0) GO TO 10

IF (NPRINT) RETURN

PRINT 102

RETURN

CONTINUE

K=MSB

CONTINUE

NUTIL(13)=NUTIL(13)+1

IF (IVeGEe9} GO TO 40

IF (IVelLEe8) GO TO 30

CONT INUE

CALL INDICES(IEX{(K)sIA)

TACIVI=IA(IV)I+]

KCON=ITA(IV)

CALL IMPACT(IAsIEX(K))

CALL RFACTORINIK) oM(K) 91919 loKCONSNIKIoMIK) 1)
GO TO 50

CONTINUE

Jv=1vy=~8

CALL INDICES(IRG(K)»I1)

KCON=TI(JV)#ITRIG(K)

[TRIGIK)==1TRIG(K)

CALL RFACTOR(N(K) sM(K) 91919 lsKCONsN(K)sM(K)o1)
GO TO 50

CONTINUE

KN=NEXT(K)

IF (KNeEQeQ) GO TO 60

K=KN

GO TC 20

CONTINUE

CALL PACK(1SB)

RE TURN

END
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SUBROUTINE TAYLOR(ISA$ISBIVINUMISC)

FORMAT (24H TAYLOR SERIES EXPANSIONsS1H)
FORMAT (36H TIME FOR TAYLOKR StRIES tXPANSION =91494H SEC)
COMMON/ L/NEXT(6500) /72/N(65Q0) /3/M6500)
COMMON/4/TEX(6500)/5/1TRIG(6Y00)/6/11KGI6500)
COMMON/7/LFACTL(30) o NUTIL(3U) sMSTART(12%9) 9yMAX(125)
COMMON/B/KFACT(10) o KMAXsMORULR9LURDER oL ZERO S INDEX
COMMON/ Y /NOFACT s NORDER s NOSTNP oNPRINT 9 LPRINT
TYPE LOGICAL NOFACT sHORDERyMNOSTIMP o MPRINTOLPRINT 9 PNPRINT
CALL TIME(MHIMMeMS)

NA=3600*MH+60*MM+MS

PNPRINT=NPRINT

PRINT 1002 ISAsISBr»IVINUMYISC

ISL=114 $ CALL ZERO(ISUL)

ISE=115% $ CALL ZERO(ISE)

ISF=116 $ CALL ZERO(ISF)

IF (LPRINT) NPRINT=«TRUES

MS=LZERO

MSTART(ISD)=MAX(ISD})=MS

N{MS}=1

LZERO=NEXT(MS)

NEXT(MS)=0

CALL TRANSF(ISAslsk)

CALL TRANSF(ISAsISC)

DO 10 K=19NUMs1

CALL DERIV(ISEsIVeISE)

CALL MULCONS(ISEsl9K)

CALL MULTIPLY(ISBsISDISF)

CALL SWITCH(ISFsISD)

CALL MULTIPLY(ISDsISEsISF)

CALL ADD(ISCeIStH$15C)

CONTINUE

CALL ZERO(ISD)

CALL ZERO(ISE)

CALL ZERQ(ISF)

IF (LPRINT) NPRINT=PNPRINT

CALL TIME(MHIMMeMS)

NB=3600%MH+60#*MM+MS

NT=NB-NA

PRINT 101 sNT

RETURN

END
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SUBROUTINE ERASE(ISAsIV)

FORMAT (6H ERASE#I3s4H WRT»I13)
COMMON/1/NEXT(6500)/2/N(6500)/3/M(6500)
COMMON/4/1EX(6500)/5/1ITRIG(6500)/6/1RG(6500)
COMMON/ 7/LFACTL(30) sNUTIL{30) sMSTART(125) sMAX(125)
COMMON/8/KFACT(10) sKMAX 9 MORLER$LORDERPLZEROs INDEX
COMMON/9/NOFACT 9 NORDER s ROSIMP o NPRINT 9 LPRINT
TYPE LOGICAL NOFACTsNORDEKINOSTIP s NPRINT oLPRINT
DIMENSION 1AA(8)

IF (NPRINT) GO TO 5

PRINT 10091SAslV

CONT INUE

K3MSA=MSTART(ISA)

IF (MSAEQeQO) RETURN

CONTINUE

CALL INDICES(IEX{(K)slAA)

IAA(LIVI=0

CALL IMPACT(IAALIEX(K)I

KNE=ENEXT (K)

IF (KN<EQe¢O) GO TO 20

K=KN

GO TO 10

CONT INUE

RETURN

END

SUBROUTINE MULVAR(ISAsIVsNUM)

FORMAT (9H MULTIPLY»I39s11H BY VARIBLEI399H TO POWERI3)
COMMON/ L/NEXT(6500)/72/N(6500)/3/M(6500)
COMMON/4/1EX(6500)/5/1TRIG{6500)/6/1RG(6500)
COMMON/T/LFACTL{30) sNUTIL(30)sMSTART(125) sMAX(125)
COMMON/8/KFACT(10) s KMAXyMORVER ¢+ LORDER o LZERO» INDEX
COMMON/9/NOFACT s NORDERYNOSIMP osNPRINT ¢ LPRINT

TYPE LOGICAL NOFACTsNORDER#MOSINMP ¢NPRINToLPRINT

_ DIMENSION 1AA(8)

IF (NPRINT) GO TO 5
PRINT 100sISA»IVeNUM
CONTINUE
K=sMSA=MSTART(ISA)

IF (MSA+EQeO) RETURN
CONT INUE

CALL INDICES(IEX(K)sIAA)
TAA(IV)=]AA(IV)+NUM
CALL IMPACT(IAASIEX(K))
KN=NEXT(K)

IF (KN+EQeQ) GO TO 20
K=KN

GO TO 10

CONTINVE

RETURN

END
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SUBROUTINE ORDER(ISA}

FORMAT (28H %**%*% OVERFLOW IN ORDER #¥%#x)
FORMAT (14H TIME TO ORDERs[492H =914)
COMMON/ 1/NEXT(6500)/72/N{6500)/3/M(6500)
COMMON/4/1EX(6500)/5/1TRIG(65001/6/1RG{6500)
COMMON/ 7/LFACTL(30)sNUTIL(30) sMSTART(125)sMAX(125)
COMMON/8/KFACT(10) sKMAX s MORDER 9 LORDERSLZERO s INDEX
COMMON/9/NOFACT s NORDER sNOSIFP s NPRINT s LPRINT
TYPE LOGICAL NOFACT s NORDERyNOSIMP o NPRINT 9L PRINT
IF (NORDER) RETURN

CALL TIME(MHIMMIMS)

NA=3600%MH+60*MM+MS

1sB=101 $ CALL ZERO(IsB)
MX=MSA=MSTART(ISA)

IF (MSAEQeO) RETURN

K=NEXT (MX)

IF (KeEQeO) RETURN
LB=MSB=MSTART(ISB)=LZERO

LZERO=NEXT(MSB) $ NEXT(MSB)=0

IF (LZEROeGTeU) GO TO 3 % PRINT 100
CALL QUIT $ STOP

LASTK=MX $ LASTMX=0

IF (IEX(MX)=IEX(K)) 798910

IF (IRG(MX)=IRG(K)) 799910

IF (ITRIG(MX)=ITRIG(K)) 7910910

MX=K $ LASTMX=LASTK

KN=NEXT(K)

IF (KN<EQeQ) GO TO 20

LASTK=K $ K=KN

GO 70 5

IF (MXeEQeMSA) GO TQ 22
NEXTILASTMX)=NEXT(MX)

GO TO 24

NMSA=NEXT (MSA)

IF (NMSAJEQe0) GO TO 26

MSA=NMSA

NEXT (LB} =MX

NEXT(MX)=0

LB=aMX

LASTMX=0

MX=MSA

NKENEXT (MX)

IF (NKeEQeQ) GO TO 26

LASTK=MX

K=NK

GO T0 5

NEXT(LB)=MSA

NEXT(MSA)=Q

CALL SWITCH(ISAsISE)
MSTART(1SB)=MAX(ISB)=0

CALL PACKI(1ISA)

IF (NPRINT) RETURN

CALL TIME(MHsIMMsMS)

NB=3600%¥MH+60*MM+MS

NT=NB-NA

PRINT 101sISASNT

RETURN

END
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GO T0 60

IF («NOToNOFACT) PRINT -}03

KN=NEXT(K)

JF (KN+EQeO) GO TO 70
KeKN $ GO TO 10

PRINT 101

RETURN

END
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SUBROUTINE OUTAA(ISAsIVAs»lVI)

FORMAT (6H WRITE»13)

FORMAT (///71]

FORMAT (135)

FORMAT (1H )}

FORMAT (21H #*%%% FILE EMPTY ¥%¥3x)

FORMAT (I3594H*EX* 912 95H*¥SIN(91292HM))
FORMAT (13594H¥tL*3#y]2])

FORMAT (135 94H%E %% 92 95H*¥COS(91292HM))
FORMAT (F35eBs4H¥E#%[295H*SIN(91292HM))
FORMAT (F35eBo4H*E*%4]2)

FORMAT (F35¢8s4HRE*#%41295H#COS(91292HM))
COMMON/ 1/NEXT(6500) /72/N(6500)/3/M16500)
COMMON/4/1EX(6500)/5/1TRIG(6500)/76/1RG(6500)
COMMON/T/LFACTL(30) sNUTILI30) sMSTARTI(125) sMAX(125])
COMMON/8/KFACT(10) s KMAX sMORUER s LORUER sLZERO» INDEX
COMMON/ 9/NOFACT s NORDER sNOSTHP oNPRINT s LPRINT
TYPE LOGICAL NOFACT sNORDERSNOSIMP o NPRINT »LPRINT
DIMENSION TA(8)s11(8}

PRINT 100s1SA $ PRINT 101

K=MS=MSTART (15A)

IF (MS5¢GTe0) GO TO 10

PRINT 104 % RETURN

IF (N{(K)eEQe0) GO TO 60
NUTILI14)=NUTIL(14)+1

IF {M{K)eLTe0) GO TO 20

GO TO 25

NIK}==N(K) $ M(K)=-M(K)

CALL INDICES(IEX(K)sIA) $ CALL INDICES{IRG(K)»II)
IF (IRG(K)eEQeINDEX) ITRIG(K)=Q

IF (NOFACT) GO TO 50

SM=M(K) $ SM=ABS(SM)

IFf (SMeLTele0E6) GO TO 40
SM=ALOG10(SM)+040001

SM=AMQOD(SMs140)

IF (SMeLTe0e00l) GO TO 50

IF (ITRIG(K)) 42943944

PRINT 142sN(K}osTACIVA)II(IVI])

IF (M(K)4EQel) GO TO 60

PRINT 102s M(K)

GO TO 60

PRINT 143sN(K)Is1ALIVA)

ITRIG(K)=1

IF (M{K)eEQel) GO TO 60

PRINT 102y M(K)

GO TO 60

PRINT 1449N(K)oIACIVA)SIILIVI)

IF (M(K)e+EQel) GO TO 60

PRINT 102y M(K)

GO 70 60

COEFF=N(K) $ COEFF=COEFF/M(K)

IF (ITRIG(K)) 52453554

PRINT 1529COEFFoIA{IVA)9II(IVI)

GO TO 60

PRINT 1534COEFFeIALIVA)

ITRIG(KI=]

GO TO 60

PRINT 154sCOEFFeIA(IVA)9II(IVI])

N o i N




Security Classification

DOCUMENT CONTROL DATA-R&D

(Security classification of title, body of abstract and indexing annctation must be entered when the overall repart s classitied)

1. ORIGINATING ACTIVITY (Corporate author)

Naval Research Laboratory
Washington, D.C. 20375

28. REPORT SECURITY CLASSIFICATION

Unclassified

2b. GROUP

3. REPORT TITLE

ALGEBRAIC MANIPULATION BY COMPUTER

4. OESCRIPTIVE NOTES (Type of report and inclusive dates)
Final report on one phase of a continuing problem.

5. AUTHORI(S) (Firat name, middle initial, laat name)

R. R. Dasenbrock

6. REPORTY DATE

June 29, 1973

7a. TOTAL NO. OF PAGES 7b. NO. OF REFS

71 10

8a. CONTRACT OR GRANT NO.

NRL Problem B01-10
b. PROJECT NO.

RR 003-0241-6152

(=

d.

98. ORIGINATOR'S REFORT NUMBERI(S)

NRL Report 7564

9b. OTHER REPORT NOI(S} (Any other numbers that may be assigned
this report)

Operations Research Group Report 73-1

10. DISTRIBUTION STATEMENT

Approved for public release; distribution unlimited.

11. SUPPLEMENTARY NOTES

12. SPONSORING MILITARY ACTIVITY
Department of the Navy
(Office of Naval Research)
Arlington, Va, 22217

13. ABSTRACT

This report describes a program which has the capability of performing literal algebraic manipulations on a high
speed electronic computer. Emphasis is concentrated on the manipulation of the Poisson series occurring in the classical
theory of lightly perturbed dynamical systems. The program is written in Fortran and is now operational on a CDC-3800.
With little or no modification it could be implemented on any computer possessing a Fortran compiler.

DD ©¥..1473 (pace 1)

S/N 0101.807-6801

69

Security Classification




Security Classification

14 KEY WORDS

LINK A

LINK B

LINK ¢

ROLE

wT ROLE wT

ROL E

Machine algebra
Algebraic manipulation
Literal expansions

DD \*.1473 (sacx)

(PAGE' 2)

#U.5. GOYERNMENT PRINTING OFFICE:1973 542-163/ Z-4

1-3

70

Security Classification






