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ABSTRACT ,

This report presents an experimental and theoretical
analysis of the transmission of underwater sound In shallow
water. taking into account the influence of the bottom, The
analysis is particularly concerned with frequencies At which the
wavelengths are comparable to the t'hysical dimenrions of the
acolls ic systemo

The exa`ination of 96 rae'run records from two loca-
tions in the Potorrid- liver area chovs, within the frequency range
70-400 cps, different ,ates of attenuation of sound pres.ure level
with distance, denending unon the acoustic uroperties of the bot-
torm

The records indicate a low rate of attenupation over hard
bottom, in Dronounced disagreement with the rpte predicted from
the transmission theory based upon normal acoustic impedance. It
is concluded that the imnedance it insufficient to determine the
general propapation constants required for solvinp- transmission
problems,

A new analysis of underwater sound pronaration is given
in terms of the normal modes of vibration of the scoustic system
of the sea between surface and bottom. The bottom is character-
ized only by a density and a velocity of sound. The experimental
results are interpreted successfully and in detail in terms of the
initial stimulation, the relative attenuation, And the chase veloc-
ities of the modes.

it is shown tih-t the observeid uhenomena cannot be exnli n-
"ed as the reault of interference between, direct and Purfpce-reflect-
ed sounn beams, except under special limiting conditions such is
great water depth or complete abdor-otion of Bound at the bottom.

Methods ere described for speeifn . the chAracter of the
transmission and computing the propagat.on constants, when the
density and the velocity of soimd of the bottom material are known,

The use of acoustic measurements as transmitsion criteria
Is discussed, together with the estimation of acoustic constants
from hydrophone so-=udinps, bottom snmnles,° and hydrogranhic data,

St Computation of transmis.tion characteristic.s from the date
Is fadilitated by the use of six charts which are renroduced in
thf, renor t



4p~lic-~itc-i~s of the avit~o -jrob,.euii of spe~cific in-.
terest to the -. ry re &IFcuv:d Thle Trimanry •r, ication is to ,
,ýhe i3ntexrrete.t-.0on ofeluve•,!•nt'• of nd~errwater rod field- in

the acouetic ,y~p--a ,f -the sea.. Such neasurements uist be m.de in
the testing of P.coustic miesweoping devices, and in the Istudy of
shlp voisefO, Tlae av-alysls mvay be ar~oiled to the nrediction of
•iIne.sweeorng r2i;gee from hyarogra h'c and acoustic data, wid to
the e•,itnation of sxbrnirine Isteninp r•npes.
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I. INTRODUCTION. m

1o Understanding of the relationships between the hori-
zontal propagation of underwater sound from a ship-mounted
source and the acoustic characteristics of the underlying sea
bottom is vital for the correct interpretation of the trans-
mission measurements which must be made in the testing of
acoustic minesweeping devices, the study of ship noises, and
the estimation of submarine listening ranges.

•2 For example, the effectiveness of acoustic mine-
sweeping operations may depend as much on the geometric con-
figurations and-.on the acoustic behavior of the .bottom as on
the sound output of the gear itself. Although the character-
istios of the sweeping gear may be determined by acoustic
measurements at short distance (e.g. 6 ft), the influence of
.the boundaries (surface and bottom) on the sound pressures at
greater distances gives rise to extremely complicated phenome-
na. These phenomena, particularly at frequencies where the
wavelengths are comparable to the physical dimensions involved,
have not heretofore been adequately explained.

5. The underwater sound pressure distributions directly
beneath a ship-mounted source have been investigated by this
Laboratory, and a formal report has been submitted (Bibliog. 4).
The results of experiment wore shown to be in close agreement
with the free field acoustic impedance theory (Bibliog. 11).

4. A study has now been made of the related-problem of
the propagation of underwater sound as a function of the hori-
zontal distance from the ship-mounted source. A preliminary
report has been submitted (Bibliog. 5), in which the methods
and results of the MRL analysis are briefly outlined. In the
formal report presented herewith, much-of the experimental
'evidence is reproduced and discussed, the consequences of the
new theory are deduced and fully explored, and the analysis is
applied to the interpretation of the observed phenomena.

5. The report is divided into a number of sections,
many of which are provided with separate summaries for con-
venience in following the argument. The reader who does not
have time for detailed study of the report is advised to read
all of Sections I, II, and III, the summaries only of Sections
IV and V, all of Section VI, the summary of Section VII, and
all of Sections VIII, IX, X. and XI. By followinZ this proce-
dure the gist of the new analysis may be obtained.

CONFIDEnTIAL -2-



6. Applications of the results to problems of Navalinterest are discussed in Section X. The mathematical
derivations relevant to various aspects of the subject will
be found in the five appendices.

7. It is planned to continue the study of low fre-
quency sound propagation by making additional range tests
and hydrophone soundings in the Chesapeake Bay area and
along the nearby sea coasts.

CONFIDENTIAL -3-
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II. EX-PERIjNTAL PIROCEDURE; -

CONDITIONS OF TESTS.

8. For the investigation of underwater sound propagation
described In this report the experimental procedure consisted
of setting up a'sound field of high intensity, and recording the
presswre l-evel registered by a hydrophone placed ait different
depths and distances from the aource.

9. During the tests the sound source was mounted at an
effie~tive depth or 10-12 ft'beneath the USS AQULWAINE (PYc 7),
ýa converted yacht assigned to the Sound Divis ion of the Naval
Research Laboratory, or from the bow of the US$ ACCENTOR (AMc 36)0
a coastal minesweeper. The XUR-2.mechanically driven sound
generator, mounted in the 36" well of the AQUAL!AINE or swung
from the bowr of the ACCENTR by a 24 ft boom, was employed as
sound source in moat of the tests. For a few tests, the IJRL
Model X-3 magnetic type underwater loud-speaker, mounted in the
AQUAMARINE, was employed. These devices have been previously
described (Bibliog. 1, 2, and 3).

10.' Both the loud-speaker and the mechanical generator
were in effect point sources of sound, since their dimensions
were small in comparison with the wav~elength. ýThe output from
,both may be characterized as polyphonic, a word here used to
designate a fundamental frequency accompanied by harmonics the
intensity of which decreases with the order.

11. The exvertmental records obtained were of two types,
range run recordings and hydrophone :sound Ings.Th range run
recordings show the sound pressure level received by a hydro-
phone6 planted 11 ft above the bottom, as the test vessel tra-
versed a straight course several thousand feet long and passed
directly over the hydrophone. Duringi eah run the source was
operated at a constant level and frequency.- The hydrophone
soundings6 are records of the-vertical distribution of sound
pressure level. These were made by raising the hydrophone
from the sea bottom to the surface, at constant rate, with the
output of the sound source maintained constant and the test
ývessel at an~chor. Typical hydrophone soundings made directly
beneath the source have been reproduced and discussed In do-
tall in a recent report (Bibliog. 4). 'The hydrophone soundings
described In Section Ul of the present report were made at con-
siderable distance from the source*

.CONFID2ENTIA~L
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12. The measurement equipment, including :RL tourmaline
hydrophones, ERPI Sou hd Frequency Analyzer (RA 277 F), and
ERPI Graphic Level Recorder (RA 246), was the same as that
described in previous reports (Bibliog. 2, 4. and 5). The
calibrations of the "ydrophones were checked by comparison

-with the Bell Laboratories Type 3A standard crystal hydrophone,
which had been compared with the MIT standards. Extraneous
noise was eliminated by tuning the ERPI analyzer to the fre-
quency of the source, with the filter set to pass a frequency
,band only 5 cycles wide. The combination of a constant sound
sour•+ of high intensity and a calibrated sharply-tuned re-
ceiving channel was found to be highly satisfactory for the
quantitative study of transmission phenomena.

13. , The receiving and recording apparatus was arranged
to be battery powered, and was deployed in a 12 ft surf boat
for many of the range runs and for hydrophone soundings made
at a distance from the test vessel. For the latter, the hydro-
phone was lowered and raised by hand from a bathythermorraph
cable reel. For some of the range runs the receiving appara-
tus was located in the 4RL range house on the main east pier
of the Potomac River Bridge, and a cable run'to the hydro-
phone planted near the bottom in a position 200 ft west of
.the pier.

14. The tests described in this report were made in two
locations, 1) at the Potomac River Bridge near VorGantown,
Maryland, and 2) near the Potomac River Uouth, centered about
a position 3000 yards south of St. George Island. Portions
of the hydrogralphic charts for the areas in which the tests
were made are reproduced in'Plate l.' The range courses, the
hydrophone locations, and the bottom contours are shown. The
first course was along the channel .between the deep water piers
of the Potomac River Bridge, with the hydrophone planted 200
ft west of the pier on the Maryland side of the main span.

15. The Bridge was a particularly convenient location
because the geometry of the course could be determined accurate-
ly by taking bearings and stadimeter sights on the piers and
girders. It was fomd by experience that a reliable distance
scale for the range run records was obtained by marking the re-
cord as the bow and as the stern of the test vessel passed the
recording station on the pier. The speeds of the vessel and
of the recording paper were substantially constant during each
run. On the River lYouth range course the passage of the ship

.CONFIDENJT IAL 4-



gave the only data for est•blishlng the distance scales. Theaccuracy of the latter is believed to be of the order of 10%.

16. At the center of the River Bridge course the •ter
depth was 57 ft, and at the center of the River •outh course,
55 ft. At the Brtd•e, the •ottom sloped up stream about 3 ft
per mile; at the River Mouth, the bottom sloped down stream

about !0 ft per mile, The area of substantially flat bottom
was larger at the River }•outh than at the BridEe. Since in
!both locations the bottom IrreEularlties alon8 the course were
smal• in comparison with the depth or with the wavelength of

the propa•Eated sound, the %ranemlssion measurements are con-
sidered %• be 6•mracteristlc of those which might be obtainable
over an ideally fl•% bottom.

17. The locations chosen for this investigation represent
different acoustic conditions. It was shown by the measure-
ments of bottom impe@•nce described in the previous report
(Bibli0g. 4) that the soft mud bottom at the River Bri4ge Is
acoustically "soft" in stouter and highly absorbing in winter,

and that the hard sandy mud bottom at the River l•outh location
Is acousti•ally "hard" both in smnmer and in winter. At the
Bridge, the loss per normal bottom reflection is 6-9 db in sum-
mer, and 16 db in winter; at the River •outh, relatively inde-
pendent of season, it is 8-14 rib. • the Brid•e the normal
bottom inpedance at low frequencies is smaller than the im-
pedance of water. This impedance increases with frequency, and
a phase transition takes place above 500 cps in s•mer and at
about IBO cps in winter. At the River Mouth location the mea-
sured normal impedance is real• and equal to two or threetimes
the water impedance. •he terms "soft", "hard",• "transitional",
and "impedance" are defined in Bibliog • q.v.

E

18. The experimental material on which the c0nolusions of
this report •re based consists of 96 range run recordings listed
in Table I, and about 80 hydrophone soundln•a made alon• the
range courses at the River Mouth and at the Potomac River Bridge.
About 50 additional range run recordings and several sets of
hydrophone soUndings have recently been made in the Chesapeake
Bay and, Rappahannock River areas. A full discussion of the re-
cent records will be reserved for a subsequent report.



TABLE I. RANGE RUN RECORDINGS.

Number of Sound Frequency
Recordings Location Date Source ane

10 P.R. Bridge Lug 6, 1942 X-3 Speaker 200-400 ape
10 P.R. Bridge Sept 30, 1942 / XUR-2 70-186 cps
13 River Mouth Oct 1, 1942 XUR-2 70-200 cps

*151 P.R. Bridge Oct 13-15, 1942 XUR-2 70-200 cps
2 River Mouth April 7, 1943 XUR-2 70-100 cps

_10 P.R. Bridge April 8, 1943 XUR-2 70-200 cps

*UJSs ACCENTOR "acting as test -vessel.

19. Bottom impedance data from soundings directly beneath
the source were obtained at the River Mouth in February 1943,
and at the Bridge in August 1942, and February 1943. On April 7ý
1945, hydrophone soundings for frequencies in the range 70-300 cps
were made at the River Youth at horizontal distances from the
source of 100 ft, 350 ft, 1000 ft. and 2000 ft. On April 8, 1943.
hydrophone soundings were made at the Bridge at horizontal dis-
tances from the source of 200 ft, 500 ft, and. 1000 ft, for fre-
quencies in the range 70-?O elpa.

20. Eleven range run reeordingrs selected from the groups
made in August and September at the Potomac River Bridge are
reproduced in Plates 2, 3, and 4. Nine recordings made at'the
River Mouth in October are reproduced in Plates 5, 6, and 7.
Typical hydrophone soundings at considerable distance from the
source rade in April 1943 are reproduced in Plate 11.

21. The db reference level for these and for all reproduced
records is 0.0002 dynes/sq, em., unless specifically stated to be
otherwise.

CONIFIDE1TIAL -8-
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Experimental Results

22. The study of the range run records shows that the
observed attenuation over soft bottom at the Potomac River
Bridge is in substantial agreement with that cmputed from
measured values of bottom impedance. The observed atten-
uation over hard bottom at the River Mouth is extraordinarily
low compared with values computed from the theory involvinGimpecpano e.

23. This discrepancy between observed and computed results
is traced to t6e inherent limitations of the normal acoustic im-
pedance. A new anailysis of underwater sound propagation is pro-posed in which it is assumed that the bottom is a homogeneous
medium completely characterized for acoustic behavior by a density
and a velocity of sound. Although details of the new analysis are
not presented in this section (See Section Ni), it is shown from
elementary considerations that total internal reflection of sound
Waves at a hard bottom should be expected under certain condi-
tions, and that the occurrence of this type of reflection would
explain the low rates of attenuation observed at the River Mouth.

24. Additional experimental results, such as the "inter-
action loops" which are prominent on the records, the "initial
drop" of sound pressure level in the first 250 ft of source-re-
ceiver separation, and the consistency and reproducibility of
the data, are, briefly discussed.

CONFIDENTIAL



III. DISCUSSION OF EXPERIMENTAL RESULTS:

A. Characteristics and Consisteny of k Run Data.

25. The salient features which emerge from a study of
the range run records for the two locations are: (a) that all
records except those at the lowest frequencies (70 and 80 cps)
exhibit a succession of strongly marked loops, with maxima and
minima of sound pressure alternating as the distance from the
source increases; (b) that all records exhibit an "initial
drop .' or rapid decrease in sound level in the first 250 ft of
source-receiver separation, followed at greater distances by a
more gradual rkte of decrease; (c) that the records made at the
River Mouth, showing propagation over hard bottom, exhibit a
much lower rate of attenuation of sound pressure level with die-
tance than those made at the Bridge,

26. Interaction Loops. The alternating loops which charac-
terize most of the records are graphically illustrated in Plates
2, 3, 4, 5, 6, 7, and 8. The phenomenon was first reported by
this Laboratory about a year ago (Bibliog. 2). Although indi-
cations of the effect have been observed (e.g. Bibliog. 13), the
cause does not appear to have been generally recognized. A de-
tailed discussion of the "interaction loops", as they may be
termed, is given in a later section of this report, where they
are explained as due to the interaction of the normal modes of
vibration which characterize the sound waves confined between
.the surface and the sea bottom.

27. Initial Drop* The'relative sound pressure levels ob-
tained from range runs at various frequencies over various types
of bottom are superposed, and plotted in Plates 9 and 10 as a
function of the distance between source and receiver. In Plate
10 the plotted levels represent the envelopes of the respective
range records expressed in db referred to the peak level directly
over the hydrophone. In Plate 9 the envelope curves are expressed
in db referred to the sound output level at a distance of 6 ft
from the source mounted on the ship. A comparison of the envelope
curves, as well as of the original recordsi'shows that the "ini-
'tial drop", or thedecrease in sound level in the first 250 ft
of soUrce-receiver separation, is relatively independent of the
frequency or of the character of the bottom. The amount of the
"initial drop", from the average of 60 determinations is 17 1 2
dbo The water depth was 55 ft in all cases.

CONFIDENTIAL- -11-



28. AtLknuxation at Considerable Distance, In order to -'1,1show the influence of different bottom conditions on the propa-gation for a constant frequency, the envelopes of three charac-teristic range records are shown in Plate 9 for 100 cps and for70 cps, respectively. These curves show prc.ounced differencesin the attenuation at considerable distances from the source,corresponding to differences in the acoustic properties of thebottom. Curves (a) representing transmission at the River Mouth,over hard bottom, indicate much smaller rates of attenuationthan the curves representing transmission at the Poto mac RiverBridge' over soft mud. For example the average slope of curve(a) in Plate 9 for transmission over hard bottom at 100 cps, isless than 4 dbper 1000 ft at considerable distances (1000 -2000 ft), and the rate of attenuation decreases with increasingdistance. It my be seen from Plate 30 (b) that the curve for100 cps is representative of those obtained over hard bottom,since the curves for other frequencies also correspond to lowrates of attenuation. The original rec4"sds of the two excep-tionally long runs over hard bottom, for 70 cps and 100 cps;,respectively, are reproduced in Plate 7 together with the fatho-meter record of the depth. Curves (a)-in Plate 9 are theenvelopes of these records.

29. The rates of attenuation indicated by the recordsmade over soft bottom at the Potomac River Bridge are largerby an order of magnitude than those observed at the RiverMouth. Curves ) in Plate 9, for the Bridge in September,have average slopes of. about 18 db/o000. ft after the "initialdrop"'i curves (c) for the s~e location in April have averageslopes of about 40 db/00 ft. It may be seen from Plate 10(a) and (d) that these average slopes are representative forall frequencies in the range 70-200 cps. The bottom impedancedata indicate "soft" bottom reflections at all seasons in theRiver Bridge location at these frequencies, although the ab-sorption per bottom reflection is about twice as large in Aprilas in September. The difference in average slope between thtetwo sets of curves for-soft bottom, (b) and (c) of Plate 9, i'explicable in terms of the higher- absorption at the River Bridgein April compared with that in September. On the other hand,the extraordinarily low values of attenuation shown by thecurves for transmission over hard bottom at the hiver Mouth(e.g. curves (a) Plate 9) suggest that the factors which governtransmission over hard bottom may differ in some essentia3 rayfrom those which control transmission over soft bottom.

CONFIDENTIAL -1 2zý



30. Consistency of Range hun Data. The consistency of
the data, and consequently the significance which may be at-
tached to the trends indicated by the records, may be gauged
by the superposed envelope curves shown in Plate 10, (a), _(b),
(c), and (d). Records at various frequencies are shown grouped
as follows: (a) records from the Potomac River Bridge in Sep-
tember, in the frequency range 70-186 cps3 (b) records from
the River Mouth in October, in the frequency range 70-200 cps-
(c) rec6rds from the Potomac River Bridge in'April, in the range
70-100 cps; and (d) records from the Bridge in August, in the
frequency range 200-400 cos. The study of Plate 10 shaws that
each group of records is self-conslstent, and that in general
there appears ýto be a small systematic reduction in attenuation
as frequency increases. The trend with frequency is best illus-
trated by record groups (a) and (d) in Plate 10, made at the
Bridge in summer.

31. The envelopes of the range run records at various fre-
quencles (Plate 10), for a given location and acoustic condition
of the bottom, show the same general course except for the slight
downward trend of attenuation with frequency noted above. A few
curves, such as that for 200 cps in Plate 10 (b), show unaccout-
ably broad central peaks. This is probably explained by the
failure of the test vessel to pass directly over the hydrophone
during the run.

32. When the frequencies as well as the bottom conditions
were maintained constant, repeated range run records closely
duplicated each other in all except the most insignificant de-
tails. Records ma'de at the Bridge with the X-3, loud-speaker,
reproduced in a previous report (Bibliog. 2), showed close dupli-
cation of interaction spacings, levels at various distances, and
other details when runs were made at the same frequency with the
test vessel running alternately north and south along the course,
Many duplicate runs were made in the large group obtained With
the source mounted on the USS ACC&UTOR, particularly at 70 cps
and at 90 cps. Those for the sare frequency V~re almost identi-
cal except for the region close to the central peak. The minor
differences which did occur imy be attributed to the occasional
departure of ACC:WTOR from the course, especially when pass.ng
over the hydrophone. The AQUAZaWRINE, laving had more experience
in this type of maneuver, was relati'ely more successful in re-
peating runs. The effects of surface roughness, interference
from the ship'.- hull, wakes, direction of tidal flow, and other
possible cause of variation in range run records, anpeared to
be relatively unimportante
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B. Correlation of Transmissior Attenuation 'With Bottom Imance.

35. A method of conputir,, the horizontal attenuation fortransmission of sound over a cottom characterized 1-_ a e-iwrnormal acoustic impedance is outlined in Bibliog•.
attenuation to be expected at the River .Moutv, aand at the, ridge;n summer and In winter be computed by this method from thebottom impedance measurements for these locations (B•f..•i• 4)
the following results are obtained,

TABLE U,

AttenuatioA-..etween 500 feet and 1500; feet fromSound Source, Cqmputed From Theory Based on Nor-
mal Impedance, With Addition of ylndrioal
Spreading. 100 opa•

Computed Observed

Potomac River Bridge
Soft Bottom 14 db/6000 ft 14 db/1i:Ko 1t
Summer Conditions

Potomac River Bridge
Soft Bottom • 33 db/1000 fCf 38 db/100;% ft
Winter Conditions

Potomac River Mouth
•a~rd Bottop" 59 db/l00 Ct 4 db/l 0o ft
Winter Conditions

34C The ITIT method bacsed UDOri norta.N. -aooust.,j inocdanoe•ýves c'omputed results in stabstantial, agreement w*ith ex.er:--,ient for the rate of attenuation over scu't bottom at thePotomrac River Bridges in sumer and in winter, Thr •.ethod
gives coLpietely erroneous results; howeyver, V'or t"I h t(1 z.-.tion to be expected over h1;rd bottom at the .oto:. R iiiv,.r
ILouth The computed rate 01 attenuatin- for this c.catio. -1c)"db1900 ft, differs by an order of'.magnitude from t"e .sb..;..aitte...zit ion of 2-4 dbAO00 ft at considerable distn).nn fro•.r•he source, Indeed, the observed decrease in aound pr.s.r.level with distance,, for sotirce-receiver separation b r:I. .tharn about 50. feet, may be entirely accounted ...o.. by t-ie c:--.indrica1 spreadin, of th. sodnd waves in the :ediun. e:-.-,b" the euris'ace and the bottom° This is sh,,nr. by the d-tte."c zrve kn 'V1 te 9. which was comp:t~d for a doease .in se; ..-



pressure proportional to the square root of the distance from
the source, and superimposed at arbitrary level. There is no
evidence on curve (a) of Plate 9 of appreciable loss of energy
by absorption at either surface or bottom, after the first few
hundred feet. Since in April the water temperature at the sur-
face was 350F, temperature gradients could not have played a
significant role. The prevailing acoustic conditions at the
Potomac River Mouth were such as to result in the propagation
of underwater sound with total internal reflection at the lower
boundary, the sea bottom. All of the records made in this loca-
tion, in October and in April, at frequencies from 70 cps to
200 cps, showed this type of transmission.

C. Transmission Over Hard Bottom; Proposed Explanation.

35. The observed p-.,nomenon of propagation of underwater
sound with negligible attenuation over hard bottom cannot be
explained by the transmission theory based upon normal bottom
impedance. Observed and computed slopes for curve (a), Plate 9"
differ by 55 db, corresponding to a pressure factor of almost
600. When theory and experiment give results differing by such
a wide margin, the basis of the theory requires re-examination.

36. Careful study shows that the difficulties may be
traced to the inherent limitations of the normal acoustic i--
pedance concept. Indeed, the usefulness of this concept for the
evaluation of boundary conditions in transmission problems is
found to be limited to certain special cases. For air-borne
sound waves incident on acoustic absorbing material, and for
water-borne sound waves incident on a "soft" bottom, the wave
velocity relations at the boundary are such that the latter may
be usefully oharcterized-by a normal acoustic impedance, inde-
pendent of the angle of incidence. For the special case of the
"soft" bottom at the River Bridge (curves (b) and (c) of Plate 9,)
it has been shown above that values of horizontal attenuation in
substantial agreement with range run data may be computed from
measured values of normal impedance by employing the method out-
lined in Bibliog 10 . When used to compute the transmission
overjuir4 Mtt=m this method gives erroneous results because
"Lhe normal impedan e does not adequately express the boundary
oonditionsibr the propagation of sound waves impni ag aL - art e
angso incidýei'np n the b__he1jy between a medium of low
velocity and a medium of higher velocity.

CONFIDE11TIAL _15-



37. Althou4;h the sound pressure distribution directly
beneath a ship-mounted source is best interpreted interms of
normal impedance, the adequacy of the concept for expressing
the acoustic properties of the sea bottom for other angles of
incidence has been shown to be open to question.

38. In a recent NOL Report (Bibliog 12) the normal im-
pedance is computed for various types of sea bottom, including
viscous fluid and elastic medium. The impedances are derived
as complicated expressions involving the angle of incidence
and the densities and velocities in the media. It is shown
that if the velocity in the bottom is comparable to or greater
than the velocity in the water, the bottom impedance will
depend appreciablk -on the angle of incidence. A normal impe-
dance can still be-maasured, and a reflection coefficient
(ratio of reflected to incident wave pressure) may be formu-
lated in terms of it, but under these conditions the impedance
alone is not sufficient to determine the propagation constants
which are required for solving transmission problems.

39. Fortunately the situation is not so unfavorable as
is implied inthe NOL Report (Bibliog 12). The bottom impe-
dance measurements made in the Potomac River area (Bibliog 4)
indicate the common occurrence, in land-locked waters, of "soft"
bottoms in which-the wave velocity is much smaller than that in
water. In this case the impedance is relatively independent of
the angle of incidence, and the transmission theory based upon
impedance should be valid. The experimental results depicted
in Plate 9 curves (b) and (c) verify this expectation. In con-
trast, if the bottom impedance measurements indicate acoustical-
ly "hard" bottom, it is at least probable that the wave velocity
in the bottom is Greater than that in water. in this case it is
to be expected that the transmission theory based upon normal
impedance will not give valid results. The failure of the theory
to account for the experimental results at the River Youth is
thus explained.

40. The problem can be solved, however, by a theoretical
analysis in which the appropriate boundary conditions are formu-
lated without charmcterizinr the bottom by a normal acoustic im-
pedance. Such an analysis of low frequency sound propagation,valid for both "soft" and "hard" bottoms, in which the solutions
of the wave equations are 6btained in the form of normal modes
of free vibration between the surface .and a homogeneous fluid
bottom, is presented in Section IV and in Appendices A and D.
The term "fluid bottom" is used to denote a bottom in which com-
pressional waves alone need be considered and for which the
energy in shear waves is negligible.
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41. This analysis is valid for a wide range of acouetic
conditions at the bottom, since the formulation of boundary
conditions is quite general. For convenience, the results are
obtained in terms of the densities and velocities of sound in
the water and in the material of the bottom. It is shown
(a) that if the velocity in the bottom is appreciably less than
that in water, the transmission should be essentially the same
as that predicted by the theory based on normal impedance; and
(b) if the velocity in the bottom is greater than in water, the
transmission at all frequencies above a certain critical fre-
quency should be characterized by negligible horizontal attenua-
tion at considerable distances from the source. An explanation
is thus provided for the low-loss propagation observed experi-
mentally over the 'hard bottom.

42. Although the detailed analysis in terms of normal
modes is necessarily complicated, the basic phenomena may be
visualized from the classical theory of reflection and refrac-
tion of sound at the boundary between two homoreneous media.
It is pointed out in the standard texts on acoustics, begin-
ning with Rayleigh, that plane waves of sound incident on the
boundary between two homogeneous media will, under certain con-
ditions, suffer total internal reflection. These conditions
are: (a) that the velocity of sound in the refracting medium
(the bottom) is larger than that in the incident medium (the-
water) and; (b) that the angle of incidence of the waves at
the boundary is larger than a critical angle defined by the
relation sin 0 cl/c2, where ' is the angle of incidence and

-cI and c2 are the velocities in the incident and refracting
media, respectively. It may be shown that the effective
angles of incidence and the expected velocity ratios are favor-
able for the occurrence of total internal reflection.

43. The velocity of sound in the bottom material is sel-
dom directly known, although the probable range of velocities,
from geophysical data, is 5000-6500 ft/sec for compact sandy
mud, and may be as high as 20,000 ft/sec for rock. It Is en-
tirely reasonable that bottoms classified by normal impedance
measurements as "hard" (¢C>I) may have sound velocities Creater
than that of water.' The transmission of low frequency sound over
them at considerable distances may therefore be characterized by
total internal reflection. Under these conditions the only cause#
of attenuation would be the cylindrical spreading of the waves,
and the losses (usually small) from reflection or scattering at
the surface. The experimental record envelopes reproduced in
curves (a) of Plate I demonstrate this type of propagation.
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"44. Phenomena involving total internal reflection at
the sea bottom have received practically no notice in the
literature of underwater sound iransmission. From the ele-
mentary considerations discussed above this type of trans-
mission should be extremely common. For example, the en--
tire continental shelf along the Atlantic coast of the
United States, outside the harbors and river mouths, is
characterized by bottoms of sand, shell, and hard sandy mud.
Similar conditions obtain along the-Pacific Coast, at the
approaches to San.Francisco Bay, on both sides of the English
Channel, and along much of the southem shore of the Mediter-
ranean Sea. The acoustic conditions for "hard" bottom trans-
mission of low frequency sound should be realized over most
of these areas. * -. -

45. Although long ranges have been observed, particu-
larly for explosion waves employed in sound ranging, the
possibility that total internal reflection at the sea bottom
may be the dominant factor in the transmission of underwater
sound at low frequencies seems to have been entirely over-
looked by prior investigators. The scarcity of relevant ob-
servations on this subject may perhaps be accounted for by
the complexity of the experimental equipment and of the ar-
rangements required for the quantitative study of underwater
sound propagation.

I
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IV. ITRODUCTION TO N O-lA:L MODE T11E0OY O PROPAGATION
OF UNERWATER SOUND OVER HOMOGENEOUS BOTTOM
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Introduction to Normal ode Theory

46. The problem of the propagation of low frequency sound in
water, taking into abcount the influence of the boundaries on the
transmission, is analyzed in terms of the normal modes of vibration
of the acoustic system of the see. between surface and bottom. This
analysis is particularly adapted to frequencies at which the wave-
lengths are comparable to the physical dimensions of the system., I

SThe results should be valid for a wide range of acoustic conditions
at the sea bottom, and free from the limitations inherent in the use
of normal impedance.

47. The acoustic field surrounding a ship-mounted source in
shallow water is treated theoretically by studying the sound pres-
sure field set up by a paint source placed at any point in a non-
dissipative homogeneous medium, the water, confined between two
infinite plane boundaries. Reference is made to Appendix D for
details of the general derivations. In order to surmount the dif-
ficulties which arise in the Integration of the general equations,
the actual acoustic system is replaced by a rectangular tube with
rigid side walls. The derivations for sound propagation in such a
tube are outlined in this section and given in detail in Appendix A.

48. The principal result of both the general analysis and
that in which the pipe artifice is employed is a transcendental
equation relating the distribution constants of the acoustic system
to the elastic ýonstants (density and velocity of sound) of the bot-
tom. Five charts (Plates 12-16 inc.) have been computed and plotted
from this equation, by moans of which the distribution constants for
the first and second modes may be evaluated once the acoustic proper-
ties of the bottom are known. The propagation constants for each
mode (damping and phase velocity) may be determined from the distri-
bution constants by means of a conformal chart, Plate 17. The
analysis thus permits the propagation to be computed by adding the
contributions from the separate modes, each determined as above.

49. Brief discussions are given of propagation over an elastic
bottom, and of propagation over a stratified bottom. Reference is
made to Appendices B and C, respectively, for additional details.
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IV. ILTRODUCTI(YU TO NORO•U MODF THEORY OF PRO:IZATION OF
UNDERMATER SOUID OVeR ZONOGENEOUS B3OTTO:. q

A. Statement of the Problem.

50. The problem of the propagation of low frequency sound in
water, taking into account "the influence of the boundaries on the
transmission, may be satisfactorily analyzed in terms of the normal
mode of vibration of the acoustic system of the sea Letween surface
and bottom. This is a method of great power, because the individual
modes of vibration can be separately considered and their effects
combined to give explanations of complex phenomena in terms of rela-
tively simple component factors. The analysis is particularly ef-
fective for frequencies at which the wavelengths are comparable to
the physical dimensions of the system. At these frequencies other
theoretical treatments, such as the method of images, are virtually
inapplicable.

51. The use of normal modes - "eieenvalues" or characteristic
functions - for the solution of vibration problems has long been a
standard method in many fields of physics. A classical illustration
from mechanics is the consideration of the normal modes of vibration
of a taut string excited by plucking. Although these methods.were
first applied to acoustics during the last eenturyl, the application
of normal modes to room acoustics has undergone extensive develop-

!ment in the last decade 2 . The attempt to adapt these methods to the
treatment of underwater sound transmission has heretofore achieved
only partial success, owing to the inadequacy of general formula-
tions in terms of normal impedance. The need for a theory which is
valid for a wide range of acoustic conditions at the sea bottom, and
free from the limitations inherent in the use of normal impedance,
has been demonstrated in the foregoing discussion.

52. It is the purpose of this section to describe such a
theory of low frequency sound propagation in shallow water. The
method and the results of the analysis are discussed in the text
and the mathematical derivations are given in Appendices A, B, C,
and D.

53. The acoustic field surrounding a ship-mounted source in
shallow water may be treated theoretically by studying the sound
pressure field set up by a point source placed at any point in a

!. For example, Rayleigh-, Bibliog. 8.

COTIFIDENT IAL

2. Notably by P.1Y. Morse, R.H. Bolt, and their co-workers.
See for example Bibliog. 7, 10, .17 and 18.
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non-dissipative homogeneous medium, the water, confined between
two infinite plane boundaries. At the upper boundary, the sea 171

surface, the sound pressure is taken to be everywhere zero. The 17

lower boundary, the sea bottom, is visualized for this analysis
as the upper surface of a second homogeneous medium extending in-
definitely downward. The pressure field in the neighborhood of
the source and directly- beneath it has been previously discussed
(Bibliog. 4).

'54. The field equations for the acoustic system described
above may be set up and the, general solution developed as a sum-
mation of terms3 . Since these terms involve integrals which
have thus far not been evaluated, this form of the analysis does
not at present lead to solutions useful for the computation of
amplitudes or of attenuation. The relations between the con-
stants which govern the pressure field distribution and the
acoustic constants of the bottom are, however, derived for the
general case.

55. The behavior of the acoustic system maY be alternatively
derived by extension from the solutions for the propagation of
Sound in a rectangular tube4. These solutions may be obtained
more easily than those for the general case described above. The
tube is assumed infinite in length, bounded at its two sides by
rigid walls, at its top by a free surface, and at its bottom by
a homogeneous fluid medium. The replacement of the actual system
by the tube with rigid side walls is an artifice which enables the
difficulties of the general treatment to be surmounted.

56. The analysis is based upon the assumption that the bottom
is a homogeneous medium. The medium may be described as a fluid,
since its acoustic behavior is considered to be completely deter-
mined by the de•sity and the velocity of sound (compressional wave
velocity)* This amounts to neglecting the effects of shear waves
in the material of the bottom.

57. The analysis may also be applied, at least in principle.
to a stratified bottom consisting of a single layer of homogeneous
fluid, underlaid by an extended medium of different acoustio proper-
ties 5 . Although numerical computations from the solutions would be
cumbersome, they could be made in special instances. In practice.
however, the effects arising from stratification of the bottom are
seldom pronounced.

3. For details see Appendix D and Addenda.
4. 'For details see Appendix A.
5. For details see .-ppendix C.
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58. A complete analysis of propagation over an isotropic
solid bottom has not been made, but the modifications required
to adapt the propagation theory derived for a homogeneous fluid
bottom to the special case of an isotropic solid bottom in which
shear waves occur are discussed in Section VII (Reflection Laws
For Different Types of Bottom). The discussion is based upon an
analysis, given in Appendix B, of the boundary conditions for
this case. The principal result is that the shear waves may
usually be neglected, in the types of bottom to be expected. The
basic acoustic phenomena may be explained, .to a close approximation,
in terms of the analysis tbr a fluid medimn.

59. Consideration of the propagation of sound in a rectangu-
lar tube of the type chosen to represent the acoustic system
bounded by the surface and the sea bottom, shows that the simplest
class of "transverse" acoustic waves which may be set up will .have-
a uniform distribution of pressure across the tube normal to the
rigid walls. In other words the pressure variations will be two-
dimensional, with a pattern of nodes and loops betieen the top and
the bottom but not along lines perpendicular to the rigid walls.
The waves are "transverse" in the sense that in general the parti-
cle displacements have components perpendicular to the axis of
the pipe. The waves propagate by alternate reflection at the top
and bottom. This is also the class of waves which will be propa--
gated through a medium enclosed between parallel planes such as the
-sea bounded by surface and bottom.

60. The transmission in the. sea will, however, be modified
by cylindrical spreading which is not present in the' idealized
acoustic system; the pipe. Physical considerations indicate that
:the attenuation due to cylindrical spreading will be independent
of that due to absorption at the boundaries, and that the' total
attenuation may therefore be obtained by simple addition. With
-this modification, the solutions for the pipe may be employed to
give the transmission in the actual acoustic system6.

6# A comparable problem of sound transmission- in pipes, with the
boundary conditions expressed in terms of impedance, has beeni
treated by P. M. Morse (Bibliog. 18). "Transverse" acoustic
waves in rigid tubes, analogous to the electro-magnetic oscil-
lations in hollow metal tubes and dielectric columns or "wave
guides", have been treated by H. E. Hartig and C. E. bnson
(Biblio&,19). Hartig's derivations, following Rayleigh (Bibliog.
8), were restricted to propagation in tubes with rigid walls*
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B. Outline of Derivations.

61. The actual derivations for the propagation of sound ina rectangular tube bounded by two rigid walls, a free top surface,
and a homogeneous fluid bottom, are presented in Appendix A. The -solution of the wave equation is obtained for the pressure distri-bution in a single mode of the simplest class of "transverse"
waves. The solution represents the product of (a) a progressive
wave, damped exponentially as it travels down the pipe parallel tothe long axis, and (b) a standing wave System between the top andthe bottom of the pipe. The progressive wave has a complex propa-
gation constant o-+;'. The real part C- determines the dariping
along the pipe, a"d the imaginary part determines the phase velo-
city of the wave c/r. The latter is always larger than c, thevelocity of sound in the "free" medium. The phase velocity may
be defined as the frequency times the distance between wave crests.The standing wave system between surface and bottom consists of a
pattern of nodes and loops given by the complex distribution con-
stant /.

62. It is found that the propagation constant is related to
the distribution constant by the equation7

(5)

where :9, ; is the water depth measured in half wavelengths.
This equation has'the same form regardless of how the boundary.
conditions are evaluated. The same equation was obtained fromthe impedance theory (Bibliog. 10). The phase velocity and the
damping can be found for any value of •, • once R and,4. are known,by computation from equation (5) or by consulting a conformal chart
such as that reproduced in Plate 17.

63. Assuming a pressure distribution in the bottom repre-
sented by an exponential decay both along the axis of the pipeand in the direction normal to the bottom, a relation similar to
that of equation (5) is found between the propagation constant
and distribution constant for the second medium.

64. A relation (Equation (7)) between the distribution andpropagation constants of the second medium and those of the first

7. The numbers of all equations are those used in the Appendices.
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medium is then obtained by the application of the conditions
that the pressure and the normal particle velocity must be
continuous at the lower boundary. One result of this is an
equation (16) which relates the propagation constants of the
two mediae A further and most important result, after applying
this relation-and mking appropriate transformations, is

(20)

in which

Y - ad Sz -(p

(21)

65. Comparison of equation (20) with the corresponding rela-
tion (Equation (135)) derived in Appendix D) shows that the two ex-
pressions are identical. The validity of the pipe artifice em-
ployed for the analysis in Appendix A is confirmed by this agree-
ment, since the general theory for the pressure field. surrounding
a point source between two infinite planes is shown to result in
the same relation between the distribution constants as the special
theory restricted to propagation in a pipe.

66. By means of equations (5), (7), (16), and (20) in Appen-
dix AN the distribution and propagation constants for any mode be-
longine to the simplest type of "transverse" waves in the first
medium (density x, and velocity C, ) may be determined in terms of
the acoustic properties of the bottom (density/02 and velocity CA ),
and the geometrical conditions (• , the depth of the water, mea-
sured In half wavelengths). The effective dez.tsity and velocity of
sound of the material of the bottom may be estimated with suffi-
cient accuracy from hydrographic data, sampling, and acoustic
measurements of Acz , as discussed in Section IX (The Use of A-
coustic Measurements as Transmission Criteria).

67. For convenience in the interpretation of the solution
for the distribution constants in terms of the acoustic properties
of the bottom, the charts shown in Plates 12, 13, 14, 15, and 16
have been prepared. These charts were derived from equation (20)
by computing and plotting the values of A and B which correspond
to various assumed values of 4 and 4s :Plates 13 and 14, for values
of/U between 0 and 1, and Plates 15 and 16, for values of/A between
1 and 2, correspond to the solutions for the first and second modes;
respectively0 An assembly of Plates 13-16, on a reduced scale is
shown in Plate 12.
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68. Once the components of the distribution constant are
determined from these charts, the damping and the phase velocity
for the particular mode may be obtained from another chart, Plate
17, which gives Cr and - in terms of #x andA, . This chart is
identical with that reproduced in Bibliog 10, p 315, and corres-
ponds to the relations given by equation (5). Plate 17 gives
solutions for a wide range of values of Ac, and consequently for
several lower modes.

69. The final pressure distribution may be built up by
adding the contributions of the various modes, each determined by
the method outlined above,

NOTE: Since the fore!yoifip we. written it ha.s been fo nd nor-
sible to evIaua.te the general pressure integrrIs in AMpendix D
in term.s of Rnkrel functions. The general 'treatment is thus com-
Tileted, and it is now pos•sible to cormute, in term" of the nor-
mel modes, the pressure at any point Jn the acoustic field sur-
rounding a ipoint nource between two infinite flat nlates. The
mathematiel key to the initerrattons wa- obtained from Renort No.
65, recently received from the Mine.weepine Section of the Bureau
of Shi.s. This is a theoretical study by GX. Roe. entitled "The
Propagation of Sound in .hallow Water".

After evaluation of the intep~rel, the normal mode solutions
in Ap-endix D, may be shown to be identical with the solutions for
pressure obtained by n different method in Renort iNo. 65., Details
of the interrption% will be found in the Addendm. to the present
report.

The treatment in Reruort No. 65 Makes, use of a p.enera.ized
bottom im'ednance, which iq Piloed to vwry 1-ith the Pnne of in-
cidence. Althnoph the method i" different from that em-loyed in
Section IV above, the final result iý similIr in that the behavior

of the bottom is not ch.r;.etr-r•ied by. normal irmedpnce e•one, but
by a more co.nlley function which Inclu;ee ndr.itlonel acoustic in-
formption.

The i.eneralized im-)edince wm•ld "oner to be P -m-thefmtical
Pobstraction which is not useful for cormputntion. If, hoeever, the

lAane 1'qve reflection law involvinf. densities Pnd velocities fir
Fiven in equation (48) be invorted into eiuation (-.A) of Roe's
resort, and anwro.rrate trpnrformation§ be carried out, the sne
treanncendental equation a-, tha.t from which the chprts vwre corn-
puted i obtaiIned. The chnrts in Plates TP-16, re-nreseritins' nlots
of this equation, therefore nrovide a sinnlp means of obtvtninr-
numericls! results, whether the .resr.ure equAtions are derived
directlY in terms of normp.l modes or byr nonbinlnr elementpry nlane
waves.
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V. TIE CHARACTER OF THE SOLUTION

CONFIDENTIAL -27-



StltMRY

Character of the Solution

70. The character of the sound propagation predicted by the
theoretical analysis is discussed.' Interpretation of the charts
(Plates 12-16 inc) shows that for any one mode the transmission
may be classified as either "guided", "damped", or "hybrid", de-
pending upon the acoustic constants of the bottom. "Guided"
transmission, with very low attenuation and no bottom absorption,
should occur over hard bottom at frequencies higher than a critical
frequency. This type was observed experimentally at the Potomac
River Mouth. "Damped" transmission, with considerable damping due
to bottom absorption, should occur over soft bottom at all frequen-
cies. This type was observed experimentally at the Potomac River
Bridge. ".ybrid" transmission, also with considerable damping,
should occur over hard bottom at frequencies below the critical fre-
quency. This type was recently observed experimentally in the Rap-
pahannock River area. The critical frequency is slightly higher
than that for which the water depth is a quarter wavelength.

71.1: physical picture of the sound pressure fields which
correspond to "guided" and 'damped" transmission in the first and
second modes is given in the form of isobar plots which show the
distribution of the lines of constant pressure between surface and
bottom and along the direction of propagation.

72. In a discussion of the relative attenuation of the various
modes it is shown that the rate of damping with increasing distance
'rom the source will be greater the higher the order of the mode.: As
a result, the higher modes tend to disappear more rapidly than the
lower ones. At distances greater than a few times the water depth,
most of the energy is carried in the first one or two mode's. The
vertical standing wave pattern between surface and bottom becomes
progressively simpler as higher modes disappear. Although the rela-
tive degree of initial stimulation of the modes depends upon the
nature and location of the source, the lowest modes are usually the
most strongly stimulated as well as the least damped. A descriptive
explanation of the observed transmission phenomena is given In terms
of the relative stimulation and damping of the normal modes.

73. An Interesting analogy is presented between sound trans-
mission in the acoustic system of the sea between surface and bot-
tomS and electromagnetic wave transmission in "wave guides".
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V. THE CMIAIRCTER OF THE SOLUTION.

A. Three Tyres of TransmiEsion, Illustrated by the
i-rt and Second MZodes.

74, The transmission of underwater so ud in the first and
second modes will depend upon the acoustic properties of the bot-
tom in accordance with the distribution and propagation constants
plotted in Plates 12, 13, 14, 15, 16, and 17. Physically, the
distribution constant x-Jik determtnes the character of the stand-
ing ware pattern between the surface and the sea bottom. The
real part K is a measure of the damping of the pattern, and the
imaginary part;4. determines the distribution of nodes and 3ops be6
tween the boundaries, Small values of 1(between 0 and l) are as-
sociated with the first mode, and correspond to the simplest dis-
tributions, Larger values correspond to higher modes and to more
complicated diatributions. For all modes of vibration of the a--
coustic system the surface is a pressure node; and the bottom a
node if "soft", and 'n approximate anti-node if "hard". The verti-
cal pattern of somnd pressure for the first mode is the simplest
which will fit the boundary conditions, i.e. a "half- are" loop
above a "soft" bottom, with nodes at surface and bottom; and a
"quarter-wave" pattern above a "hard" bottom, with a node at the
surface and an anti-node at the bottom. The distribution patterns
for higher modes will be discussed later.

75° The chart for each mode, in the assem`61y Plate 12, shows
three-types of solutions of equation (20). These solutions cor-
respond to different acoustic conditions:

(a) Values of B imaginary and greater than a
critical value (f for the first mode and
ij for the second mode). This corresponds
to sound velocities in the bottomgreater
than in the water (Cl< c 2 ) and to exciting
frequencies greater than a critical or "Out-
off" frequency.

(b) Positive values of B, corresponding to lower
sound velocity in the bottom than in the
water (Cl> c2 ).

(c) Values of B imaginary snd less than the
critical values stated in (a). This corres-
ponds to sound velocities in the bottom
greater than in the water (cli c2 ), and to
exciting frequencies lower than the critical
frequency.
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76. The three portions of each chart correspond to
three types of sound propagation in each mode. These may be
classified by their physioal characteristics as follows:

(a) "Guided" transmission, associated with
".hard" bottom.

(b) "Damped transmission, associated with""1soft" bottom.

.. (c) "Hybrid" transmission, associated with
"hard" bottom, at very low frequencies.

The reasons for this nomenclature will be clear after consid-
eration of the physical character of the waves whose distribu-
tion constants are represented by the various portions of the
charts.

77. In "guided" transmission, i , the real part of the
distribution constant, is zero for the allowed values of
(between j and 1 for the first mode). The standing wave pat-
terns between surface and bottom therefore have zero damping,
and no absorption at the boundaries. If K is zero, - , the
real part of the propagation constant, must also be zero. This
is shown in Appendix A.- Part 2. Under these conditions the
progressive wave is propagated with zero absorption at the bounda-
ries. This means that the cylindrical spreading from the source,,
amounting to 3 db per distance double, is the sole cause of at-
tenuation. Transmission takes place by means of "guided" waves,
confined between" the surface and the bottom, with total internal
reflection at the lower boundary. This type of transmission'is
illustrated by curves (a) Plate 9. for the experimental results
over hard bottom at the Potomac River Mouth°

78. "Guided" -transmission can occur only if the real part
of the distribution oonstant is equal to zero. The sections of
the Charts which correspond to this type of transmission are de-
rived from the solutions of equation (15) for which o is equal to
zero. Such solutions exist only for Imaginary values of B, grea-
ter than certain critical values. From the definition of B (equa-
tion (21)) it may be seen that this corresponds to exciting fre-
quencies higher than the critical frequency for the first mode
given by

• --- C, /
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79. "Guided" transmission will occur if the velocity in
the bottom is greater than that in the water and if the source
frequency is hirher than the critical frequency, fc determined
primarily by the water depth as compared to the wavelength.
This type of transmission cannot occur at frequencies below the
first m,.de critical frequency given by equation (31). It is
clear from this equation that, if 02» ci, the critical frequency
for the first mode will be that for which the water depth is a
quarter wavelength. For example the critical frequency may be
8 cps~if the depth is 150 ft, or 24 cps if the depth is 50 ft.
If c2 is only slightly larger than cI the critical frequencies
will be substantially higher than those given by the quarter
wavelength rule.' The relation between the critical frequency
for any mode and the critical angle for total internal reflec-
tion is discussed in Section VII-B. The equation for the
critical frequency of any mode is (2n - 1)fc, where n is the
order of the mode and fo is given above.

80. "Damped" transmission is represented by those portions
of the charts (Plate 12) for which the real part of the distribu-
tion constant, K , is not zero, and for which the velocity of
sound in the bottom is less than that in water. The standing
wave patterns between surface and bottom are damped, owing tb
absorption at the lower boundary. Under these conditions trans-
mission takes place by means of a progressive wave train pro-
ceeding with phase velocity C/Z , and with damping determined
by the value of a associated with each value of / . The attenu-
ation with distance is made up of cylindrical spreading (pressure
varying as 1/9i. decreasing 3 db per distance double) plus ab-
sorption at the bottom (pressure amplitude decreasing in accordance
with C , or 54.6 o- db per wavelength.

81. "Damped" transmission occurs over "soft" bottom, since
the acoustic condition required is that the velocity of sound in
the bottom be less than that in the water (B positive, cl > c2).
This type of transmission is illustrated by curves (b) and (o) of
Plate 9, for the experimenteAl results over soft bottom at the
Potomac River Bridge.

-82. "Hybrid" transmission is represented by those portions
of the charts which lie between the sections identified with
"ý,guided" and "damped" transmission. The characteristics of "hy-
brid" transmission are mixed. In general the wave patterns are
highly damped (;00), and they occur only over hard bottow. (c (
02, B imaginary and less than - for the first mode and less tran
It for the second mode) at frequencies lower than tte critical
frequency of that particular mode for "guided" transmission. The
experimental study of "hybrid" transmission is difficult since
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very low excitation frequencies are required. A series of
range runs which demonstrate the transition of "guided"
transmission into "hybrid" transmission as the frequency is
decreased below the "cut-off" for the first mode, was obtained
recently over hard bottom in the Rappahannock River area. Some
of these records will be reproduced in a later report.

83. The previous discussion has shown that one of three
types of transmission, "guided", "damped", or "hybrid"& may oc-
cur in the propagation of underwater sound,. corresponding to the
simple- distribution patterns which characterize the first and
second modes. Additional consideration of the transcendentalequation (20), the roots of which are shown on the charts (Plate
12), indicates that the roots are cyclic. If curves are plotted
for successively larger values of the complex distribution con-
stant /<-j/4, they will cross over the curves previously plotted
and a&ain cover the plane of the chart. The equation thus actual-
ly defines a multiplicity of charts, resembling a family of Rie-
mann surfaces.

84. The physical significance of the charts is that each
"sheet" corresponds to one mode. In order completely to describe
the characteristics of the system, an infinite number of-such
charts must be plotted. Fortunately, for reasons which will be
discussed later, in most instances only the lowest modes need be
considered.

85. For any one mode, the propagation can be classified as
corresponding to one or the other of the three types of transmis-
Sion. For any given depth, the type of transmission will be deter-
mined by the exciting frequency and the velocity of sound in the
bottom, which together fix the value of B on the chart. The ordi-
nate A is the specific gravity of the material of the bottom.

86. The chart for the second mode is similar in general
form to that for the first mode. Plate 12 gives the assembly,
and Plates l1-16 the detailed charts. The following differences
between transmission in the first and second modes are indicated
by the charts:

(a) the critical frequencý for the second mode,
oorresponding to/.tUl-, B v jl1-, is three
times the critical frequency for the first
mode (equation (31));

(b) the damping constant for "damped" and "hy-
brid" transmission, primirily a function
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of /O r is about twice as great for
the second mode as for the first, and

(c) the portion which represents "hybrid"
transmission is relatively more exten-
sive in the chart for the second mode
than in that for the first.

The range of fre~quenciea, density ratios and velocity ratios for
which "hybrid" transmission can occur is tkerefore greater for
the second mode than for the first. Indeed, this range increases
with the order of the mode. In the transmission over hard bottom
of frequencies below the critical frequency for the first mode,
the energy may be 'carried by several lower modes in "hybrid" form,
and these will in general be highly damped.

87. The distribution constants which correspond to the highermodes may be worked out in detail from equation (20). Values of 4k
between 2 and 3 correspond to the third mode, values of A&, between
3 and 4 to the fourth mode, etc. The chart for each mode will have
the same general form as those reproduced in Plate 12, with sections
corresponding to the three types of transmission. "Guided" trans-
mission, without damping by bottom absorption, will occur over hard
bottom, for each mode, at frequencies above the critical frequency
for that mode. The critical frequency increases with the order of
the mode in accordancewith the ratios 1-5:7: etc. "Damped" .ind
"hybrid" transmission by means of each of the higher modes will be
characterized by a damping constant c- governed by the value of 9
from the appropriate chart. The. damping constant will increase with
the order of th6 mode.

B. A Physical Picture of the Sound Pressure Fields.

88. 0 physical picture of the sound pressure fi'. ds which
correspond to "damped and "Cuided" transmission in the first kand
second modes may be obtained from Fig. 1, (a), (b), (c.X arS3, (d).

89. The figure shows the distribution vf the linc& of con-
stant somnd pressure, or isobars, between the surface and bottom-
and along the direction of propagation of the waves. rhe repre.-
sentation in each sketch is for a single instant of time. Actual-
ly the entire distribution progresses at the Group veloolty, in
the direction of propagation. The Group ve*Aocity, at -hioh thp
energy is transferred, is always smaller than, the velocity of.
sound in the free mediuum (the water). In fact, the latter is
equal to the geometric meac of the group velocity arir! the •?t, .
ielocity of the waves.
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(b) Ferot• mode - hort bottom

(d) Second mode- hP.rd bottom

Figure 1

90. As shown by the sketches, the patterns repeat at inter-
vals of a half wavelength, computed on the basir of the phase
Nel ncity, !/T Since the phase ve-ncity increaiees as equer&•y
tdeoreases, all the patti-rns lengthen. as the freqvehry is lo we ru
:'.t the critical frequency of tne first mode. over iar- bot.o*.., the
phase velocity approacnes the velocity in the bottom, ar.? the r"ou1
"•elocity becomes c1c 2 . For the case of rigid bottom (u2 ini•'.te,
tMe isobars become straight lines parallel to surface az o'.
"For this limiting condition and at lower frequenzxes n,:i 1,-tve of thi::
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type is propagated. The Sketches indicate the Lgreater complexity

of the pressure patterns for the Second mode then for the firsI t,-
as well as the relative damping rates for the two modes over sloft
bottomf.

91. The Isobar plots for the pressure field distribution cor-

responding to higher modes will bD similar to those shown in Fig. 1
except that the number of lqops between surface and bottom will in-
crease with the order of the mode.

C. aelative Damping of the M1odes.

92. It 1is necessary to consider the distribution of the sound

,energy wnong the normal modes of the System, since the Actual sound
press-ire at any point is the sum of the pressures associated with

each of the modes present. The partitioning of energy in the
acoustic system uiider consideration is closely Analogous to the dis-

tribution of vibrational energy among the normal modes of a plucked
.string. The overall decay of the sound energy with distance is

determined by a Summation of the decay rates of the individual modes.
From basic considerations it may be shown that the higher modes have
more rapid decay rates than the lower modes.

93. The. lowest mode corresponds to a wave traveling nearly
tangentially to the boundaries, with comparatively few reflections.
'The higher modes correspond to waves traveling with relatively fre-
quent reflections between surface and bottom. The higher the order
of the mode, the more nearly the Angle of incidence of the corres-

ponding waves Approaches normal incidence. When sound is propagated
a considerable .distance in :shallow water, that part of the total

energy which has been reflected the largest number of times in tran-
sit will be carried by the highest mode present; and the energy which
travels at nearest grazinC incidence will be carried by the lowest
;mode.

94. It is evident that the rate of Attenuation with increasing
distance will be* greater the higher the order of the mode. For ex-

!ample, the assembled charts on PlateU1 sho thattedmpn s

sociated with 41ie second modelis very much greater than that expec-
ted for the first mode, for transmission over soft bottom. Because

of their hi:-her decay rates, the higher modes tend to disappoear more
r Iapidly than the lower ones as the distance from the source increases.

The propagation of low frequency sound in shallow water usually takes

place under conditions which ensure that, at distances Creater than a

few tines the water depth, most of the energy is carried in the first

one or two modes. W1hen total internal reflection takes place in the

'propagation of such frequencies over hard bottom, either the lowest

or the first two modes may travel with zero attenuation dubs to the
boundaries, while the hieher modes may be'very highly damped#'
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95-. As the higher nodea disappear with increasing distance
fron the source., t he vertical standing wave pattern of sound
pressure between surface and bottom should become progressively
simpler. The vertical pattern, determined by hy&dophone soundings,
shows the maximm number of nodes and loops directly beneath the
source, whiere the maximum nwaiber of modes are present. These pat-
terns, for various acoustie; conditions, are discussed in detail in
a recent report (Bibliog. 4). There is again a close analogy be-
tseen this pattern and the normal modes of a vibrating string. The
first allowed mode of the string consists of a single loop between
the suspension points, and higher modes appear as more complex
distributions of loops and nodes between the supportso Similarly
the sound press-Lre distribution beneath a ship-mounted- source may
be a complicated iequence of nodes and loops, in which the complexi-
ty of the pattern serves as an index of the number and strength of
the modes present. It is evident, then, that if hydrophone sound-
ings are nade at progressively greater distances from the source,
the vertical pattern should become simpler as the higher modes are
damped out.

96. It is shown in later sections (Sections VIl, VIII, and IX)
that the experimental records may be interpreted in terms of the
expected relationships beiwjeen the modes. The relatively higher
damping rates of higher modes, and the progressive simplification
of the vertical pressure distributions with increasing distance
from the source, are confirmed by experiment.

D. Initial Stimulation of the Modes.

97. The initial stimulation of each mode, that is, the
relative amount of the total energy wh is carried by it at the
origin2 is determined by the nature and location of the source.
Consider, for example, the analogous system of the vibrating string.
The lowest mode of a string stretched between rigid supports ia of
course ,' single loop with nodes at the ends. Maximum stimulation
of the first mode will occur if the string is bowed or otherwise
excited at a point midway between the supports. If the string is
bovwd at any other point, except precisely at the points of support,
the first mode will be stimulated to some extent, although not so
strongly as when bowed at the center. The second allowed mode of
the string is two loops with a nodal point midway between the sup-
ports. This second mode will receive maximum stimulation if the
exciting force is applied at a point one quarter of the string
length from either support. Although bowing the string at the
center (or at the end points) will not stimulate the second mode,
bowing at any other point will stimulate it to some extent.
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98. Similar considerations apply to the stimulation of
the modes of'vibration of the actual acoustic system, although
the boundary conditions are different from those for the string.
The analogy of the vibrating string indicates that in the acous-
tic system of the sea between surface and bottom: (a) the first
mode will always be stimulated, and the degree of stimulation
will not be a critical function of the source depth (in wave-
lengths) or of the character of the bottom; and (b) any given
higher mode may or may not be effectively stimulated, depending
upon the exciting frequency Uand upon whether or not the sound
sourcý-is located at a nodal point for that mode. The location
of the nodal points, determined by the order of the mode and by
the boundary c6Onditions, may be computed in desired cases and
may be demonstrated experimentally by hydrophone soundings.

99. Since the nodal points for the various higher modes
will seldom coincide with the location of the source, most of
the modes will be stimulated to some extent by a given sound
source at any depth. Although there exist an infinite number
of modes of the acoustic system, the amount of energy carried
by each mode in general decreases rapidly with its order, and
most of the energy is carried by the lowest modes. That this
is true of the acoustic system of the sea, in common with most
vibrating systems, may be seen from the general mathematical
treatment in Appendix D,

100. The relative degree of stimulation of the various
modes is also a function of the frequency of the sound source.
Referring again to the mechanical analogue, if the vibrating
string is excited at various frequencies by a periodic force,
that mode whose "natural frequency" corresponds to the frequenz,.y

'f excitation will be strongly stimulated, and modes whose
"natural frequencies" differ from this frequency will be less
strongly stimulated. The "natural frequency" of a mode in the
acoustic system of the sea is that frequency for which the half
wavelength (in free water) is approximately equal to the d•stance
between pressure maxima (or minima) in its vertical standing
wave system. It is therefore the variation of sound pressure
with time which most nearly corresponds to the desired pressure
distribution in space.

101. In the actual acoustic system the sound pressure at a
given point will not necessarily be greatest under conditions of
"resonance" with a given mode, but the proportion of the total
energy carried by that mode will tend to be a maximum. The 'con-
cepts of "resonance" and "natural frequency" are not strictly ap-
plicable to the normal modes of an acoustic system excited inter-
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naaly, nd it should be kept in mind that the modes correspond
primarily to special rather than to tempora.l distributions of
sound pressure.

102. A descriptive explanation may now be given for the
underwater sound pressure phenomena to be expected in the
vicinity of the source. It has been shown that: (a) close to
the source all the normal modes will be stimulated in greater
or lesser degree, and the amount of total radiated energy car-
ried by a given mode will, in general, decrease with the order
of the mode; and (b) the rate of attenuation of each mode with
increasing distance from the source will, in general, be greater
the hither the-order of the mode. The effects of spreading of
the sound waves f-rom the source must be added to the distribu-
tions governed by thenormal modes.

103. If the resultant pressure field be probed by moving a
hydrophone horizontally outward from the source, the following
effects should occur:

(a) In the immediate vicinity of the source
the primary factor in the pressure vari-
ation should be geometric spreading,
with the influence of the boundaries
playing a minor role.

(b) At distances greater than that between
the source and the surface or bottom, a
further sharp decrease -in resultant pres-
sUre with distance from the source should
occur, caused by the combination of wave
spreading and the rapid decay of the
higher normal modes. The influence of
the modes, representing the effects of
reflection from the bounding surfaces.,
becomes increasingly important in this'
region.

(c) At yet greater distances from t he source,
of 'the order of several times the water
depth, the rate of attenuation with dis-
tance should'become much smaller, corres-
ponding to cylindrical wave spreading com-
bined with the relatively gradual decay of
the remaining low order modes. At moder-
ately low frequencies the first and second
modes usually persist to considerable dis-
tances.
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104. The general character of the observed-transmission,
shown on the experimental curves of Plates 9 and 10, is in ac-
cord with these predictions. A mcre detailed discussion of the
attenuation to be expected under various acoustic conditions
will be found in a later section (Section VIII, Attenuation).

E. Acoustic Analog of Electromagnetic Wave Guides.

105. In the foregoing theoretical and experimental analysis,
it has b'en shown that under certain physically realizable condi-
tions the propagation of low frequency sound in shallow water
over a hard bottoi' may be of the type encountered in the electro-
magnetic "wave guide", A.e. the waves may be guided or channelled
between two bounding surfaces without loss from absorption at the
boundaries. The analogy between the acoustic and the electro-
magnetic "wave guide" systems is very close, if the latter be
visualized as a dielectric medium bounded at the top by a perfect-
ly conducting surface having infinite dielectric constant, stud at
the bottom by a second dielectric medium having higher velocity
than the first. Density and compressibility of the media in the
acoustic system are analogous to permeability and dielectric eon-
stant in the electro6agnetic system. Viscous losses in the media
of the acoustic system are analogous to dielectric losses in the
media of the electromagnetic system. Similar relations exist be-
tween pressure, particle velocities, phase velocities, attenuation,
critical frequencies, and other constants of the two systems. 8

106. In brief, the analysis of propagation of electromagnetic
waves in hollow guides, tubes, or pipes shows that these waves'may
be divided into several classes or "modes", the distinctions being
made on the basis of the configuration of the electric and magnetic
fields within the guide. The lowest modes correspond to the sim'
plest field configurations, and higher modes to increasingly more
complex field distributions, The "cut-off" phenomenon is en-
countered in "wave guides", and under ideal conditions the guide
may be completely "transparent" to a given mode at frequencies
higher than a critical frequency, and completely "opaque" to the
same mode at lower frequencies.

8. Although special cases of "guided" transmission in both acoustic
and electromagnetic systems were treated by Rayleigh many years

ago, attention was first directed to the 'specific analogies betv:een
them by L° Brillouin (Bibliog. 21). For discussions of the electro-
magnetic case, reference is made to the basic studies of G. C. South-
worth (Bibliog 22), J. R, Carson, S. P. Mead, and S. A. Schelkunoff
(Bibliog. 23), and L. Page and N. IL Adams (Bibliog. 24).
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107. The physical process involved in the transmission of
waves through a guide is difficult-to visualize from a descrip-
tion of the field configurations within the guide. A physical
picture of this type of transmission has been suggested by Page
and Adams (Bibliog. 24) in wf'ich the "guided" waves are shown
to be analyzable into twc sets of "elementary plane waves",
traveling at an angle with the axis of the tube, and propagated
down the tube by alternate reflections at the walls of the guide
"as shown in the accompanying figure.

>. , / \

108. Although this picture of "guided" transmission is open
to certain objections discussed by Schelkunoff (Bibliog 25) the
mathematical said physical simplicity of the conception recommends
it* For example the relation between the critical angle and the
critical frequency for propagation in the analogous acoustic sys-
tem can be clarified from this standpoint. 9

109. Some differences exist between sound propagation in the
acoustic system of the sea between surface and bottom, and the
propagation of electromagnetic waves in"guides"., The most Impor-
tant difference is that, in the development of the acoustic
theory, provision for various values of density of the bottom
material must be made. Density in the acoustic system corres-
ponds to permeability in the analogous dielectric system. -ine
dielectric media with permeability different from unity do not
exist, the exact electromagnetic analog of the acoustic system is
not physically realizable.

110. Additional differences between the acoustic system under
discussion and the usual wave guides are: (a) that the acoustic
system is non-symmetrical in the sense that the two bounding sur-
faces have in general different acoustic properties, (b) that types
of waves may be propagated in the electromagnetic syste-.i which have
no acoustic arntalog, .and (a) that the acoustic system is not closelyanalogous to the tynies of wave guides of most practical importance,

those with conducting metal walls.

9o (See Section VI, and Appendix A, Part 4).
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l11, The vhenomena which occur in hollow metal (nides are
in many* ways simble"' than those to be ernected in the dielectric
guide which is the Actual aanlo*' of the acountic-siystemo

112. "StUdy of the literature on electroma netic wave propa-
gation also reveals an interesting optical Pnology with the "hy-
brid" sound transmission discussed in Section V-1 ctbove. T. C.
Fry (Bibilog. 20) has used the term "hybrid" to denote the type
of plane waves which occur in nature on the dark side of a prism
withinywhich "elementory nlane waves" are being subjected to
total internal reflection. S. ;% Schelkunoff (Bibliog. 25) has
suggested that the term may logically be extended to include the
electric field distribution which exists in a dissipative wave
guide, or in a dissipationless wave guide Pt frequencies below
the critical frequency.'- The parallel is almost exact between
the latter use of the term "hybrid" and its use in this renort
to describe transmission of sound over a herd bottom at frequen-
cies below the critical frequency,
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VI. INTERPRETATION OF RANGE RECORDS IN TERP1S OF THE MODES.
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SUMMARY

Interpretation of Range Records

113. Since the modes travel along different effective "paths",
and hence with different phase velocities, it is to be expected
that interference phenomena will occur when low frequency sound
is propagated in "ater. This type of interference between the
various modes is graphically illustrated by the "interaction loops"
which appear on most of the experimental records.

114. Excellent quantitative agreement is obtained betw-ieen
observed and computed spacings for interaction between the lower
modes, particularly between the first and the second. The ob-
served spacings cannot be explained by interference between sound
"beams" or "rays" from a sucgession of virtual sources.

115. Considerable information about the number and relative
importance of the modes present in any given case may be obtained
from the interaction spacings on the experimental records. Various
chara'bteristics of the modes are illustrated by these spacings, &or
example (a) the relatively higher damping rates for the higher than
for the lower modes, (b) the critical frequencies of the first
three modes over hard bottom, and (c) the occurrence of "hybrid"
transmission.
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V1. INTERPRETATION OF RANGE RECORDS IN TERMS OF TIUE VODES.

A. Interaction 2oops, - Computation of Spacings.

116. The propagation of low frequency sound in shallow water
has been resolved by this analysis into the transmission of a
series of distinct modes, which may be considered separately or
may be added together to give the actual sound pressure at any
point in the acoustic system. The primary advantage of this
analysis is that it makes possible the explanation of extremely
complex phenomena in terms of the interactions and combinations
of relatively simple components. This is illustrated by the
interpretation 6f the "interaction loops" graplcally shown on
most of the range records on Plates 2-8.

117. The simultaneous existence of two or move distinct
modes traveling through the same system but along different ef-
fective individual "paths" and hence with different phase velo-

,cities, suggests that interference phenomena may be expected.
The pressure level for each mode, considered by itself, is in
general smoothly attenuated with distance from the source. The
resultant sound level from two co-existent modes, traveling with
different phase velocities, should show maxima and minima as the
pressure due to the two modes combine alternately in phase and
out of phase with each other.

118. Consider for example the spacing of the minima to be
expected from the interaction of the first and second modes. At
low audio frequencies this should be the most common and the-most
persistent spacing, since the lowest modes in general carry most
of the sound energy. Minima can be recorded only at points at
which the waves add in opposite phase independent of the time, be-
cause the hydrophone used to probe the field measures only ris
values of pressure. Obviously the spacing between successive
minima will be the distance required for the "faster" of the two
.modes to gain a phase wavelength on the "slower" mode. By "phase
wavelength" is meant the wavelength,,/Z , which is associated with
the phase velocity,C/,v. These constants for the acoustic system
between boundaries are always larger than V and c, the wavelength
and the velocity of sound in an infinitely extended body of water.

S119. If the phase wavelength of the faster mode is c/i,: £ and
that of the slower mode is q/-U, the distance 3 between minima
will be given by the relation

-8 n 21,
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From one minimum to the next there will be n Dhase wavelengths
of the "faster" weve, and n . 1 phase wavelengths of the "slower"
wave. The above two forms of the exoression for S may easily be
combined, with elimination of n, to give

x
The "Interaction spacing" between successive minima chnrecteristic
of the interference between sany two modes may be com-uted from
this formula, once the amnronriate values of -hase constant T- Pre
known-from measurements of the acoustic oronerties of the bottom
(e.g. from the results of hydrophone soundings combined with the
use of the charts, Plates 12-17 inc),

120. The interaction rpacings corresnonding to the first two
modes aupear prominently on the records reproduced in Plates 2 and
3o Observed and computed values of these spacings for the fre-
qi.encies of the records are shown in Table III below, together with
the corresponding values of' and The latter were comnuted
from the charts, Plates 13, 14, and: , using an assumed den'ity
^ equal to 1.2, And a velocity ratio cl/c 2 equal to 0.291, cor-
fe.sond ng to j%00,4.equal to 02.5. This was obtained from hy-
dro-ohone sounding (Bibliog. 4).

TABLE III.
Observed and Computed Interaction Suacing. For Interference

Between the First and Second Mode.

Frequency ..j- • Observed Spacing

93 cps 0.882 0.355 98 ft 110 ft
100 0.897 0.500 120 120
110 0.918 0.510 142 150
1.75 0.945 0.755 188 200
186 0.972 0.885 297 •00

The agreement between observed and comouted soacinga is
obviously within the accuracy of the distance scale on the re-
cords.

121. A r-,nounced variation in sýcinp, with fre.oaency is in-
dicated by the table. The rea.son for thig in that the nhase veloc-
ity for each mode decreases as frequency increases and tends to tn-
proach asymptotically to the velocity of sound in the extended med-
ium, The closer the aunroach of the two phase velocities to
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each other, the larger the number of phase wavelengths which
will. be required between successive cancellations, and the
larger the value of the spacing S.

122. .In addition to the spacings given by the interaction
of the first and second modes, other spacings may be observed
close to the central peak on the records for 135 and -186 cps on
Plate 3, and on the records for 200-400 cps on Plate 4. These
correspond'to interactions between higher modes, notably between
the first and third, and between the second and third. A de-
tailed check between computed and observed spacings'is hardly
to be expected at frequencies higher than 200 cpa, owing to the
complicated interactions which occur when several modes are
simultaneously present. The component spacings for the higher
frequencies could doubtless be extracted from the records by
an elaborate statistical analysis, but this does not seem worth-
while for present purposes.

B. Interpretation of Records.

12S. The relatively high rate of attenuation with increasing
distance from the source, which has been shown to be character-
istic of the higher modes, is clearly evident from the distri-
bution of the interaction spacings on all the higher frequency
records. This is shown by smaller spacings close to the source
which fade out with increasing distance. These are visible on
all the records for frequencies higher than 135 cps. The rela-
tively greater persistence of the lower modes is indicated by
the simplification of the loop pattern with increasing distance
from the source.

124. The records reproduced in Plates 2 and 3 graphically
illustrate the decrease in the damping of the second mode as the
source frequency increases from 70 cps to 186 cps. The bottom in
this location, the Potomac River Bridge, is acoustically "soft"
and the "natural frequencies" of the first and second modes are
45 cps, and 90 cps, respectively. For an exciting frequency of 70
cps all the energy is carried by the first mode, and the pressure
level decreases uniformly after the initial drop. At 80 cps the
second mode is stimulated, but is very rapidly damped out. At
distances greater than about 100 ft the energy is carried by the
first mode. At 93 cps, however, the stimulation of the second
mode is sufficient, and its damping low enough, to cause well
developed interaction spacings out to 500 ft from the source. At
100 cps, and progressively at the higher frequencies, these

CONFIDENT IAL -46-



spacings become better developed and persist to greater and
greater distances. The spacings shown by range run records
may thus be made to yield considerable information about the
number and relative importance of the modes present in any
given case.

125. The occurrence of pressure maxima and minima frcm
the interaction of the modes may be demonstrated even when acomplex underwater sound source is employed. For example, the
records reproduced in Plate 8 were made at the Potomac River.
Bridg-; employing both the parallel pipe device towed by USS
ACCENTOR, and the ship noise produced by USS AQUALaRINE. The
loops characteristic of interference between the first and
second modes are clearly observable on the records of noise
from the parallel pipes, when recorded through a 5 cycle band
filter. The spacings, 260 ft at 150 cps and 120 ft at 100 cps,
are in exact agreement with those determined from the records
for the single frequency source presented in Table III above.
The loops are observable 'although not pronounced in the record
of ship noise analyzed in a 50 cycle band centered at 140 cps.
The loops do not appear in the broad redord (200 cycles wide)
of ship noise, on account of the averaging effect of the many
superposed frequencies.

126. These records indicate that the interaction loops may
be expected to appear whenever either the noise source or the
receiving equipment has an effective band width of less than 50
cps. It is probable, for example, that a resonant receiving
unit such as the Gerran acoustic mine would be responsive to the
interaction loop's produced by ship noise or by the complex
sources used for minesweeping. If the band width of either
source or receiver is only a few cycles, the interaction loops
will be a prominent feature of the records of sound transmission.

127. The loops which occur on the records taken over hard
bottom at the Potomac River Mouth illustrate the relations of
the modes for "guided" and "hybrid" transmission. In this loca-
tion the critical frequencies of the first three modes are about
30 cps, 90 cps. and 150 cps, respectively. The records on Plates5, 6, and 7 show that the interaction between the first and
second modes is characterized by loops with a spacing of 230-300
ft. These are prominent on the records for 90, 100, 110. and
135 cps, and persist to distances of at least 4000 ft (Plate 7).
This spacing does not occur at frequencies lower than 90 cps,
presumably because these frequencies are below the critical fre-
quency for the second mode. Similarly the record for 200 cps
shows a spacing of 150 ft, which does not occur at lower frequen-
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cies, This spacing., probably renresenting interaction between
the first and third modes, is shown only by the 200 cog record,
.since the critical frequency for the third mode occurs at about
150 cps,

128. The critical frequency for the first mode in this
location (about 30 cps) could not be reached with the available
sound sources. Hence all the records taken at the River Mouth
primarily illustrate "guided" trsnsmission. It is probable,
however, that some of the rudimentary interaction loops which
occu'r-on the records for 70 and 80 cps renresent nartial inter-
ference between the "hybrid" form of the second mode and the
"guided" form 'of the first mode, These loops fade out rn.pldly
with distance, owingi to the high.dampinp rate associpted with
"hybrid" transmission. Interaction sacins computed from the
chsrts (Plates 15, 16. end 1?) - using, a velocity ratio of 1.42
comnuted from the critical frequency of the second mode, and a
density ratio 2.0, - are 240 ft for the first vs second modes of
"guided" waves, and 129 ft for the first mode of "guided" waves
interfering with the "hybrid" form of the second mode, The ob-
served smacinps agree with these values within the accuracy of
the distence scale of the records. Comrutation shows that over
hard bottom the spacings should increase only slightky with fre-
quency, and this also was found to be the case.

129, "Hybrid" transmission in also illustrated by recordings
(not reproduced inthis report)made recently over hard bottom in
the Raprahannock River area. In this location the critical fre-
quency for the first mode was 72 cos. At frequenciev below this
"cut-off". interaction spacings were obtained which correspond
to interference between the first and'second modes, both in "hy-
brid" form, At yet lower frequencies (38 cps). these %pacings
were not present, presumably because the second mode was not
stimulated and all the energy was carried in the first mode ("hy-
brid" form). High damping rates were observed at all frequencies
below the first mode critical frequency, and negligible dampinr
at higher frequencies.

130. The records made over hard bottom (Pltes 5, 6. and 7)
do not show quite such smooth loops as those over soft bottom
(Plates 2. .. and 4). The reason is that the phenomena which oc-
cur over hard bottom are critical functions of the exciting fre-
quency and of the geometry of the system, Small variations in
deroth along the rene course or minor changes in velocity and
density of the bottom material wwld be sufficient to ceuse ob-
servable anomalies in the records. An acoustic system which in-
cludes a soft bottom, being in general more highly damped. should
be less sensitive to small Irregularities.
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131. The interaction spacing S, characteristic of any pair
of interfering modes, remains the same for any given exciting
frequency rePrdless of the distance from the source. This is
true because the phase velocity is a constant for the mode, and
does not depend upon source distance. The fact that the experi-
mental records show constant spacings is acceptable proof that
the observed naxima and minima are not caused by interference be-
tween sound "beams" or "rays" from a succession of virtual sources
in a vertical line with the actual source,

Il2o The spacings which may be derived from a group of image
sources must become larger as the distance from the line of sources
increases, and these spacings should be smaller the higher the fre-
quency of excitation. The observed spacings follow neither of
these.rules, and have dimensions which cannot be checked by compu-
tation from any possible disposition of fixed image sources. The
image theory is inadequate to account for the observed interaction
phenomena because the sound pressure distribution in the pactual
acoustic system presents a three dimensional diffraction problem,
which cannot in general be successfully treated in terms of the
optical analogy of simple rays from point sources.

133. The image theory-may, however, be expected to give an
acceptable acount of underwater sound :r'opag.ation phenomena under
a few special conditions, such as: (a) when the exciting frequenz-
cies are so high that the wavelengths are short in comparison with
the image distances; (b) when the bottom absorption is very high
and the proportion of reflected energy so small that the normal
modes are weakly iimulated and strongly damped; and (c) when the 1!
water depth is so great that the effects of reflections from the
bottom. may.be neglected. The image theory also gives good agree-
ment with the results of experiment for the sound pressure dis-
tributions directly beneath a ship-mounted source, a case which
is discussed in detail in a recent INRL report (Bibliog. 4), i

134. The general theory of underwater sound propagation by
means of normal modes, as developed in the present report, should
be valid for all frequencies, for all distances from the sound
source, and for transmission over the most commonly encountered
types of bottom. Detailed computation from this theory may be
difficult or unwieldy if many modes are simultaneously stimulated
at high frequencies, or if the bottom has a complicated layered
structure. The derivations of Appendix A are not strictly valid
if a significant proportion of the refracted energy is converted
into shear waves in the material of the bottom, or if there is
scattering or absorption in the medium itself (the water) as dis-
tinct from the boundaries. Other factors than the norwal modes
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ýmay be important under special conditions such as those mentioned
in the preceding paragraph. In general, however, the normal mode
theory presented in this report gives an account of .underwater
sound transmission which is -in satisfactory agreement with obser-
vation, and which permits quantitative prediction of the principal
phenomena to be expected over different types of sea, bottom.
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VII. RELMOTION LAWS FOR DIPMOITI T• S OF BOTTOM.
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SMUIJARY

135. Different laws for the reflection of olane waves At
the sea bottom may be derived depending upon whether (a) the
bottom is assamed to be a homogeneous medium of specified
density and velocity of sound, or (b) the bott.m is assumed
to be a nlane boundary having Impedance Z independent of the
angle of incidence. The analysis oresented in Section IV is
based-upon the first essumption; the transmission theory
involving imredance is based unon the second assumption.

13•6. If the bottom is soft, the two laws give substantially
the snme variation of reflection coefficient vs angle of inci-
.dence* The higher the absorption coefficient the greater the
difference between reV cation coefficients comnuted from the
two laws, If the bottom is hard, the two laws give completely
different reflection coefficients, and may be reconciled only
by adopting a most Improbable variation of Z with angle of
incidence, Even if such a variation iq acceoted, the resultnnt
imredance is not useful for computing transmission.

1:37. It is concluded that the acoustic behavior of the sea
bottom is not completely determined by its imnedonce, although
it is determined to a close first *pproximaticn by the density
and velocity of sound nr the material of the bottom.

138, The problem Of sound propagation over an elastic bot-
tom, in which both compressional and shear waves may be set up
by the incident sound, is dicussed in term6 of the reflection
law computed for-this case. Reference is mAde to Appendix B
for details, It is shown that the. loss of energy to shear waves
will be negligible unless the velocity of these waves in the
bottom is greater than about 2400 ft/sec. or 1/2 the velocity of
sound in water, Such velocities are imurobpble in the mud and
sand commonly encountered at the sea bottom. It is concluded
that in general the effect of shear waves may be neglected,,,
The transmispion in such cases may then be correctly comnuted
in the manner described in Section IV,.

139, A discussion Is given of the relation between the
critical Rngle for total Internal reflection of ulane waves,
arnd the critical frequency below which 1'guided" tranerission
over hard bottom Is renlaced by "hybrid. t.ransmission. It is
shown t•at the CrItical angle is the smallest angle of inci-
dence at which propagatvion of the "uided" type can take place,
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140, The effects of viscous losses in the material of the
bottom on sound transmission over it are discussed and the con- 22

clusion reached that these effects .wll in general be of the
second order, although they mvF be observable over hard bottom
as extra damping.
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VII. B~I'LCTION LAWS FOR DIFFNRVINT TYPES OF "0TTOM

A. Rde1n I= - Sft Hr d FBl~tic Lottomis.

141, The plane wave reflection lavs which result from the
auplication of boundary conditione in various ways provide
means for visualizing the difference between the analysis
of unaer•ater sound oropagation presented in this renort and
that based upon the use of normal imnedance (Bibliog. 10). The
comnutation of the reflection lows for different typen of bottom
gives means for estimsting the effects of special acoustic con-
ditions on sound transmission. These include the case of rel-
atively high bottom absorption and the case in which shes.r waves
are excited in addition to the usual compressional waves in the
bottom.

142. The reason why the propapstion theory based upon
ac.,ustic Impedance gives correct results for transmission over
"Msofti bottom, and erroneous results for transmission over

"hard" bottom, may be seen from examination of the pressure
reflection coefficients comouted as a function of the angle of
incidence for (a) a sea bottom characterized by deasity and
velocity ratios for two homogeneous fluids; and (b) the same
sea bottom characterized by a normal acoustic impedance Z.
The plot of these coefficients in Fig. q shows the equivalence
of the two characterizations for reflection problems involving"Asoft" bottoms, as well as the complete failure of the imped-
ance theory to give the correct reflection law for "hard" bottoms.

or |O/,

Ovwr'-0) Sorrom 'W eew"SS O'=

t ItVc6qI .5 00

i .... i ,Oi

CONFIDF,NTIAL -54d-



14%, Figure 3 was c'-'.ep1.d by aIsigning- reasonable values
to the constants in the formulas for the ratio K of reflected
to incident wave pressure. The formulaa which correspond to
cases (a.) and (b) above are:

Case (a)
A = . €A . CM

AC€.•o•e (48)
/- S/z......

Case (b) . ,/- 0,
/ -7- ._ ., (49)

where the densities and velocities in the water and in the
bottom have their usual designations, e and G are the angles
of incidence and refraction, and Z is the normal im-nedance of
the bottom, The derivations of these formulas may be found
,elsewhere (e.g. Bibliog. 6, 7, and 10,)

144. From Snell's law for refraction-we have

Cos - 2. (5)

The comparison of the reflection formulas after the introduction
of Snell"s law into the expression for'case (a), shows clearly
that the Impedance Z can be independent of the angle of incidence
only under the condition that

This will be true only over soft bottoms, in which the velocities
of sound are considerably smaller than in water. The reflection
law given by eouation (48) should be valid for any bottom which
is homogeneous and in which the enerpv converted into shear waves
is negligible.

145. The analysis presented in Section IV, as well as the
experimental results discussed in Section III, show thpt low
frequency sound may be propagated over hard bottom with vir-
tually no loss due to absorption at the bottom.
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This type of nroAg-ation is to be exzected if the reflection law
for such a bottom is given by eauation (48). If it Is given by
equation (49) there is no single value of Ii-medance which is
consistent with the observed transmission.s

146. A comparison of the two equations shows that the gen-
eral relation (Equation (48)) may be reconciled with the imped-
ance law (Equation (49)) either (a) If the velocity of sound in
the bottom is sufficiently small for relation (51)'to be valid.
or (b) if the impedance Z varies inversely with the cosine of
the angle of refvrction. If o2 is greater than Cl (hard bot-
tom) the angle of refraction becomes end remains imaginary as
the angle of incidence reaches end exceeds the critical angle.
Tn order to yield the genernl reflection law, the Impedance in
a typical instance would have to vary as follows,. as the angle
of incidence increases from 00 to 900 Z must increase from its
normal value (assum-ed real) to infinity at the critical angle,
must Iecome imaginary at that angle, and then. continuing to be
imaginary, must decrease smoothly to somewhat less than the
original absolute value.' It is obvious that an impedance having
such properlies is a mathematical artifice rather than an ex-
Dression of physical relationships.

147. AMother problem arises, however, if the attempt is
made to compute transmission by using an impedance which varies
with angle of incidence. The resulting transmission equations
are indeterminate, and their solution by the usual methods im-
practicable. The most satisfactory course is to abandon the use
of im0edence in. transmission problems except for the special
case of soft bottom for which the relation (51) is valid. It
has been shown in Section IV that transmiss-ion may be correctly
computed in terms of two quantities, the velocity of sound and
the density of the bottom. The imnedaence alone is insufficient.

148. Although the relevance of impedance for transmission
over 'hard" and "soft" bottoms has been discussed, little has
been said about intermediate conditions. The intermediate
conditions correanond to the transmission of considerable energy
into the bottom. This energy may either be reflected' back from
underlying layers or be absorbed in the material of the bottom.
The reflection law will be determined in the first case by the
acoustic properties of the dominant layer or layers, and in the
second case by the effective Pbsorption coefficient of the bot-
tom.
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149. Reflection coefficients corresponding to three values
of bottom absorption are plotted In Fig. 4, the full line curves
being computed from equation (48) and the dashed line curves
from equation (49). The absorption ioefficients (CCO) for the
three cases are 0.1, 02, and co , or 6 db, 12 db, and com-
-lete lose per bottom reflection, respectively. The corres-nond-
tLg impedance ratios (Z/pc) are 0.3, 0.55, and 1.0.o These absorp-
tion coefficients and impedance ratios apply to reflections at
normal incidence,

N.0-

A/YG/E 01 = .O C

150. The figure shows that the closer the impedance of the
bottom aporoaches that of water the greater is the departure of
the two formulaes from each other, and the greater must therefore
be the error in computing transmission attenuation from impedance,
The figure shows also that considerable reflection may be ob-
tained at large angles of incidence, even from a bottom whose
impedance perfectly "matches" the impedance of water. There will
be no reflections if both density and velocity of sound are the
same in the bottom as in the water, but an impedance "match" is
not sufficient to insure negligible reflections at all angles at
the boundary.

151. Elastic Bottom. Comoutation of the reflection law
for a bottom in which both compressional and shear waves may be
set up by the incident sound gives the nlot shown in Figure 5
The method by which the reflection coefficient for such a bot-
tor was comnuted is outlined in Appendix B, Pro tet!on Over
An Elastic Bottom.
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152., This f igure shows that for the computed, C8e.:,a (a) tte
critical angle at which reflection is total and beyond which the
refracted compressional wave in thebottom Is imaginary, is not
altered by the presence of shear a"e ; (b) at angles of incl-
dence less then the critical angle, the reflection coefficient
Is smaller than at the same augles over a fluid bottom; (c) at
angles of incidence midway between the critical angle and graz-
Ing incidence, the reflection coefficient is reduced by the
love of energy to shear waves.

1b3. The lost of entorgy to shear waves is ne'lipible unless
the velocity cf theoe wnvei in the bottom material is greater
than about 2400 ft/sec, or one-half the velocity of sound in-
water. Shear wave velocities larger than this are highly im-
probable in the mue and sand commonly encountered at the sea
bottom. It is probable th.t observable indicstions of loss of
energy to shear waves could be obtained by makin, transmission
measurements over a hnrd 'rack bottom. Such meniurements will
be attempted if a Riutable location is. found.
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B., Relation Betw:een Critical A A Critical freqec.

154. The general law for the reflection of -olane waves.,
illustrated in Fig. , shows thp.t sound warven are totally
reflected at a hard bottom (c2> cl) if their angles of incidence
are greater than a criticl anrgle, given by sin8 : Cl/c;.
The normal mode solutions for the sound nresnure distribution
in the acoustic system of the sea between the surface and a
hard bottom showed that for each mode there exists a critical
frequency below which the transmission is highly damped (hybrid)
and above which the pressure waves are propa'ated without ab-

-sor,)tion at the bottom (guided). Since critical 13henomena in
transmission over hard bottoms-are nredicted from two comnletely
different methods of analysis, it is reasonable to inquire if
there may be a telation between the critical angle and the
critical frequency. That such.a relation exists may be shown
by .miking use of a result from the analysis of electromagnetic
"wave guides" .

155. Inthe discussion in Section V1 Acoustic A:AloZ of
Electroma-netic Wave Guides, and also in Aooendix A, Part 4,
the suggestion is. made that the "guided" wave ssa.ocie-ted with
any one mode in either the acoustic or electromagnetic systemmay be interpreted as the synthesis of two sets of nlane waves.
The two sets. travel at the same velocity and at the same ang.le
with the normal to the boundaries, making a. criss-cross pattern
as they -oropAgate horizontally Away from the urce by alter-
nately reflecting at surface and at bottom. The angle of re-
flection is determined by the phase velocity, which is in turn
determined by the ratio of the denth to the wave! en'gth, and by
the order of the mode.

156. At the critical freauency of the fir.st mode, the ohese
velocity is equal to the velocity of sound in the bottom. This
is shown in Axtendix A, Part 3. In Part 4 It is shown that, at
the critica-l frequency, the angle which the direction of the
waves m:,'kes with the normal to the boundaries is given by the
relation

S,,, O '' (60)

But this enresslon is ex.ctly the same as that given above for
the critical anWle for total internal reflection.

157. The relation between the two critical oheftomena iA
nov. clear. The critical an.le is the angle which the direction
of the waves wiker with the normal to the boundmries, at the
critical frequency, if the "guided" wave be visualized as bro-
ken up into its constituent sets of )l•ane wves. Since "puided"
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transmission can occur only if there in no ab~orntion at the
bottom, the criticel an•le is the smallest anple of incidence
at which propAgation of the "guided" tyne can tnke )I ace, At
frequencies below .the critical frequency of the first mode, the
pressure field distribution will chanfe, absorntion et the bot-
tom will occur, and the "guided" waves will diqannepr.

C. Effects 9 Botom Viscosity on 1o

15:;. Viscous.losses in the material of the bottom, which
have been neglected thus far in the discus.ion,' undoubtedly
Dlay some role in the lro'nagntion of underwater sound, since,
although the water itself may be considered to be non-dissipative
at audio frequencies, viscous losses rust occur in the materiel
of the bottom. The experimental results indicate that the influ-
ence of such losses on sound transmission 1h the acoustic syltem
of the sea between surface and bottom will in peneral be smell.
These, together with other second order effects, will be 'inves-
tigated further as orportunity arises.

159. These may be coftoared with dielectric losses in the
boundary material of the analogous electromagnetic wave guidesystem. -The dielectric material of the guide" itself is vis-
ualized as dissimationless, like the water, but the lower boun-
dary consists of an imperfect dielectric medium, corres-,onding
to the sea battom in the acoustic system.

160, The effect of viscous los1.es in the material of a "soft"
bottom should, so far as transmission mea.turements in the water
are concerned, be indistinguishable from transmission into the bot-
tom. Thus, regnrdless of the derree to -,bich viscosity may con-
tribute to the total loss of energy,"d*amed, transmission over
a soft bottom may be comnuted successfully from measured acoustic
constants.

161. The effect of viscous lornes in the material -f a "hard"
bottom should be to introduce P_ small amount of damning per unit
distance. The exmerimental records made over herd bottom at the
Potomac River Mouth do not show any effects which may be defl-
nitely traced to viscous damnDing. It is -possible, however, that
additional transmission studies may reveal such effects.
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VIII.ATTE!IUATION. A SYNTHESIS OF THI'. O0KP0NX!M FACTORlS.
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162. The attenuation of Undter.ater sound b rooa•t ed inshallow water is shown to result from the operation of twofactors, damning and a.reading. Dfamning is differentiated Iin-to first order damning, due to aboorption at the bottom; andsecond order damnin4, due to a number of causes such as scat-tering, Viscoui losses and shear waves in the bottom. Secondorder damping .4s ordinarily important only at the higher fre-quencieso, C]iAndricj spreading, amounting to ?. db per distancedouble, is present in all cases of projepation between two lpunebounding surfaces

163. If the Pottom is acoustically, hard the attenuation oflow frequencies is dominated by cylindrical spreading. If thefrequency is sufficiently high for many modes to be stlmuln.ted,the second order damning terms may combine to give a wessure=distance relation which P-pproximates an inverse nower curve.Such a'curve may be characterized by P. "transmis.ioni exponent".

164. If the bottom is acoustically soft the Pttenuation isdominated by first order damnin g, although cylindrical spreadirigaxd •econd order demping are also presenat If many modes arepresent the data may be represented by a' "transmission exnonent"for a few hundred feet nesr the source.

165o At extremely low frequencies, over both hb.rd and softbottom, extraordinarily high attenw1lons may be expected, andthe damning is governed prirmnriy by the ratio of the waiterdenth to the wavelength.

166, If the bottom is strongry ;ound absorbent or thewater depth ise great, the .ttenuation is cheracterized by "dipolespreading", A.dich amounts to 12 db per distence double.
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VIII,.ATT-T'UATION., A STRTMESIS OF TJF, C0MPONMTT FACTORS.

A. The R h Sar Ad RA M

167. Understandine of the physical factors which determine
the attenuation of sound with distance in the acoustic system ofthe sea should make possible the exPlanation '_ the observedtransmission and the prediction of the exaected sound levels at
vapritos disttnces and over various types of bottom. In thisrenort the term "attenuation" is used to signify any overall
decrease in the rips sound. -ressure level which occurs in moving
away from the soeurce from one position in the system to another.
The system is. assum'd to be in the steady state, , In this sectiononly envelope or average levels are considered, since the inter-.
ference ohenomena which may take Dlace h,'ve been sevartely dieg'cuesed in Section VI.

168W In general, the observed attenuation of sound level withincreasing distance from the source results from the influence of
two primary factors, spreading and damning.

169, !ariAdiW occurs in all cases, and is thst -ort of theattenuation which arises from the ge'arretrical divergence of thewaves with increasing distance.' Spherical spreading, in which
the sound nressure varies inversely with the distance from the
source, is the type which occurs if the medium is infinitely
extended. Cylindrical spreading. in which the vressure variesinversely with the square root of the distance from the source,
is t he tyoe which occurs in a medium enclosed by two infinite
flat Planes, such as the s ea between surface and bottom. Itis obvious, that cylindric;l snreading is to be exoected whensound Is propa.aýted through shallow water over a suýbsetntially
flat bottom.'

170. -- eo occurs under certainconnitions, for examaleover soft bottoms, and reoresents the "tapoinp off" or leakage
of wiave energy from the acoustic systemo. It is assumed through-.out this discussion that there are no losses due to absorptionor scattering in the water itself as distinct from the bounding
surfaceq The total attenuation between two points in the seawill in general be the result of cylindrical nnreading between
::hem plus the damping, v;ich may exist.

17L ý Phyaicplly the two combonents of the attenuation
manifest themnelvee in quite different ways,
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172. The component due to presdtirg, being P geometrical
divergence phenomenon, depends merely uon the r of the
distances - meavured from the source - of the two joints under
consideration. Therefore the sound pressure decreases Inversely
with some power of this ratio, When sound presmure levels are
measured in decibels, it is often convenient to describe at-
tenuation due to spreading in terms of "tib per dietance double".
This const.nnt, provided that the attenuation is caused primarily
by spreading, should be independent of the distance from the
soiirce. For cylindrical sTreadizg, the geometric ettenuation
consttit is 3 db per distance double; for spherical soreArine,
it is 6 db per distance double.

173. Dampingpin evidenced by a uniform yerc~ntage reduction
of the sound energy e. distance increases,. The amount of damD-
ing is Independent of position in the system, and may therefore
be conveniently expressed in decibels -oer StMce (e.C.
db per 1003 ft). This is equivalent mathematically to a pressurs-
distance law Mving the form P1e-key, .tere x is the dist•ance
and k is the damping constant,

174. The actual attenuation in the acouitic system of the
sea results from a syntheses of the two factors, dampinp and
spreading, The attenuation of sound betveen any tWo points
.lying on a line through the source may be derived from a pres-
sure formula Laying the mathematical form P,-., Pek× VX)-.

175. This expression, involving a single damning factor,
exoresses the pbysical relationshios for transmgision in a
single mode. e i many modes are 'resent the resultant uressure
will be the sum of a series of presnure terms, each having the
above form anda distinctive dnmping constftt, one for esch mode.

176. The form of the transmission curve obtained will be
determined Drimarily by the exponentIia damning factors e
if the bottom is soft, end by the v preading factor X -" if the
bottom is hard. Assume for srnplity that only one mode is
present. Then, if the bottom is soft, a decibel (logaritlmic)
blot of pressure level versua distanco (linear) will. excent for
the "initial drop" near the 6urce, be Gubstrmtl6aly a straight
line. If the bottom is hard_ the slope of the transmission
curve 1lotted as db vs distance will decrea.e gradually with
increasin, distance, "Danoed." transmission over soft bottom,
with a linear decline of presnure level with distpnce, it il-
lustrated by the lower curves on Plate 2. "Guided" transmis-.
sian over hard bottom, with a ri.te of attenuation which decreases
as divtance Increpses., is illuptrated by curvet (a-) on Plsote 9.
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17M Various combiwntions of damping and snrendinr ore
illustrated by the Synthetic transmlision curves in Fire. 6 and 7.

FIG 6

FIG . 7
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178. -The ordinates in both fi 'ures are nresesure levels in
db. The abscissas are di.tence,., nlotted to a linear scale in
Fog, 6 and to a lopnrithmic scple in Fig. 7. Curves (a) and (b),
beginning at a 'point 200 ft distant horizontally from the murce..
illustrate attenuation due to spreading alone. Curve (a), cor-
rearonding to cylindrical Rpreading, defines the ideal lower limit
of attenuation in gujtided" pronagation over a flat bottom. Trans-
mission over a hnrd bottom may an )roach this curve if losses from
scattering and other econd order effects are sufficiently small,
Curve (b), correinondohg to spherical woreat''ng, is assumed to
stArt from the same initial level as curve (a).

179. Ourves (c) and (d) are typical exam'tles of the com-
bination of spreading and damping to give "damped" transmission,
with saall and large darning, respectively. These curves in-
dicate the upper and lower limits within which the observed
transmission over soft bottoms will probably lie, at frequencies
for which the wavelength is of the order of the water denth or
less. Although the effects of spreading are included in curves
(c) and (d). the transmission is dominated by exponential dam-
ing which causes the curves to aoproximate straight lines. The
slopes of these lines are the damping constants, 12 db/l000 ft
and 40 db/l000ft, which correspond at these frequencies to
minimum and maximum damping respectively. -Reasonable initial
levels are aasumed for the steating points of the synthetic curves.

180. The differences between "damped" and "guided" trans-
mission, over soft and hard bottom respectively, are graphicallyL

illustrated by the synthetic curves. The suweriority of the
.Ironagation over hard bottom to that obtainable over soft bot-
tom is well shown. It is evident that the nature of the physical
processes involved should be kent clearly in mind when discus-
sing the decrease of sound pressure level with distance. Although
a "db per distance double" relation mav closely annroxi0te the
attenuption to be exnected over hard bottom, or in other snecial
cases described below,- such a relation cannot adequately rep-
resent "damped" transmission (erg. the lower curves of Plate 2).
Similarly, an attenuation exnreseed in "db per 1000 ft" may ac-
curately represent low frequency pro-.aption over soft bottom Ft
considerable distance from the source, although this form of ex-
mression has little nhysicel significance if arolied to "guided"
transmi'sion over hrard bottom. When spreading is the dominhnt-
factor, the rate of attenua-tion per unit distance chanres with
distance f rom the source.
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181. The difference between the two basic tynes of trans-
mission is illustrated equally well by Ft6. 6 and by Figo 7.
It would seem most convenient to use a linear distance scale in
alotting curves showtng Idamred" transmispion, and a logarithmic
distance scale in plotting, curves showing "guided" transmission,

182. It should be remembered that the synthetic curves do
not give the sttenuations expected at extremely low frequencies,
for uhich the wavelengths are considerably longer than the water
decth.

i3. Influence 9f r o - Trnsmis.io•n r

p.c.. The synthetic curve-A-, Figs 6 and 7 rre ideali2ed.
They are strictly aolicable only if all the ene'rgy is carried
in the lowest mode, since the observed attenuation has no com-,
ponent causes other than damping and spreading. In spite of the
restrictions on their generality, the synthetic curvet provide
a clear picture, in ttrms of physical processes, of attenuation
in shallow water at moderately low frequencies.

184o The primary dampin, factor is the lose of energy
from the system to the bottom. The first order damping is
comoutable from the elastic "roperties of the bottom, in terms
of the constant d-. Additional damning may result from a num-
ber of other factors which cannot be Ignored, although their
-effects Are usually of secondary immrtance. The secndI order
damaing factors include: (a) the influence, increasinp with
frequency, of viscous losses in the bottom; "(b) the loss of sound
energy to shear waves in the material of the bottom; (c) the
scattering, of sound waves at the surface of the sea; (d) the Vos-
sible scattering and irregular reflection at the bottom: and (e)
the absorntion and scpttering in the medium itself. Factor (a)
is discussed in detail in Section VII-C; factor (b) is discussed
In Section IV.M. and in Appendix B; and factors (c), (d), -nd (e)
are considered to be negligible at the frequencies of primary
concern for this analysis. although they may be very iAMTortant
at higher frequencies.

185. The combined influence of the second order loss fsictbrs
may rea.onably be simulated by the sunerpoqstion of - s•rgle
damping term on the overall cylindrical snr.ndinfý of the energy,
The shapes of the curves for transmission over soft bottom w-111
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not be altered by the effect of additional damr-iig, The shaves
of the curves for hard bottova will be altered if the damping
"term is comprab.le to the inverse pover term In the nressure
equation, The experlmental curves (Plate 9 (a) ) indicate that
spreading wa.s the dominr.ut factor in transmission over hard bot-
tom, as far as the records were carried, It is concluded that,
under the conditions of the measurements, the second order damp-
ing was very small.

186, The actual transmission curves may differ from the
idealized synthetic curvev because of the different decay rates
of the congtituent modes. It has been shown that if only one
mode is present the rate of attenuation is determined by a sin-
gle damping constant. At moderate freouencies, however, many
modes are stimulated, each of which contributes to the overall
tansmieslon, It was shown in Section V-C that the damping rate
increases with the order of the mode. The modes are nronaga ted
by alternate reflections at top and bottom; moreover the number
,of reflections per init horizontal distance increases vith the
order of the mode. Except for absorption in the water itself,
the second order loos terms all deoend uoon reflection. The
effect of these terms muat therefore incre•se with the order of
the mode, and also with the frequency. The increase of scat-
tering with frequency is particularly pronounced.

187, The actual transmisqion curve may be considered to be
the envelope of a group of curves, one for each mode. "ach
curve .terts from a different initial level, and each has a
char.cteristic downward slope. The sloces of these' curve. in-
crease with the order of the mode because both first and second
order damping terms increate in this manner. The combination of
a number of straight lines, each v'ith a different slone, may
have an overall envelope which closely anproximate% an inverse
ýpower curve. It is therefore possible for the envelope trans-
mission curve, if many modes are present, to slope dovmwrd in
accordance with any preassigned inverse power of the distance.
A curve similar to (b) in figs 6 and 7 may thus result from the
combination of several curves similar to (c) Pnd (d). In this
case the observed transmission phenomena may anoear to be rep-
resented by a pressure-distance relation of the "spreading"
type, although actually the attenuation may be dominated by the
effectR of dpaning.

188. The fact that an inverse power curve may represent,
over certain ranges, the transmission of sound in many modes,
is the sole physical juntification for presenting the results
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of tests-in the form of "transmission ex'nonents". It has been
reported tha.t the re.%lts of t ransmission mep'surements in the
approaches to .hin Frarncisco Harbor may be characterl,-ied by
inverse power curves over r.nes from 500 to Z00 yarde. The
results "(Bibliog. 13) were plotted as pressure level in db versus
the log•rithm of the range. In general, straight lines were
obtained, the elopes of which determined the "transmission ex-
ponents". The latter were estimated by reading the ordinates of
the curves at two ranWos differing by a factor of 10. The dif-
ference between the two ordinates, 10n (db), gave the transmis-
sion exponent, n. This exponent is associated with the atten-
uation of sound intensity. The cressure ex-,onent is of course
one half of the 'intensity exponent. The intensity exoonent for
cylindrical spreading should be 1, and for saherical soreading,
2. In the San Francisco study, transmission exyonents were
obtained ranging from 1.4 to S.4, vith a median value of 2.3.
The median value corres.onds to a rate of attenuation slightly
higher then that associated with spherical spreading,.

189. The results of the Sam. Francisco survey may be readily
interpreted in terms of the normal modes of the system. The fre-
quency at, which the measurements were made, althogh not stated,
is preawned to have been in the range 300-1000 cps, where many
modes would be stimulated, The bottom in the area stuied is
marked "hard Sand" on the hydrographic chart.

190. Inverse power attenuation with an exoonent of 2.3 could
not have been obtained if all the sound energy had been carried
in a single mode, because the superoosition of a single damping
term (expressing second order losses) on cylindrical soreAding
of the sound energy cannot yi-eld an inverse nower relation with
such a high exponent as 2o3. Inverse power attenuation with this
exponent can, however, be exnlained as the resultant-of many modes,
each characterized by cylindrical spreading and a diatinclAve
damping term.

191. If measurements had been made in this area at lower
frequencies, for examIle 100 cps, the median transmission ex-
ponent would doubtless have been considerably smaller. The
NRL data suggest that the ideal transmission exnonent, unityv, ma
be closely a7,)roximated when sound is preop rted over hard bot-
tom at sufficiently low frequencies. Additional measurements at
the Potomac River Mouth at higher frequencies (200-1000 cps)
would obviously be desirable in order to clarify these relation-
shies,.
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192, The record at the bottom of Plate 4 for trpnsmistion
over a soft bottom at 400 ca is another esimple of oropagstion
in which the .ound pressure varies inversely with a power of the
source-distance. It-also satisfies the conditions thAt a number
of modeR shall be stimulated, and that the damping of each mode
:Jhall increase with the order of the mode., The envelope of this
record can be accurately fitted by an inverse nower curve. A
plot of pressure level in db versus log distance, using data
from this record, is a straight line with a slope corre sonding
to a.transmission emnonent of 2.5, This eimonent fits the data,
although it has no direct interpretation in terms of voreading
alone.

193. Even at'high frequencies, the rropagation over soft
bottom Is not so good as that over hard bottom, This is in-
dicated by the fant that the transmission exmonent noted above
is higher than the exponents found by the San Francisco study
for corresoonding source distances (less than 1000 ft),.

194. The probable mech6nism of -ttenuation at moderately
high frequoecies is now clear:

a) The physical relationship. involved in sourd
transmiscion req7tire that the sreading which can
occur between two infinite parallel plaues be
cylindri corretoonding to a tran.mission ex-
ponent of unw.ty.

b) They also require th;t the effect of a!l loss
teris on the oronagation of any one mode iay be
re-resented by a sinr,1e dqmning term.

cM 1ach mode has a chpr:'cteriqttc dpin•Iiz constant,
and the rete of d.i.-)itr incres-cies i-ith the order of
the mode, regardless of whether the dAmpinp Is caup-
ed by bottom absorntlon or by second order effects
such as scattering.

d) If the mensured transmission curve declines in
accordance with a higher Inverse Doer than 1/2
(i.e. with a higher tren.mission exponent than unity),
the presence of several modeg is indicated.

e) The combined decay of eeveral modes at different
rate% Is able to produce an overall transmission re-
cord which is indistinguishable from an inverse nower
curve, the transmission exrionent. of which mAy be
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considerably higher than unity - the e.ect value
dependine uoon the relative degree of stilkaation
and the relative demping rates of the various modes.

C. .G utatin £ates rof the Y

195. The influence of the boundaries, particularly of the
bottom, on the attenuation of underwater round may be estimated
In terms of dsmping and sprewding, and actual levels at different
distances from tbe source may be computed for special cases,
This Is done as follows. The bottom in a given ara.ds classified
on the basis of kydrog"raphic data and hWro-hone soundinws as
acoustically "soft" or "hard". The soundings Drovide values of
the effective iZr2, the normal imloed•nce of the bottom. Although
density and velocity (is, and c 2 ) are interdenendent, these quav.r
tities may be separately estimsated.

196. Daming constants (0) and phase velocities (clfc) are
determined for each mode, once the density (/). the velocity
(c ), and the depth in half vavelengths ( •)are known, Hu-
medical comoutations are facilitated by thi use of .charts (Plates
12-17 inc.), the origin and significance of which are discusked
in Sections IV and 7V

197. Comnuted values of attenuation are rhowiIn 'Table IV
for an illustrative special care. It is assumed that all the
energy is carried by the first mode, The water depth is taken
to be 60 ft, the exciting frequency 100 cps,-and computations'
'are made for bottoms having a wide range of acoustic properties.
Cylindrical snreading it assumed, and the total attenuation is
the sum of this term plus the damping due to absorption at the
bottom. Secondary dampinp factors such as scattering are neg-
lected.

198. The pressure level differences between 6 ft from the
source ahd a distance equal to about three times the water depth
were estimated for Table IV from representative e~perimental datar
The procedure described on the preceding page sUfficed to evaluMte
the attenuations between this point and greater distances. If a
technique now being developed proves successful, the short range
pressure differences may eventually be co=,utable entirely from
theoretical considerations. The would make possible the exact
comnutation of attenuation over wide ran gen starting .from the
known levels at 6 ft from the source,
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199. The tabulated attenuations' are quantItatlWely reliable
for tro}agation -t the assumed frequentey and water depth, and il-
lustrate what may be expected under related condition:S For e".-_
emole, if the depth 60 ft be doubled t-o 120 ft, the results in the
table will be earozimately correct for a frequency of 50 cps, and
all values of total attenuation from 6 ft-will increase about 6 db
owing to the spreading of the available energy through a volume
twice an great as before, If the depth be increaqed the central
peak on the ran.e runs should become less prominent. but the slopes
of the curves at any considerable distance (500 to 1000 ft) should
be altered only slightly. If the.-frequency be increased without
alteration of the depth the attenuations will be slightly decreas-
ed, as shown by the superposed range runs on Plate 9. This effect
is due to the inflience of the higher modes. -If both frequency
and depth be somewhat increased, the changes in attenuation will
be small, since the results of the various effects tend to coun-
teract each other.

200. The differences in attenuation caused by variations in
the acoustic character of the bottom are very much more important
than those which may be exoected from variations in denth or fre-
quency. provided the frequency is an-preciably higher than the
"natural frequency" for the first mode. The range of attenuations
shown In Table IV for different types of bottom should be generally
valid, and with some reservations the values given In. the table
should be anproimately correct for other depths and frequencies
than the 60 ft and 100 cen for which they u.ere comnuted. The close
agreement between the values in Table IV and the exoerimental re--
*.lts shown in Plates 9 and 10 Is worth noting,

D. Attn:mation at Fxtremgl kow Ire fj.

2.'i, The theory predicts that, if the exciting frequency is
substantially lower than that for which the denth is a wpvelenzth,
the damping constant for the-fir.-t mode over soft bottom will be
very lprge and stronrly dependent unon frequency. This is not
true at the higher frequencies discussed in the wreceding nara-
erauhso It is to be eynected that onrc,, i.. d. changes will occur
in the attenuation over .oft bottom as the frequency is reduced.
and that these effects will predominate if the free wavelength
approaches or exceeds. tw•ice the water depth.
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202. The ezoected vpriation of damrin, for trensmission
over soft bottom as a function of frequency may be comruted with
the aid of the charts (Plates 12-17 inc.). Comnuted results, for
the acoumtic conditions which exist at the Potomac River Bridge
in summer, are ulotted in Figure 8. The damning ri'ten, in db per
1000 ft, re Pohown for the frequency range 20 to 100 cos.
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203. The strikin_ feature of the nlot is the extremely
rapid increase in the dn.mning rate of each mode as the frequency
decreases below a certain value. At any given frequency, the
damoing rpte of the second mode is much greater than thlit of the
first mode. The damning of each mode becomes nronounced as the
frequency a-nroaches the "natural frequency" of the pprticular
mode.. In this case the "natural frequencies" which corresoond to
the first and second modes are 45 cns and 90 cns, reinectively.

204. The significance of the curves in Fig. 8 will be ap-
parent-if they are cor.nnared with the ekoerimental records in Plate
2. At these frequencies the overall transmission Is poverned onr-
marijy by the damping rate of the first mode, although the second
mode may also be present, especially nepr the source. At frequen-
cies above 100 cos, the first two modes are strong enough to pive
interaction looos to considerable distances. As the frequency is
lowered from 100 cps to 80 cps, the damning constant of the second
mode increases so rinidly that the second mode Is oresent only in
the immediate vicinity of the source at frequencies lower than
abcat 90 coe. The transmission is carried by the first mode alone,
without excessive daming, rs the frequency is lowered toward 60
cps., At frequencies lower than 60 cn (wavelength equal to about
1 1/2 times the depth) the damping constants of the first mode
increase at extraordinary rates, reaching 80 db!lb00 ft At 50 ans,
250 db/1000 ft at 40 cns, and .50 db/1000 ft Mt30 Mns.

205. If the water depth were halved, these damning, rates
would anply to double the indicated frequencies.' Similarly if
;the water denth were doubled. the-damning would be that for half
the indiected feequencies, The basic variable is of course ne1.1•
ther deoth nor. frequency, but the ratio of water depth to wp•e-
length.

ý206. The I.nterpction loops on the records in Plate 2 il•
lustrate the disanneprance of the second mode a, the freoeency
decreases to 70 ens, Recent ranre runs Pt the River Bried.e 8
not renorted, in detail ýt, this ti•.e, tonfirm the exoected high
damning rates at freoaen_10S lower than 70 cmý, For ex,.m-n1 e,
tVze following attenuationa were observed: 44 db/llOC) ft .t 56 aps;
8O &bilO0W, ft 'at 48 c-us, 210 db/lOOO ft at 45 ces, and 280
d.b/l00 ft at 3? 1/2 CD13. Thef~e values are in good areement
with the ccmruted curves,

?07. It iV thus oredicted from. theory, and Cona lri--ted byobservation, that. (a) for a soft bottom of piven acou.v.t3c nron-
ertlce the factoor which determines. the nrowgi.tion ;A low
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frequencies is the ratio of the water denth to the free w•ve-
length of the sound; (b) for frequencies higher then that for
which the depth is a ivelength, the damning rate is small rel-
ative to that at lower frequencieO, end is not a oronounced func-
tion of frequency or denth; and (c) for extremely low frequencies,
below the "natural frequency" of the lowest mode, the damping rate
is extraordinarily high and is a pronounced function of frequency
and depth.

2-(08, Over hard bottom, the transmission of extremely low
frequencies is characterized by a sham transition at a definite
critical frequency. This frequency, as previously noted, is slight-
ly higher thnn that for which the depth is one quarter wavelength.
Above the critical frequency the damping is zero and below it the
damping increases with extraordinary rapidity as the frequency
decreases. This variation, for a typical inst.nce of hard bottom
transmission, is illiustrated by the &.shed curve in Figure 8.

209. If the bottom is almost comrletely sound absorbent for
normally incident waves, there will be no ap-preciabie standing
wave 'pattern between surface and bottom, and the normal modes will
be weakly stimulated and highly damped. This corresoonds to a
normal reflection coefficient which is almost zero and a bottom
impedance nearly. equal to that of water. In this special case the

-attenuation may be closely approximated by assuming a dipole source,
the actual source and its image above the surface, radiating sound
into .a semi-infinite medium. The comoutation results in a inversepower curve chrracterized by a transmission exoonent (intensity)
of 4. If the bottom is sufficiently sound absorbent an Pattenua-
tion of 12 db per distance double should therefore be expected.

210,. At high frequencies or at gTreat distances from the
source the interference patterns may become imperfect, In this
case the "dipole spreading" described above depenera.tes into
spherical spreading with an attenuation of 6 db per distance
double. Also. at large distances from the source, reflections from
the bottom at high angles of incidence may become anoreciable.
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It is shown by equatIon (48) In Awmendix A, that there may be
considerable reflection at large aneles of incidence, even If the
l;'c of the bottom "matche!," that of the water.

211. The values of attenuation in Table IV, for an a-,sumed
impedance ratio of unity, were conmuted in accordance with the
dipole spreading law, equation (52) in Apnendlx'A, Locations
have been found in'the Chesapeake Bay area and at the MNJllTS acous-
tic range, near Solomons Island, where the measured bottom imped-
ance -is very nearly equal to that of water, and where the standing
wave system between surface and bottom is very noorly developed.
In these locations the material of the bottom, Chessmeake "blue
clay", is highly'd!ssipative.

212. Range runs in these areas at frequencies between 38 cps
and 300 cps resulted in good experimental confirmation of the at-
tenuation predicted by the dipole sprending law. One of the re-
cords is illustrated in Fig. 9 in Section X (Anplications of Re-
sults). Alditional discussion of the tests in the CheIapeake Bay
and at the NWITS range will be reser-ved for a subsecuent report.

213. The attenuation which occurs in transmission over a
strongly sound absorbent bottom approaches as a limit the atten-
uation to be exnected if the bottom were re.Placed by additional
water extending Indefinitely downward. The nropagation of low
frequency sound in deep water should therefore approxiimte that
over a comoletely absorbing bottom. In this soecial case the nor-
mal modes are not imnortant, since they depend unon reflections

-from the bottom.

NOTM: The integration of the general pressure equations of Ap-
pendix D, accomplished after the report was written (See Addenda),
makes poseible the computation of the resultant sound pressure at
Un point in the field of the acoustic system of the sea between
surface and bottom.

It 1i shown ir Section VIII-C that the methods already describe d
are entirely adequate for the computation of transmission curves
for s ource-distances substantially greater than the depth. The
cojilete pressure equations are required, howeVer, in computations
for shorter .onrce-dit.teac•os Transmission data, including actual
pressure levels, may now be coJmruted for all types of bottom and
for all source-denths and source-dis-tnces.
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IX. THE USE OF ACOUSTIC WAESUR1VEIMTS AS TROUSMISSI0N CRIT)MIA.
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SU1,O4ARY

214. The acoustic inforibtion required for the cormutation
"of propagation congtants maV be obtained by making h•vdrorhone
soundt.g beneath a sound source mounted on an exnerimental ves-
sel. -The effective density of the bottom and the velocity at
which sound in transmitted through it may be obtained fro' such
soundings, combined with available knowledge of the general char-
acter of the bottom (muds sand, rock, etc.).

215. 3y making use of these values of density and velocity,
and the water depth in half wavelengths, the distribution con-Rtants
for the first and second modes may be obtained from charts (Plates
12-16 inc), and converted into damping and phase constants by means
of another chart (Plate 17). 'If the bottom is definitely "soft"
or "har"cr, the transmission may be computed with c-nsiderable ac-
curacy; if it is "trP.nsitional", the acoustic behavior may be es-
timated by considering the influence of lover layers or strata.

216. Although soundings beneath the source are sufficient
to characterize the acoustic behavior of the bottom, it is de-
sirable if facilities permit, to suw_6lement there with similar
soundings made at a considerable horizontal distance from the
source. The interpretation of these soundings in'terms of the
physics of sound propagation is simole and direct, provided that
they are made underý conditions which ensure that only the-firfst
mode is present, and that the effective angles of incidence are
large.
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IX. 'THE USE OF ACOUSTIC 1.ASUR•.E•TS AS TRA.IT-MISI01N CRITFRIA.

A. Ilydrophone Soundings Beneath the Source.

217. Consider an area in which the water is comnarntively
shallow and the acoustic character of the bottom is unknown.
Mhat acoustic measurements are required to enable a fair estimate
to bemade of the low frequency sound transmission which may be

.exected? An attempt to answer this question is made in this sec-tion. "

218. It has been-shown by the foregoing analysis that the
character of the transmission can be specified, and the propaga-
tion constants computed, provided that the density of the bottom
material and the velocity of sound in it are known. It is-pos-
sible that the effective viscosity will also have to be known
in order to give a compulete account of transmission over hard bot-
tom, but the experimental results indicate that a close a".roxima,-
tion may be obtained in terms of density and velocity alone,

219. The mo.t practical acoustic measurements which give the
desired information Are hydrophone soundingls beneath a sound source
mounted on the experimental vessel. These measurements give records
at various frequencies of the vertical distribution of sound pres-
sure level between the source and the sea bottom,

220. The mithod of making such soundings and their inter-
pretation in terms of the normal acoustic impedance of the bot-
tom hlp been discussed in a previous report ,(Bibliog. 4). The
frequency range in which the vertical soundings give the most
interpretable records is that for which the water deoth is be-
tween one and four wavelengths, The source depth shoulA be a

_quarter wavelength, although this is not critical, and the output
of the source should preferably be a simple rather than a complex
sound "spectrum". If a complex sound source is used, the receiv-
ing system must include a sharp filter. The receiver should in-
clude a hydrophone, an amplifier, a band pass filter, and a level
recorder. The procedure consists of recording the sound level as
-.a function of time (or depth) while slowly raising,the hydrophone
from the bottom to the surface,
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221. The analysis of the bydrophone ,ounding r6cords. permits
the evalua.ton of the normal acoustic impedence of the sea bottom
in the desired location. The iinapedance ccncept is of course entire-
ly valid. if restricted to systems in which the sound waves impinge
at normal incidence. On the basis of hydrophone soundings the bot-
tom may be classified as Osoft". "hard", or "transitional", cor-
resnonding to three types of bottom reflection, "free-boundaryW,
"rigid-boundary" and "trazsitional". Values of Impedance which
rare nredominantly real and smaller than the radintion resistance
(p c)Rof water correspond to "soft" bottom; values uhich are ore-
dominantly real and greater than the radiation resistance of water
correspond to "hard" bottom; and values vhich are predominantly
imaginary (reactive) and of the same order of magnitude as the ra-
dati on resistance of water corresnond to "transitional" acoustic
conditions at the bott6m. Yet another condition is occasionally
encountered, in •vhich the botto is strongly sound-absorbent, with
ea impedance nearly equal to that of water. Fortunntely the In-
termediate conditions occur infrequent'y, and in most instances the
bottom cm be definitely classified from bydrophone soundir-gs as
,soft" or "hard". If the measured im-edance varies with frequency,
the impedance at the lowest frequency may usually be taken as most
representative of the influence, of the bottom upon sound transmis-
9 ion.

222, The impedance determined from hydronhone soundings is
an effective value ofp (density times velocity of sound) for the

ma.terial of the bottom. The evaluation of transmission constants
requires that/o and c be separately known. The density may easily
be determined from the weight and volume of a saxmle of the bot-
tom material. A bottom sample also gives a desirable cross check
on the imnedance meamurements and on the data given by the hydro-
granhic charts, Orice the density is knowns the velocity in the bot-
tom may be computed from the meanurxd value of ,C.

223. If it is undesirable or difficult to take samnles, the
density of the bottom may be guesse4 within close limits from its
general character and from the imped•nce data. Thus the density
of mud and clay may safely be asq.umed to lie between 1.2 and 1.6;
that of sand and gravel between 1.8 and 2.2; and that of rock be-
twepn 2.4 and 3.0 denending upon the tyre. Mixtures such as sandy
mud may be assumed to have intermediate densities. A rough rule
of this sort should be adequate for most practical cases, Although
an imnedance measurement would rive an additional indication. The
lowest density range should correspond to imnedpnce ratios less
than unity; the intermedi ate dens ity rng.e t 0 imoedpnce ratiosa be-
tween one and four; and the high density range to imne.lance retios
greater than four.
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224. Two definitione of "soft" and "hard" bottom have been
given, one in terms of 1,apedance (B13bliog. 4) and one in terms of
velocity ratios (Section IV). The definition in terms of velocity
ratios would appear to have greiter phvsical Rimnificrnce than that
in terms of impedance. There is no conflict between the definitions
if the bottom it definitely either soft or hard. Some confusion
may arise, however, if the Imvpedance In preater thpa that of water,
Pazd the velocity slightly less thann that in wpter. In Dorac-
tice this should cause no dIfficulty because such bottoms will be
clastfied as either strongly absorbent or "transitional". The.
acnurstic behavior of these tyves of bottom is discussed in a lter
~a rnagrabh.

225. The velocity of soiud in, and the density of, the mate-
rial of the bottom, and the dezth of the water in half wevelengthe
are sufficient to determine A and P through equation (21). The

quantity A is the s'necific gravity of the bottom. The excitation
frequency enters into Che covmautation of the depth in half wave-
lengths. The lauttr, multiedi-6 by the. facto, r(~)2/tivet B,

236. Upon consultation of the chartr for distribution con-
stants of the first and second modes (Plates 12-16 Inc), a set of
values of K and /k may be obta-ined, corresronding to each set of
value. of A and B. Thee ralues anolied in turn to the chart which
gives the relations between the d•stributlon and oroOagation con-
stants (Plate 17) determine the correspnonding values of cr and°
for the first and second modes.

227. The damping constant cr and the nhase constant t for
each mode may thus be determined from the basic physical constants,
density o• , velocity c. , and depth in half wavelengths ••! ,
Sample comi.utations are given in Apnendix X. The phase constant
tis chiefly useful for the commutation of interaction seacings

as described In Section VI. The phare velocity of the mode is
ch- , and the uhase wavelength is4 t

228. The damping, of the *pressure wave in a distance of one
wnvelength % is given by the exore•sion E or 54.6 a- db ver
wmvelenggth. This is easily converted into db ner 10O0 ft or into
other desired units. The attenuation caused by geometrical snread-
ing about the source (3 db oer ditance double) should be added to
the damning terra in order to obtr.in the exoected rate of attenuation
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for the particular mode. The final composite transmission curve
may also include the effects of other factorp discussed in
Section VIII.

229. If the bottom is hprd (c 2 ) cl), and the frequency is
higher than the critical frequency, it will be found that K< 0,
(F - 0, and that cylindrical syreadin. is the only attenuation fac-
tor. A- frequencies below the critical frequency for a perticular
mode, that mode can exist only in the "hybrid'" form discussed in
Section V-A (Three T-yes of Transmission).

230. Comoutation of the prooagation constants aa described
above should enable the most important transmission phenomena to
be quantitatively predicted with considerable accuracy in cnve the
bottom is "soft", and j& th fair accuracy in case the bottom is
"hard". Fortunately, rough estimates of density are usually suf-
ficient to give reliable value, of damping con.tant -, since
under moat conditions this quantity does not vary in a critical
way with density for a given po.

231. If the hydrophone sounding' indicate intermediate
acoustic conditions at the bottom, the detailed ...-m•-etation of
transmission constants may be difficult. One intermediate case,
that -of th,; strongly sound-absorbent bottorm was discussed at the
end of Section VIII (Attenuation). Another intermediate case Is
that for wnich the mea.ured normal acoustic imnedance of the bot-
tom is predominantly reactive. The acoustic behavior of such a
bottom will be dominated, at least at certain frequencies, by re-
flections from an underlying layer or layers. In this case the
transmission will vary with frequency,-and 'resonance" effects
vill take ulace at frequencies for which the "path"' lengths in
the bottom to the reflecting boundary, are half wavelengths or
multiinleA thereof.

2.32. Reflections from lower layers Will govern-transmission
Only at certain frequencies, distances, and angles of incidence.
For exmPle, if two mode, are present in transmission over hard
bottom, one mode may seem to disappear, and to reannenr at a great-
er distance from the source. The overall attenuation may not be
greatly affected if considerable energy is transmitted in the other
mode.

231• The records made at the River Mouth show evidence of
this type of "Oelective fading", aome of which may arise from non-
homogeneities of the system and some from the influence of under-
lying layers. Although such effects may exist, they seldom dominate
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the transmission. Detailed computation of pronegation constants
for the layered bottom could doubtless be made from the final
equationa of Akooendix C (Propaati.n Over Stratifie! Bottom).

B. H~vdroohone Sodng n & DLit e From S .

"_234, Sufficient information about the bottom to enable its
Influence on sound trnasmiasion to be predicted may be obtained
from hydrophone soundings made directly beneath a s hip-mounted
source. It is desirable however, V&en Iracticeable, to supplement
these by hydrophone soundings made at a considerable horizontal
distance from the source. This may be done by deploying the re-
ceiving equipment (battery powered) in a small boat. and lowering
and raising the hydronhone with a small cable reel.

235. The hydro-uhone soundings at a distance from the sourcepermit the determination of (a) the actual vressure level at a
distance, -hich may be compared with the expected level at that
distance over hard or soft bottom; and (b) the vertical distri-
bution of pressure level between surface and bottom, The acoustic
properties of the bottom may be derived from interpretation of this
pattern. Samples of hydrophone soundings at a distance are re-
produced In Plate 11.

236. The interoretetion of vertical nressure distributions
made at considerable distance from the source is difficult if more
than one mode is represented on the records. Since the higher
modes are damped out more rabidly with increasing distance than
the first mode, the soundings over soft bottom may easily be made
at sufficient distance to ensure that the sound Dressure distribu-
tion is due almost entirely to the first mode. Over a hard bot-
tom any Aode which is excited above the critical frequency will be
only slightly attenuated with distance. In this case the hydro-
.khone soundings at a distance should be made at frequencies low
enough to ensure that only the firqt mode is stf.mulated above the
critical frequency. In all cases, it is advisable to make sound-
ings at several frequencies to obtain representative averages,

237. An analysis of the vertical distribution is given in
Appendix A- Part 5. It is shown, as might be exuected, that the
pressure pattern in the first mode should have an approximate
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antinode at a ha.rd bottom, one. a node tt a soft bottom. The form
of the pattern should correspond arnlytically to a section of a
sine curve

Since 'ýk o.
the undamped distribution over hard bottom is re uresented by the
sine of a real anule, and the domped distribution over soft bot-
tom it reTpresenzted by the sine of a complex angle. Observed and
computed patterns for the first mode are illustrated in Plate 11,
for the soft bottom conditions at the Potomac River Bridge. The
comp•ations were made from the distribution constants derived
from hydrophone soundings beneath the source, and the agreement
between theory and experiment is shown to be very close. Although
similar coroutzations may be made from the constants of the hard
bottom, experimental-data have shown that in this inr-tence the
agreement will probably be less satisfactory. The general -at-
terns of records obtained over the two t.yea of bottom (Plate 11)
are, however, entirely dictinct.

238. Hydrophone soundAings, made P.t considerable distence
from the ,ource possess certain advantr.es as experimental cri-
teria for the study of sound, transmisnion. The conditions under
which they Pre made insure that the effective tingles of incidence
of the sound waves striking the bottom between the source and the
hydrophone will be large,: and that only the first mode will be
present at the point of measurement. Hydronhone soundings be-
neath the source are mnde under cond* .its which insure normal
Incidence of the sound waves at the bottom, and.a stit.aulation of
the m4ximum number of modes. Although hydronhone soundings be,-
neath the source are sufficient to determine the acoustic con-
stants of the bottom, soundings made at a distance from the source
provide an experimental measure of the pressure field distribu-
tion at a selected location on an actual transmission vath, The
interpri. tation of such soundings in terms of the physIcs of sound
propa'gation is therefore direct and immediate.

239, If practical, actual range run recordings should be
made, ince. they offer the most effective means of investigating
the conditions which govern underwater sound transmission in any
given area. A complete experimental study should include range
run recordings, hydrophone soundings at a distance from the source,
and hydrophone soundings directly beneath the source. If test
facilities are limited, soundings beneath the source should be
msfficient to chAracterize the acousqtic behavior of the bottom.
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.4Txperimental recordirigs should be meAe at several frequencies, and
artIcularly at frequencies lower thau 200 cos. The interwetation

of the nhysical ohenomena will in general be most clear and spatis-
factory from records made at those frewuenciea which correspomj to
.the gimilest distribution patterns and to thp modes of lowest order,
especially the f.r~t and second.
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X. APPLICATIONS OF TMC RISULTS.
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X. APPLIGAT-10O-TS OF TBF E hSULTS.

240. The primary ap.lication of the foregoing analysis is
to the Interpretation of measurements of underwater sound fields
in the Acoustic system of the sea between surface and bottom,
The treanmission of sound in the see is in general strongly in-
fluenced by the acoustic .rooerties of the bottom although the
effect of the bottom is least important if the wnter is deep or
if the bottom ts strongly -sound-absorbent. The anelysis applies
to all situations in which there exi!t vertical standing-wave
patterns of sound presture. corresponding to the normal modes of
vibration. of the system.

PA.1, The anals!is is '-licable to the sound pressure fields
produced by effective or approximate point sources such as shin's
propellers and auxiliaries, ship's hulls in vibration, torpedoes,
Pessenden Oscillators, non-directional underwater projectors, end
acoustic mineiweeping devices (haninerboxes, parallel pipes, and
kindred devices). The relatively narrow beams from standard echo
ranging projectors are of course much less influenced by bottom
reflections.

2A2. Although amlicable to all frequencies, the analysis
In terms of normal modes is most effective aprolied to sound fields
of low audio frequency. where the wavelengths are comparable to
the physical' dimensions of the acoustic system. This is precisely
the frequency range in which other methods of 9nalysis are vir-
tually inapplicable.

24M. The "easurement aid analysis of underwater sound trans-
mission, making use of the principles described in thisa report,
may contribute to the solution of many specific problems of in-
terest to the Navy. Such problems arise for examle in tests of
acoustic minesweeping devices and other low frequency sound sources;
in the design of acoustic mines: the study of ship noises; the
prediction of minesweeping ranes from bydrogra.hic and acoustic
data; the esti-mation of listening rnges for submarines over various
types of sea and harbor bottom, and of the effectiveness of echo
ranging in shallow water with small wide beam nrojectors (e.g. QWE
s.etLC WM-1). It may also be .ossible for our submarines to make
use of the acoustic propertles of the bttom in evasion tactics.

244. In the study of ship noies and in the testing of acous-
tic minesweeping devices, the acoustic properties of the range
course (water depth, velocity of sound, and density of the bottom)
will determine the rate of atten=qtion of the sound level with
distance and will strongly influence the actual sound levels measur-
ed at various points in the eystemo
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245. The measured sound level, for example, at, a distance
of 1000 ft from a given minegeeping source operating st 100 cps
in water-55 ft deep may be as muc Ih as 30 db higher (factor of 32)
If the bottom is hard than if It is strongly-sound-absorbent.
The difference' between the level if the bottom is hArd and 'the
,level if the bottom is soft but a good reflector, may be about
15 db at 1000 ft., Transmission-curves are shown in Fig 9 for
,three cases for which eimerimental data are availapble:,(a) hard
,,bottom At the Potomac River Mouth, (b) soft-reflecting bottom at
the P-ot~omac River Bridge, and.(c) strongly sound-absorbent bottom
In the Chesapoeake Bay south of Smith Point.

- I0.WM .0
FIG.9

246. It'is clear from the figure that A sound source of suf.-
fcetintenni ty to sweep a 100-cycle mine at a distance'of,1800

ft over, the hard: bottom, would have to approach within abou t'400
ftofire the same mine over the soft bottom, and within'200 ft

to fire It over the absorbing bottom. Another conclusion which
-may b 'e drawn Is that a given increase, say 6 db, in the pressure
.:level obtainable from a sound source for minesweeving, miay Increase
the firing range from 500 ft to 1800 ft If over a hard bottom, but
only from 130 ft to 200 ft if over an absorbing bottom. 'The in-
Oreased range obtained from a small improve~ment In the equipment
is there~fore much greater over hard bottom than over soft bottom.

247., At very low frequencies (i.e. when the depth is sub-
stantially less than a wavelength) the difference in'sound level
at a given distance from the source may, be very mutch greater than
that indi cated-in Itg. 9, depending upon whether the bottom is
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bard or soft. At theve frequencie's condition- may be imaginedfor which the difference between the soaund level over a bard andover a soft bottom may amomnt theoretically to more than 200 db.at a distance of 1000 ft. Unaer such conditions the sound levelfrom a pov.erful sourc- would, at distances of the order of 200 to300 ft from the source, drop br-low..l~be I "'ter nairee -v el. Recentexperimental results are consittent with this eoxect"t-.-I

248o The effectivenesi of a sweeping device may depend moreupon the acoustic properties of the bottom over which it is usedthan upon its inherent capacity for generating sound . Measurements
of the latter, including, the sound output at 6 ft distance fromthe device, are entirely incufficient to enable the sweeping rangeto be estimated. "Acoustic measurements of the performance of adevice on a given range course will not In general represent itsperformance on other courses or in other areas. For some soundsources, such as the parallel pipes used in acoustic minesweeping,the performance tests must be made with the devices in motion ona range. Measurements made on different courses may, however, bereconciled and correlated, in accordance with the prInciples dis-cussed in this report, by interpretationin terms of the acoustic

properties of the bottom.

249. If measurements are made in an area where the bottomIs acoustically soft, the acoustic propertles of the bottom, andhence the sound transmission characteristics of the range, willchange with the season (Bibliog.. 4). The best pro.ongation willoccur in summer, and the poorest in winter. The seasonal dif-ference may be very l.rge at moderately low frequencies. Thisfact, heretofore unrecognized, has resulted in the reporting ofapparent anomalies in the performance of acoustic noise-makers.

250. It should be possible to predict with reasonable ac-curacy the effectiveness of a sweeping device in any area forwhich adequate acoustic data can be obtained. In areas for which
no acoustic data are available, a rough estimate of the soundtransmission can frequently be made from hydrographic information
alone. This should include the water depth and the material ofthe bottom, classified for examnle as clay, send, hard, or sticky.There apear. to be a close correlation between -hvsieal andacoustic "Softness", and between phvsical Fnd acoustic "hardness"."Soft" bottoms are in general associated with fine mud or claydeposits in semi-stegnant landlocked basins such as estuwries andriver channels. and "hard" bottoms are associated with sands,gravels, and other coarse denosits common alonp the sea consts andthe continental shelves. The Information on the hydrorranhic chartsis, however, frequently incomplete, and in many cpses out of date.
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251. If the information on the charts could be supplemented
with acoustic data, it should be possible to make reliable esti-
mates of the underwater sound transmission to be expected in any
desired area. Such data, obtained from a program of hydroohone
soundings in key harbors and operational waters, would have great
value for the problems of acoustic minesweeping and of underwater
listening. Methods of making and interpreting, the soundings Pre
described in Section IX and in Bibliog. 4,

252, if studies of ship noise, particularly at low frequencies.
are to be significant or valuable, the exact conditions under which
they a-re made fust be stated and all possible Information about the
acoustic propertiesof the range course and the test equipment
should be recorded. Correct interoretation of experimental results
may sometimes depend upon factors the relevance of which is not
apparent at the time of measurement.

253. The character of measured transmission curves, for ex-
ample, may be drastically altered by the effects of harmonic fre-
quenciea which have Rlip ed through the filters without being
recognized° This effect should be taken Into account in acoustic-
mine design by making sure that the mine cannot be swept or fired
by highe'r frequency components than those for which it was designed.
This is particularly important if the transmission varies markedly
with frequency, •.*Jf harmonics may be received at much higher
level than the fundamental.

254. A few of the factors which may influence the results
of ship-noise studies or transmission tests are: the frequency or
frequency ranpe involved in the tests, the placement of the hydro-
phone in relation to the bottom, the season of the year and tem-
perature of the water (the acoustic oroperties may change with
season and with gap content of the mud), and the roughness of both
water surface and bottom. The effects of roughness, although un-
im.ortant at low frequency, determine the influence of scattering
at higher frequencies.

255. An exhanle of the difficulties which may arise in the
interpretation of transmission mepsurements is given by tests made
near N•ew London. The measurement of very high "transmission los-
ses" at freqvencies" of about 200 cns in this area has been reported
(Bibliog, 15). It seem nrobable that the high att nustions re-
sulted from the fact that the wavelengths were of the order of twice
the water depth, and that the first mode was therefore strongly
damped (See Fig. 8. Section VIII). The results of the measure-
ments, made in very shallow water (leRs than 16 ft) over soft bittom,
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are not at all representative of the trensmisqion which would have
been obtained over the same bottom in water 50 ft or more in depth.

256. Other difficulties may arise if "transmission lc!ses"
are estimated from point by point observations made close to the
source. The dangers of the point by noint method will be obvious
after studying, the records reproduced in Plates 2 and 3 of this
report.

2_7. For most of the ranges on which ship-noise studies have
been mnde, neither low frequency rsnpe runs of adequate length nor
bottom impedance data are at present available. It seems clear
from published ship,-noise contours that the MIT range at Nahant
has a relatively "hard* bottom, the acoustic properties of which
are not uniform along the course. The Wolf Trap range seems to
have a relatively "soft" bottom, with considerable absorption,
It would be a simole matter to characterize these ranges by making
apnropriate acoustic measurements at several noints along the courses.
ev. The properties *hich determine the influence of the bottom on
underwater sound transmission may be eltimated either from hydro-
phone soundings, or from range runs made under controlled condi-
tions. Long runs at low frequencies are required to separate the
effects of the modes. Such mensurements should be made and inter-
preted for all the ranges employed for ship noise studies.

258. In the location of new range sites, the choice of an
acoustically suitable location for ship noise or transmission
studies would be facilitated by a preliminary survey of the acous-
tic properties of the bottom, using the methods described in this
report (Section IX, The Use of Acoustic Measurements as Transmis-
sion Criteria)..

;59. Underwater sound measurements may be influenced by
two other factors which have not always received adequate consid-
eration. Thetse are the position of the mdasuriug bydrophone with
reference to the bottom, and the effective depth of the sound source
beneath the water surface.

260. In order to measure representative average values of
sound pressures, hydrophones for the study of underwater sounds
should be located a substantial fraction of a vav'length away from
the bounding surfaces (surfece and bottom). If the hydropbone is
placeMo such a boundary it is necessary to correct for, or other-
vise take Into account, the oosition of the hydrophone in the stand-
Ing ,wave pattern. This factor has been discut-sed in detail in a
nrevious renort (Bibliog...4).
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261., The effective depith of the sound source should also be
considered, since it determines the relative degree of stimulation
of the possible modes. If the source depth Is subject to control,
as in acoustic minetweeping tests, it should be made at least a
quarter wavelength for the lowest emitted frequency, in order to
assure adequate stimulation of the lowest node.

262. If the source is ship-mounted, it should be locrted
at least a quarter wavelength from the nearest "oressure release*
surfec,!. At frequencies lower then about 1000 cps the usual ship's
hull behaves acoustically in a manner similar to the surface of
the sea. The effective normal impedance of the hull Is very low,
and the surface of the hull is an approximinte pressure node Mt
these frequencies. These considerations have been shown to be of
the utmost importance to the design of mounting gear for acoustic
minesweeping', especially Pt the lower frequencieso

263. The ranges at which propeller sounds from enemy vessels
may be heard will denend unon the Oronertiep of the bottom in much
the same manner as did the minesweeping rengeq discussed prextiously.
Extraordinarily long listening ranges have been rernorted from our
submarine ontrols in the southwest Pacific- These were undoubtedly
made possible by "guided" transmission over the hard bottom which
is prevalent in the area. Comparatively short listening ranges
are to be expected over "soft" or strongly ab.Rorbing bottoms, the
transmission over which may be strongly damned.

264. Estimates and predictions of submarine listening ranges,
based upon tests ,in a given arer.,will in general be valid only
for that area, unless changes in the character of the bottom are
properly allowed for. Obviously much work remains to'be done be-
fore the effect of the bottom on long range transmission can be
reliably computed. The importance of this factor, and the magni-
tude of the errors w•hich may arise from neglecting it,' are il-
lustrated by the results of the present analysis.

26b. The possibility that low audio frequencies may suffer
considerable distortion in transmission over hard bottom May-be
deduced from the analysis of the critical uhenomenon (Section V
and Section VII-B). It has been shown that under certain condi-
tions a critical frequency may exist below-which the transmission
is highly damned ("hybrid" transmission) and above which oro-paga-
tion takes place with very low attenuation ("puided" transmission).
The system of the sea between surface and bottom may therefore ect
as if it were a high-pass acoustic filter with a definite "cut-off"
frequency. Sound waves of lover frequency than that for which the
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water deoth is a quarter wavelength will be voorly transmitted
over hard bottom because of the critical phenomenon. The damoing
of isubh freauencies over soft bottom is extraordinarily high (See
Fig. 8). AMvnntve could be taken of the -poor transmission of
the extremely low frequencies., in the design of an acoustic mine
which would be effective but difficult to sw~eep

266. Another type of distortion which may occur over both
hard and soft bottom arises from the fact that the modes travel
with different phase velocities. This effect may be visualized
as a tyve of dispersion, in which case the resulting distortion
will be somewhat analogous to that exhibited by a Ion'- non-loaded
telephone cable.,. The diqtortion, which should manifest itself as
a loss of intelligibility of speech or signals, should be most
pronounced under conditions which involve transmission in a small
number of modes.

267. The aunlication of the normal mode analysis to very
high frequencies is comolicated by the stronely directional char-
acter of sunersconic besms, and by the existence of additional
factors which are unimportant at low frequencies. These are re-
fraction due to gradients of temperature, hydrostatic pre.ssure,
and salinity, and attenuation caused by absorption and scattering
in the water itself as distinct from the bounding surfaces. It
is not profitable to distinguish between the individual modes at
supersonic frequencies. becau.e many are stimulated and adjacent
modes are close together. Since the wavelengths are short in com-
parisonLwith the dimensions of the acoustic system, the optical
analogy of beams and rays from point sources is valid, .ad com-
putations based uuon the image theory (Bibliog. 14) give reasonable
agreement with experiment.

268. Although the analysis into individual modes is not im-
mediately helpful In -problems of high frequency sound transmission,
the acoustic characterization of the sea bottom on the bases of
hydroyphone soundings may have important ap.olications. For examnle
it is possible that familiarity with the t.Vpes of bottom associated
with poor sound propagatlon might be of assistance to a submarine
employing evasion tactics, This could tike the form of rendering
the enemy listening less effective by "hiding" above a soft or
strongly absorbent bottom, or of renderini, the submarine difficult
to -ick out from the background by "matching" the impedance of the
submarine -to thnt of the bottom. Although little is known Pt ore-
sent about the im'oedFnce of submarines, the possibility exists
that this quantity may be sA-bject to alteration by acoustic treat-
ment of the hull surface-. The impedanee of the bottom in the

CONHIDMITIAL - 94-



arsar_ ofo oDeratioa coud of cou•se be met.oured and known beforehand.,
Te tg are under way to determine the extent to which the a-countic
clasoificatiou ef bottoriit mrdae fr'om low frequiency hydrrnhone sound-
ing.s, nre valid at echo ranging frequencie.-.

289. As a result of the analysis given in this report the
interference pattervs observed on the erxerimental records have
been exilailed quantitatlvely and in detail in terms of the inter-
actions of the normal mode.; of vibration between surface and bot-
tom. Recent attempts, both in this country and abroad, to Inter-
p-ret lou frecuency tranon.mssaon phenomena as the result of inter-
ference betweer direct and iurface reflected 'bearms", would apuear
from our analysis to be doomed to failure. It was stated in Section
V1 (Interoretatlonf Rang'e Records) that the observed patterns could
-not resuŽt from any p'ossible combination of direct sne reflected
"ra..•,s from fixed point s o.re.So The imrapge theoxr ie valid only
under sbecial limiting condiltions, such as very greet water depth
or comgilete ab.orotion of sound at the bottom., Under these limit-
ing conditions the effects of bottom reflections on transmission
are negligible, and the normal ,i.odes are weakly stimulated anA
highly damped, The imsge theory cannot be expected to give valid
exolanations of transmission ohenomena which occur when bottom re-
flections are imnortento

V70o In general the influence of bottom reflections it; pro-
nounced, end the normal modes vlay a domtnant role in trakssmission.
Althouih this was pointeO out by the MIT group in 1941 (Bibliog. i0),
the importance of the modes-as aids to interoretation does not arp-
gerr to hAve been generally recognized. This may be attributed,
at least in part, *to the inadequacy of the transmission theory for-
mulated in terms of normal Imoeda.nce. The .hortc~mings of the
theory involving impedance have been discus.sed (Sections III and
VII) Wn•. remedied (Section IV), and a.new sanalysis in term of the
modes has been vresented in detail (Sections IV, V, VI, and IX).
The new analysis gives reasonable interoretationt of the nhenomene.
which have been observed to date.
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XI, COIUIMT

P71, The correltlion and theoreticsl sanalysis of a large
number of transmistsion menrurements made in the Potomac River and
-Cheaneake Bay areas rr.rnts the conclusions ,,hich follow.

272, Giver, a source of audio frequency sound in water, the
so=4 pressure level which may be measured at arpreci.ble distances
will be influenced in a co~om.licated way by the boundaries. especially
by the bottorm The sea bottom may be calsnifled by it. behavior for
sound as "sofb", ' hard", or intermediate in chSpracter. •ecifically.

the velocity of sound and the density of the bottom may-be estimated
from acougtic measurements (hydroihbone soundings -ud renge runs), by
samplinp, and from hydrogrrnhic data. .

273. The effect of the boundaries on sound propagation from a
shi•-mouated s ource may be determined from an analysis of the normal
modes of.vibrAtion of the Bcoustic system of the sea between surface
and bottom. The analysis is particularly effective for frequencies
et which the wavelengths are comparable to the physical dimensions
of the system. For low frequencies and given bottom conditions, the
most important factor governing the pronagat.ion is the ratio of the
*depth of the water to the free wavelength of the sound. A detailed
interpretation of the observed transmission phenomena may be. given
in terms of the initial stimulation, the relative attenuation, and
the phase velocities of the modes. Damping and phase constants
may be determined for each mode by means of -Oecial charts which
give the 'ropagation and distribution constants in terms of the
-acoustic proverties of the system. The overall transmission is
given as the sum of the effects -produced by the individual mOdes.

.274. "Damped" transmission, which occurs over "soft" bottom,
is always accompanied by considerable attenuation, the amount rang-
ing in practice from about 12 db/lO00 ft aA a lower limit to about
40 db/1000 ft under conditions of strong bottom abIorption. The
attenuation over soft bottoms is relatively indenendent of frequency
in the range where.the wavelength is substantially less than twice
the depth, The attenuation becomea much greater than the above
limits and the system becomes more difficult to excite as the fre-
quency is lowered below the "natural frequency" of the first mode,
at which the water denth IS amproxlni•tely . half wavelenrth, -"Soft"
bottoms are frequently encountered in laxndlocked'bnsins such as
fiords, etusries, and river channels,
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275. "Guided" transmission, which occurs over "hard" bottom
at all frequencies higher thmn a minimum critical frequency, is
characterized by neglirible damping due to bottom absorption-and
by an attenuation with distance caused nrimartly by cylindrical
spreading from the source, The latter aMounts to 3 db per distance
double. "Hybrid" transmiseion, which occurs over bard bottom at
frequencies below the.lowcrt critical frequency, is associated with
large and erratic dawroinp, from bottom absorption., The critical
frequency depends upon the hardness of the bottom, and is slightly
higher than the frequency for which the water denth is .equal to a
,.quarter wavelength. The acoustic system of the sea between the
surface and a bard bottom thus acts as if it were a high-pass fil-'
ter, analogous to.an electromagnetic "wave guide". This type of
sound transmission is very commonly encountered, since hard bottom
predominates along the sea coaqts of all the continents.

276. The measurements and analysis of underwater sound trans-
mission, making use of the princinles described in this renort, may
contribute to the solution of specific problems of Naval interest
arising, for exmple, from tests of acoustic minesweeping devices,
the design and location of acoustic mines, the study of ship noises•
the prediction of minesweeping ranges from hydrorranhic and acoustic
data, the estimation of listening rangei for submarines, and the
effectiveness of echo ranging in shallow water.

277o Previous anwlyes of underwater sound transmission in
shallow water have been inadequate to exmlain the results of ob-
servations. The analysis described in this report based upon ac-
cepted physical principles giver consistent, coherent, and reason-
a.bly coamlete explanations of the observed transmission-phenomena.
It not only-explains certain1Rawa)rent anomalies of underwater sound
transmission but resolves many discrepancies between the results
previously.obtained by various laboratories.
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APPMDIX A.

NORVAL MOD" THOMRY OF PROPALGATION OF UMTDV'ATIM SOWlD
OVER HOT-OG&OUS BOTTOU.
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A.PP71MDIX A.

OVE~R IIOMOUNMOUS BOOMW.

1,Derivation,2 n M~ I s! i' gresses ~ nleneoth

278. IThe mathemotical derivat ions ar-o.icable to the -nrlopaga-.
tIOn of low- fre~r'Aency sound In shallow Water are prenrted in this
section,. The theory:-for the actual aicoulStir system. consisting of
,an infinite ex"-qnse of'water confined betw~een the surface ane the
Asea6 bot tomi may be derived by extension from the generfil theory of
the propapatlon of sound in rectangulIaPr tubes,, The- trainsmission
i~n the sea will be irodified. by cylindrical I Orreadinp which is not
p~resent in the idealized aystem,% the pine. ,The conditions under
-ohich the analysis Is v.Alid and the cignificance'of the theoretical

rei-ults are discussed in the. text,

279, The wave eq-Uat Ion for sound onressure' (See. for exna!.ple
ýBibliog, 7) may be Written

280. For the detailed analysis we shell coiisider the rectang-
vular t-i-e in the coordinate system shown In IFit,* 10.- The origin
!I' taken at Pzn up'per corner. .Let the height .be h. measured alone
the y axis; the width w, measured alonr the z ax41%; and thei length
Infinite in'the direction parallel to the x axis. Let it be as-ý
sumed thpat the two sides, wnarallel to the x-y plane, are, ripid;
.that the t 'on. mi- rallel to the **-z -olnne. ,. i&.afree surface (perfectly
reflecting); a,'d that. the bottom of the tube is -boirnded bynhomo-
geneouR fluid infinitely extended in a direction normAl to the x-t
d.cane. The positive direction for y is taken do-wn%,Prds.

;-- Ty
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281. The stmplest clateof "transwrse" wavet which may bepropin ted down the tube will have uniform .oressure distributionin the r direotlo and the uresgure variationt in the tube mayo therefore be exoressed as fu4ctions of x and Ma only The solutionof the wave equation (1) for the peasure distribution in a singlemode of the "transverse" .class of waves my be written, for the
nth mode.,l~ fMN a,'c.witn o h

o(x)

282. The function'X(x) represents a progressive wave° at-tenuated exnonentially BA it travels down the pine .aralel tothe- naxtso A tinusoidal variation of pressure with time, whichdoes not limit the generality of the ex"res,.ion, is assumed. The"anular velocity w is equal to 2r1 times the fiequency of the sonsourceo The €0nmulex pron~..tion constant i-.+S for the wave con-sists of a real part a-which determines the attenup.tion in the xdirection, and An imapinary nArt - 1which determines the nhase vale=city. The uhase velocity of the wave c/t is always greater than, the velocity in free space,

283. The function Y(yv) represents a Atanding wave system be-tween the top and the bottom of the ripe bhavi nP a pattern de
-pse )1e •vng a Datterao oeand loops given by the complex dstri ut constant h

sinh rather than the cosh form of exrresddon is used in'order tomake the Pressure reduce to zero at the free surface, y 0.
284. Each mode is' renresented by an expression of the typeshown in equationg (2), where the values of the distribution ando•ropaation constants determine the transmission Properties ofthe System for the Varticular mode. The comonents of the dt-tribution constant K are determined for each mode by theboundary conditions in a manner discussed later, The componentsof the propagation constant ,-÷j are .related toC/m and/p, andthrough them to the boundary conditions The actual sound pres-sure at any given point Inside the nrie ýill be ,iven by the sum-mation of the contributione from all the modes, taking both meani-

tude and pha.se into account.

285, The discussion 'Will continue in terms of the solution
for a sI�nle mode, with the understandinp that the behavior of thesystem for different modes will'differ only through the values of
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the dicotribution and propgn.tibn constantpo Subscriots indicating
the order of the mode are dropped, and hereafter the subscrint 1 is
used for quantities in the first medium, inside the Dine, and the
subscript 2 for quantities in the aecond medium which fills the
region y¥h.

,'86. The pressure di%'tribution in the medium enclosed by the
pipe, for a typical mode belonging to the simnle -"transverse" class
of waves, is then

P,.~ 01 = Wo , E "A (k-,:,,)
°( )

287. To determine the manner in which K and/4 depend upon
" and I , e.luation (3) is substituted into the wave equation, (1).

This results in a relation between the constants.

2
U-r/h- (K-tY) - (4).C+)

The further .aubntitution -2hf where \ I is the wave-
length in free space having velocity C, 'yields the form

288. The relation between Oc.'-Jt and K- A given by this equa-
tion has exactly the same form, whether or not the boundary condi-
tionr are evaluated in terms of an impedance. Consequently the
chart reproduced in Bibliog. (10) p. :315, giving the conformal tr-ans-
formation between the components of the distribution constant K-4
and those of the proWgatlon con.tant o-r-is equally auplicable
to the problem under discussion. By means of such a chert, or by
comoutation from equation (5), the phAse velocity Pnd the attenma-
tion can be found for any value of V9 once x andAh are known.

289. The componentq of the distribution conqtant K-JM must
now be eva.lurgted in terms of the boundary conditions. Since these
will not be represented by a nor-Mal •medpance, It will be necessary
to assume a pressure distribution in the second medium, the homo-
geneous fluld Since the second medium extends to infinity in the
y direction there can be no reflection terms, and the distribution

OONFIDEfTMIAL -12-102-



for any one mode mey be represented by a general exponential decay
-term in the y direction as well as in the x direction. The general
expression for the pressure distribution in the necond. medium =ay
therefore be written;

where the prmed cuantities represent the component% of the dis-
tribi•tion constpant x-,A' and propagation constaFnt o-.:'in the
second medium. The sipnificEnce of these quantities in similar
to that of the-analogoous constants in the first medium.

290° Substitutiion of eCouation (6) into the wave equation
for the second medium reqqults in a relation between the .constantsof the second medium which is of the same form as equation (5).
Thus

291. A relation between the distribution and vrobagation
constants of the second medium and those of the first medium may

.now be obtained. In order to do this, the boundiry conditions
of continuity of pressure and of normal particle velocity muatt be
applied. These b.re

Pa.
jr Y~()

292. The normal component of the wrticle velocity is piven
in terms of the pressure and density In each medium by the rela-
tions

A -W T ~~ (9)

'•onlying the second boundary condition

and ,re dengities] (10)
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Anplyinp the first boundary condition. P 1i P at y =

29Z. This equation, jonridered as a relption between
oroducts of the form LX7x)' (y)]J-=Xx)" 7(y)( . can be nena-

rtdint~o tvoLX(X)jJ1  LX(Xdn and [Y(y)]1. :[y(y)J2p; which muet
be true irdependently since the functions of X Pre not functions
of y and vice versa. This means, from the physicel sttnd-ooint,
that the character of the vressure distribution in the y direction
is not a functionof position dlong the tube, or of time.

294. Seuarating equation (11) into two parts we have

-,*•r Yc• (o• '',J• (12)

295. ApplAication of equation (10)0 for continuity of normal
particle velocity at the boundary, to -equation (11) riveg

SPO (K-) Co~h A) zoa 7,1'4,, & W u 1) (14)

296. If equation (13) be divided by equation (14), a transcen-

dental equation its obtained relating the distribution constnnts in
the two media

A_ ta'na f/k1
A -~z- K'-~/L'(15)

M97. This equation cen be exressee in a form more convenient
for computation by eliminating A' and/4'by means of the previously
determined relations between the constants, in equations (5). (7).
and (12).

298. Since % C9 . equation (12) may be rewritten

('(16)

"by combination of (16) with (7) and (5) we obtain

"7 2• -i(v=
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299. The separation of the real and imainary o-orts. of
equation (17) provide, the relations

S// 4 4 , KA ". -

The substitution of these equations into the squere of equation
(15) gives

whence

(A-h -4u (A'.~ - AE

in which

44, and

300. With the derivation of equation (20) the object of the
analysis is achieved. since a relationshin has been obtained be-
tween the acoustic properties of the media (density and velocity
ratios)-, the geometrical conditions (the deoth of the water meas-
ured in half wavelengths), and the distribution constant e,--4
for any mode belonging to the nimolest' tye of "transverse" w.ves
in the first medium.

Z .01. Once the components KrandAof the distribution con-
stant are known from equation (20). the attenuation and the phase
velocity of the wave, for the irarticular mode, may be obtained by
comnutation from equation (5) or more conveniently from a chart
-(Plate 17) giving (- and t in terms of K and,/A . The final pres-
sure distribution May be built up by adding the contributions of
the various modes, each determined by the method outlined above,.

2. Fjsn of . j - 9i -Convenient Foh n

102. Although there Pre no simple anplytic means of solving
equation (20) forK andp/a in terms of A and B, it may be solved
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for A and B in termf of K And/pA If this is done the following

expressions are obtained:

"CoS, 2, -Co's 2 Inu
•/1 _ /1

.2ffK .Sb� .24L�J *�>�h2ffg ".$c)� 2q�c�S�)?/ 2RK-

B -~ L] (e JZ6? 2ffeir tfA-K) c,, ep;A LQ-')s~4aim -(,u+k)iZc

These expressions were used in computing those portions of the
distribution charts which corres.oond to Ndanmed" and "hybrid"
-transmission. The charts were Plotted for convenience on a log-
arithmic scale for B and a linear scale for A. If, however, the
computed values are plotted with linear scales for both A and B,
the curves anproach straight lines for values of B "reater than
those appearing on the chqrts. This fact might be useful in ob-
taining approximate extrapolation curves for values of B beyond
the limits of the published charts (Plates 12-16 inc).

30.. The portions of the chartq which correr-pond to "guided"
transmission cAnnot be obtained directly from equation (20).
They may be obtained, however, by setting equal to rero in
equation (15), which is then written in the form

(24)

304. The distribution constpnts for-the .e
andXW must be eliminated from this equation. I
mAnareq are seoarat'ed from equations (5). (7),
lowing relations are obtAined:

=" -"

cond medium, K'
f rehls and imag-
md (16)the fol-

(26)

(27)

eO- g 0EOTIAL-06
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On substitution of A•z0 into (27) it may be seen that a- mustequal zero, since 7 and T are alweays greater t1,an zero. If a- is
zero, the traveling, wave will be prouagated without damping., and
the tran.smission will be of the "guided" type.

305. In all but the limiting case, K' must be nositive and
finite, since it determines the rate of decay of energy with in-
creasing, dis•tance into the bottom. Negative values of K' would
correspond to an increase in energy with increasing, distance down-
ward .... Since this is physically imposs•ible /(' must be always posi-
tire. •qua.tion (27) requires that, if K equals zero, the product
/•'K' 'suet also equal zero. Since K' is known to be finite, /th
must equal zero and equation (24_) therefore reduces to

This equation c•n be satisfied only by values of A between certain

limits

Thus/-- 1/2 to 1, 1 1/2 to 2. etc. Only values ofA ,ithin the
allowed limits many be used for computing Doints for those oortions
of the ch.rts which reoresent "guided" transmission.

,306., The actual erores.sions used for comnuting. the curves•
on Plates 13 and 14 are obt•.4ned by .setting 1--_. 0 in the tran-
s.cendental equation, (20). Thus•

* -or,

where the allowed values of/h are those given by (28) shove,

- 307. Each range of values of/I is limited by a critical
value, 1/2, 1 1/2, 2 112, etc. at which the constantA curve degen-
erates into a straight line parallel to the A axis and having, the
abscissa 3D -,A. . Each of these lines defines the critical fre-
quency for a mode. Since the lines are m•rallel to the A axis,
the critica•l frequency mus•t be independent of the density ratio,
and~deoendent only unon the water deuth and the velocity ratio.
The critical frequency for the n th mode may be obtained from the
definition of B, equation (21).
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,308. The critical values of/i are/An 112 (2n -1) and the
corresnondine critical frequencies Are

/CCY (31)S-- ,(n-1)f n ý . 4 h

If c2 is apreciably greater than cl the eTrresion [ "/4•1"]
is nearly equal to unity, and the critical frequency for the first
mode will h-ve a value slightly higher than that for which the
depth ip a quarter wavelength.

309. Eorns of equations (22) and (23) which are valid for

combutations inthe limiting cp.se when K--P 0 are

A-.

Kr -&-- 0

. (/- c-os •/

(s/N •-% - .)/,

(32)

In the limiting case whe./14- 0, thene become

(Cosh .2r, -1)

/z.... rfff/r(2S rr,

(3S)

R. Relations 1Between the Constants.

310. Ike, relati betyeenthe p~rouai.ation and the distrb-
cgUis In riven by enuation (5) in Aunendix A, uwrt one.

This relation is shown graphically in Plete 17 for a considereble
range of values. %tranolation to values not given on the chart
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should be facilitated by usine the following, forms of equation (5).

711. Separating reals and im-pitneries in equation (5) we heve

-'-2 = I-•

Let =1 (37)

and S W 7(.8

312. :Emn3,ying these abbreviations it may b shown that
equations (r-6) yield the relations

6 (09)
t'--tV•(S*0-#? = 0 (40)

from which

In the special case for which 0-<<(' equations (S6) reduce to

.1•3. The coMMutption 2f the thane Telcitv o Y mode at

i-ts critical freauency exhibits an interesting relation.

314. The phase velocity of the nI th mode has been defined,
in n~rrage.•h 61, Section IV, as

Vg= c11v (45)

-109-
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The quantity t•N may be expres'sed, from eunution (M), as

CM -/ - 46)- :L
which is vt!:id if K and a-are zero. iy definition t 4 6/
At the critical frequency equation (45) may be rewritten, with

. expressed in terms ofqv aind fe through enuations (28) and (31),
The retult of these substitutions is

SC_, c, -,Nr-

315. This formula shows that for any mode at its critical
frequency, the phase velocity of the "guided" waver, becomes equal
to the free space wave velocity in the bottom.

316. gaene reflection law for A sea bottom character-
".'zed by density and velocity ratios is:

I- " a (48)

317. The reflection law for the same sea bottom, character-
ized by a normal acoustic impedance, Z, Is

*.-K- y: ,(e," )

Snell 's law for sound refraction is

cc~~~oC 2-- ?cg )~y~(
The condition under which the imoedance Z Is independent of the

angle of incidence is

{(C/)Z > snZ , (51)
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"318. The Tressure A Mfl U011 . Y. in the ' resure tl"JI

t an acoustic A (source and Its virtual image above the sur-
face) may be written

where 1

x is the horizontal distance from the source,

d is the"-'ource depth.

y is the receiver depth.

4. A of I Proo=tion .A Terms jof lement ae WaveM .

,19. 'In the text, Section VII-B, the "guided.' wave associated
with any one mode of the acoustic system was interpreted as the
syuthesis of two-sets of elementary olane waves, The derivations
which Justify this interpretation are oresented in this portion of
Appeudix A,. It.V11 be shown that the critical frequency of a mode
in "guided* transmission corresponds to thpt frequency for which
the elementnry plane waves are incident at the bottom At the criti-
'cal angle for total internal reflection. The latter is given by
Snell's law, equation (50).

320. For "guidedl transmis sion, A and 0 are both zero, and
the expression for the sound pressure in the n th mode (equation 3)

takes the form

This may be written

where

= ON aWd ~ ct
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SM1. Fquation (54) may be rearranged as follows

The form of this expression shows that the pressure field for
each mode may be considered to result from the combinAtion of two
sets of plane waves reflected alternately at the surface and the
bottom, and making an angle 0 with the normal to the boundaries.
For the angle e

tar Sin e()

The positive sign corresponds to one set of waves and the negative
sign to the other set.

322 Equation (56) above may be exuressed in terms of the
constants of the system, cl/c 2 and h, as-follows: Equation (46)
becomes, at the critical frequency of any mode

"A'0ý. (57N

From the definitions of m and 1:

Thus at the critical angle •)c

Inserting values of W. • "d/ from equations (28) and (31) the
above expression may be reduced to

C --- c2  (60)

This is Just the critical angle for total Internal.reflection of
plane waves, In accordance v'ith Snell's law of refraction.
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5. ertca Ditriutong 2f Sow Pressure.

323. The form of the pressure distribution between surface
.and bottom, which corresponds to a given mode in the acoustid
system,, has been given in equation (3). Writing, only the term
which gives the variation of sound pressure with delth, y. we
hove

sph-i0VJ (61)

324. Zquation (61) may be expanded into the form

The rms sound pressure measured by the hlvdroohone io proiortional
to the square root of the sum of the squpres of the reel and im-
aginary parts of equation (62). Tbusm

This may be simplified to the form

'~ ~o~i~ < -csMA,~) (64)

A plying the half-angle formulae, thin reduce, to

215. This exoression eives the vertical distribution of
sound pressure corresopiding to any given mode, in terms of the
distribution constants for that mode. In general the measured
pressure distribution will be a summAtion of the pressures due to
each mode .resent. This will be difficult to-tnteroret unless
the conditions of measurement are such that only the first mode
contributes appreciably to the pattern. Nxerimental ._curves :,madef
under these conditions are illustrated by Plate 11, and are dis-
cused-in Section IX of the text.

326. Measured and compmted distributions for a woecific case
are shown in the lower half of Plate 11. The distribution constants
for this case were obtained from hydro-hone soundings beneath the
ship. The agreement between measured and computed curves is very
close.
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3Lo For the c.e of transmission over hard bottom at fre-
quencies higher than the critical frequency, is-zero, and equa-
tion (6.4) reduces to

(66)

This shows that the vertical
hard bottom, for frequencies
be sections of undemred sine
confirm this.

sound pressure dIstributions over
above the critic6l frequency, should
waves. The experimental results
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APPENDIX B.

PROPAGATION OVYR AN{ ELASTIC BOTTOM.o

328. The simplest approach to the problem of underwater
sound propswation over an elastic bottom, taking into account the
influence of shear waves in the bottom. is through the computation
of the-plane wave reflection law which applies to %his cate. The
bearing of the reflection laws on sound transmission is discussed
in Section VII of the teot.

3290 The pressure coefficient of reflection - the ratio of
reflected to incident oressure amplitudes - may be computed as a
function of the angle of incidence for vlane waves incident from
water on the boundary of an elastic medium. This may be accoin-
pliehed conveniently by using an analysis of the general boundary
conditions for the reflection and refraction of elastic waves mub-
lished by C.G. Knott many years ago (Bibliog.o 26). A summary of
this analysis is given in "Exploration Geoohysics". by J.Jý. Jakosky,

330. The special case which is relevant to the underwater
sound problem is that in which a compressional wave, originating
in the fluid, is incident at the Interface of a fluid and an elastic
solid. In general, the energy of the incident wpve will be dis'
tributed among three new EIves, a reflected compresoionIl wave in
the water, a refracted com-oressional wave in the solid, and a-re-
fracted shear wave in the solid. There is no reflected shear wave.

331. The formlas given by Knott utilize the following P-b-
breviations:

C- Cotangent of angle of incidence of compressional •
wave in the first medium (the water).

C' - Cotangent of angle of refraction of comoressional
wave in the second medium (the bottom).

7' - Cotpngent of angle of refraction of shear wave in
the second medium.

n- Modulus of rigidity of the second medium.

- Density of the first and second medium, respectively.
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A - Energy factor of the incident compressional wave.

kA - Energy factor of the reflected compressional wave°.

Al - Energy factor of the refracted compressional wave.

- Energy factor of the refracted shear wave.

• 32. The geometric relations at the interface are indicated
on Fig. -1, in which e*its the angle of incidence, G.the angle of
refraction for the compressional wave,and Othe angle of refraction
for the shear wavye.,

331. The angles made
boundary are related by the

"A

l I/I//I/II

-F,,. 11I
by the rays vith the normal to the
equation which expresses Snell's law:

Sin a, sIn V, i(,:~ V2  V2

where the angles gare show n in Fyg. 11, V and V2 Pre the velocltie%-in the first and in the Pecond medium, rroectvely, and v2 is the

velocity of shear waves in the second medium.

M3W.4 The energy equation states that:

(67)

OO016IDMYTIAL--1 -
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53.5o The boundsry. conditions require that the sum of the
components of the displacement on both sides of the boundary must
be the sme and thst the sum of the normal and the tangential coin-
ponents of stress must'be the same, The satisfaction of the boum-
dary conditions leads to three equations:

~2~C A'(68)
Al A•

A-A, ,= C .Z4L,:A'

Ao- (70)

336. By making use of the e three equations, to.ether with
Snell's law and the energy equation, -it is possible to comnute the
ratios of the energy factors A/A' , A/A' , Al/A and BV/A%, which
correspond to assigned values of denstty and velocity ratios for
the two media. The pressure reflection coefficient discussed in
the text (Section VII) is k/A.. At certain awngles of incidencee
some of the energy factors are imaginary or complex, In these
cases the absolute magnitudes alone are considered.

137. Comoutations have been made for various anWles of inci-
dence, for the following assumed ratios of density and velobity:

(b) Vl V2.: v2 2 a 2 AndjP 2

"(c) 7 :, Y 2  v 2  :5 and -P

The results of the comnutptions are 0hown in Table V:

(See Table V on pege llq.)
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TABLE V.,

PIMCENTAGE ENRGY DISTRIBUTIONIREFRACT, A1T ND $ME WAVES.
BETWEEN REFLECTED,
ELASTIC BOTTOM.

Or(s,.
0s . t r

15o0

69.9

54,8

10.0

9,.7

0

It

case (a)

*0.0

6.1

2314

49°6

7702

"77.4

0

3 8.4

63.0

75*2

53,2

0

0

0 I-'
�50

0
0as

94*

-.-.---- 4

7.6

29.0

60.0

88.0

0

57.2

66.9

73.0

35.7

0

et
I I1~ p.¢z

4,0

3.6

1.2

100

42, .8

331

27".0

64.3

100

96 ,0

88,8

68.4

39.2

11°6

0

'19-

0t

ease (b)

25.

"P,4.

22.

19.

100

91=

81,

87.

100

.0

.1

.5

,0

.8

75.0

73.1

69.6

61.6

. .6

0-0

-8.0

17.0

46.0

25.0

24.2

18.2

14.1

15.1

i00

61.8

3PA a

46.8

100

* Critical angple
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0

1508,

30052

48 °0'

740 7,1

.0
79 45b

90g

8

,no

!O0

2,00

3Q0o

400

410

41.75

500

600

70"

soo

900

0
'4'

0 ?-'P.O
* 0

0 0

6 . .4

5 18.5

.4 2

.6 • 12.4

0

casRe (c)
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APP]1)IX C.

PROPAGATION OVER A STRATIFIFJD BOTTOM.

338. Although most cases of low frequency sound prop.-gatir.
in shallow water are adequately described by the theory derived in
Appendix A for a simple bottom, the derivations may readily be ex-
tende& to include the more general case of a stratified bottom.
In these derivations the effects of reflection from a Atratum be-
low the actual bottom are taken into account by treating an acous-
tic system which comprises three media. The three media are the
water, a single layer of homogeneou, fluid of snecified density
and velocity of sound, `and an underlying fluid of different den-
sity and velocity of sound. The underlying fluid extends indef-
initely downward.

X•39. The form of the solution in terms of the normal modes
of the two upper layers *% similar to thit derived for the simple
bottom, although it is more complicated algebraically bectaune of
the additional parameters. The derivation is carried out for a
typical mode of the "transverse" class of waves transmitted through
a rectangular tube.

340. Consider. for the analysis, the pipe system shown in
Fig. 12. This includes the water, the intermediate bottom layer.
and the underlying bottom material extending to infinity, Let
the water depth be hl, and the thickness of the bottom leyer be
h2 . iThe thicknesses are measured along the y axiws with positive
y being taken downward. The length of the tube system is consid-
ered infinite in the x direction.

F/-1G. 12
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A41. For the stmplert cla s of htr nsverse" waves, the pres-
sure di.Atribut~ons in the water, the bottom layer, and the under-
lying structure, will heve the following forms:

P, P., sih L'"-(K.-A] '(1

The distribution consants h' and,, , and the pro•aation- constants
a" ad t have the meaning- given In Apendix A,

.42o Substituting these relations into the wave equation
yields the followin. relations between the di.-tribution and prop-
agation constants.

(a-, ) + "J / + (74)

*o,.•, •.,( -,, I ./ = 0 ('75)

where

2A1 h26 2.4

343. The general boundary conditions to be anplied are those
of continuity of preemure Pnd of p*rticle velocity at the'boundaries.

at y•=, -

RP=P P
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344. Applying the first boundary condition, continuitt of
_ressure, to the water- t boudr there results

Pot &;7 cI•(-,--•JýA -e
(78)

P.? sinJ?4 (K,2 )fra4iq) j.r-iZJ

This expression muSt be an identity Indeyendent of time and dis-
tance along the tuabe, For this to be true the following rel-atoios

.must hold

c5-,f.jZr
C Ga

l7hCr)fr Th�4a)hII

(79)

(80)

Apolylng the second boundary condition, continuityo _f narticle
velocity, to the water-.b boudar, there results

S. •2
(81)

345. Continuity of -oressure at the lower =f~ace of the t-
t � �lay, yields the relation

.- • (G•IJZ• •6 -1(K 3-•..A•-•.n i,)- (82)

Ag•ein, this expre.sion must be an identity independent of time
and distance along the tube system. From this the following re-
lationR are obtained.

CLt

FPoainI2 [Tr(K .- ,J Er

COITFI DEW I AL

C.3
(84)

(84)
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inuintt-y ,f onrticle velocity at the !29 Jwrface of the
tom jaye giver the exuression

346. Dividing (80) by (81) there results the trenscendental
equation

Aahzta n [Treh~l(Kc4.)'
- F

if2.- J/C
(86)

Dividing (84) by (85) results in

-*ia

Combining (79) and (83)

C2- C3

347. Trom (74). (75), (76). and (88)

g-r(A� -�= /q9CK.7&4a
2aPr

COTWID MTIA1

(87)

t I-

_• # 1iZ
"(88)

(89)

.. 08 ý, tan 12 -, PLA, - )

Ah, + 4)2.1
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Yrom (86). let

Vta~nh[)fr -s4, IL &"4)

tankh -V/A

(01)

From (87). let

S-Ur = tanhUr( - , " (C.-,
-f- 4P

LT- t�nhC7f(K�-J,&�)J
I -�J7'8 �,h LYr(4 -4�4:�J

(92)

Combining (91) and (93), there results-

V-t,4c~(K1~~h-

/2~ ran

CONFIDMITIAL
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W48,. Substitutinrg for U nnd "V yields the final transcendental
equ.tion,

-*_ ( o-jh P -, tanh [fr(•,(K

,0 (.£s,3 -- rash, W( "-.. ()

kf3

349. Because of the additional parameters introduced, this
expression is much more comnlicated than that obteined-for the
simnler conditions of Av, erAix A. For this reason it is not poa-
sible to blot the general results on a single series of charts
such as those plotted in Plates 12-16. Charts could be computed,
although with difficulty, for specific s.ecial conditions, for
example a definite assumed thickness of intermediate leyer.
Some simplification of the expression 'resultR if attention is
confined to transmission over hard bottom above the critical fre-
quency. Detailed computations for these cases have not been made.
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IPPENIX D

GOIMRAL NORMAL MODE THEORY FOR A -POINT
SOURCSE B'TVWEEN INFINITE PLATES
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AMPJ',fDIIX D.

GFRITAL NORMAN. HOPE TO]MIRY FOR A POINT
SOURCE BETWEE IMPINITH PLATES,

350. The purpose of this a unendix is to derive directly the
nropagation relations for the penerAl cass of a noint source of
sound located between two parallel planes, the surface and. the
bottom. In Apnendi- A the .ron at~on of sound in shallow wter
was derived by extension from the theory for transmission in a
rectangular pipe. The artifice of the nine Is convenient because
it pedrmitt complete solutions. to be obtnined, It is not entirely
general, however.. The treatment in this anpendix is general, al-
though the results are expressed in the form of integra-ls which
have not yet been evaluated, 1 0  The most relevant result of the der-
ivations, the equrtion which exprereepe the influence of the bound-
arie" on the field distribution, will be found to be identical
with that derived imder the simpler assumttions of Arnendix A,
The-generality of this equation is'thus fprestly enhanced.

M51. The wave equation for a region in which there is a
sound source is

- - (96).

where q is the source function and p is the pressure.

352. The region considered is defined by two infinite par-
allel planer distant h from each other, as in Fig. 13. The snace
between the two planes is assumed to be filled vith water. The

,upper boundary is taker. to be a free ourfpce, The lower nlane is
taken to be the boundpry of a homogeneous fluid infinitely"extended
in a direction normal to the boandary. ZCylindrical coordinAtes are
emnloyed, and the origin 1,4 taken at the surface on a vertical line
passing thr.ough the source, The location of any point In the sys-
tem is dercribed in terms of its distance from the surface j'(). it'
distance rpdially from the origin (r), mnd its asf-math anWle (G)
from any •iven reference radial line.

10. The integrals were evaluated after the text was written.
See Addenda,
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353. The theory of pnxtial differential equations shows that
the entire solution of equation (96) for the steady stP.te mp.y be
obtained by solving the ecisution with the ripht hand side equal to
zero, and by expanding the expression on the right hand side in
terms of the characteristic functions(normal modes) thus obtained.

.354. Since the treatment is concerned only with the steady
state sol-ation of (96) for a sinusoidal source ( a complex source
may be axialyved into a series of sinusoidal sources if the system
li linear). p and q may be defined as follows

p - P~y e)6()

The equation (96) now becomes

(v~+ Pr~ P(Y,ý) icpj W10 ,r ) (8

355. For any system the solution in cylindrical coordinates
of (98) with the right-hand side equal to zero is

= ZI - ' A4

This equation describes the pressure at any point (-' 4r,e) in the
reglon, in terms of summations, in which the values of the terms
are determined by the seeaation parameters Y . 4 , and Y.
These-parameters correspond physically to complex distribution
constants, "whose values depend upon the boundary conditions. If
the pressure at any point in a given acoustic system is defined
by the summation of the -pressures at that voint due to a number of
normal modes, than each term of the summtion ( mo) may be consid-
ered to represent one of the normal modes of the system. It follows
that the pressure at any point due to the Rth mode will be given
by an expresttion of the form

-N (100)
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356, The adissible values of the comulex diqtribution'con-
.Itntq ", I , 4e are determined by the boundary conditions im-
posed. by the physical constants and by the .eoopietrical confipurn-
tion of the system, namely:

(a) The system is symmetrical about the origin.
P will therefore by independent of 8 .
(b) The upper bounda-ry is considered to be an in-

finite, plane, free surface, P is therefore equal
to zero at all points on the unper boundary.

(c) The lover boundary is taken to be the planeupper surface of an infinitely extended homogeneous

fluid. The bottom is considered parallel to, and
at a distance h from the upper surface. The con-
ditions which must be satisfied at the lower boun-
dar-j are those of continuity of pressure and of
normal particle velocity.

a
•, : • .(101)

357. These boundary conditions impose four restrictions on
the distribution constants:

(a) Condition (a) requireq that 0, since the system
Is symemetrical about the origin.

(b) Condition (b) requires that d) 0, since the pressure
must reduce to zero at the surface.

(c) The third conditioix gives rise to a transcendental
equation relating the distribution constant Yr and the
ohysical constants of the bottom. The roots of this
equation will give the allowed values of,ýIy . The de-
rivation of the expression will be given In a later
section.

(d) Since the dimension in the z direction is finite,
discrete values of the distribution constant Y' are
obtained, correspondinw to the allowed configurations
of the pressure field in thel direction. Since the
medium Is infinite in the r direction. there are no
discrete values of •r. The values of Vt therefore
form a "continuous" snectrnM.
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358, Consider now the form of eQuation (99) when the above
restrictions have been placed upon it, We have

Since equation (99) is the most general solution for the pressureat aniy•point in the field, obtained without specifying boundary
condit.ans, equation (102) must be the most general solution for
the presmure underr the assumed boundary conditions. Since the
value-, of the di.tribution constants Y. form a discrete soectrum,
Fnd the vnlues of .form a "continuous" spectrum, the most gen-
eral solution mu.st contain an infinite summation of terms Involv-
ing d and an integral over the range of onoe•Ible values of 4.r
Equatron (102) may therefore be written

_ , ° , (o otp(~r') si Z IF( )J-(ý~ c(r-) d( (10)

where the function Fn (• is to be determined. Since this expres-
sion satisfies the above requirements, it must be the most general
form of the solution.

359. .The characteristic functions of the above expression-
are now used to. otain an expansion for the source function.

v 7~n(Y f~.)~(u q (104)

where G ('&) is to be determined. MUltiply both sides-of this
equation b-4

0ls
S;nA - s 1,0 ,y i _131h!)s(Gh
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360. A mathematical device, similar to thrit used to obtain
Fourier series expansions, will now be eamnloyed. The device con-
sisto of the assumption of orthogonality for tOrms of the tyve

The condition for orthogonality which must be SAtiafied is

'Sfl(m.'UISik?("xLKPX =0 -foo- all)'4)

Assuming orthogonality of the terms
integrating over x from 0 to h, and
summation vanish exceit those for m
is obtainedi

" j0 for carf vsn-,-

-an

noting that all terms of the
-- n, the following expression

A2fL (Y. o~ &n~~ &=f~in(. dyJG cqJ r~s() (106

Let

fl~~~~~~ qr fQ ir sh(:d

]Si22~Y d

qution (06) thenbeos

0

(1o0)

(108)
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361. The function Gn (-) may now be obtained by applying
the Fourier-Bessel theorem (Bibliog. 9, .385, ex 44). This
theorem gives a transformation which allows solution for an un-
known function toccurring inside an integral. Thus if f(x) and
g(t) are two functions, the theorem states that

f oo

A

Letting f(-) ( t g(t) - Gn~Q), v- r *t
may now be obtained in -the form

f/o

362. For any given source Q(y, r).
means of (107) and then substituted ilao
For the special case of a point source,

and

S, . ,

G (!'X)

(log)

(r) m,"y be eva3uated by
(109) to calculate Gn(r-).
there results

over the range

,at all other points

.ro =source deoth,*

From equat-ion (107)

j L4
n'('

if~ k.I j .r-j 'i-ri
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where

A; A i~~!. / (112)

Placing this value of Hn(r) into equation (109) results in the fol-
lowing expression for G,(

-~ -~q0 in(ý1o j; (4-�Thdt'
(rJr)Z

0
2 7C K.

S6.. This expres sion may be substituted into equation (104)
to obtain an explicit expgasion for the source function.

= sin*. (114)

364. Continuinp, with the develonment of the solution5 return
to equation (103), where F (_) is to be determined. Substitute
equations (104) and (10s) into the wave equation (96).

LL
",T,. _ ¢) f=

J, L•.
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17.1

;,v,-,To make this expression an identity, Fn (-) must have the follow-
ing form

(11)

,65., The final solution for the presqure then becomes

- I�i S . i 2.

Jr
0 L7)

This expression gives the -ressure at any poiht in the system as
the sumation,^the pressureis due to all the modes of the system.
The" intekration over the distribution constant (Y) may be taken
for real values only, with no loss of generality, For the first
mode the expression has the form

(zZa)""ep)-
s i n s ( 2 .1' t 1 0

366. The def in~ite in-tegrahlin, the erprension has not been
evaiuateidl but it is nor.aible to deduce some important DroPerties
of the solution 'by ir.nsection. Theste ulll be d!-.acus~ed, following
the derivation of an equation which gives the admissible values
of the distribution constant, (. ).

-367. The solution given by eqwution (117) for the pressure
field at any p•int In the system depernds unon the boundary con-
ditions at the bottom, which, in turn, determine the values of the

I1 4 See Addenda,
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distribution constant('). The formulation of the boundary con-
ditions therefore deternes the nature of the complete solution.

368. Consider the uth term of the ereies renresented by theequation for the pressure at any point in the system (117). This
term represents the Twessure due to the nth mode of the syetem.
It may be rewritten more simply in the form

S.. , c/ •.. • ••(119)

The boundary condftions of continuity of pressure and normal par-
ticle velocity give rise to the following exoressions

(12D)

As in Appendix A,. the pressure distribution in the second medium,
the bottom, must be known, The requirements that- the pressure
must decrease with increasing down-ard distance from the boundaxy.
and that -the pressure must be continuous at the boundary at all
points in the system, necessitate the following form for the sound
pressure distribution in the bottom:

S/ •&32- el._- Y._'(m
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369. Applying the f boundar condiirins continuity of
prersure, yields

' )�(15, )
Awn I

Since this must .be true independent of the distance from the origin,
the following relations are obtained

C'

)r

Cý

= - (�N)Z

(123)

(IPA)

(125).C1 .5, In-l(h)

370. The 92R4 k condition requires that

dividing (12 .b5) h (12) give1 the equation

(126)

(127)

COllFI2YMNTMA 17

-o -g) 7.-

Ci

= c 1 e t c:.

tan ,Y9r, . (Ipt )
-0•
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371. Additional relations are obtained by setting the expres-
slons for the dictributions In the two media into the wave equation
(96), with the right-hand side equal to zero. In cylindrical co-
ordinates the wave equation has the form

'6 2 P + 4 'ý 1,1ý .e
+0

,(128)

Substituting the eVxpression for the distribution in the first medi-
.m (equation (11e))"into the wave equation results in

&t s f )fr)(6- b* r= (129)

From this arises the relation

(130)

Substituting the 'expression (equation (121)) for the Dressure in
the' second medium into the wave equation a eimitlar relation is ob-
tained

2. jn
��$I 1 � 

�r (Cal)

Combining equations (123), (130). and (131) results in

(NKBý. This relation also ariises from the combination of (12S)
and (124). because of tbe-ccnditions' thich were imnosqd in obtain-
ing the final pressure expresssion.)
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C37. Now let =,i~t'7- "

Equation (12?) reduces to

= _.--

Let A:(/ [ceJYX where ~(~

EquAtion (W3) reducei to

(K4L' Z (135)

373, This equa.tion is identical with equation (20) in Appen-
di• A. Since equation (10) was derived on much more general as-
sumptions than equation (20), the validity 6f the relStively sim-
ple tremtment in .Apendix A is considerably enhanced. An addition-
al result is that the solutions of equation (20), computed and
plotted in charts (Plates 12-16), are apolicable to the general
analysis of Appendix D as well as to the special analysis of Ap-
vendix A. It may be shown that the same equation is valid also
ior the conditionn aqsumed in Appendix C (Pro-sgation Over A Stra-
tified Bottom).

374. An equation in integral form (equation (117)) has been
obtained for the pressure at any point in the acoustic system, and
also a relation (equation (1-5)) which expresses the influence of
the boundaries on the field distribution, Consider equation (117),
the final expression for the complete pressure 1field. lbtamination
of the admissible values of the distribution constant ra shows
that this constant Increases consistently with the order of the
mode. FXxtination of the denominator of the integr.l expression
shows that for moderately low exciting frequencie., for which

W,'<< IYi end n is large, the stimulation decreases with the
order of the mode°, The stimulation of any mode may be defin-d as
the proportionate pýzt of the total energy which re.ides in that
mode.
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375. One corollary of the stimulation law is that the modes
of high order are weakly stimulated at low frequencies. and their
excitation requires only a small fraction of the total radiated
energy. Another corollary is that the modes of low order are lees
strongly stimulated and the modes of high order are more strongly
stimulated, as the excitine frequency increases• At high frequen-
cies many modes are strongly stimulated. The stimulation of modes
of low order is not negligible, hoeever, even at high frequencies.
The small damping rate- of the lower modes insure that most of the
energy at large distances over soft bottom will be carried by these
modes.

:376. The'term sin (. ) involving the source depth Yo
gives the variation in stimUlation of the modes as a function of
the source location° It may be seen from this term that the sti-
mulation of the system is zero for all modes when the source is
at the surface. It is also clear that the source should be lo-
cated as nearly as possible midway between surface and bottom, in
order to orovide the maximum stimulation, under varying bottom
conditions, of the modes of lowest order and smallest decay rates.
It also follows that if the source is located at a point for which

is small for a given mode, the stimulation of that mode will
be. weak.

377? The transcendental term s Ii which involves the dia-
tance from the surface, ;r, gives the vye tical distribution of.the
sound pressure for any given mode0 This expression may be reduced
to the vertical oressure distribution relation given in Appendix
A, Part 5. The interpction soaciWgs caused by interference between
the modes may be determined from examination of the coincidence
points of the maxima of the Bessel function terms in the integral
expression. Good agreement is obtained between observed inter-
action spacings and ipacings computed by the above method,

378. S r An integral expression has been derived which
gives the sound pressure at any point in the acoustic system de-
fined by two infinite parallel planes, surface and bottom, with a
point source located between them. In formulating the boundary
conditions it was assumed that the bottom is homogeneous to an
infinite depth (i.eo reflections from lower strata were assumed
negligible), and that shear waves in the bottom may be neglected.
Both assumptlons appear justified by the results. It seems pro-
bable that the transmission of underwater sound in the actual
physical system closely approximates the predicti.o:. of the theory.
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APPEBNDIX B •

SAM?2LF, CALCULA!TIONS. q

379. The purpose of this appendix is to present a typical
calculation of the attenuation of sound pressure level between two
given -points in line with a sound source, using the propagation
theory developed In the text. The expmnle chosen for computation
is reniresented by the third record from the to'n of Plate 2, made
at the Potomac River Bridge Range under summer conditions, a.t a fre-
quency of 80 cn*-.,. The transmission is of the "dimaedg-type and is
dominated by the first mode at distances greater tlhn two or three
times the water depth4 -

380. The data are:

Frequency

Water depth

f BO cap

55 fth.

Veloecty of Sound in water

-Normal Inoedance Ratio
(from hydrophone soundings)

Specific Gravity of B~ttom
(estimated from samples)

Cl 4800 ft/sec

.A

381. The computations follow:

Free Field Wavelength

Depth in Half Wavelengthe

Telocity••atio

Abscissa on Chart (Plate 15)
C1&

382. The above values of A and B are entered on the appro-
priate chart (Plate 15). and values of K and/,U are determined.
From the chart C=0.054 and k= 0o %7,

-142-
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1.3

60 ft

1.83

4.33
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18 3. 'Next the pro-oagation constants aend -C Fre determined,
usin. the chart on Plate 17. or the sooroximate relations in equa-,
tionR (43') and (44). The values obtained are T% 0.839 and ",,0.018,8.

S84. The damping per wavelength caused by ab-sorotion at the
bottom is 54.6d"= 1.03 db per wavelength, In terms of db/1000 ft.
this is 54.6 /,\, or 17.1 db/1000 ft.

38.5 Consider a point 200 ft from the source end another
point 1200 'ft from the source. The total attenuation between these
two points if the sum of that caused by dampinp, 17,1 db in this
cases and that ca.%9ed by cylindrical a-preading, amounting to 7.7 db
in this csse. The to'tal attenuation should be the-sum of these
figures. or PA.8 db. The measured attenuwtion between'200 ft and
1200 ft from the source, on the corre.npondinm, exerimental record,
is 23 db,

.386. The deviation between observed and computed values, 1.8 db
is well within the, experimental error of the acoustic measurements,
the distortions caused by irregularities of the system, and errors
in the e.timation of distances and water devths.
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ADDENDA.

387. The final expression, equation (117) in Armendix D.
for the sound presture at any point in the field of the acoustic
system of the sea, contains an Integral of the form

lC

where the meaning of the symbola is defined in Annendix Do

388., This integral may be evaluated b7 folloting. the method
e~mloyed far.asimilar case in 6 renort (No 65) recently received
from the Minesweelping Section of the Bureau of Shit-as The method
is to write the Bes.el function in the integrand as the sum of
two Hankel functions, end then to Integrate the Hankel function%;
around apnrooriate contours. -Thus, if w u + jv. is a complex
variable,

J0 (tjr) N l(r) + (Tir (136)

,189. By making this type of transformation the evaluation of
the integral in equation (117) may be reduced to the evaluation of
the pair of integrals

0

where the abbreviations w Ctand-cv h

for convenience,

390. The problem takes the form of findinp a contour around
which each integrand may be inteprated, to give the above integrals
as a resultant. The proper contours are Indicated in the accomnany-
tng sketches. The first qiadrant contour is emnloyed for the first
Integrand and the fourth quadrant contour is emnloyed for the sec-
ond integranc L.
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, 391 rovision msfunctions~ huP 'be de 'o th
rvifor 

the fact that the i.nkel
functions hTve branch noints at the origpin which the contourmust avoid The contribution of the -opth aroun. the br.nch nolatsy be shown to Approach zero in the limit 4'  The i ner over
the seements of the circle. vanish if the radius istke n suerficiently lP-rge, because the Hankel functlo a Itroachke zero atinfinity Since 11 (JV) a -. t izo talon t u-FIG~na axes cance lhothe tntepra alon,& the im-

••aln, the th ite-rpsreel axein, This is equal to o rr times the sum of the residues
of-IJtie the snuem rof ao• the,Tie renidue at the pole in the first is all that remains.Thus 

f'

The final solution for the pressure at any point inbecomes if the interral are evaluated in the above

392•4
the field
manner.

P(I") wc

wherer the relait ti on= f- C h8 been made. t a
bt s o n fohet re a io s between the co7 t t (Appendix D)mathtem of K n and a n nterms of K, ~ ~ ~ * an X ma y be evaluated iMakng renece,4sr SubstittionsC, Itc~

Z6- ~ 1

u . ...o. be •'- -lstA ces greater than a wavelength the
unction may be replaced, with little error, by its asym t e

by~tsa6 M7totic ex-

1•aU lon-. (2) S.... (ell9tl

.WeV h 
(140)When r>X, the pressure at anv point in -theT field may be written

//b -(•fJZIl")f 
wr,,Ar. i-tte

Inspection of this equation sho~ 5-that the ore..ure formu exores.see the influence of three factors,(a) t.•_ io• involving. source-..trengthe end source d
(b) 

i.oiEgno _nd,,tnoi phe'•evelocitje. 

and vertical(c) so ,eai involving attenuaton which varies inrersel,, withthe square root of the soirceeWcd 
n.taInce

S

(141)

-145_
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394. .n the theoretical t reAtment em-)!ryizg the ni e artifice
e(ApeluiX A) only the .ro.paation fractors (b) were rip6orous y e-

rived, although the effects of cylindricsl sPreading were included
as a result of phy•sical reasoning. For source-divtences g-reqIt. r
than one wavelenrth the Rimpler treatment of underwater tra'smis-
sion is adequete excent for the computationn of stimu.ation terms.
It &-s now been demonstrated by a general deriv'tion thpt factors
(b) and (c) are ýorrectly analyzed in the sinler treatment. in
addition, equation (139) is. an exact expression, v•_lid for all
source-distances• This permits complete comoutations, Including
the exact propAgation function and the stimuletion terms,
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Carson. J.R., 105.
CGhArts, ex'lonation of, 80L-87.
Critical ýazrwe , 7 7, 94, 108,1146, 15;, 1594-157. 319, Z22, 23.M
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184-187, 190-194, 2 02-9,09, 228, 216, V15, S84.
Decibel reference levels. 21, 27.
Density of bottom, See "Acouqtic proverties".
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nite".

IC'NITDIWINTIAL

O,



Sound absorbent bottot I, 10• 209-213, 221, 246o
Sound "beams", 131.
Source, location of, 97q-99, 261, ;623, ,318, 776,3?,7.
South-,orth, G.C., 1059
liSreading, cyl.indrl.-l, 60, 77, 80, 103, 168, 172, 176-179

185, 188, 194, 228, 229, 275, .178, 86.
Sprepdin-., snhericnl, 168, 172, 178, 188, 210.
Stendinp wave system, 59, 61, 74, 77, 80, 95, 2-019, 212, 240,

260, 283.
Stimulation, 97-100, 12A, 194, 26•1•, 27S., IT75, 376o.Stratified bottom, 57, 14., 23.3, 338-349.
Su.-marines, PA., 26., 264, 268, 276o

Supersonic frequencies, 267.
Surface rokt9ess, 32, 254.
Swanson, C.E.,, 60
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Tides, effect of, 32.
Tornedoes,, 241.
Total internal reflection, See "Critical ,anle"o.
Transitional bottom, 148-150, 221, 224, 231-2,o.
'Transverse waves, 59, 61, 281, 286, ,341.
Transmission, See "Da-mpsd", "Hybrid", and "Guided"
Transmission exponents, 188-194, 209,
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Velocity of aoimd. in bottom, See "Acoustic properties".
Viicous losses, 105, 158-161.

1,':ave equation, 61, 278, 287, 3,51, 571.
Wave guides, 61, 105-112,-155, 159, P.75,
Wave velocity, 39, 89, .o15
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LOCATIONS OF RANGE COURSES

Scale 1/40000 Contour 'Interval 10 ft

POTOMAC RIVER BRIDGE COURSE

POTOMAC RIVER MOUTH COURSE
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